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Abstract. Let Up,...,Uq be a non-periodic collection of commuting measure pre-
serving transformations on a probability space (£2, X, ). Also let I" be a nonempty subset
of Zi and B the associated collection of rectangular parallelepipeds in R? with sides par-
allel to the axes and dimensions of the form ny X -+ X ng with (ni1,...,nq) € I The
associated multiparameter geometric and ergodic maximal operators Mp and Mp are
defined respectively on L'(R%) and L'(£2) by

1
Mag(@) = sup — | lg(y)|dy
xEREB |R| R

and
np—1 ng—1

Mrf(w) = sup _r Z Z |FUIT - UTw)|.

(n1,...,ng)el 11 d §1=0 Ga=0

Given a Young function @, it is shown that Mp satisfies the weak type estimate

{z € R* s Mig(2) > a}| < Cs | @(cslgl/a)
Rd
for a pair of positive constants Cg, ci if and only if M satisfies a corresponding weak
type estimate

p{w € 2: Mrf(w) > a} < Cr S B(cr|f|/o).
(]

for a pair of positive constants Cr, cr. Applications of this transference principle regarding
the a.e. convergence of multiparameter ergodic averages associated to rare bases are given.

1. Introduction. Mathematicians have long been well aware of a close
connection between ergodic theorems and problems in harmonic analysis
related to the differentiation of integrals. This connection is associated to
the fact that a.e. convergence results in both ergodic theory and differ-
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entiation of integrals may be proven using weak type bounds of maximal
operators. For example, N. Wiener observed in [18] that weak type (1, 1) in-
equalites may be used to prove both the Birkhoff Ergodic Theorem as well
as the Lebesgue Differentiation Theorem. Moreover, in [2] A. P. Calderén
showed that strong and weak type bounds of maximal operators arising in
harmonic analysis can frequently be “transferred” to the ergodic setting. Es-
pecially in the context of one-parameter operators, transference has become
quite well-understood, the papers by Bellow [I] and Coifman and Weiss [3]
providing a nice overview of the subject. However, relatively little atten-
tion has been given to issues involving transference in scenarios involving
sharp weak type bounds of multiparameter geometric and ergodic maximal
operators.

The purpose of this paper is to provide a very general transference prin-
ciple that will enable us to transfer weak type bounds of a wide class of
multiparameter geometric maximal operators to corresponding weak type
bounds of ergodic maximal operators and vice versa. It is the vice versa
that is of primary interest here; we shall see that weak type bounds of
multiparameter ergodic maximal functions associated to commuting trans-
formations Uq,...,Ug on a probability space {2 that form a non-periodic
collection as defined by Katznelson and Weiss in [13] can be transferred
to weak type bounds of associated geometric maximal operators. To the
best of our knowledge, this is the first general transference result enabling
the transfer of weak type bounds from the ergodic to the geometric set-
ting in the multiparameter case. For applications of this result, we shall see
that in the scenario of commuting ergodic non-periodic families the clas-
sical Jessen—-Marcinkiewicz—Zygmund theorem regarding strong differentia-
tion of integrals [I2] is equivalent to a result of Dunford [6] and Zygmund
[19] regarding the a.e. convergence of multiparameter ergodic averages, that
Stokolos’ recent theorem [I7] regarding sharp weak type bounds on max-
imal functions associated to rare bases can be transferred to the ergodic
setting, and that Llog L(2) is the largest Orlicz class of functions on (2
whose two-parameter ergodic Cérdoba averages converge a.e.

2. A general transference principle relating weak type bounds
of multiparameter geometric and ergodic maximal operators. Let
I" be a nonempty subset of Zi and let B be the associated collection of
rectangular parallelepipeds in R? with sides parallel to the axes and dimen-

sions of the form ny x -+ X ng with (ni,...,ng) € I'. Define the geometric
maximal operator Mp associated to B by
1
Mgf(z) = sup — | [f(y)|dy.
r€EREB |R|

R
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Let Uy, ..., Uy be measure preserving transformations acting on the proba-
bility space 2. Define the ergodic maximal operator M on L'(§2) by

ni—1 ng—1

Mrf)= sip o ST S SO U

n PEEEEY
(n1,...,ng)el’ "1 §1=0 ja=0

Following the terminology of Katznelson and Weiss [13], we say that
a collection {Uj, ..., Uy} of commuting measure preserving transforma-
tions on a measure space (§2, X, u) is non-periodic if for any (my,...,mg)
in Z%\ {(0,...,0)} we have p{w € 2: U™ -+ - U"w = w} = 0.

