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Perfect set theorems
by

Otmar Spinas (Kiel)

Abstract. We study splitting, infinitely often equal (ioe) and refining families from
the descriptive point of view, i.e. we try to characterize closed, Borel or analytic such
families by proving perfect set theorems. We succeed for G5 hereditary splitting families
and for analytic countably ioe families. We construct several examples of small closed ioe
and refining families.

1. Introduction. In this paper we study three properties of subsets
of the reals that occur in the definition (or, as in the second case, an
equivalent form of it) of three well known cardinal characteristics of the
continuum, namely the splitting number s, the uniformity of the meager
ideal unif (M) and the refining number t. Thus we study splitting fami-
lies (see Definition 2.1), infinitely often equal families (Definition 3.1) and
refining families (Definition 4.1). However, we are interested in these prop-
erties from the descriptive point view, i.e. we try to characterize definable
(i.e. closed, Borel or analytic) such families. Each of these three notions
has its countable version. E.g. a countably splitting family is such that any
countably many reals can be split simultaneously by a member of the fam-
ily. In [10] we characterized analytic countably splitting families by prov-
ing a perfect set theorem for these, i.e. finding a type of closed countably
splitting family that occurs as a subset of each analytic such family. The
proof used a game argument, thus holds more generally, i.e. for all sets
for which the splitting game is determined. Velickovic then noticed that a
theorem of Solecki can be used to show that analytic countably splitting
families always contain a G5 subset which is also countably splitting. We
shall show that for Gs families the countably splitting property is the same
thing as the essentially everywhere splitting property (see Definition 2.3).
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But as a curious fact we will show that this equivalence fails at the Fjs
level.

In [10] we also showed that for analytic splitting families such a neat
characterization is impossible, by proving the existence of a Gy splitting
family that does not contain a closed splitting family. Here we improve
a bit on this by showing that this example can be made AY. Both these
examples are not-hereditary. There is a good reason for this, as we shall show
that every hereditary G family A on 2“ contains an inclusion-dense closed
subfamily B. Here inclusion-dense means that every infinite element of A
has an infinite subset in B (we identify subsets of w with their characteristic
functions in 2¢). This easily implies that every hereditary Gy splitting family
contains a closed splitting family. Whether this or our general theorem holds
for all hereditary analytic sets is an open problem.

In Section 3 we shall study analytic infinitely often equal families. It
turns out that here analogous results hold with analogous proofs. So analytic
countably infinitely often equal families are characterizable by a perfect set
theorem, whereas analytic infinitely often equal families are not. Actually
not even closed such families are well understood. A prominent related open
problem is whether there exists a closed maximal almost disjoint family in
w* (see [4, Question 4.3]). (Such a family is infinitely often equal but not
countably so.)

In Section 4 we study refining families (which is the dual notion to that of
a splitting family). Here the situation seems to be even more intricate than
for the previous two properties. No characterization of analytic (or even
closed) refining families (countably so or not) seems to be reachable. A first
candidate for such a characterization that comes to one’s mind are Mathias
trees. That these are no good for our purpose is shown by an example by Di
Prisco and Todorcevic [1]. This is an example of a closed strongly dominating
countably refining family that does not contain a Mathias tree.

We shall construct two more examples that are smaller on the scale given
by the eventual dominance relation on w“. The first one is a closed domi-
nating, not strongly dominating refining family that is not even 2-refining.
We have a strong conjecture that this one is minimal in the sense that no
closed non-dominating subset is refining. This conjecture is related to the
well-known intractable problem of characterizing 2-colourable hypergraphs.
Our second example is a closed non-dominating refining family.

2. Splitting families

DEFINITION 2.1. We say that x € 2¥ splits a € [w]* iff 3%i € a I¥°j € a
(x(i) =0 & x(j) = 1). A family A C 2¥ is called splitting iff every a € [w]*
is split by some z € A, and A is countably splitting iff for every countable



Perfect set theorems 181

C C [w]¥ there is a member of A that splits every a € C. A splitting family
A is called everywhere splitting iff Yo € A Vn A N [xz[n] is splitting. The
everywhere countably splitting property is defined in the obvious way.

A tree p C 2<% is called a splitting tree if p # () and for every o € p there
exists K < w such that for every n > K and i < 2 there exists 7 € p with
o C 7, |r] > n and 7(n) = i. Note that if p is a splitting tree then [p] is
countably splitting and actually everywhere so.

In [10, 1.2] the following has been proved:

THEOREM 2.2. Let A C 2% be analytic. Then A is countably splitting iff
there exists a splitting tree p such that [p] C A. In particular, A contains a
countably splitting closed subset.

There exists a natural derivation process to determine whether a given
splitting family contains an everywhere splitting subfamily or not. This will
show that every countably splitting family contains an everywhere splitting
subfamily.

DEFINITION 2.3. For any A C 2¢ let A’ = A\ J{[o] : 0 € 2<¥ & AN
[0] is not splitting}. Recursively define A©) = A, A1) = (A@)) For a
limit ordinal \ let AXM = MNa<a A, Clearly there exists a least v < wi
such that AOtY = A®) . Let us call this  the split-rank of A, and denote it
by sprk(A). Notice that A is everywhere splitting if A # (). Moreover,
sprk(A) = 0 iff A = () or A is everywhere splitting.

