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Rectangular square-bracket operation for
successor of regular cardinals

by

Assaf Rinot (Toronto) and Stevo Todorcevic (Toronto and Paris)

Abstract. We give a uniform proof that AT — [AT; /\+K+ holds for every regular
cardinal A.

1. Introduction. Recall that A - [\]? asserts the existence of a func-
tion f : [\]> — & such that f“[X]? = x for all X € [A\]*. Recall also that
A - [A\; A2 asserts the existence of a function f : [A\]> — & such that
fIX®Y] =k forall X,Y e [\

In [7], the second author introduced the method of walks on ordinals
and proved that AT - [)‘+]?\+ holds for all infinite regular cardinals . This
was done by defining a square-bracket operation [a/5] that selects a point
in the trace of the walk from S to « using the oscillation of upper traces
of certain walks that start from « and from 3. As for singular cardinals, it
is a longstanding open problem whether At — [AT]3, holds for all singu-
lar cardinals A, but by a result of the first author [3], AT - [AT]3. entails
At o [AT; M]3, for every singular cardinal A.

In the present paper, we focus on A* - [AT; AT]3, for A regular. In [4],
Shelah proved that this relation holds for all regular A > 2% and later in [5],
he improved this to all regular A > R;. Then, in [6], Shelah handled the case
A = Ny, and finally, in [2], Moore established the missing case A = Xy. It was
unknown whether there exists a uniform proof that handles all successors
of regulars (or even just A* for A € {Rg, Ny, first inaccessible}), and in par-
ticular, whether and how Moore’s technique generalizes to higher cardinals.
In this paper, we provide such a uniform proof. This is established by com-
bining the analysis [2] of oscillations over the lower trace, together with the
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analysis [7] of the upper trace function. More specifically, we show that the
p1-function on \* oscillates on the lower traces much the same way it does on
w1 (regardless of the value of A<*), giving us a function o : [A\*]?> — w whose
composition with the upper trace function tr : [A*]? — “(A\T) establishes
AT o AT AT

We expect that the new square-bracket operation will have applications
of similar wealth as the original square-bracket operation (see, for example,
the relevant chapters of [9]) and that the arrow notation At — [AT; AT]3,
captures only a small part of its properties. Judging on the basis of pre-
vious experiences, it is expected that applications will come after a deeper
understanding of the relationship between the functions such as tr and o
rather than on modifying the arrow notation to express more complicated
statements. One example that shows this most clearly is the original proof
(see, for example, [1]) that the Proper Forcing Axiom implies that 2% = X,.
That proof depends heavily on the properties of the oscillation mapping
osc : (w¥)? = wU{w} introduced in [§], properties that cannot be captured
by the arrow notation such as b - [b; b]2 nor any of its strengthenings that
involve only the notion of cardinality.

2. Statement of the main result

2.1. Preliminaries. For the rest this paper, we fix an infinite regular

cardinal ), and a sequence C' = (C, | @ < AT) such that the following two
hold:

(1) Coq1 = {a} for all a < AT;
(2) C, is a club subset of « of order-type < X for all limit o < A™.

DEFINITION 2.1. Given a < 3 < AT, define:

o tr(a, 3) € “AT, by recursively letting, for all n < w,

ﬁ? n - 07
tr(a,,@)(n) = min(ctr(a,ﬂ)(n—l) \Oé), n>0& tr(OZ,B)(n - 1) > Q,

«, otherwise;

o paa, ) == minfn < w | tr(a, B)(n) = a};

e p15 € PX, by pig(a) :== max{otp(Cira,p) ;) N @) | j < p2(a. B)}:

b L(O&, B) = {maXiSJ' Sup(ctr(a,ﬂ)(i) N Oé) | J< pQ(OZ?ﬁ)};

b tI‘O(O[, B) = tr(aa ﬁ) [p2(aa B)

We consider tr°(a, o) and L(a, ) as the empty set.
NOTATION 2.2. By A= B @ C, we mean that:
e A=BUC,
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e BA(, C#0;
e UBeNC.

