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Anosov theorem for coincidences on nilmanifolds
by

Seung Won Kim and Jong Bum Lee (Seoul)

Abstract. Suppose that L, L’ are simply connected nilpotent Lie groups such that
the groups v;(L) and v;(L’) in their lower central series have the same dimension. We
show that the Nielsen and Lefschetz coincidence numbers of maps f,g : I'\L — I'"\L'
between nilmanifolds I'\L and I'"\L’' can be computed algebraically as follows:

L(f:Q):det(G*_F*)7 N(f:Q):|L(fvg)|7

where F, G, are the matrices, with respect to any preferred bases on the uniform lattices
I'" and I, of the homomorphisms between the Lie algebras £, £" of L, L’ induced by f, g.

1. Introduction. Let M and N be closed manifolds, and f,g: M — N
continuous maps. Then we define

Coin(f,g) ={x € M| f(z) = g(z)},

the coincidence set of f and g. Coincidence theory for pairs f, g is a natural
extension of fixed point theory for a self-map f : M — M. There are well
known invariants in coincidence theory which are the Lefschetz coincidence
number L(f, g) and Nielsen coincidence number N (f, g).

Suppose that M, N are closed orientable manifolds of the same dimen-
sion n. Then L(f,g) is defined and L(f,g) # 0 implies the existence of a
coincidence for any maps f’,¢ which are homotopic to f,g, respectively.
The definition of L(f,g) is in [13, Chap. 7]. The Nielsen coincidence number
N(f,g) is a non-negative integer with the property that any two maps f’, ¢’
which are homotopic to f, g, respectively, have at least N(f, g) coincidences.
In [12], Schirmer shows that if n > 3, then there are two maps f’, ¢’, homo-
topic to f, g respectively, such that they have exactly N(f,g) coincidences.
Therefore, if n > 3 and N(f, g) = 0, then there are coincidence free maps in
the homotopy classes of f, g. Thus the Nielsen coincidence number is much
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more powerful than the Lefschetz coincidence number but computing it is
very hard.

In [2], Brooks, Brown, Pak and Taylor show that for a self-map f: M— M
on a torus, the Nielsen number N (f) and Lefschetz number L(f) are equal
up to sign, i.e.,

N(f) = |L(f)| = |det(I = f.)],

where f, : m (M) — m (M) is the homomorphism on 71 (M) induced by
f. In [1] and [4], this result is extended to compact nilmanifolds. Let L
be a connected, simply connected nilpotent Lie group, I" a uniform lattice
of it, and M = I'\L a nilmanifold. Any f : M — M is homotopic to a
map obtained from an endomorphism F' : L — L for which F(I") C I
Let F. be the corresponding endomorphism of the Lie algebra of L. Then
N(f) = |L(f)| = |det(I — Fx)|. In [10], McCord generalized this result
to coincidences on nilmanifolds (see also [3], [5], [8] and [14]). If M;, Ms
are nilmanifolds of the same dimension, then N(f,g) = |L(f,g)| for any
f7 g: Ml - M2-

The purpose of this work is to offer an algebraic computation formula
for the Nielsen and Lefschetz coincidence numbers of any pair of continuous
maps between nilmanifolds I'\L and I'"\L'. Suppose that L, L' are simply
connected nilpotent Lie groups such that the groups ~;(L),v (L") in the
lower central series have the same dimension. Any continuous maps f,g :
I'\L — I'"\ L' induce homomorphisms @,, ¥, between the Lie algebras £, £'.
The uniform lattices I" and I" give rise to preferred bases for £ and £'. Let
F., G, be the matrices of the homomorphisms @,, ¥, with respect to any
preferred bases of I', I'". Then we show that

L(f,g) = det(G« — F.), N(f,9) = |L(f,9)l

Since every infra-nilmanifold admits a finite covering by a closed nilmanifold,
the averaging formula for Nielsen coincidence numbers on infra-nilmanifolds
in [9] will become a practical computation formula.