We say that A is essentially everywhere splitting (e.e. splitting, for short)
if AO) £,

There exists an analogous notion of an everywhere unbounded, or every-
where dominating family of functions in w* (e.g. in [11]). Whereas it is easy
to see that every unbounded set in w“ contains an everywhere unbounded
subset, and similarly for dominating sets, this is not the case for splitting
families.

PROPOSITION 2.4. For every 0 < a < w; there exists an F, splitting
family A C 2 such that sprk(A) = a and A = (. Hence A is not e.e.
splitting.

Proof. By induction on «. For a = 1 choose an infinite, coinfinite set
aCw. Leta® =aand a' =w )\ a.

For given o € 2<% and i < 2 let pg’i be the tree defined as follows:

pi={re2¥:71CoV(eCT&YjE|r|Na’\|o| T(j) =0)}.

a,l

Now let A = [p?(;] U [p<1>]. Clearly A is closed and splitting. The only

o € 2<¥ such that AN [o] is splitting is o = (). Hence we have A’ = ) and
sprk(A) = 1.
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Now suppose that F' is a splitting F,, sprk(F) = « for some 1 < o < wy
and F(®) = . For o € 2<% let A(0, F) = {0z : z € F'}. Fix some infinite,
comﬁmte a C w. Let Q consist of all minimal (with respect to length)
elements of 2<%\ p <0> <i§. Define

A=[plubiul iAo, F) o € Q).

Clearly for every o € 2<“ we have sprk(A(o, F)) = sprk(F) = «, and
A(o, F), and hence A is F,. Since every node of p?o’(; U p?li has an extension

in Q, we conclude A(®) = [p?(’)(;] U [p‘&;] and hence sprk(A) = a + 1 and

Alet) = ¢,

Finally, suppose that a < w;y is a limit ordinal, that (o, : n < w) is an
increasing sequence with sup,, ., @, = o, and that F,, C 2% are splitting F,;’s
such that sprk(F,) = «, and F(a”) = (). Let o, be the sequence starting
with n 0’s and ending with one 1. Define A = UHEM Aoy, Fp). Clearly A
is F, and we have A" = (J _ = A(om, F,) @) #£ @ for every n < w,

as the «, increase. Since the A(oy,, F),) are pairwise disjoint we conclude
Al =N, _ A" = and hence sprk(A) = a. u

QUESTION. Can we replace “F,” by “closed” in Proposition 2.47

We have seen that every countably splitting family is e.e. splitting. The
converse is true for Gy sets by the next theorem. Though by Theorem 2.7,
it fails for F,s sets.

THEOREM 2.5. FEvery Gy set G C 2% that is essentially everywhere split-
ting is countably splitting.

Proof. Let G =, .,, Un where each U, is open. Let sprk(G) = ~. Hence
GO is everywhere splitting. Let p = {z[n : n < w & z € GO}. Now we
have the following observation:

CLAIM. p is a splitting tree.

Proof of the claim. Let o € p. As GO)N [o] is splitting we conclude that
the set

M={k<w:3j<2Vrep(cCT&k<|T|)=1(k) =]}
is finite. m
Now let F' C [w]¥ be countable. It is an easy business to construct
(r; 1l < w) in p with 7; € 7741 such that for each n, [r;] C U, for some I,
and for each @ € F and i < 2,7(k) = ¢ for infinitely many [ and some

kEcan|n|\ |no] If welet y = J,., 7 then y € G and y splits every
member of F. =
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COROLLARY 2.6. Every Gg set that is essentially everywhere splitting
contains a closed countably splitting subset.

Proof. By [10, Theorem 1.2] every analytic countably splitting family
contains a closed subset with the same property.

Surprisingly to me, Theorem 2.5 does not hold for analytic sets. Actually
it already fails at the Fg s level, as the following example shows. It is the
ideal of nowhere dense subsets of the rationals, that occasionally showed up
in the literature as kind of a marplot (see e.g. [2]). Recall that a subset of
p(w) is called hereditary if it is closed under taking subsets.

THEOREM 2.7. There exists a hereditary Fy5 everywhere splitting family
which is not countably splitting. Nevertheless this example contains a closed
splitting subset.

Proof. We replace w by 2<% and let NWD(2<%) be the set of all ¢ C 2<¢
that are nowhere dense in 2<“. NWD(2<%) is a well-known o-ideal that has
been studied by many authors (see [2]).

