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A method for evaluating the fractal dimension
in the plane, using coverings with crosses

by

Claude Tricot (Clermont-Ferrand)

Abstract. Various methods may be used to define the Minkowski-Bouligand di-
mension of a compact subset E in the plane. The best known is the boxr method. After
introducing the notion of e-connected set E., we consider a new method based upon cov-
erings of E. with crosses of diameter 2. To prove that this cross method gives the frac-
tal dimension for all E, the main argument consists in constructing a special pavement
of the complementary set with squares. This method gives rise to a dimension formula
using integrals, which generalizes the well known variation method for graphs of continu-
ous functions.

1. Introduction and theorems

1.1. Classical definitions. In the theory of fractal dimensions, the Min-
kowski—-Bouligand dimension is one of the best known, and the only one
which can be estimated in experimental contexts. A practical evaluation is
not easy to obtain, due to the very nature of the dimension, which is the
order of growth of some function. But some formulations give better ap-
proximations than others. It is the purpose of this paper to propose an easy
and accurate algorithm for computing the dimension, even though numeri-
cal results are not presented here. Moreover our method has some interest
in itself, for a better understanding of the geometry of E. Throughout this
paper, the set E is a compact subset of the plane, and A(E) its dimension.
First let us recall the old definitions, essentially due to G. Bouligand [1].

e The box method uses the number w,, of dyadic squares
F-27" G+D27" ) x[k-27"(k+1)27", j€Z ke,

meeting F. Then
logw,

A(E) =1 )
(E) msup o
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It is usual to evaluate A(E) with the log-log plot (log 2™, logwy, ). In the case
where the limsup is a limit, the slope gives an approximate value of the
dimension for large n.

e The Minkowski sausage method consists in measuring the area of the
sausage
(1) E(e) = | B:(a).

zel
Let A be the area; then

(2) A(F) = limsup (2 - M)

e—0 loge
The corresponding log-log plot is (log(1/¢),log(A(E(g))/e?)); its slope gives
an approximate value of the dimension for small values of .

Unfortunately these two methods give disappointing results in experi-
mental situations. The log-log plot for the box method shows an important
dispersion, partly due to the fact that w,, takes only integer values. Moreover
the slopes are very sensitive to a different scaling in the data. Log-log plots
for the sausage method are systematically concave, as in the simple example
of a segment of length [: if the distance used is the euclidean distance, then
A(E(g)) = le + me? and log(A(E(g))/€?) is a function of log(1/¢) whose
slope is less than 1 for ¢ > 0, even though it tends to 1 as € tends to 0.
It is therefore impossible to obtain a good precision for the dimension of a
segment with this method.

1.2. Variation method. A very efficient method has been taylored ex-
clusively for the graph I', of a continuous function z : [a,b] — R (see [2]):
Let

osc(z,e,t) =sup{z(t') —z(t") | |t = t'| < e, [t —t"| < e}
be the e-oscillation of z at t. If [a,b]N [t —e&,t+¢] = 0, we set osc(z,e,t) = 0.
The variation of z is
Var(z,¢e) = S osc(z,e,t) dt.
R

One can check that this value is just the area of the surface X (I, €) defined
as the union of horizontal segments centered on the graph:

Xu(loe)= |J [t—et+e x{z(t)}.
tela,b]

If z is not constant, then the area is equivalent to A(FE(¢)), and one can
write

1 ,t) dt
(3) A(T,) = lim sup (2 _ % Jg osclz,&, ) )
e—0 logs
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Numerically, the variation is much easier to evaluate than the area of E(¢).
Log-log plots are very smooth in general, and exhibit a well-defined straight
line part which allows one to evaluate the value of A with great precision [3].

In a general situation (z can be constant), one can use a cover of the
graph with centered crosses:

X([y,e) = U {(s,t) | |s—so| <e, [t —2(s0)| <&, (s—s0)(t—2(s0)) =0}.
soER
Then [9]

s log A(X(I7,¢))
(4) A(LL) = lll;nj(l)lp <2 - log < )

Note that X(I,e) is a union of two sets: the union of horizontal seg-
ments Xy (I, e) whose area is Var(z,¢); and the union of vertical segments
Xv(I,,e) whose area is 2(b — a)e. The corresponding integral formula is

(2 _ log(2(b — a)e + § osc(z, e, ¢) dt) ) '

(5) A(I';) = limsup Toge

e—0

The purpose of this paper is to obtain a similar expression for any compact
set in the plane.