The desired general transference principle is the following.

THEOREM 1. Let Uy,...,Uy be a collection of commuting measure pre-
serving transformations on the probability space (£2,X, ), and let @ be a
Young function.

(i) If for every g € LY(R?) and o > 0 we have
[{z € R": Mpg(z) > a}| < | &(|gl/),
Rd
then for all f € L*(£2) and a > 0 we have
p{w € 2: Mpf(w) > a} < | &(|f]/a).
Q

(ii) Suppose in addition that Uy,...,Uq form a non-periodic collection.
If for every f € L'(£2) and a > 0 we have

plw € 2 Mpf(w) > a} < | &(f]/a),
n
then for every g € L'(RY) and o > 0 we have
[{z € RY: Mpg(x) > a}| < 2¢ | &(6%g]/a).
R4

Proof. (i) Define the discrete maximal operator My on the set of real-
valued functions on N¢ by

ny—1 ng—1

Mpf(ky,... . ks) = sup Z Y f (kg kg Ga)l-

(n1,...,n4)€ Fnl ]1 =0 jg=0

Let h be a real-valued function on N¢ and o > 0. Define the function gy,
on R? by
gh(xlv .. 'axd) = h(tl‘lJa ) {de)

where gp(z1,...,24) = 0if any of 1, ..., 24 is less than 0.
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Note that if (ny,...,nq) € I and (ki, ..., k) € N%, then

1 ni—1 ng—1
——— > > g ka o)
! d 71=0 74=0
1 k1+n1 kgt+ng
o | V lon(ua, .. ug)| dus - dug
1 d u1=k1 uqg=kgq

SMth(wl,...,wd) forkl§w1§k1+1,...,kd§wd§kd+l.

<

So if Mrh(ky,... kq) > «, then
Mpgy, >« on [k, ki + 1] X -+ X [kq, kq + 1].
Hence
#{(k1,... kq) € N4 Mph(ky,... kq) > a} < |{z € R?: Mpgy(z) > o}
<\ o(gnl/) =" > o(lhlky,. .. ka)l/).

R (K1,....kq)ENT

In particular, M satisfies the weak type estimate
(1) #{(k1,...,kq) € N : Mph(ki,... kq) > a}
< > B(|hlky,. . ka)l/).

(k1,....keq) ENd

We now utilize transference principles developed by A. P. Calderén in [2]
modified to this multiparameter setting.
Let f € L'(£2). We associate to f the function F on £2 x N¢ given by

F(w,t1,... ta) = f(U -+ Ufw).

For each m > 0 we define an associated function F},, on §2 x N¢ by

d
F(w,t1,. . ta) = F(w,t1, .. ta) - [ ] Xjo.m) (t)-
=1

Note that for fixed 0 < t1,...,tq < m the functions
Fm(w,tl, - ,td) = Fm(w,tl, - ,td)(w)

and f(w) are equimeasurable on f2.
For € > 0 we define

I={(n,...,ng) €l :n; <efori=1,...,d}.
Fix now w € 2, f € L1(£2). Observe that
FUT - Ugw) = f(O7 - Uglw)(t, .-, Ta)
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provides a function on N on which we may act by Mp and evaluate at
(nl,...,nd). Now, if (kl,...,kd) el

1 k1—1 kqg—1 ' '
T o L U U)
LM =0 ja=0
k1—1 kq—1

1 : : _
_ — Z . Z f(UI”ﬂl .. .Ugd-&-]dUl—m o Ud ndw)
L jizo ja=o
ki—1  kq—1

1 - - . .
! dj1:0 7a=0

taking advantage of the fact that Uj,...,U; commute. As (ki,...,kq) are
arbitrary in I" we then have, for any given (ni1,...,nq) € N¢,