Let @ be the set of all z € 2% which are eventually zero. For z € 2¢
let a; = {z|n : n < w}. Clearly every a C 2<% that splits every member
of {ay : x € Q} must be dense in 2<¥. Thus NWD(2<%) is not countably
splitting. Let R be the comparability relation on 2<“, thus {o,7} € R iff
o CTtorT Co. Let C ={a C2<¥:ais R-homogeneous}. It is easy to see
that C' is closed and C C NWD(2<¥). By Ramsey’s theorem, every infinite
subset of 2<“ has an infinite subset belonging to C. As C is hereditary, C' is
splitting. It remains to check that NWD(2<%) is everywhere splitting, thus
sprk(NWD(2<¢)) = 0. Let o be a finite partial function from 2<¢ to 2,
and let z € 227 be arbitrary with x71(1) infinite. By Ramsey’s theorem
there exists y : 2<% \ dom(o) — 2 such that y~1(1) € 271(1) is infinite
and R-homogeneous and z~!(1) \ y~!(1) is infinite. Then clearly we have
ocUy € NWD(2<¥) and o Uy splits z. m

In [10, Theorem 1.10] it has been shown that there exists an F, split-
ting family that does not contain a closed splitting family. The next result
slightly improves that construction. Recall that for given A C p(w) we call
a collection B C p(w) inclusion-dense in A if every infinite set in A has an
infinite subset that belongs to B.

THEOREM 2.8. There exists a splitting family A C 2“ that is both F,
and Gg, such that A does not contain a closed splitting family, nor does A
contain an inclusion-dense closed subset.

Proof. Let (a, : n < w) be a partition of w into infinite sets. For any
b € [w]¥ let (b(7) : i < w) be the increasing enumeration of b. Define an
increasing x € w* as follows: z(0),z(1) are the first two elements of ag. In
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general, z(2n), x(2n + 1) are the first two elements of a,, \ (z(2n — 1) + 1).
Now let
Ao = {b € [w]” : b(0) = 2(0) & b(1) > z(1) & Vm |b O am| < 1},
Anpr={bew]*: 0N (z(2n+1) +1) ={z(0),...,2(2n + 1)}
&Vj(x(2n+1) < an(27) =0bN {an(2j),an(2j + 1)} #0)
&b\ (z(2n+1)+1) Cap}.
Clearly each A, is closed. Let A=, <o An- Hence A is F,,;. For each n let
Jn be minimal such that z(2n + 1) < a,(27y).
Let oft! € 20n(2n#9+1 be the characteristic function of {z(0),...,
z(2n + 1),an(2jn +9)}. Let Uppr = [of T U [07TY]. Let 00 € 27U+ be
the characteristic function of {x(0)}, and let Uy = [0°]. Note that the U,

are pairwise disjoint open sets and A, C U,. For each n let V! C U, be
open sets such that A,, = V. We conclude that

m<w ~m*
_ n __ n
A= U Nva=N U
m<w n<w n<w m<w

and hence A is Gj.

It is easy to see that A is splitting. Indeed, let a € [w]¥. If aNa, is finite
for all n < w, then a is split by some b € Ay. Otherwise a N a, is infinite
for some n. In this case we easily find b € A, 1 that splits a. Moreover, if
C C A is closed there must exist n such that C' N A4,, = 0 for every m > n,
as otherwise z € C. But x ¢ A. But certainly no finite union of A,’s is
splitting or inclusion-dense in A. =

Note that the example of Theorem 2.8 as well as that of [10, Theorem
1.10] is not hereditary. The next result shows that this is necessarily so. It
implies that given a hereditary Gg splitting family A C 2“ there exists a
closed ' C A that is inclusion-dense in A. Letting F” be the hereditary
closure of F, we see that F/ C A is closed and splitting.

THEOREM 2.9. Suppose that G C 2% is hereditary Gs. There exists a
closed F C G that is inclusion-dense in G.

Proof. Let G = (,,¢,, Un where each U, is open. We may assume that
G # 0 and U, D U,y for every n. For each n choose A, C w<* such
that Uy, = U,ca,[0]- Let Sy, = (0} : i < Np) enumerate all minimal (with

respect to C) elements of A,. Thus N,, € w U {w}. Clearly we still have
Un = Uicn, [07]- We let S_1 = (). Note that the following holds:

(1) Vn Vi Vj (i # j = oj'Lo}) (here L denotes incomparability with
respect to C).

Without loss of generality we may assume that G N [o7'] # 0 always. Oth-
erwise delete some of the o]'. Because we can replace any o' by the two
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sequences 0;' "0, 01, and the U, are decreasing, we can therefore assume
without loss of generality the following:

(2) Vn Vi < Nog1 3j < Ny ol C ot

Clearly for every x € 2¥ we have x € G iff there exists f € []
that

N,, such

new

=070 U0ty Uofe V-
By heredity and (1) we must have:
(3) Vo€ S 1Yo €S, (0Co=VM Co Y (1)\o (1) Im >n3r €S,
(eCr&r 1)\ o '(1) = M)).
Inductively we define T, as follows: Let Ty consist of those o € Sy with
lo=1(1)| < 1. If T}, has been defined, let 7,11 be the set of all ¢ € S, 11

such that there exists o € T,, with ¢ C o and |[071(1) \ o71(1)| < 1. By (1)
it follows that each T}, consists of pairwise incomparable elements.

Cram 1. Fach T, is finite.