1.3. The cross method. 1t is not difficult to obtain the same result as (4)
for an arcwise connected set. Difficulties arise when E has arbitrarily small
connected components. For totally disconnected sets the union of centered
crosses may have area 0. Let us first construct locally connected sets.

Throughout this paper, the plane is provided with two coordinate axes
Os, Ot. Squares and rectangles are closed sets, with sides parallel to the
coordinate axes. Points are denoted by x or y, their coordinates by pairs
(s,t). The distance p is derived from the maximum norm: If z; = (s;,;),
then

o(w1, m2) = max{[s1 — s, [t1 — fa}.
Every ball B.(x) is a square centered at x, with sides 2. A segment with
endpoints x, y is denoted by Ty.

For any bounded set F, the diameter of F is

diam(F) = sup{o(z1,x2) | z1,22 € E}.
Let

The set E. is equal to £ when E is a convex body, or a union of convex
bodies at a distance larger than € from each other. In general

E C E. C E(g/2).
When ¢ tends to 0, both E, and E(e) tend to E.
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For every x¢ = (s, to),
Xo(zo) ={(s,t) | |s —s0| <&, [t —to| <&, (s—s0)(t —ty) =0}

is the cross centered at xg, of diameter 2¢. As in Section 1.2, the union of
all crosses centered in F is

X(B,e) = | Xe(x).
zeFE

The inclusions X (F,e) C E(e) and X (FE.,e) C E(3¢/2) are always true.
If E is not finite, the area of X (E;, ) is not zero. The next result shows
that the convergence to 0 of this area, as ¢ — 0, is controlled by A(E):

THEOREM 1. For every compact set F,

_ lpACK(E,))
log e )

(7) A(E) = limsup <2
e—0

For every large connected component F. of E. (with diameter > ¢), we
will see that X (Fy, €) has indeed an area equivalent to that of the Minkowski
sausage F(¢). But if F; is a small connected component, A(X (F;,¢e)) may
be much smaller than A(F.(¢)) (see Figure 1). To prove the theorem, one
has to check that the contribution of small components is negligible. The
difficulty comes from the geometry of E. When ¢ — 0, more and more
components may arise, and many of them may be small.

3
<>

T

Fig. 1. The set E. has two connected components, Fr (of diameter < ¢) and Ge (of
diameter > ¢). The union X (F¢,e) of centered crosses is negligible with respect to the
Minkowski sausage F:(e). On the contrary, X (Ge,e) and G (¢) have equivalent areas.
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1.4. Integral formula. Let
Xu(EBe)= |J (s—es+elx{1})
(s,t)eE
be the union of all horizontal segments of length 2¢ centered on E, and
XV(E7E) = U ({S} X [t - Eat + E])
(s,t)eR

be the union of vertical segments. Since X (E,¢) = Xp(FE,¢) U Xy (E,¢) for
all € > 0, (7) implies

(8) A(E) = limsup <2 _ log(A(Xu(E:, ell)gt A(Xy (E-, 5))))

We will replace these areas with integrals.

Assume that the cylinder [s —£/2, s+¢/2] x R contains at least one point
of E. Projecting orthogonally the intersection E N ([s — €/2,s + €/2] x R)
on Ot, one gets a linear, compact set. Putting together this set and all its
complementary intervals of length < e, we get

E.(s) = (Projo,(EN([s —€/2,s+¢/2] x R)))e.
If E is the graph of a continuous function z, then E.(s) is the interval

min  z(s ma; 2(s
|8/ —s|<e/2 ( )’|sus\gxs/2 (s')]

whose length is the e/2-oscillation of z at s. For a general E, we use the
Lebesgue measure L and define

_ JL(E:(s)) fEN([s—¢/2,5+¢/2] xR) # 0,

fe(s) = .
0 otherwise.

The area A(Xu(F:,¢)) is equivalent to the integral of f. (Proposition 4).