M[‘f(w) = MFF(Ul_nI e Ud_ndwa klv sy kd)’(kl,...,kd):(nl,...,nd)'
For notational convenience we will express
MFF(Ufnl T Ud_ndwv kl? ) k;d)|(k‘1 ..... kq)=(n1,...,ng)
as
MFF(Uinl cee U*”dw,nl, - ,nd)

and similarly express

MpEy (U™ - Uy ™w, ks k) by k)= ()

as
Mme(Uinl U™ ng, .. ,nd).
Observe we have shown that for every (ny,...,nq) € N¢ we have
plw € 2: Mpf(w) > a}
=p{we Q: MpF(U ™ ..U My, ny,...,ng) > a}.
A similar argument shows that if 0 < mn; < a for i =1,...,d, we have

p{w e 2: M f(w) > a}
=p{we R MpFyp (U™ - U ™w, ny,...,ng) > a}

and so by the Fubini Theorem
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p{w e 2: Mr f(w) > a}
1

(a+1)¢

x Y > N pfwe 2 MpFor (U™ U ™w,ny,...,nq) > a}
n1=0 nqg=0 2

1
:ms#{(m,...,nd)eZd:Ognigaand
Q

MpFoy (U™ - UMW ny, ..., ng) > o} dw

1 ad > - . '
Smsz Z |Fa+6 uv"...U ndw,jl,...,]d)|/a)dw
2 j1=0 7a=0

1

< m(a + e | B(|f(w)|/a) dw

2
Taking a — oo gives
plw € 2: Mp, f(w) > a} < | &(|f(w)|/e) dw
19
Letting now € — oo yields
plw e 2: Mrf(w) > a} < | &(f|/a),
2

as desired.

(ii) Recall that I" is a nonempty subset of Z‘j and B the associated
collection of rectangular parallelepipeds in R¢ with sides parallel to the axes
and dimensions of the form ny x -+ x ng with n = (nq,...,ng) € I. It
will be convenient for us to work with the subset B of B consisting of all

parallelepipeds in B whose corners have integer coordinates.
For each z = (z1,...,24) € R? and (04, ...,0q) € {—1,+1}%, let

Bgl""’ad = {R eB:x€R, (1'1 — €101,...,2q — €d0d) ¢ R
for any (0,...,0) # (e1,...,eq) € {0,1}7}.

For each (o71,...,04) € {—1,+1}¢ we define the maximal operator Mg’
by
1
Mgl,..-,ﬂdg(x) = sup R S |g( )| dy
zeReBy 174 | | R

As any rectangle R in B may be covered by a rectangle R in B satisfying
|R| < 3%|R| we have

Mpg(z) < 3¢ Z Mg % g(x).
(01,-,049)E{—1,+1}4
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It suffices then to show that, for any fixed (o1, ...,0q) € {—1,4+1}%, we have

R4
as then

{z € RY: Mgg(z) > a}|
{a; cR%: g Mg hg(x) > 3d}‘

(01,,04)E{—1,+1}4
O14e0s0, a
< Z {xERdIMBl dg(ﬂl’) > zdgd}‘
(01,50a)E{~1,+1}4

<2? | ¢(6%g|/a).

<

R4
Let M = M]13""’1. By symmetry, it suffices to show that
(2) [{z e RY: My(z) > a}| < | &(lg(y)|/a) dy.

Rd

Let now g € L'(R%) and o > 0. We assume without loss of generality
that g > 0 and moreover that g and {z € R? : Mg(z) > a} are supported
on the d-cube [0,7]¢ where + is a positive integer.

For 0 <j1,...,5a <v—1, let

le,...,jd:{$:($17-~,$d)GRdelSHCl <ji+1,...,ja<xq < jo+1}

and
g = | 9(y)dy.

J1seeJa=0
Note that

{z e RY: Mj(z) > a} = {z e R : Mg(z) > a}.