Proof. By induction on n. By (3) there exists o € Sy such that o~1(1)
= (). Then o € Ty. By incomparability we have 77(1) C || and 7=(1) N
0 (1) = 0 for any distinct 7,0 € Tp. Hence Ty is finite. Now fix o € Tj,.
By (3) and (2) there exists 7 € S,;1 with o € 7 and 771(1) \ o= 1(1) = 0.
We have 7 € T,,41. Given distinct p,v € T4 with ¢ C p and o C v, by
incomparability of S, 1 we must have

pH NI ST ol (W) N e W) N (T N o7 (L) = 0.
As T, is finite by induction hypothesis, the same holds for T},41. =
Let T be the tree generated by (J, ., T- By the observation after (2)

and Claim 1, and as each element of 7,41 extends an element of T}, we
have:

Cramm 2. [T]CG. m

The following claim will finish our proof:

CLAIM 3. For every x € G with x~1(1) infinite there exists y € [T] such
that y=1(1) C 2=Y(1) and y~(1) is infinite.

Proof. Let f € w* be such that x = Ua?(n). We want to construct
(T : n < w) such that 7, € Tp,, 7, € Tpy1 and 7, (1) C x for all n, and
such that 7, Jrl( )\ 7, 1(1) is non-empty for infinitely many n.

Let ko < w be the minimum of 271(1) and let my < w be minimal
with kg < |0;'"(”;n0)|. Let 7, € T, be the constantly zero sequence for every
n < mg. Note that U}L(n) = 1, for every n < mg. By minimality of ko,
by incomparability of Sy, and by (3) there exists 7,,, € T, such that
Tmo (ko) = 1 and Typ—1 C Tpn,- Suppose that we have k;, m; and 7,,, € Ty, .
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Choose ki1 minimal such that k; 11 > |7, | and x(k;11) = 1. Keep choosing
7 € Tj for j > m; + 1 such that 7,,,, C 75 C 7j41 and 7'{1(1) \ Tonk(1) = 0
(by (3)), as long as |7j| < kjy1. If 75 is the last one we let m;1; = j + 1.
Hence if 7 € Tpy,,, is such that 7,,,,—1 € 7 and 77 (1) C (7, ,—1) (1)
we have |7, —1] < kip1 <|7].

Let z € 2% be such that 7,,,.,—1 C 2z and z(ki41) = 1 and 2(I) = 0
elsewhere. Thus we have z~*(1) C 27!(1) and hence z € G. Since Tpy,,, 1
consists of pairwise incomparable elements, by (2) there must exist 7,,,,, €
Smipr With 7o, i1 € Ty and 7y, € 2. By the choice of m;yq we
cannot have Tnjilﬂ(l)\(TmiH_l)*l(l) = (). Consequently, |7y, ,| > ki1 and
Tmis1 (kig1) = 1. Clearly 7., € Tiyy,,, and (7, : n € w) is as desired. Now
we let y =, 7 and the Claim follows. m

n<w

PROBLEM 2.10. Is Theorem 2.9 true for hereditary analytic sets?

3. Infinitely often equal families

DEFINITION 3.1. Given a C w we say that some family A C w* is
infinitely often equal (ioe for short) for a if for every = € a“ there exists y € A
such that 3%°n x(n) = y(n). We call A C w* countably ioe for a if for every
countable C' C a* there exists y € A such that Vz € C 3%°n z(n) = y(n).
Given a C w, some tree p C w<¥ is called an ioe tree for a if p # () and for
every o € p there exists 7 € p such that c C 7 and Vn € a 77n € p.

Finally, we call an ioe for a family A C w“ everywhere ioe for a iff
Vr e AVn AN [z[n] is ioe for a.

The following fact is easy and is left to the reader.

FAacT 3.2. Suppose that p C w<¥ is an ioe tree for a. Then [p] is a
countably ioe family for a.

THEOREM 3.3. Suppose that A C w® is analytic and countably ioe for
some a C w. There exists a tree p C w<¥ that is ioe for a such that [p] C A.
In particular, A has a closed countably ioe for a subset.

The proof of this theorem is very much analogous to that of Theorem
2.2 as outlined in Section 2.

DEFINITION 3.4. Given z € w” and n < w define F(,,) = {y € w* :
Vk > n y(k) # x(k)}. Clearly F, ,) is closed.

LEMMA 3.5. A is countably ioe for a iff for no countable C C a* x wA C
U(az,n)EC F(ocm)'

Proof. “=" Suppose C C a* x w is countable with A C U(z,n)GC Flan)-

Let C’ be the set of all first coordinates of elements of C. Hence C' C a¥
and for no y € A do we have Vz € C' 3%°n z(n) = y(n).
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“<” Let €' C a“ be countable and let C = ¢’/ X w. Find y € A\
Umec Flan)- Then clearly Vo € C" 3°n x(n) = y(n). =

By Solecki’s theorem [8, 2.1] we obtain:

COROLLARY 3.6. Suppose that A C w® is analytic and countably ioe for
a Cw. Then there exists a G5 B C A that is also countably ioe for a.

DEFINITION 3.7. For any A C w* and a Cw let A" = A\ U{[o] : 0 €
w< & AN [o] is not ioe for a}. Recursively define A = A= Ale+]) =
(A@) and for a limit ordinal A let AN = _, A,

There exists a least ¥ < w; such that A0t = A We call it the
i0€q- mnk of A, denoted ioa,-rk(A). Clearly, A" is then everywhere ioe for
aif AW =£ (. In this case we say that A is essentially everywhere ioa for a
(e.e. ioe, for short).