Note that this area is not exactly equal to the integral: To obtain an equality,
one should use the length of the set

Projo,(E- N ([s —€/2,s +¢/2] x R))

which is larger and more difficult to handle numerically.

The same approach is used for vertical segments. Let Ry be the rota-
tion of angle 6. Define g.(s) = L((R/2(E)):(s)). The following result is a
generalization of (5):

THEOREM 2. Let E be a compact set of the plane, and f-, g- as above.

Then
(9) A(E) = limsup (2 _ log(fp £2(1) fltg : Jg g:(t) dt) )

e—0
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s—¢e/2 s+¢€/2 i’

Fig. 2. Project the set EN([s—¢/2,s+¢/2] X R) on Ot, then unite all points at a distance
< e. The result is the set Fe(s). The convergence to 0 of the integral of the function
L(E:(s)) is controlled by the dimension of E.

Computing these integrals is numerically simple, and the corresponding
log-log plot should give good estimations of the dimension for usual mathe-
matical models.

REMARK. One may use other structural elements than orthogonal
crosses. It is possible to use any angle # 0 mod(7) between the branches.
Also, (9) may be changed into a formula using all possible directions: Take

<2 _ log(f fp f2(1) dt cw))
loge ’

A(FE) = limsup
e—0
where ff(t) = L((Ry(E))(s)). But in this paper, we restrict our attention
to the proof of (7) and (9).

1.5. QOutline of the paper. Section 2 gives a few properties of the opera-
tion ¥ — E. and introduces the notion of e-connectedness. If E is arcwise
connected, then the areas of E(¢) and X (E, ) are equivalent as ¢ — 0. The
fractal dimension of F is related to the exponent of convergence of fami-
lies of squares paving the complementary set; related references are [5], [7],
[8], [4]. In Section 3 a pavement is constructed in such a way that the union
of large squares (with diameter > £/2) is a good approximation of X (E,,¢).
Technical lemmas are proved in Sections 4 and 5. In Section 6 we show that
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the contribution of small connected components of F. is negligible when
calculating the dimension, and we prove Theorem 1. Finally, Theorem 2 is
proved in Section 7. Theorems 1 and 2 are stated without proof in [10]. We
give all details in the present paper.

2. Connected components

LEMMA 1. Let € > 0, 7 > 0, and E be a compact subset of the plane
whose connected components have diameter > 1n. Then

(10) AB()) < (1 n 2;) AX(E,m).

Proof. The main argument consists in using the following result [9, An-
nexe BJ:
For any bounded set F, and e2 < €1,

(11) A(F(e1)) < (j—;)ZA(F(eQ)).

Since connected components have diameter > 7, there exists a covering
U of E by squares of side 1 such that each C' in U has the following property:
one of its sides, say J, is equal to the orthogonal projection of ENC over J.
This implies that C C X (E,n). Therefore A(JU) < A(X(E,n)). Let F be
the set of all centers of squares in U. Since E C YU = F(n/2), we have
E(e) C F(e +n/2). Using (11) we get

2 2
AE() < (’7”5) A(F(n/2)) < (1 . 2;) AX(E.m)). =

COROLLARY 1. If E has a finite number of connected components, none
reduced to a point, then the conclusion of Theorem 1 is true.

Proof. Each of the connected components has diameter > 0. Let n > 0
be the minimum diameter. Let €9 > 0 be the smallest distance between two
components. Let 0 < & < min{n, e¢/2}. For every connected component F'
of E, Lemma 1 implies A(F(¢)) < 9A(X(F,¢)). Then

A(E(e)) <9A(X(E,e)) <9 A(X(EE,€)).

Also X (E.,e) C E(2¢), so that A(X(E.,¢)) < A(E(2¢)) <4A(E(¢e)). This
shows that A(E(e)), A(X(E,¢)) and A(X(E.,¢e)) are equivalent as ¢ tends
to 0. m

In the general case, F. has a number of connected components which
varies with e.

DEFINITION 1. The set E is e-connected if E. is connected.

This property is satisfied if, and only if, for all points x, y of E, there
exists a finite e-chain 1 = z, x3,...,2, = y in E. We consider the finite
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family R. of all subsets of E such that F. is a connected component of E.:
Re ={F C E | F is compact, e-connected, and F(¢) N E = F'}.