Denote B3 := {6 < AT | cf(6) = A}

Fact 2.3 (Todorcevic, [9, §5§2.1, 2.2, 6.2]). If X is a regular cardinal and
o) <\ for every a < A\, all of the following hold:

1) for every a < AT and 6 < A\, we have |{€ < a | p1a(§) < O} < A;
2) for every a < < AT, we have |[{€ < a'| p1a(€) # p18(E)} < A;
3) for every 6 € E§\‘+ and B < AT above §, we have max(L(4,3)) < §
4) for every a < B <y < AT, if @ > max(L(8,7)), then

otp(C.
(
(
(
(

tre(a, y) = (8, 7)" tr’(a, B);
(5) for every a < B < < AT, if min(L(c, 8)) > max(L(8,7)), then

L(a,y) = L(B,7) & L(a, B).
DEFINITION 2.4. For a finite set L, and ordinal-valued functions f,g
with L C dom(f) N dom(g), let

Osc(f,g, L) = [{¢ € LNmax(L) | £(€) = 9(¢) & f(£") > g(€")}],
where ¢& ;= min(L \ € + 1).

2.2. Result. Let {p; | I < w} be some injective enumeration of the set
of prime integers. Let (S¢ | ¢ < AT) be a partition of AT into mutually
disjoint sets in such a way that S¢ N E§+ is stationary for every ¢ < \™.

DEFINITION 2.5. Given a < 3 < AT, let:

e osc(a, ) := Osc(pia, p18, L(c, B));
e o*(a,8) := min{l < w | p; does not divide osc(a, 8)};

o ¢(a,B) :==min{¢ < AT | tr(e, B)(0* (e, B)) € Sc}.
THEOREM 2.6 (Main result). For every regular cardinal \:

e 0" witnesses A\t - [AT; AT)2;
o c witnesses At - [AT; M]3,

3. Proofs. To make the paper self-contained, we commence with a proof
of Fact 2.3

Proof of Fact . (1) Suppose not. Let a < A" be the least for which
there exists § < X and a set I' € [a]* with p1a(y) < 0 for all v € T,
In particular, otp(C, Ny) < @ for all v € I'. Define o : I' — 6 + 1 by
stipulating that o(y) = otp(C, N 7). Then there exists I € [I']* on which
0 is constant. In particular, min(Cy \ 71) = min(Cy, \ 72) for all yq,v2 € I".
Put o/ := min(Cy, \ min(I")). Then I"" € [¢/]*, and so by o/ < a and
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minimality of the latter, we may find some ' € I'"” such that p1,/(7") > 6.
By min(Cy, \ 7') = ¢/, we have tr°(y/,a) = (@) tr°(7/, @), and hence

pla(r)/) = maX{Otp(Ca N 7/)7 Pla* (’Y/)} > 0.
This is a contradiction.

(2) Suppose not. Let B < AT be the least for which there exists a < 3
and a subset I' C « of order-type A with p14(§) # p15(§) for all £ € I'. Put
v = sup(I), v~ = sup(C N7), and 4 := min(Cg \ 7). By cf(y) = A >
otp(Cp), we infer that v~ <y < a <~ < 3.

Put 6 := otp(Cg N~), and I'" := {{ € I'\ v~ | p1g(§) > 0}. By the
previous item, we know that otp(I”) = A. It then follows from v* < 3 and
minimality of the latter that there exists £ € I'" such that p14(§) = p14+(§)-

By 7~ < £ < v < 4", we know that min(Cg \ £) = min(Cp \ ) and
otp(Cp N &) = otp(Cg Ny) = 6. That is, min(Cp \ §) = 7T, and py,+(§) >
otp(Cz N E). So tr°(&, B) = (B) " tr°(£,7T), and hence

plﬂ(&) = maX{Otp(Cﬁ N 5)7 P1~+ (5)} = P14yt (6) = pla(é)'
This is a contradiction.