Note that every A C w® that is countably ioe for a is e.e. ioe for a.
Indeed, if we had A®) = () for some v < wy, then for every z € 4, n < w,
[xn] was removed during the derivation process at some stage « < =, as for
some Y n, € a¥, for no z € AN [zn] does z(i) = y, n]( i) hold for infinitely
many ¢ < w. Then C = {yz1n, : 2 € A & n < w} C @ is countable and no
x € A equals any y € C infinitely often.

LEMMA 3.8. Suppose that A C w* is G§ and everywhere ioe for a C w.
There exists a tree p C w<Y¥ that is ioe for a such that [p] C A.

Proof. Let g ={z[n:z € A& n < w}. Note that ¢ is an ioe for a tree.

Let A = ﬂn<w where each Uy, is open.

We are going to construct antichains F,, C ¢, n < w, such that the
following hold:

(1) If £, = {0y : i < w} then F,11 = J,., Fni where each element of
F, ; properly extends o; and there exists j > |o;| such that for each
k € a there is T € F,, ; with |7| > j and 7(j) = k.

(2) Yo € F,, [o] CU,.

The construction is straightforward, given our assumptions. If we let p be

the downward closure of | J, ., Fr, we are done. =

By Corollary 3.6 and Lemma 3.8 we obtain Theorem 3.3.
Analogously to Theorem 2.7 we can show that Lemma 3.8 fails for Fjg
sets.

THEOREM 3.9. There exists an F,5 everywhere ioe family that is not
countably ioe.

Proof. Let A be the set of all z € (2<¢)% such that ran(z) is nowhere
dense in 2<%. Let @ be the set of all eventually zero y € 2¢. For each y € Q
let z, € (2<¥)¥ be a one-to-one enumeration of {y[n : n < w}. Clearly
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{zy sy € Q} C A, but no x € A equals any z,, y € Q, infinitely often.
Similarly to Theorem 2.7, by applying Ramsey’s theorem one shows that A
is everywhere ioe. =

It is similarly easy to modify the example of Theorem 2.8 to obtain the
following:

THEOREM 3.10. There exists an ioe family A C w® that is both G§ and
F,, such that A does not contain a closed ioe subfamily.

In [10, Problem 1.12] it was asked whether every analytic splitting family
A C 2¥ is countably splitting on some infinite @ C w. (A positive answer for
closed A was given by [10, Corollary 1.14].) A positive solution follows from
a beautiful result of Repicky (see [6, Theorem 2.2]), which implies the fol-
lowing: If A C 2% is analytic such that Ala := {xla: x € A} is uncountable
for every infinite a C w (which is certainly the case for splitting A), then
there exists some infinite a C w such that Ala = 2°.

In view of the similarity of Sections 2 and 3 this might lead to the conjec-
ture that every analytic ioe family A C w* is countably ioe for some infinite
a C w. However, the next result shows that there is a closed counterexample.

DEFINITION 3.11. Given some infinite a C w, let E[a] = {a(2n) : n < w}
and Ola] = {a(2n + 1) : n < w}. Here (a(n) : n < w) denotes the increasing
enumeration of a. If a = w we omit it, and we write EE, OFO etc. in place
of E[E], O[E[O]]. Let (, be the sequence of n 0’s and v, the sequence of n
1’s.

THEOREM 3.12. There exists a closed ioe family in w* that is not count-
ably ioe for any infinite set a C w.

Proof. We are defining a sequence (p, : n < w) of (non-pruned) trees
pn € w* as follows:

1) po is built as follows: py contains all (,’s and all v,,’s. Moreover, for
eachn € w, k € E\{0} and [ € O\ {1} we have (,"k € pp and
vp "l € po, and these are terminal nodes in pg.

2) Given py, we declare p, C p,+1, and moreover every terminal node
o € py, is extended as follows: Let a = {k € w: o[(Jo| — 1)"k € p,}.
Then p,,+1 will also contain all 07(,, and 6" v, and moreover, for each
m < w, k € Ela]\{0,1} and | € Ola]\{0, 1}, we have 07(;, "k € ppy1
and 6”7Vl € prat.

3) We let p = J,,c,, Pn- We claim that [p] is the desired closed set.

Let us first check that [p] is ioe. Let z € w*. Without loss of generality we
may assume that z is neither eventually 0 nor eventually 1, as such reals are
clearly infinitely often equal to some y € [p]. Recursively we shall construct
terminal nodes o, € p,, such that o, C 041 and z(|op| — 1) = o (|on| — 1).

=
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Then y = (J,c,, on Will be in [p] and equal z infinitely often. If there are
infinitely many ¢ with z(i) € E \ {0} we choose o9 € po such that o¢ is a
terminal node, 00(0) = 0 and og(|og| — 1) = z(|og| — 1) (hence z(|og| — 1) €
E\ {0}). Otherwise choose oy € py as before except that now o(0) = 1.
Note that then og(|og| — 1) = z(Jog| — 1) € O\ {1}.