2. Anosov theorem for coincidences on nilmanifolds. Let f, g :
I'\L — I'"\L' be continuous maps between nilmanifolds I'\L and I"\L' of
the same dimension. In what follows, we shall fix liftings f,g : L — L' of
f,g. Then these liftings define homomorphisms ¢, v : I’ — I as follows:

fr=eMf. gv=v()g
By [6], the homomorphisms ¢, : I' — I'"” extend uniquely to Lie group ho-
momorphisms @, ¥ : L — L'. Then they induce Lie algebra homomorphisms
D, W, : £ — £ Since &(I') C I'"" and ¥(I") C I", the endomorphisms &, ¥
induce maps ¢y, ¥y : I'\L — I'"\L'. Furthermore, ¢4 and f induce exactly
the same homomorphism ¢ : I' — I'", and ¢4 and g induce exactly the same
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homomorphism ¢ : I' — I"". Since I'\L and I""\L' are K (m,1)-manifolds,
o and f are homotopic and 4 and g are homotopic. Since the Nielsen
and Lefschetz coincidence numbers are homotopy invariants, we may assume
in what follows that f, g are induced by homomorphisms &, ¥ between the
universal covering nilpotent Lie groups L and L’.

The homomorphisms ¢, : I' — I" define the Reidemeister action of I’
on I as follows:

IxI"=T'  (v7) = vy e

Denote the set of Reidemeister classes of I determined by f, g by RI[f,g].
Then the coincidence set Coin(f, g) splits into a disjoint union of coincidence
classes

Coin(f,g) = H p(Coin(y'®,¥)).
[VIER[f.9]

Let I" be a uniform lattice of a connected, simply connected nilpotent Lie
group L. Then I' is a finitely generated torsion-free nilpotent group. Recall
that the lower central series of I" is defined inductively via v, (I") = I" and
Yi+1(I) = [vi(I"), I']. Suppose that I' is c-step nilpotent, i.e., v.(I") # 1, but
Yetr1(I') = 1. The isolator of a subgroup H of I', denoted by {/H, is the
set {x € I' | z¥ € H for some k}. It is well known ([11, p. 473]) that the
sequence

I'=17= F\/'yl([’):)['g: F\/'YQ(F)D"'DFC: F’)’C(F)DFC+1:1

forms a central series with I;/I;11 = ZFi. Since {/v(I') = I' N (L),
U/~i() is a uniform lattice of ~;(L) and hence the nilmanifolds
V7i(I)\vi(L) are naturally sitting inside the nilmanifold I'\L. Now we
fix the orientations of all manifolds arising in the natural embeddings
V7i(I)\vi(L) — I'\L. This means that the fixed orientation of I'\L in-
duces the fixed orientations of all the submanifolds {/7;(1")\7i(L). We can
choose a generating set

a={ay,...,a}

in such a way that I is the group generated by a; = {a;1,...,ai,,} and
Iiy1, and {a;, ..., a.} determines the fixed orientation of {/~;(I")\~;(L) for
each i =1,...,c. We refer to a = {ay,...,a.} as a preferred basis of I

We use £ to indicate the Lie algebra of L. This Lie algebra £ has the same
dimension and nilpotency class as L. Moreover, in the case of connected,
simply connected nilpotent Lie groups it is known that the exponential map
exp : £ — L is a diffeomorphism, We denote its inverse by log. If L’ is
another connected, simply connected nilpotent Lie group, with Lie algebra
£’ then we have the following properties:
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e For any homomorphism ¢ : L — L’ of Lie groups, there exists a unique
homomorphism d¢ : £ — £’ (differential of ¢) of Lie algebras, making
the following diagram commuting:

¢

L —— L
log J{ T exp log l T exp
,8 dqb ,8/

e Conversely, for any homomorphism d¢ : £ — £’ of Lie algebras, there
exists a unique homomorphism ¢ : L — L’ of Lie groups, making the
above diagram commuting.