It is useful at this point to utilize the following refinement of the
Kakutani-Rokhlin tower theorem associated to non-periodic groups, due
to Katznelson and Weiss:

LEMMA 1 ([13]). Let{Ui,...,Uq} be a non-periodic collection of commu-
ting measure preserving transformations on the probability space (£2, X, ).
Then for any € > 0 and positive integer v there exist sets A and E in {2
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such that u(E) < € and

Q:( U Ufl-'-UjdA>UE,

Jiye§a=0
where the U* - -- UJ* A are pairwise disjoint.

Let € > 0. By the above lemma, there exist sets A and E in {2 such that
u(E) < € and

v—1
o=( U ul--vja)ue,
J15-5Ja=0

where the Ufl - U gdA are pairwise disjoint. We define f on {2 by

v—1
flwy= Y @y eja Xyt .gria 4 (@)-
Jiyee§a=0
Observe that f(w) =0 for w € E.
Suppose y € Qi ,...i, for some 0 < iy, ...,1q < y—1 such that Mg(y) > a.
Then there exists (nq,...,ng) € I' such that

1 i1+n1 ig+ng

— | at,..ta)dty - dty > o

t1=i1 tg=iq

Note this implies Mg > o on all of Q;, ... ;,- Now if w € Ufl e UfldA we have
Mpf(w) > a, as

1 ni—1 ng—1 4 '
Mrpf(w) > wjzzo...jzzo f(Ufl...Uédw)
1= d=

ny—1 ng—1

:mlndz S G+ (s - da)

J1=0 Ja=0
1 i1+7’11 id+nd
T g S S g(ty, ... tg)dty---dtg > a.

t1=11 ta=1tq
So
Qjr,...jqa C{z € RY: Mg(z) > a} implies
U UMAC{we 2: Mpf(w) > a}
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and

iz e RY: Mg(z) > a}| < M(lA),J{w €0 Mrf(w) > a)

< ,u(lA) Q@(f/a) (by hypothesis)
1 v—1 v—1
== > | of/m= > | @
A ;o Uit Frendd=0 Qg i
v—1

S &(g/a)  (by Jensen’s inequality)

(]

< | o(g/a).
R4
Hence holds and we have

{z € R?: Mpg(x) > a}| < 24 | &(6%g/a),
R4
as desired. =

REMARK. Theorem 1 is false without the assumption that Uy,...,Uy
form a non-periodic collection of measure preserving transformations. For
example, if d > 2 and Uy,...,Uy were all the identity transformation on {2
and I' = Z¢, then M would be bounded on L!(£2) although Mp would not
be of weak type (1,1).

3. Applications

3.1. The Jessen—Marcinkiewicz—Zygmund and Dunford-Zyg-
mund theorems. Let B; denote the set of rectangular parallelepipeds
in R? with sides parallel to the coordinate axes. In 1935 Jessen, Marcinkie-
wicz, and Zygmund proved in [I2] that By differentiates L(log™ L)41(R9),
ie.

1

lim dy = e.

(3) JJim |R|Sg(y) y=g(x) ac
diam(R)—0 R

provided g € L(log™ L)4~}(RY).
The Jessen—Marcinkiewicz—Zygmund theorem has a counterpart in er-
godic theory. In particular, Dunford [6] and Zygmund [19] independently
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proved that if Uj,...,U; form a collection of measure preserving trans-
formations of a measure space {2 of finite measure onto itself and f €
L(log* L)?1(£2), then

1 m1—1 mg—1 ' .
. 1 d
) o dim e D D SO U)
71=0 74=0
exists for a.e. w in (2.
Each of these convergence results may be seen to be a consequence of
a weak type estimate for a corresponding maximal operator. The strong

mazimal operator Mg is defined on L'(R?) by

Msf(z) = sup — | 1f(y)ldy

and the ergodic strong maximal operator My, . y, is defined on Ll(Q) by
1 ni—1 ng—1 A ‘
My, ... v, f(w) = sup I Z Z |f(U7" - "ngdw)\-
(nl,...,nd)EZi ni N4 41=0 ja=0
In 1972 N. A. Fava showed the following:

THEOREM 2 ([7]). The strong maximal operator Mg satisfies the weak
type estimate

d—1
(5) Hz e R : Mgg(z) > a}| < C S M(l—l—log*‘(’m))
o @ o
and the ergodic strong maximal operator My, . v, satisfies the weak type

esttmate

d—1
(6) ,u{w € f: MUl,...,Udf(W) > a} <C S £| <1 + logJr <@>) .
0

An immediate implication of this theorem is that holds for any func-
tion ¢ in L(log™ L)*1(R%) and holds for any f in L(log™ L)4~1(£2).
Conversely, by the work of Stein [16] on limits of sequences of operators we
see that the weak type inequality in Fava’s theorem is a consequence
of the a.e. convergence result of Jessen, Marcinkiewicz, and Zygmund.
Moreover, by the work of Sawyer [I4] we find that, provided Ui,...,Uy
form a commuting ergodic family of measure preserving transformations
(in particular, satisfying the condition that U{" ---Uj"A = A for every
(ma,...,mq) € Z% implies u(A) = 0 or u(A) = 1), the weak type estimate
@ follows from the convergence result of Dunford and Zygmund.

By Theorem 1, we then see that, provided that the measure preserving
transformations Uy, ...,U; commute and form a non-periodic family, the
two weak type inequalities in Fava’s theorem are immediate consequences
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of one another. If additionally Uy,...,Uy; form an ergodic family, the a.e.
convergence results , are also consequences of one another. More par-
ticularly, if Uy, ...,Uy commute then implies , and if additionally
Ui, ...,Uy form a non-periodic ergodic family then implies (3).

We emphasize here that the non-periodicity condition on Uy, ..., Uy en-
ables us to transfer weak type bounds on ergodic maximal operators to
corresponding weak type bounds for their geometric maximal operator coun-
terparts. The additional condition that Uy,...,Uy form an ergodic family
enables us to pass from a.e. convergence results associated to ergodic aver-
ages involving Uy, ..., Uy to associated weak type bounds of My, . 17,. The
question of whether implies only under the condition that Uy, ..., Uy
form a commuting non-periodic family will be a subject of future investiga-
tion.

3.2. Maximal operators associated to rare bases in the plane.
Let B be a translation invariant collection of rectangles in the plane whose
sides are parallel to the axes, and define the corresponding rare maximal

operator Mg by

1
Mpf(z) = Sup }Sﬂ If].

As Mg f is bounded by the strong maximal function Mg f, by Fava’s theorem
we automatically have

Hz € R?: Mgf >a}|<C S |f<1—|—log+’f($)|>.
o @ e
In [I7] Stokolos considered the question of whether it would be pos-
sible for Mp to satisfy an estimate strictly stronger than a weak type
(rlog™ z,zlog™ x) estimate without actually being of weak type (1,1). Sur-

prisingly, the answer is no:

THEOREM 3 ([I7]). Let B be a translation invariant collection of rect-
angles in the plane whose sides are parallel to the axes, and define the cor-
responding rare maximal operator Mp by

1

Mgf(x)= sup — \|f|-
( ) rEReB |R‘ }SJ |
Suppose that ¢ is a convez increasing function such that ¢(0) = 0 and

®(x) = o(xlog’ ) and Mg satisfies the weak type estimate
{z: Msf(z) > a} < | &(f|/a).
R’VL
Then Mg is of weak type (1,1).
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By Theorem 1, we can transfer Stokolos’ result to the ergodic setting,
obtaining the following;:

COROLLARY 1. Let Uy and Us be a non-periodic pair of commuting mea-
sure preserving transformations on a probability space (2,3, ). Let I' be a
nonempty subset of Z%— and Mp the ergodic mazximal operator defined by

ni—1ng—1

DI CREEN]

J1=0 j2=0

1
Mrf(w) = sup
(n1,n2)el’ 1102

Suppose that @ is a convex increasing function such that #(0) = 0 and
&(x) = o(zlog™ x) and My satisfies the weak type estimate

plw € 2: Mpf(w) > o} < | &(|f|/a).
2

Then M must satisfy the weak type (1,1) estimate

p{w € 2: Mpf(w) > a} < C{(|f]/a).
k0]

We remark that the above corollary also follows from the paper [I1] of
Hagelstein and Stokolos, although it does not explicitly appear there.