Now suppose that o, has been constructed. We define a = {k < w :
onl(|lon] — 1)"k € pn}. Inductively we know (i) € a for infinitely many i.
If z(i) € Ela] for infinitely many ¢ we choose 0,41 € pp41 such that
on+1(Jon]) = 0. Otherwise x(i) € Ola] for infinitely many ¢; then we choose
On+1 € Pnt1 as required such that o,41(|oy,|) = 1. By the definition of p, 41
this is certainly possible. It is clear that p does not contain any subtree that
is ioe for some infinite a C w. By Theorem 3.3 we conclude that p is not
countably ioe for any infinite a Cw. m

The work of this section has been motivated by the open problem (see
[4, Question 4.3]) whether there exists a closed (or analytic) maximal almost
disjoint family A C w* (z,y € w* are almost disjoint if V°n x(n) # y(n)).
Clearly such A is ioe but not countably ioe. If one were able to prove a
perfect set theorem for closed ioe families (in the style of 3.3), one could
probably solve this problem.

4. Refining families. In this section we identify [w]|* with the closed
subspace of w* consisting of strictly increasing functions. Thus we can talk
about unbounded or dominating (with respect to eventual dominance) fam-
ilies in [w]®.

DEFINITION 4.1. A family A C [w]¥ is called refining if for every a € [w]“
there exists b € A such that either b C* a or b C* w\ a. We call A countably
refining if for every countable F' C [w]¥, some member of A refines every
member of F.

4.1. The Di Prisco—Todorcevic example. The problem of characterizing
analytic (or only closed) refining or countably refining families seems to be a
hard one. At first glance it seems that Mathias trees might be relevant. For
s C w finite and a € [w]* with max(s) < min(a) let [s,a] = {b € [w]“ : b C
sUa & b\ a = s}. (Such pairs (s, a) are the conditions of Mathias forcing. If
(s,a) is viewed as a tree, then [s, a] is the set of its branches.) Clearly sets of
the form [s,a] are closed and always countably refining. The first example
of a closed countably refining family that does not contain (the branches of)
a Mathias tree is due to Di Prisco and Todorcevic (see [1]). Actually they
did not care about refining families, but they tried to characterize those
Borel sets A in [w]* such that the shift graph they carry has infinite Borel
chromatic number. Recall that the shift graph on A is defined by putting
an edge between a,b € A iff a = b\ {min(b)} (“a is the shift of b”). Note
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that colouring each element of A by its minimum always defines a Borel
colouring with countably many colours. In [5] it has been shown that the
only possible finite Borel chromatic numbers are 1, 2, 3.

Fact 4.2. If the shift graph on A C [w]¥ has infinite Borel chromatic
number, then A is refining.

Proof. Suppose that A is not refining, thus we have a® € [w]“ so that
each b € A meets both a” and a' := w\ a" infinitely often. Now colour b € A
by (i,k) € 2 x { even, odd} so that min(b) € a’ and k is the parity of the
length of the initial segment of b determined by the minimal element of b in
a'~%. Clearly this is a Borel graph colouring. m

In [3, Lemma 2.3] it has been shown that for every analytic A C [w]*,
A is strongly dominating iff A contains [p] for some Laver tree p. Here A
is strongly dominating iff Vo € [w]|* Jy € A V®k z(y(k — 1)) < y(k), and
p C w<¥ is a Laver tree iff every extension of its stem has infinitely many
successor nodes.

The Di Prisco—Todorcevic example. We identify w with IP C w X w,
the set of all increasing pairs (n,m) with n < m. Let E; be the set of
all x € IP“ such that, letting (i) = (n;,m;), we have m; = n;41 for
every ¢ < w. It is straightforward to check that Ej is closed and strongly
dominating (actually of the form [p] for some Laver tree p) and that E; does
not contain the set of branches of any Mathias tree. In [1] it is shown that
FEq is infinitely chromatic. Let us give a direct proof that F is refining, and
actually countably so. Let r € [IP]“ be given, thus r is a binary relation
on w. By Ramsey’s theorem we can find a € [w]“ that is homogeneous for r,
i.e. [a]> C 7 or [a]> Nr = (). Certainly there are x € By with z(i) € [a)? for
every i. These x refine r. If we have to deal with countably many r, € [[P]*
we are building a descending chain of sets a,, € [w]|¥ such that a, is 7,-
homogeneous. Then we let a, € [w]* be an almost intersection of all ay,.
Any z € Ey with x(i) € [ay,]? for all i will refine all r,,.

Below we shall construct two even smaller examples of closed refining
families. The first one is dominating but not strongly so, and the second
one is unbounded but not dominating. Strangely, the second one is much
easier to understand. We retain the first one as we have a strong conjecture
that it is minimal in the sense that it does not contain any closed refining
subfamily that is not dominating. This conjecture is linked with the problem
of characterizing 2-colourable hypergraphs.

4.2. A closed non-strongly dominating refining family

DEFINITION 4.3. Let a,b be subsets of w.
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(a) If the limit
. Janbnn|
lim ———
n—oo |bNn|

exists, we call it the density of a in b and denote it by d(a, b).
(b) On the other hand, the limes superior

. laNbNn
hmsupi

always exists in [0, 1], and we call it the sup-density of a in b and
denote it by dsup(a,b).

REMARK 4.4. It is easy to see that for infinite b existence and value of
d(a,b) or dsup(a,b) do not depend on finite changes of a or b.