If a is a preferred basis of I', then loga = {logay,...,loga.} C £ can
be regarded as a basis for the vector space £. We also call it preferred. In
particular, if I" is a uniform lattice of R? then every preferred basis a of I’
becomes a preferred basis loga = a for the vector space R,

LEMMA 2.1. Let M = I'\L be a nilmanifold of dimension d and T =
I'"\R? be a torus. Then for any continuous maps f,g: M — T, we have

L(f,g) = det(G« — F\), N(f,9)=I|L(f,9)l,

where Fy, G, are the d X d matrices, with respect to any preferred bases log a
and loga’ of I' and I, of the homomorphisms from £ to R induced by
f,g: M —T.

Proof. If we assume that M is also a torus then the result is known.
Otherwise, the homomorphism ¥ — & : L — R? from the non-abelian

Lie group L into the abelian Lie group R? must be singular. In this case,
L(f,9) = N(f,9) =det(G, — F,) =0. u

REMARK 2.2. Our original proof was longer, and this one was suggested
by the referee.

NoOTATION. For the commuting diagram

L 2.

! |

N —f mu
we shall use the following notations.
e [, is the matrix of the homomorphism @, : £ — £’ with respect to any

preferred bases log a,loga’ of the uniform lattices I', I respectively.
That is,

F* — [@*]loga/.

loga
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e If L = L/, then f, is the matrix of the homomorphism &, : £ — £
with respect to an arbitrarily chosen basis b for £. That is,

EXAMPLE 2.3. For any ¢ € R — {0}, consider f,g: Z\R — ¢Z\R. Then
we have a commuting diagram

R—2.R

'4
Tinc Tinc
7 —— L

¥

Here for some a,b € Z, ¢(z) = a(cx) and ¥(z) = b(cz) (x € R). A preferred
basis of Z is a = {1} and a preferred basis of ¢Z is a’ = {c} Thus F, =
[2.Ja = la], Gu = 03 =[], fu = [@.3 = [2.]5 = [ad], g« = [b] and

a —

L(f,g):det(G*—F*):b—a, N(f,g):|b—(1|
The following is our main result.

THEOREM 2.4. Let M = I'\L and M' = I""\L' be nilmanifolds. Suppose
that the groups v;(L) and v;(L') in the lower central series of L and L' have
the same dimension. Then for any continuous maps f,q : M — M', we have

L(f,g) = det(G« — F¥), N(f,9)=|L(f,9)|

Proof. Suppose that L is a simply connected c-step nilpotent Lie group.
Then 7.(L) # 1 but ye41(L) = 1. Let Lo = (L), I = I'N L, L, = v.(L')
and I'" = "N L.. Note that I, = I'N~.(L) = {/7.(I") and I') = 5/~.(I").
Now we obtain principal fiber bundles T — M — B and 7" — M’ — B’,
where T = I.\L. and T' = I'/\L. are tori of the same dimension, and

= (I'/T.)\(L/L.) and B' = (I'""/I))\(L'/L..) are nilmanifolds of the same
dimension.

We may assume that the diagram

L 2.

l |

N —L— mro
g

is commuting. The restrictions of ®,¥ : L — L' induce endomorphisms
U : L, — L' and hence, in turn, endomorphisms @, ¥ : L/L. — L'/L’. so
that the followmg diagrams are commuting:
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1 L. L L/L. —— 1
ilo ol 7|

1 L U UL, — 1

1 <, I3 e/g — 1
@l@ qs*lm @l@

1 o I Y |

where £, is the Lie algebra of L. and so on. We choose any preferred basis
loga = {loga,loga} of £ so that loga is a preferred basis for £. and the
image of loga in £/£,. is a preferred basis for £/£.. Similarly we choose any
preferred basis loga’ = {loga’,loga’} of £'.

Then @, and ¥, have matrices of the form

F, x
0 F,

~

G, *

F, = —
0 G*

?

where ﬁ*, CAJ*, F, and G, are the matrices with respect to the preferred
bases loga, loga’, the image of loga and the image of loga’.