Elements of R. are the e-connected components of E. Two different e-
connected components F' and G are such that inf{o(z,y) | z € F,y € G}
> ¢. We will have to analyse separately the large and small components,
arranged in two families:

={F € R. | diam(F) > ¢}, RI={F € R.|diam(F) < ¢}.

3
>

Fig. 3. The set E has two e-connected components (see Fig. 1). If F' is the component of
diameter 7 < &, and G that of diameter > €, then R(E,e) = F(n) UG(e).

The neighborhood E(e) has been defined for all € > 0. It will be useful
to write E(0) = E and E(—oc) = (). These conventions allow us to keep the
basic relationship
(12) (E(e))(n) = E(e +n)
for all e, n in {—oc0} UR™T.

Given f: RT — R, we consider the neighborhood of e-connected com-
ponents of E, made up with balls whose size is controlled by f. Let

R(E, f,e) = {F(n) | F € R. and n = cf(diam(F)/c)}.

If f=0,then R(E, f,e)=E.If f=1, R(E, f,e) = E(¢). We will then use
two specific functions:

e The function g(t) = min{¢, 1} which gives rise to the neighborhood
(13) R(E,e) = U{F(n) | F € R and n = min{diam(F'),e}}
= | J{F(e) | F € RL} U{F(diam(F)) | F € R}.
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e The function

oo if0<t<1/2,
h(t)_{1 if ¢ >1/2,

which gives rise to the neighborhood

(14) R(E,e) = | J{F(¢) | F € R and diam(F) > £/2}.

There is no general inclusion relationship between R(E, ) and R(E, ¢). Here
are three simple properties:

PROPERTY 1. If fi(t) < faot) for all t, then R(E, fi,e) C R(E, fa,¢).
In particular, R(E, f,e) C E(e) when f is equal to g or h.
PROPERTY 2. If €f(t/e) is an increasing function of e, then
¢ <e = R(E,f,)CR(E,fe).
To show this, use the fact that | JR. C [JR.. Property 2 is true when
f = g. But it is not true for h.
PROPERTY 3. R(E, f1,e) UR(E, fa,e) C R(E, max{f1, fo},¢).

3. Paving the complementary set. We will pave the complement
of E with dyadic squares in such a way that for every n, a square of side
27" meets a set R(F,2¢) for some € > 27". Then we will use the fact that

R(E,¢) contains only the large connected components, so that its area is
equivalent to A(X (E;,¢)).

For every € > 0, let us define the families C., C/, G., G”, F., Fl', F. of
squares.

e Since we look for a countable covering, we consider the family C. of
squares whose sides are parallel to the axes and whose s-projection is an
g-adic interval:

CelC. & C=lke (k+1)e] x[t,t+¢] for some k € Z, t € R.
e In the same way, C/ is a family of squares whose t-projection is e-adic:
Cel! & C=]ls,s+¢e|x[ke,(k+ 1)e] for some k € Z, s € R.
e To cover the complement of a compact set E, we define
Gl ={CeC. |CNR(E,2)#0 and CNE =0}
Therefore
C €gG. & C €l and there exists F € Ro. with diam(F) > ¢
such that C' N F(2e) # 0.

e In the same way, the family G/ corresponds to C.:

G'={CeC'|CNR(E,2)+#0 and CNE =0}
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e The families G/ and G/ are not finite, nor even countable. Let the
covering index of a set family (2, denoted by I({2), be the largest k such
that the interiors of k distinct elements of {2 have a non-empty intersection.
From G/ we can extract a subfamily of finite index as shown in Fig. 4.

A

Fig. 4. The gray area is U GL. It is the union of all squares C of side € whose s-projection
is e-adic, such that C N R(FE,2¢) # 0 and the interior of C' does not meet E. The boundary

of E(E, 2¢) is the dotted line. Notice that the small connected component has disappeared
(see Figs. 1 and 3).