(3) If 6 > max(L(d,3)), then by Definition there exists ¢ < p2(4, f)
such that sup(Ci,(5,8)(5)N9) = d. In particular, there exists an ordinal o with
0 < a < (B such that sup(C, N ) = 0. It follows that cf(§) < otp(Cy NJ) <
otp(Cy) < A, contradicting the fact that § € E

(4) It suffices to prove that under the same hypotheses we have tr(3,y) =

tr(a,v)[p2(8,7), and tr(a,v)(p2(8,7)) = B. Clearly, tr(a,v)(0) = v =
tr(8,7)(0). Next, if i < pa(83,7) and tr(e, v)(i) = tr(B,7)(), then by
B> a>max(L(8,7)) > sup(Ci(sy)6) N B)s
we get

min(Cre () () \ @) = min(Ciro(s4)() \ @) = min(Chro(5.4)(i) \ B);
and hence tr(a,y)(i + 1) = tr(8,v)(@ + 1).
(5) By a > min(L(ev, 8)) > max(L(53,7)), we deduce from the previous
item that tr°(a,y) = tr°(5,v) " tr°(«e, ), and hence

L(a,v) = L(B,7) ® U,
for U = L(a,p) \ (max(L(B,7)) + 1). Recalling that min(L(«, 3)) >
max(L(53,7)), we conclude that L(a,vy) = L(B8,7v) ® L(a, 5). =

LEMMA 3.1. For every subset A C AT, let A denote the set of all v < AT
such that for all

a€ A\,

U e M\ 9]
L e[

0 <A,
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there ezists some o' € A such that

(1) o > max(U);
(2) prar(§) >0 for all £ € U;
(3) p1ar(§) = p1a(§) for all € € L.

If A is cofinal in AT, then so is A.

Proof. Suppose that A is a cofinal subset of AT. Fix a large enough
regular cardinal 6, and an elementary submodel M < Hy of size A\ with
cf(M N AT) = X such that A,8 € M. Denote § := M N At. As A € M and
|M| = \, we see that |A| < A\t iff A C M. In particular, if § € A, then A is
cofinal in A*. Thus, let us prove that § € A.

Suppose that o € A\ 6, U € [AT\ §]<¥, L € [0]<¥ and 0 < \ are given.
By cf(d) = A, and Fact 2.3|(1), we may fix a large enough 7 < & such that
pla(é) > 6 whenever n < £ < 0. Next, put e := p14[L, and let

={v<At|3Be A\v (pislL = e & p15(£) > 0 whenever n < £ < v)}.

Then D € M, and if sup(D) < AT, then sup(M) < 4. Since § € D (as
witnessed by «), we infer that D is cofinal in AT. In particular, we may pick
a large enough v € D above max(U), together with a witness o/ € A\ v.

It follows that pio/[L = e = pia|L, and since n < § < min(U) <
max(U) < v, we get p1o(§) > 6@ forall E € U. u

LEMMA 3.2. Suppose 6 is a large enough reqular cardinal, and M < Hy
is an elementary submodel with MNAT € Ei‘Jr. Denote § := MNAT. Suppose
further that we are given A, B, S, «, 8,1 such that:

A, B, C,SeM:;

A, B are cofinal subsets of \T;
S is a stationary subset of E)‘+;
deEa€eA;

depfeB;

I < p2(9,8), and tr(d, B)(1) € S.