Thus det(G, — Fy) = det(@* —]3*) ~det(§* - F*) Furthermore, 5, 7 map
I. into I}, and @,¥ map I'/I, into I""/I". Thus they induce maps 1.5
T — T and f,g: B — B’ so that the following diagram is commutative:

T ——— M —— B

fﬁ flg fla
T M B

Now we prove the theorem using induction on the nilpotency of L. On
the tori, by Lemma 2.1 we have

L(f,9) = det(G. — E), N(f,9) = |L(f.9),

where ﬁ* and @* are the matrices with respect to the preferred bases loga
and log a’ of the vector spaces £. and £, corresponding to any preferred bases
a and a’ of the uniform lattices I'. and I'), respectively. By the induction
hypothesis, we have

where F, and G, are the matrices with respect to the preferred bases loga
and loga’ of the vector spaces £/£. and £'/£/ corresponding to any pre-
ferred bases @ and @’ of the uniform lattices I'/I. and I"/I7, respectively.

(Here we abuse notation: a C I" and the image of @ in I'/I% is the preferred
basis a.)
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If L(f,9) = 0, then N(f,g) = 0 by the induction hypothesis, and hence
(f,9) is homotopic to a coincidence free pair. This fact follows from the
Wecken type theorem if dim B = dim B" > 3 (see [12]). If dim B = dim B’
< 3, then they are T' or T2 and hence this fact is easily deduced. Next,
this homotopy may be lifted to give rise to a deformation of (f,g) to a
coincidence free pair. Thus N(f,g) = L(f,g) = 0.

Now assume that L(f, g) # 0. Then the assumptions of [8, Theorem 6.5]
are satisfied, because the second fundamental group of any nilmanifold van-
ishes and Coin(®,¥) = {0} by [10, Lemma 2.5]. Thus the product formula

N(f,9) = N(f,9) - N(f,g) holds. Since the fibration 7" — M’ — B’ is
orientable, the formula L(f,g) = L(f,q) - L(f,g) also holds. Hence

IL(f,9)| = |L(f.9) - L(f.9)| = N(f.5) - N(f,9) = N(f,9),
and
L(f,9) = L(},3) - L(f,9) = det(G. — E.) - det(G. — F.) = det(G. — F,).

Finally, suppose that logb = {log b, log b} and logb’ = {log b, log b’}
are other preferred bases of £ and £/, respectively. We notice that the tran-
sition matrices from one preferred basis to another one (both corresponding

to the same uniform lattice) have determinant 41 since both preferred bases
logb

loga and

determine the same orientation. Namely, the transition matrices [id]

[id]iggzl, have determinant +1. Since

[é*]loga’ _ [id]loga/ . [@*]logb/ ) [id]lOgb

loga log b’ logb loga>
log a’ . 11l ! logb’ . y1logb
[%]ﬁi Z = [id] 1g§ ﬁ/ s 1g§ p - [id] 13; a’

it follows that det(G, — F) does not depend on the choice of the pairs of
preferred bases a,a’ and b, b’ of I', I'"”. This finishes the proof. =

3. Example. For x = {z1,...,2,} CI', X ={Xy,...,X,} C £, and a
p X p integral matrix N = (n;;), we use the following notations:

N __ 711,112 Nip Npl, Mp2 Tpp
b R Y I S e A

NX = {nlle + -+ ’I’Llep, e ,nple + 04 nprp}.
Recall that for a uniform lattice I' of a simply connected nilpotent Lie
group L, we let I; = {/~;(I"); then a generating set
a={aj,...,a.}
is a preferred basis of I if and only if I; is the group generated by a; and
Ii1q foreachi=1,... c.

LEMMA 3.1. Let I' and A be uniform lattices of a simply connected nilpo-
tent Lie group L. Let a = {ay,...,a.} be a preferred basis of I'. If A C I,
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then there exists an upper triangular block integral matrix

N1t Nig ... DNic
0 Nog ... Ny

N=| . ) )
0 0 ... Ng

such that the diagonal blocks have positive determinant, [I" : A] = det(N)

and A has a preferred basis
Ay — {all\fuaé\flz . 'aé\hc; aéV22aé\723 . aév%; o ;aé\fcc}‘