The set |JG. is a union of rectangles of disjoint interiors, of width e,
with the length in the vertical direction (see Fig. 4). Every such rectangle R
can be covered by a family F/(R) of squares of side € so that |JF.(R) = R
and every point of R belongs to no more than two squares. The maximum
number of squares in F.(R) is 1 + [diam(R)/e]. Let F. be the union of all
such F.(R). It is a covering of |JG. such that I(F.) < 2.

e Proceed in the same way with |J G/, which is a union of rectangles with
disjoint interiors, of width e, with the length in the horizontal direction.
There exists a family F! of squares which covers | J G, such that I(F/) < 2.

e Finally, the family F. = F. U F/ is such that

Jr=UgulUg amd IF)<IF)+LF) <4

We will see that the union | J,, Fo—» is a pavement of the complementary set
of E.
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4. Technical lemmas. Let us assume that diam(E) = 1, without loss
of generality.

LEMMA 2. For all € > 0,

(15) 7 c R(E,20)(e) € E(32).

Proof. Every square C of 7. meets R(E , 2¢). It is included in R(E,2¢)(e).
But R(F,2¢) is included in E(2¢), so that R(E,2¢)(e) C E(3¢). =

LEMMA 3. For all €,
(16) R(E,25) UR(E,2¢) C R(E,e)U| J F-.

Proof. For each point xg = (s0,tg) of the plane there exists at least one
pair (j, k) of integers such that z¢ € [je, (j + 1)e] x [ke, (k + 1)e]. Let

s1 = sup{s | s < sp and there exists t € [ke, (k + 1)¢] such that (s,t) € E'},
s = inf{s | s > sp and there exists t € [ke, (k + 1)¢] such that (s,t) € E'},
ts = sup{t | t < tp and there exists s € [je, (j + 1)¢] such that (s,t) € E},
ty = inf{t | t > to and there exists s € [je, (j + 1)¢] such that (s,t) € E'}.

In other words, [s1, s2] is the largest interval containing s¢ such that |si, sa|
X [ke, (k + 1)e] does not meet E, etc. The values s; et t3 may be —oo; the
values s9 et t4 may be +o0o. There are two cases:

1) max{sy — s1,t4 — t3} < e. There exist two points x1 = (s1,¢1) and
x9 = (s2,t2) of E such that ¢; and ty belong to [ke, (k + 1)¢], and two
points 3 = (s3,t3) and x4 = (s4,t4) of E such that s3 and s4 belong to
[7e, (j+1)e]. Then o(z1,z2) < € and p(z3,z4) < e. Notice that the two values
s1 and s2 cannot be on either side of [je, (j+1)e], so that one of them, say s1,
belongs to this interval. Similarly, one may assume that t4 € [ke, (k + 1)e].
Therefore o(x1,x4) < e. The set F' = {x1,x9,x3,24} is e-connected. Let
Fy € R. be the e-connected component containing F'. The point zq lies in the
smallest rectangle containing F, so that xg € F(diam(F)). But F' C Fy and
diam(F) < n = min{diam(Fp),e}. Therefore zg € Fy(n), and zo € R(E, ).

2) max{s2 — s1,t4 — t3} > ¢. Note that

mmwmmm:{iggiavz

Take a point xg in E(E, 2e) U E(E, 2¢). By Property 3, zp belongs to some
F(n) where F' € Ra. and

[ diam(F) if diam(F) < e,
]| 2 if diam(F') > e.
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A
(k+1)e F,,, 777777777 i 17 ffffff
t £ 1
4 ‘ :
T R i
t3 !
je $1 /82

Fig. 5. The set F of the proof of Lemma 3, in the case where max{so — s1,t4 — t3} < e.

(i) If diam(F') < e, then F is e-connected, and n = diam(F), so that
n = min{diam(F),e}. We deduce that zo € R(E,¢).