Then there exist o/, € A, B’ € B, and U C 6 for which all of the following
hold:

1) tr°(6, 8")(1) € S;
(2) B/ > 8 and p1p fL(&ﬂ) [L(6, B);
(3) « >0 and p1o/1L(6, B) = p1alL(4, B);
(4) " > § and p1o7L(3, 8) = ma IL(5,5);
(5) pra(§) = p1p(§) for all§ € U;

(6) prar(§) > prpr(§) for all £ € U;

(7) L(6,8') = L(5,B) o U.
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Proof. Consider the set A as defined in Lemma Then A € M is a
cofinal subset of AT, and so by Fact [2.3 - ), we may pick a large enough
v € AN M for which p14(§) = p18(§) whenever v < & < 6. By cf(0) = A,
and Fact [2.3|(3), we deduce that max(L(d,)) € 6 C M, and so we may
moreover require that v > max(L(d, 3)).

Denote vt := min(Cs \ v+ 1), L := L(4,8), eq := pialL, and eg :=
piglL. Next, let T' denote the set of all ¢’ € E§+ for which there exists
(o/, ") € A x B such that:

(a) tr(0",8)(1) € S

(b) B > ¢" and p1g/[L = ep;

(c) o > and pro/[L = eq;

(d) L&, 5) = L

(e) min(L(v,d")) > v whenever v < v < §';
) prar(€) = pr(€) whenever v < € < .

As {l,L,ea,eB,'y,'y*,A,B,a,S} C M, wegetT e M. Since 6 € T\ M as
witnessed by the pair («, 3), we conclude that |T'| = AT. Thus, let us pick
some &' € T above §, and a pair (¢/,3') € A x B that witnesses the fact
that 0’ € T. Then min{c/, 5’} > ¢’ > ¢, and items (2), (3) are immediate
consequences of items (b), (c), respectively.

Cram 3.2.1. We have:
o L(6,8') = L(5,8) & L(6,0");
o tr°(0,8") = tr° (&', B') " tr°(6,4").
In particular, items (1) and (7) are valid.

Proof. By item (d) and the choice of v, we see that v > max(L(¢’, 3')).
Since v7 < § < &', we see from item (e) that min(L(5,6")) > v >
max(L(8',8')). So, by § < & < 8 and Fact [2.3|(5), we infer that L(5,8) =
L(&',8") ® L(5,4'). Then, by item (d), we conclude that L(d,3") = L(4,3) ®
L(8,6"). Note that by Fact [2.3(3), U := L(§,') is indeed a subset of 4.

By Fact[2.3(3) and item (d), we have § > max(L(d, 8)) = max(L(¢', 8')).
Then, by Fact [2.3(4), we find that tr°(d,8") = tr°(8, 8') " tr°(4,¢’), and
hence item (a) entails tr°(4, 8')(1) = tr(d’, 8/)(1) € S. =

As vt < § < ¢, we deduce from item (e) that £ > v for all £ € L(4,4).
So, by item (f) and the preceding claim, we infer that pio/(§) = p15/(&) for
all £ € L(0,0") = L(5,5') \ L(9, ), thus establishing item (5).

Let U := (L(6,8") U {d}). By item (e), we have U € [At \ 4]<¥. By
v > max(L(d, 8)), we have L € [y]<“. Put 6 := max{pi(§) | { € L(5,0")}.
Recalling that « was chosen as an element of A, we infer the existence of an
ordinal o € A such that:

e o/ >max(U) = §;
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e p1o(§) > 0 for all £ € U; in particular, item (6) holds;
o p1a7(§) = p1a(§) for all £ € L; in particular, item (4) holds.

This completes the proof of Lemma .

COROLLARY 3.3. Suppose that 0 is a large enough reqular cardinal, and
M < Hy is an elementary submodel with MNA' € Ef\‘Jr. Denote § := MNAT.
Suppose further that we are given A, B, S, «, 8,1 such that:

A,B,C,SeM:;

A, B are cofinal subsets of \*;
S is a stationary subset of E)‘+;
deEaeA;

depfebB;

I < p2(0,5) and tr(d,8)(1) € S.