If b is any preferred basis of A, then there exists an upper triangular block
integral matriz N whose diagonal blocks have positive determinant, [I" : A] =

det(N) and b = aV.
Proof. Let Ay =ANT;=AN {/v([) for i =1,...,c. Then
A=A1D-- DA DAey1 =1

is a central series of A with A;/A;; 1 = Z* for each i = 1,...,c. In fact,
there is a natural injection A;/A;y1 — I/ Ti41.
Since A, C I. = (a.) = ZFe, there is an integral matrix N, with

positive determinant such that al¥ec is a generating set of A.. Obviously
[I.: Ac] = det(N,). Next we consider the following commuting diagram of
homomorphisms:

1 T. Iy —— [y JT.27F1" —— 1
T inc T inc T natural injection
1 AC /1671 E— /1671//10 = Zke_l — 1

Since a.—11, is a generating set of .1 /I, we can take a._; C A._; so that
al, | /A. is a generating set of A._1/A.. Then {a/, ;,alN} is a generating set
of Ac—1 and a,_; = aiv_cil’cflaévcfl‘c, where N._1.-1 and N._; . are integral
matrices so that det(Ne—1,c-1) = [Le—1/I¢ : Ac—1/A¢]. Moreover, [Ie—1 :
Aeq] = Tom1/Te 2 Aeeq /A - [Ie + Ae] = det(Ne—1,c—1) det(Nee). Proceed-
ing inductively, we obtain integral matrices Ny1, Ni2,. .., Ni¢; Nog, Nos, ...,
Noc; ... Nee such that det(V;;) are positive, [I": A] = det(N11) det(Nag) - - -
-+ -det(N,.) and A has a preferred basis

Ay — {ai\’uaé\’lz . aé\ﬁc; aéVmaéVzg . aé\fzc; o ;aéVcc}_

This proves the lemma.

Let A C I' be uniform lattices of a simply connected nilpotent Lie
group L. Let ¢ : A\L — I'\L be the covering projection. Then we have
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the commuting diagrams
id id

L —— L L —— L
Toe  Jwe | |
A e ANL —— I'\L

Let I' have a preferred basis a = {aj,...,a.}. By Lemma 3.1, A has a
preferred basis b = a’¥ for some upper triangular block integral matrix N
with [I": A] = det(N).

To compare logb with loga, we recall the famous Baker—Campbell—-
Hausdorff formula:

log(a-b) =logaxlogb for all a,be L,

where

[e.e]
A«B=A+B+ % (A, B+ 3 Cu(4, B).
m=3

Here C,(A, B) stands for a rational combination of m-fold Lie brackets in
A and B. Since our Lie algebra is nilpotent, the sum involved in A * B is
always finite.

Since a; C v;(L), we have loga; C log7;(L) = 7(£). So, [loga;,log a; 1]
C 7vi+2(£). This implies that [loga;,loga;11] is a rational matrix linear com-
bination of loga; where j > i 4 1. Thus

log(afviaﬁ:fl --ale) = N;log a;
+ a rational matrix linear combination of loga;1,...,loga..
Therefore,
Nll * *
loga . qloga 0 N22 *
det([q*]bgb) = det([ld]logb) = det : : y | = [I": A
0 0 Nee

We single this fact out as a lemma.

LEMMA 3.2. Let A C I be uniform lattices of a simply connected nilpo-
tent Lie group L. Let q : A\L — I'\L be the covering projection. For any
preferred bases a and b = a¥ of I' and A, respectively, we have

det([g.J1285) = det([id]}55) = [I": 4]

The following is practically useful in computing the Nielsen and Lefschetz
coincidence numbers on some nilmanifolds.
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COROLLARY 3.3. Let I'\L and I'"\L be nilmanifolds, i.e., I' and I"" are
uniform lattices of the connected simply connected nilpotent Lie group L.
Suppose I' N I is a uniform lattice of L. Then for any continuous maps
f,g: ’\L — I'"\L, we have

[T NI
(f.9) Tram (g« = fx)s  N(f,9) = |L(f,9)|

Proof. Let A := I' N I"" be the uniform lattice of L. Thus A has finite
index in both I" and I"". Choose preferred bases b, a, a’ of the uniform lattices
A, T, I, respectively. Then by Lemma 3.1 we have b = a® = a’V’ for some
upper triangular block integral matrices N, N’ with [I" : A] = det(N) and
[I": A] = det(N’). The endomorphisms @, ¥, induced by f, g on the vector
space £ with various preferred bases yield the commuting diagram

(£,loga) % (£,loga’)

*

ER.