Let E[a] = {a(2n) : n < w} and Ola] = {a(2n+ 1) : n < w}. Inductively
we define a tree of sets (S, : 0 € 2<¥) as follows: Sy = w, S,~o = E[Ss],
S,~1 = O[S,]. Note that S, NS, = () whenever ¢ and 7 are incompatible,
and that S; C S, if 0 C 7. Let £ = (L, : n < w) be the unique family such
that

(1) L, C w?™ is not empty, consisting of increasing sequences;

(2) if p € Ly, there exists 0 = 0, € 2" such that for each i < n, u(2i)
and f(2i 4 1) are successive elements of S,; and p(2i) € E (S, ;) iff
o(i) =0;

(3) all L,, are maximal such that (1) and (2) hold.

Thus Lo = {0}, L1 = {{n,n+1) : n € w}, Ly = {(2n,2n+1,2m,2m+2) :
n<m<wlU{2n+1,2n+2,2m+1,2m+3) :n < m < w} etc.

The family £ determines a tree p C w<% by letting o € p iff ¢ C 7 for
some 7 € J,,,, Ln. Clearly p is a uniform tree (see [9]) such that stem(p) = 0
and for every o € split(p) the successor splitnodes of o have length |o| + 2.
Hence [p] is dominating, but by [3] it is not strongly dominating. Let Fo =
[p]. Now the following is true:

THEOREM 4.5. FEj is refining.

Proof. Let a € [w]* be arbitrary. Suppose first that there exists o € 2<¢
such that for every 7 € 2<% with o C 7 there are infinitely many n < w such
that {S;(n), S;(n+1)}Na = (. It is straightforward to construct = € E3 such
that ran(z) Na is finite. Hence we may assume that for every o € 2<“ there
exists an extension 7 of ¢ such that only finitely many pairs of successive
elements of S; belong to w \ a. Note that this implies that for each o € 2<%
there exists k < w such that every interval of S, that is disjoint from a has
length at most k. We conclude that the assumptions of the next lemma are
satisfied by our a and b = S,, for a dense set of o € 2<¥. The other lemmas
will be used to recursively construct « € Ey such that ran(z) C* a.
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LEMMA 4.6. Let a,b C w be as follows:

(i) There are only finitely many i such that {b(i),b(i + 1)} Na = 0.
(ii) There exists kg < w such that every interval of E(b) disjoint from
a has length at most k.
(iii) There exists k1 < w such that every interval of O(b) disjoint from
a has length at most k.

If k = max{ko, k1}, then a contains at least k + 1 elements from every
interval I of b of length 2k + 1 with min(I) large enough and therefore
dsup(a,b) > (E+1)/(2k+1). =

Proof. Let I = {b(i) : j < i < j+ 2k + 1} be an interval of b of length
2k + 1 such that w \ a does not contain any two successive elements of it.
Let E(I) = {b(j +2i) : i < k} and O(I) = {b(j +2¢+ 1) : i < k}. Thus
E(I) has k + 1 and O(I) has k elements. By (ii) and (iii) we must have
E(I)Na #0.1f E(I) C a we are done. But otherwise, as a meets any pair of
successive elements of I, a contains two successive elements of I, and hence
we conclude [INa| >k+1. =

LEMMA 4.7. Suppose that b C w and b = coU 1 s a partition. Then for
every a C w,
dsup(aa b) < dsup(aa CO) : dsup(COa b) + dsup(aa Cl) : dsup(cla b)
Proof. Observe that for each n we have
lancoNn| |conbnn| |ancNn| |egNbNn

lco N |bNn ler Nn| |b N n
_lancnn|+lanc Nnl  Janbnnl
B |bNn ~|bnn|

Let € > 0 be arbitrary. Let § > 0 be such that 46 + 262 < /2. There exists
ng such that for all n > ns and ¢ < 2 we have

lane¢; Nn| lciNbNn|

lei Nn |bNn
Note that this implies
lanconNn| |conbNn| JaNeNn| |eaNbNn
lconn|  [bNn lcinn|  |bNn
< dsup(a, o) - dsup(co,b) + dsup(a, c1) - dsup(c1,b) + /2.

Moreover, we can find arbitrarily large n > ngs such that

lanbNn|
W > dsup(a, b) — 8/2

< dsup(a,c;) +9 and < dsup(ci, b) + 9.

Hence
dsup(a7 CO) : dsup<CO7 b) + dsup(aa Cl) : dSup(Cla b) > dsup(a7 b) —E&.
As ¢ > 0 was arbitrary, we have proved the desired inequality. =
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LEMMA 4.8. Suppose b,c are infinite such that dgup(b,c) > 1/2. Then
there are lg,l1 such that ly is even, ly is odd and

{c(lo),c(lo+ 1)} Cb and {c(l1),c(li+1)} Cb.
Proof. As limp_.o kQ—JZL = %, by assumption we can choose k so that
(%) b {c(0),...,c(k—1)} - k:+4'
k 2k
We may assume that b contains {c(l),c(l + 1),¢(l + 2)} for no I, since
otherwise we are done.