Then there exist o € A and 8* € B for which all of the following hold:

(1) L(6,8%) = L(6,8) ® E® G for some finite subsets E,G of 6;
(2) plﬁ L(5,8) = p1p-1L(3, B);

(3) Pla ( ) = Pla* [L((S B))

(4) pra=(§) = p1p=(§) for all € € E;

(5) pra~(& ) > p1g=(§) for all € € G;

(6) tr°(0,8)(I) € S;

(7) mln{a B} > 6.

Proof. Suppose that M, A, B, S,d,a, 3,1 are as in the hypothesis. By
Lemma[3.2] we may now find (o, 3') € A x B and a finite E C § such that:

L(5,8) = L(6,8) & B

B >0 and p1g/[L(0, B) = p1I L(9, B);

o/ > ¢ and Pla’ fL(&ﬂ) = Pla rL((Sa 6)7

p1rar(§) = prpr (§) for all € € E;

tre (6, 8)(1) € S

Next, appeal to Lemma with M, A, B, S,4,d/, 8,1 to find (a*, (%) €
A x B and a finite G C ¢ such that:

L(6,8%) = L(6,8") & G
W>5mﬂmy[®ﬁqzmaM@ﬂﬁ
a* > 6 and Pla* [L ( ,6)—/)104 f (5718/);
pia~ (&) > p1p=(§) for all € € G,

tr°(9, 5*)(1) € S.

Then it follows that a* and 8* have all the desired properties. m

THEOREM 3.4 (Main Result). For every regular cardinal A:

e 0" witnesses A\t - AT AT]2;
o ¢ witnesses AT - [\T; )\+]§\+'
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Proof. Suppose that A, B are cofinal subsets of A*, and ¢ < A*. We
shall find (&, 8) € A® B for which ¢(&, ) = ¢. The proof will also make it
clear that 0*[A ® B] = w.

Fix a large enough regular cardinal 6, and an elementary submodel M <
Hgy such that A, B, C',S; € M and MNAT € Ef\‘+ﬂS<. Denote § := MNAT,
a:=min(A\d+1), f := min(B\d+1), and [ := p2(4, 3). Then, by Corollary
3.3, we may find ap € A\ (0 +1) and Sy € B\ (6 + 1) such that:

® piag(max(L(4, Bo))) > p1g, (max(L(, 5o)));

e t2°(5. fo) (1) € 5.

Let n < w be large enough, so that for every ¢ < w,

[ € {min{: | p, does not divide k} |t < k <t + n}.

Next, by an iterative application of Corollary [3.3] we may find a sequence
((m+15 Bm+1, Ems Gm) | m < w) such that for all m < w, the following
hold:

) L((S, /6m+1) = L(éa Bm) ® En® Gm;

) P1Bm41 rL(éa Bm) = P1Bm TL((S, /Bm)a

) Plams TL((S, Bm) = Plam, TL(5, /Bm)7

) Plam41 (&) = P1Bm41 (&) for all £ € Epy;
) Plam41 (5) > P18t (5) for all £ € Gi;
) t1°(6, Bmg1)(1) € Se.

By Fact [2.3|(3), let us fix a large enough v € Cys such that max(L(4, 3,))
< . By Fact [2.3(2), we may further assume that

v > max{{ <6 | p1g,, (§) # P18y, (§) for some m < n}.

Denote L := L(8, fu), ¢ = pros [L(5, fu). Consider £ = {a € 4 |
(p1alL) = e}. Then E € M, while o, € E'\ M. In particular, sup(E) = A"
and sup(E N M) = 4, so let us pick a large enough & € E N4 above 7.

CLAM 3.4.1. For every m < n, we have:

(a) pra(max(L(d, Bm))) > p1g,, (max(L(6, Bm)));

(b) OSC(Plé“ P1Bm > L(57 ﬁm)) = OSC(plam, P1Bm L((sa Bm)) .