(i) If diam(F) > e, then n = 2¢ and z € R(E, 2¢). Assume that sy — 1
> ¢. In the rectangle [s1,sa] x [ke, (k: + 1)e] one can find a square C of
side ¢ containing ¢ and such that ¢ N E = §. Since C' N R(E,2¢) # 0, we
have C € G”. We deduce that zo € |JG”. If t4 — t3 > &, then o belongs
to a square C in [je, (j + 1)e] X [t3, t4] which belongs to G/. In both cases,
xo € U-;Es- ]

COROLLARY 2. For every integer n,

(17) R(E2™MURE 2" cEU | |JFor
k>n+1
Proof. One may deduce from (16) that for all n,
R(E,2™") C R(E, 27" ) U Fomna.
We get by induction

R(E,2™™) C R(E,27N) U UJAer c B27Y) U =
k=n+1 k=n+1

for any N > n. Since [y E(27) = E, we obtain

RE2™cEU () P
k=n+1

Same result for R(E,2™"), using (16). =
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LEMMA 4. Card(Ry-n») < Card(Uj_; Fo—*)-

Proof. We construct a one-to-one map Ro-n — Jp_q Fo-r-

Let F € Rq-n. Such a compact subset of E can be characterized as
follows: Fy-» is connected and F(27") N E = F. Let k < n be the integer
such that

277 < p=inf{o(z,F) |z € E— F} <27F1
Let e = 27F,

There exists a point xg = (sg,to) of F' and a point yg = (ug,vo) of
E — F such that o(xo,yo) = 1. The point g belongs to the boundary of the
square By(yo). Among all possible cases, let us assume, for example, that
so = up —n and ty < vy (see Figure 6).

(k —0—1)6a

=TT Tl T

je  (J+1De je  (J+1)e

A

ke

Fig. 6. For the proof of Lemma 4, a construction of the square C'(F) in two cases: (i) left,
(176, (G + Vel x 1(k + D, (k + 2)e) N E = 0, and (i) right, (g, (j + el x 10k + 1)e,
(k+2)e)NE #0.

Let j and k be two integers such that xg € [je, (j + 1)e] x [ke, (kK + 1)e].
We consider two cases.

(i) (Jge, (j + Ve[ x J(k + 1)e, (k + 2)e[) N E = 0. Then there exists a

t1 € [to, (k + 1)e] such that
t1 = inf{t > to | (Jje, (j + De[ x Jt,t + ) N E = (}.

Let C = [je, (j+1)e]| x [t1,t1+¢]. The intersection C'NF' contains a point x1
of y-coordinate ¢1 on the lower side of C, and CNE = 0. Let F' = FU{yo}.
Since ¢ < p(xg,yo) < 2¢, F' is 2e-connected and diam(F’) > e. Therefore
F'(2¢) C R(E,2¢). Since C meets F', C C R(E,2¢), so that C € G. Using
the notations introduced in Section 3, C is in a rectangle R’ C |JG. of the
type [je, (j +1)e] X [t1,t1 +€'] where &/ > €. One of the squares of the family
F-(R') has x; on its boundary. This square must be C itself. We deduce
that C' € F..



194 C. Tricot

(ii) (Jje, (4 + De[ x J(k + 1)e, (k 4+ 2)e[) N E # (). Then there exists an
1 € [je, so] such that

s1=1inf{s > je | (Js,s +e[ x |(k+ 1)e, (k+2)e[) N E = 0}.

Let C = [s1,s1+¢] x [(k+1)e, (k+2)e]. This square has the same properties
as above: C' C F(¢) and C € F..

A map C: Ry-n — [Up_y Fo-+ is defined by letting C(F) = C.

We still have to verify that C' is one-to-one. Let F' and G be in Ry-n.
Assume that C(F) = C(G) € F,—«. From the previous construction, C'(F) C
F(27%) and C(G) NG # (. We deduce that F(27%) N G # (. Moreover
F(27")NE = F so that F(27%)NG C F. Therefore F NG # (). Since these
sets are components, F'=G. =

5. Exponents of convergence. We use the notation a, < b, for two
positive sequences such that the ratio a, /b, is bounded as n tends to oo,
and a, ~ b, if both a,, < b, and b,, < a,.

Let wy,, be the number of elements of Fo—». The order of growth of the
sequence wy, can be defined as

. log wy,
e = lim sup ,
n nlog?2
which can be expressed as
o
(18) e = inf {oz‘ anQ_"a < oo} = inf{a | w, X 2"}
n=1

We will use the following indices:

1nf{ ‘ 2 ne Zwk — 0} eo = inf {a on(2—a) Zwk2_2k — 0}.
k=n

LEMMA 5. The equal@ty e = ey is always true. If e <2, then > wp2~2F
converges and e = ey.