(€.logb) —*— (£,logb)

*

The corresponding matrices thus satisfy

[é*]loga’ . [id]loga o [id]loga’ . [@*]lOgb

loga logb ™ logb logb’
v loga’ id loga id loga’ v logb
[ *]loga ’ [1 ]logb - [1 ]logb ’ [ *]logb’

or
Fofidlogh = lidliggh < for - G- I35 = [l - 0.
By Lemma 3.2,
.l . yloga’
det([d]52) = [+ 4], det([id]}52) = [I” : A].
Theorem 2.4, together with the above observation, yields
L(f,g) = det(G. — F.)

det([idljog}) Trar
= d x = * - @@ - d . — L),
derpapes) VT mran e

This finishes the proof. =

ExaMPLE 3.4. Let L be the 3-dimensional Heisenberg group. That is,

L=

o O =
S = 8

z
Y x,y,z €R
1
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We denote this general element by {z,y,z}. For any integer k > 0, we
consider the subgroups I'y, = {{m,n,l/k} | m,n,l € Z} of L. These are
uniform lattices of L, and every uniform lattice of L is isomorphic to some [.

Let @ : L — L be an endomorphism. Then we have a commuting diagram

1 —— [L, L] L L/[L,L] —— 1
IER e
1 —— [L, L] L L/[L,L] —— 1

Since [L,Z] = {{0,0,2} | = € R} and L/[L,L] = {{z,y,0} | =,y € R},
& must send {z,y, 2z} to {ax+~y, Bx+dy, nz+¢(x,y, 2)} for some a, 3,7, d,n
€ R. In particular, &({z,y,0} - {0,0, z}) = &({z,y,0}) - ({0,0, z}) implies
that o(z,y, 2) = ¢(x,y,0). Thus ¢ : R?> — R is a function depending only
on = and y. Comparing the images of {z,y,0} = {0,4,0} - {x,0,0} and
{z,y,zy} = {x,0,0} - {0, y,0} under @ shows that ad — By =n.

Suppose @ maps I} into I'y. Then «, 3,7, € Z and #({0,0,1/k}) =
{0,0,n/k} = {0,0,1/Kk'} for some | € Z. Thus, if (k, k') = m, i.e., k = ms,
k' =mt and (s,t) = 1, then 7 is a multiple of s and [ is a multiple of ¢.

Let @,¥ : L — L be the endomorphisms of L given by

d({z,y,2}) = {22 — 2y, 2z + v, 62 + 2% — 4oy — y°},
U({z,y.2}) = {3y, +y, =32 + 3zy + 3y°}.
Then ¢(Is) C Iy and ¥([s) C Iy. Thus the endomorphisms @, ¥ : L — L
induce f,g: I's\L — I'4\L so that the following diagram commutes:

L 2. 1
v

! |

T\L —— n\L
g

Since Iy = I'y N I, by Corollary 3.3 the Lefschetz and Nielsen coincidence
numbers of f, g are given by

L(f.g) = 2det(g. — 1), N(1.0) = (/. 9)].

where f,, g« are the matrices of the differentials of &, ¥ with respect to any
basis of £.
We take an ordered (linear) basis for the Lie algebra £ of L as follows:
0 01 010 000
er=10 0 0|, e=1[0 0 0|, es=|0 0 1
000 000 000
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Note that this basis for £ is obtained from the preferred basis {0,0,1},
{1,0,0}, {0,1,0} for I't. With respect to this basis, the differentials of ¢
and ¥ are

6 0 0 -3 0 0
0 2 1 0 1 1

Therefore, the Lefschetz and Nielsen coincidence number of the maps f, g :
I's\L — I';\L are

L(f,9) = 3 detlg. = £.) = 3 (~45) = =30, N(f,g) = 3.
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J. Jezierski for pointing out some errors and valuable comments on the
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