It is worthwhile to emphasize here that this corollary illustrates the use-
fulness of being able to transfer weak type estimates for ergodic maximal
operators to their geometric maximal operator counterparts. In particular
by this transference we recognize that a sharp weak type (zlog™ x, zlog™’ z)
estimate on Mp corresponds to a sharp weak type (zlog® z,zlog™ x) esti-
mate on the associated M in the non-periodic setting.

3.3. Cordoba bases and the Zygmund program. Several decades
ago, A. Zygmund made the far-reaching conjecture that any k-parameter
basis of parallelepipeds consisting of members of B; whose sidelengths are
of the form ¢1(t1,...,tk),...,¢a(t1,...,tx), where the ¢; are nonnegative
functions assuming arbitrarily small values and increasing in each variable
separately, necessarily differentiates L(log™ L)*~!'(R?). Although this con-
jecture is now known not to hold in its full generality (see a counterexample
due to F. Soria in [15]), many special cases of this conjecture remain a sub-
ject of considerable interest in differentiation theory and significant positive
results have been obtained. An especially prominent result is the following
one due to A. Cérdoba:

THEOREM 4 ([5]). Let B¢ consist of the rectangular parallelepipeds in
R3 whose sides are parallel to the coordinate azes and whose dimensions
are given by s X t x st. Then the associated geometric mazximal operator Me
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satisfies the weak type estimate

{z € R®: Mcf(z) > a}] < CRSs /1 <1+10g (If))

and
1

vEREBe |R|
diam(R)—0

holds a.e. for any f € Llog™ L(R3).

An ergodic theory analogue of Cérdoba’s result following from Theorems
1 and 4 is the following;:

| fw) dy = f(x)

COROLLARY 2. Let U1,Us, Us be a collection of commuting measure pre-
serving transformations of a probability space (£2,X, ) to itself, I' be the
set of points in Zi of the form (m,n,mn), and Mp the associated ergodic
mazimal operator given by

ni—1lng—1nine—1

Mrf(w)= sup Z Z Z \FUIUPUPW)).

n n
(n1,n2)EZ2 1 231 0 jo=0 j3=0
Then

M{WGQZMFf(W)>a}§CSg'(lﬂog ('f’»

9]
and for every f € Llog+ L(82) the limit

ni—1lng—1nineo—1
lim —— g E 5 f( UlejQU]3 )
n1,n2—>00 n n
2 j1=0 jo=0 43=0
exists for a.e. w € 2.

Note that the condition of non-periodicity is not necessary in the above
corollary as the proof entails just the transference of a weak type bound of
a geometric maximal operator to a similar weak type bound of the ergodic
maximal operator counterpart. If Uy, Us, Uz do form a non-periodic collec-
tion, the above weak type estimate on M is sharp, a fact following from
Theorem 1 and the sharpness of Theorem 4 (as can be seen by acting by M
on test functions). If additionally Uy, Us, Us form an ergodic family the a.e.
convergence result of Corollary 2 would be sharp as well, as can be seen by
the aforementioned arguments of Sawyer and Stein in [14], [16].

We remark that the question of whether the collection of parallelepipeds
in R* with sides parallel to the axes and whose dimensions are given by
s X t x u x stu differentiates L(log™ L)?(R*) is a difficult unsolved problem,
although significant inroads have been made toward its solution by R. Feffer-
man and J. Pipher [8]. The corresponding question of whether or not, given a
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non-periodic collection Uy, ..., Uy of commuting measure preserving trans-
formations of a probability space (£2, X, 1) to itself and f € L(log™ L)?(£2),
the limit

ni—1ng—1nz—1ninong—1

nl,nli,g;%oon n2n2 Z Z Z Z f UJIUJZUJSU]4 )

3 j1=0 j2=0 j3=0  js=0
necessarily exists for a.e. w € (2, is open as well.
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