Proof. a) e <ej: Foralla >eq, 27" Y ) wp — 0, s0 that Y ;| wy =<
2"* We deduce that w, < 2™, and o > e.

b) e1 < e: For all a > e, we have w, < 2"* and » ,_;wip < 2"*. We
deduce that 27 "¢ ZZ:1 wy, is bounded, and that e; < a.

c) If e < 2, for all a € Je, 2[ we have w, < 2" so that Y p_, wp272F <

Y opq2 2= O‘) which converges. Let us show that e < es.

Let o > eg. Since 2727 3% 272k tends to 0, we have S 30 w22
< gnla=2), Using Dini’s theorem, we deduce that for all a € ]0, 1], the series

Z w, 272" ( i wk272k>
k=n

—a
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converges. Therefore

an2 2n 2n a— 2 an —n(aa+2(1—a))

converges as Well, which gives e < aa + 2(1 —a). Then let a tend to 1 and
o tend to es.

d) es < e: Take a and (3 such that e < a < < 2. Since w,, =< 2",
we have 322 w272k < 27(@=2) Therefore 27(2=A) 3720 272k < onla— ).
Since the right member tends to 0, es < 3. Then let « and O tend toe. =

Similar arguments can be found in [6, 7, 8].

6. Results on the dimensions

PROPOSITION 1. Let e be the exponent of convergence of the sequence
(wn), where wy, is the number of squares in Fo-n. Let

log A(E(e) — E) )
log e ’

Ao (E) = limsup <2 —
Then
(19) e = Aue(E).

This dimension A (E) is sometimes called the exterior dimension and
used in the study of fat fractal sets such that A(E) > 0, and in the lateral
properties of a curve [9].

Proof. 1t suffices to use the discrete values e = 27". We can write
Ae(E) = inf{a | 27D A(E(2™™) — E) — 0}.

Since E is bounded, A(E(27") — E) is bounded above and A (E) < 2.
a) Let us show that e < A (F). By (15),

U Fon c E@ ).
For every square C € Fy—n, we have CNE = (0, so that
A(Fyn) < AE@2™) — E).
Since I(Fy-n) < 4,
wp 27 <4 A(E(27"T?) — E).
Therefore
27", < 2" A(B(27"?) - B) 2 2RI A(E(27") - E).

For every av > Ayt (E), the right member tends to 0, so that the left member
tends to 0; this shows that e < «. Hence e < A (F). If e = 2, then
e = Aext(E)'
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b) Let us show that e < A, (E). We may assume that e < 2. Let

e =27". Consider an e-connected component F' of E.
If FeR, ,, then F(2=™) C R(E,2~™). Therefore

<UR’,H) (27" — E C R(E,2™") — E.

From (17), this set is included in {Jj5,, U F-+, so that
(20) A((UR) @ = B) < > w2
k>n

If F € Ry_,, then diam(F) < 27", so that F'(27") is included in a

square of side 3 - 27". We deduce that A(F(¢)) < 9-272". By Lemma 4,
CardR]_,, < Card({J,_; Fo-«). Then

(21) A((URQ’-Q(Q*”)) <2723
k<n
For every e, E C |URLUJRY, hence E(e) C (URL)(e) U (URY)(e).
From (20) and (21) we deduce that
AB@Q ™) —E) 227" “wp+ Y w2 %,

k<n k>n

which implies that
n oo
2n(27a)A(E(2fn) o E) < g na Zwk + 2n(27a) Z wk272k.
k=1 k=n

Therefore Axt(F) < max{er,es}, equal to e (Lemma 5). m

PROPOSITION 2. Let
Ax(E) = limsup <2 _ IOgA(X(E&E)))

e—0 loge

and e as before. Then

(22) Ax(E) > e.

Proof. Let ¢ = 27", and U. = |J{F: | F € R. and diam(F) > ¢/2}.
The set Uy, is included in Fs., and its connected components have a dia-
meter > e. From (11), A(U2:(3¢e)) < 49A(X (Uae,€)) < 49A(X (E2e, 2¢)).
By (15), UF. C R(E,2¢)(¢), which is included in Us.(3¢). This gives
2720, 2 A(X(Ey-nt1,27" ). If a > Ax(E), then e* 2 A(X (E.,¢)) — 0,
so that 27"%w,, — 0. This proves that o > e. m

COROLLARY 3. For every compact set E, Ax(E) = A(E).