Proof. Fix m < n. Then L(6,5,,) C L(4,8,) = L, so by & € E, we
conclude that p1a[L(5, Bm) = praw 1L(3, Bm). m

Note that item (a) of the preceding claim implies that for every m < n
and every finite U C § with min(U) > max(L(6, 8,)), we have
Osc(pléza P18 L((Sv /Bm) U U) = OSC(pl&v P1Bm L(57 /Bm)) + OSC(pld, P1Bm U)

CLAIM 3.4.2. For all m <n, we have:

(b) Osc(p1a, P1Bmi1> L(&,0)) = Osc(pia, P1Bm > L(&,9));
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(C) OSC(pld, P1Bmt1> L(57 6771)) = OSC(pla, P1Bm> L(57 6m));

(d) tr°(&, Bm)(1) € Se.

Proof. Fix m < n. Note that the fact that & > v € Cjs implies that
min(L(&,d)) = max(Cs N &) > 7.

(a) follows from min(L(&,d)) > v > max(L(4, B,,)) and from Fact [2.3|(5)
for & < 6 < B

(b) follows from min(L(&, §)) > v > max{{ < 0 | p13,, (&) # P18m1(§)}

(c) follows from property (2) in the choice of ((m+1,Bm+1, Em, Gm) |
m < w).

(d) By & > v > max(L(4, B)), and Fact 2.3[(4) for & < 6§ < B, we
deduce that tr°(&, B,) = tr°(0, Bm) " tr°(&, d). In particular, tr°(&, 5,) (1) =
tr(6, Bm)(l) € S¢. =

Cram 3.4.3. osc(@, Bm+1) = osc(@, Bm) + 1 for all m < n.

Proof. Fix m < n. By the preceding claims, we get
0s¢(&, Bm+1) = Osc(pia, P18ns1> L(G Bn1))
= Osc(p1as P18y L(0, Bms1) U L&, 6))
= Osc(p1as plﬁmHvL((S Bm+1)) + Osc(pia, p16m+17L(d7 9))
= OSC(pl&, P1Bma1s L((;, ﬁm) JUFE,U Gm)

+ Osc(pras P18 L(,0))

= 0sc(p1a; P18ys1> L(9, Bm)) + Osc(p1as P16msrs Em U Gim)
+ OSC(plaa P1Bms1> L( Q, 5))

= Osc(p1a; P1Bms1> L(6, Bm)) + OSC(PlamHaplﬂmHaEm UGnm)
+ Osc(p1a; P16y, L(G, 6))

= OSC(plaa P1Bm+1s ( Bm )) +1+ OSC(pléu P1Bmt1s (& ))

= Osc(p1a, 1, L(8, Bm)) + 1 + Osc(pra, p1g,,, L(&, 8))
= Osc(pia, P18, L(0, Bm) U L(&,0)) + 1
= Osc(pia, P18, L(G, Bm)) +1 = osc(G, Bn) + 1. m
Let t := osc(&, By). By our choice of n, there exists some m* < n such
that [ = min{: < w | p, does not divide t + m*}; thus, let 8 := [« for the
above m*.
CLAIM 3.4.4. tr°(&, B)(0*(&, B)) € Se.

Proof. By the precedlng claim, osc(&, Byn) = t + m for all m < n. In
particular, osc(&, 8) = t +m*. So, 0*(&, 8) = L. It now follows from Claim

[B.4.2(d) that tr°(a, B)(0* (& B)) = tr°(é, B ) (1) € Sc. m

~

Recalling the definition of ¢, we conclude that ¢(&, 8) = (. This completes
the proof of Theorem .
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4. Concluding remarks. In Definition the function o* is defined
as a particular projection of the oscillation function osc. We do not know
whether there are any other interesting projections for cardinals A > ¢. In
particular, we are interested in projections that directly yield an L-space at
the AT level. We should also point out a question appearing originally in [2],
asking whether there is a variation on the oscillation mapping, or perhaps a
different projection, that yields an L-space whose square is also an L-space.
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