Let M = {l < k : {c(l),c(l+ 1)} C b}. Certainly M is not empty, as
otherwise

bN{c(0),...,c(k—1)} < kE+1 - k+4
k - 2k 2k 7
contradicting (x). If M contained only even numbers, then
|bN{c(0),...,c(k — 1)} < k/242 k44
k -k 2k 7
which contradicts (). If M contained only odd numbers, then even
|bN{c(0),...,c(k—1) (k:+1)/2<k+4
k k 2k 7
a contradiction. We conclude that M contains both even and odd numbers,
and we are done. =

M

By Remark 4.4 we conclude that in Lemma 4.8 there exist infinitely
many such ly and l;. Now we choose ¢ € 2= and k < w such that the
assumptions of Lemma 4.6 hold with our a and b = S,. Hence dgup(a, So) >
(k+1)/(2k +1). If |o| = n we can find p € L,, such that o = o, (see (2)
of the definition of Es). Note that d(S,~;,S;) = 1/2 for every 7 € 2<% and

T MT

i < 2. Therefore, if dsup(a, Sr) > 1/2, by Lemma 4.7 we have

% < dsup(a, S7) < op (@ Sr-o) _g oup (@ Sr-1)

and hence dgyp(a, S;~;) > 1/2 for at least one ¢ < 2. Using Lemma 4.8 it is
now straightforward to construct (o; : n < j) and (u; : n < j) such that
Op = 0, fn = U, ftj € Lj, 05 = 0y, dsup(a, Sy;) > 1/2 and o3 C 0, p; S pj
and {p;(29), 1;(2i + 1)} C a for every n < i < j. Letting x = U, pj, we
have x € Fy and ran(z) C* a. m

REMARK 4.9. The previous example F» is not even 2-refining, i.e. there
are a,b € [w]¥ such that no z € Ey refines a and b. To see this, define
¢i={n €w:n=imod 3} for i < 3. Notethatxgz* ¢; for any = € Fy and
i < 3,as x(2k+1)—x(2k) is a power of 2 for all k. Thus we can let a = coUcy
and b= c1 Uca.
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PROBLEM 4.10. Is it true that every non-dominating closed subset of Eo
s mon-refining?

Problem 4.10 is linked to the 2-colourability problem for hypergraphs (see
e.g. [7, p. 599]). Given a non-dominating subtree ¢ C p (where [p] = Ea2),
one would like to find a front F' C split(q) (i.e. F' is pairwise incomparable
and for every x € [q], x|k € F for some k) such that, letting F,, be the set of
all successor splitnodes of o € F in g, the family F = (J cp{7\ 0 : 7 € F5}
considered as a hypergraph (i.e. a set of finite sets) is 2-colourable, i.e. there
exists ¢ C |JF that has non-empty intersection with every member of F
but does not contain any one.

4.3. A closed refining non-dominating family. Our third example is a
closed refining family F3 C [w]“ that is non-dominating, but unbounded
with respect to eventual dominance. It is easy to see that no bounded family
is refining. Curiously E3 is much easier to understand than Fj.

For the construction let f €w® be fast enough so that (f(k +1)—f(k))/2
> k + 1 for each k. Let

o= (0. 50+ 1) and = fa € gysfal = [T =IO

Now let E3 be the set of all b € [w]* of the form b = |J;cy ar(;), Where
(k(7) i < w) € w* is strictly increasing and ay(;y € Hy;) for all i < w.

Let us see that Fs is non-dominating, actually Vb € E5 3k b(k) < f(k).
Let b = (U, ax(;) as above. Note that b(k(i)) € U;<; ax(;) by definition of
Hy,;), and hence b(k(i)) < f(k(i)). Moreover, Ej3 is refining. Indeed, given
a € [w]¥, we see that for some i < 2, [a* N I}.| > [(f(k+1) — f(k))/2] for
infinitely many k (again we let a° = a, a! = w\ a). If i = 0 we easily
obtain b € E3 with b C a, otherwise we find b € E3 disjoint from a. Finally,
closedness of Fj3 is easy to check.

REMARK 4.11. (1) Note that each Hy is a hypergraph that is not 2-
colourable. Actually, to make E3 refining it suffices to take as Hy any such
hypergraph on . In order to make E3 non-dominating we must ask that
the elements of Hy are large enough with respect to f(k + 1).

(2) We could as well make Fs3 countably refining. E.g. start with a bit
faster f (say such that (f(k +1) — f(k))/2" > k + 1) and define

k+1)— f(k
Hk:{agk:‘a,: V( £ 1)— £ )J}
2k
Es5 is now defined as before. Given infinitely many a,, € [w]*, we first find
bo = Uien ago(i) refining ag such that ago(i) C Iy () has size [ [I1,(;]/2]. Then
find (k1(4) : i < w), a subsequence of (ko(i) : < w), and by = [J;ey a}ﬂ(i)

refining a; such that ail(i) - agl(i) has size Uagl(i)\ /2] etc. Finally, we have
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n<w @, () Which refines all a,. Possibly b, ¢ FEs, as

some ay (,y are too large (note ]aZn(n)\ = Iy, (m)|/2" ). So simply trim each

ay (n) down to its decent size and we are done.
n
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