Proof. If E has area 0, then A (E) = A(F). Propositions 1 and 2 give
Axt(E) < Ax(FE). On the other hand, the inequality Ax(F) < A(FE) is
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trivial. Therefore Ax(E) = A(FE). If E has area > 0, then Ax(FE) and
A(FE) are both equal to 2. m

This completes the proof of Theorem 1.
The next result shows that the value of the dimension depends only on
the large connected components. For the definition of R(FE,¢), see (14).

PRoOPOSITION 3. For any compact set E,

(23) A(E) = limsup <2 - %).

Proof. Let A'(E) be the right side. From (15) we get A(JF:) <

A(R(E,2¢)(¢)). On the other hand, R(E,2e)(¢) c J{F(3¢) | F € Ro.,
diam(F) > ¢}. By (11),
A(UIFGe) | F € Rac, diam(F) > ¢})
< SA({F(22) | F € Rae, diam(F) 2 ).
We deduce that A(JF.) < A(R(E, 2¢)). Hence w, 272" < A(R(E,27"1)).
This gives e < A'(E), that is, A(E) < A’(E). The converse inequality comes
directly from the inclusion R(E,e) C E(e). m

7. Integral formulas. Let us consider the functions g. and f. defined
in Section 1.4.

PROPOSITION 4. For any compact set F,
(24) A(Xu(E.js,6/4)) < | fo(s) ds < A(Xu(E.,¢)).
R

Proof. The vertical sections of Xy (FE.,¢) can be expressed as
F.(s) = Projo,(Xu(Ese) N D(s))
where D(s) is the vertical line of abscissa s. The area of Xy(Eg,¢) is the
s-integral of the length L(F.(s)).
a) Fix sg such that E.(sg) # 0. We want to show that E.(sg) C F-(sp)-
Let tg € EE(S()).
There exist ¢t; and t2 in Projo,(E N [so — €/2, 50 + €/2] x R) such that

ty <tp <tz <11 +e.

We deduce that there exist s1, so such that |sgp — s;| < /2 and the points
x; = (84,t;) are in E. Since p(x1,x2) < &, the segment T1x3 is in E.. On
this segment there exists a point with second coordinate tg. Let s’ be its
first coordinate. Since |sg — §'| < /2, we deduce that (so,%p) belongs to
the horizontal segment of length ¢ centered at (s',%p). Therefore (so,to) €
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Xu(E:,¢). Since (sg,tp) also belongs to the line D(sg), we deduce that ¢y €
Projoy(Xn(E-, ) 1 D(s0)) = Fu(s0).

By integration, we conclude that § f-(s)ds < A(Xu(E:,¢)).

b) Fix so such that F.(sg) # (). We will show that F.(sg) C Fs-(so). Let
tg € FE(So).

There exists a point x = (¢, tg) in E. such that |syp — §'| < e. It belongs
to a segment T1x3 such that z; € E and o(z1,22) < €. Let x; = (s;, ;). Since
|s' —si| < e, we have |sg—s;| < 2e. Therefore z; € EN([so—2¢, so+2¢] xR).
Since tg lies between ¢; and t9, and |t; —ta] < &, we deduce that ¢ € E4-(sp).

By integration this gives A(Xy(E:,¢)) < { fic(s)ds. m

In a similar way, we obtain the following;:

(25) A(Xy(E.js,e/4) < | ge(s) ds < A(Xv(E:,€)).
R
Estimates (24) and (25) imply

1
5(§ 1) ds+ [ go(s) ds) < A(X(E,))
R R

and

A(X(Ep3,6/4) <\ fo(s) ds + | g=(s) ds.

R R

These inequalities, together with Theorem 1, prove (9). This completes the
proof of Theorem 2.

REMARK. (9) may also be written as

A (B) = max { timsu (2—M) lim sup <2_M> b

e—0 loge e—0 loge
In the case of a continuous, non-constant function, {; f.(s)ds tends to 0

more slowly than {; g-(s)ds, so that Ax(F) is equal to the first term: This
gives the variation method (Section 1.2).
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