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Coloring ordinals by reals
by

Jorg Brendle (Kobe) and Sakaé Fuchino (Kasugai)

Abstract. We study combinatorial principles we call the Homogeneity Principle
HP(k) and the Injectivity Principle IP(x, \) for regular x > N; and A < k which are
formulated in terms of coloring the ordinals < k by reals.

These principles are strengthenings of C°(k) and F*(k) of I. Juhdsz, L. Soukup and
Z. Szentmikldssy. Generalizing their results, we show e.g. that IP(N2,RX;) (hence also
IP(R2,N3) as well as HP(X3)) holds in a generic extension of a model of CH by Co-
hen forcing, and IP(Rq, R2) (hence also HP(R2)) holds in a generic extension by countable
support side-by-side product of Sacks or Prikry—Silver forcing (Corollary 4.8). We also
show that the latter result is optimal (Theorem 5.2).

Relations between these principles and their influence on the values of the variations
b, 6", b*, 90 of the bounding number b are studied.

One of the consequences of HP (k) besides C°(k) is that there is no projective well-
ordering of length x on any subset of “w. We construct a model in which there is no
projective well-ordering of length ws on any subset of “w (90 = N; in our terminology)
while b* = Ny (Theorem 6.4).

1. Introduction. The Cohen model which is obtained by adding at
least Ny Cohen reals over a model of GCH was the first and simplest model
for the negation of CH, and it is still one of the most important. A plethora
of statements have been shown to be consistent with ZFC by adjoining
Cohen reals, and it is therefore natural to look for axioms which hold in the
Cohen model and from which many such statements can be decided, that is,
axioms which capture as much as possible of the combinatorial structure of
the Cohen extension. Something similar has been done for the iterated Sacks
model by Ciesielski and Pawlikowski who devised the Covering Property
Axiom CPA [2].
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For Cohen models, several such axioms have been proposed in the past.
Some of them are homogeneity type statements, that is, they assert that
given at least wo many reals, many of them “look similar”. Examples are
the combinatorial principles C%(), C®(k), and F*() introduced by I. Juh4sz,
L. Soukup and Z. Szentmikldssy [13] who showed that these principles hold
in Cohen models (see Section 2 below for definitions).

On the other hand, rather different-looking statements have also been
investigated in connection with Cohen models, for example, the axiom WFN
asserting that (P(w), C) has the weak Freese—Nation property (see [8], [10]
and [6]). Here a partial ordering (P, <) has the weak Freese—Nation property
if there is a mapping f : P — [P]™° such that for all p,q € P, p <p ¢ if and
only if there is an r € f(p) N f(q) such that p <p r <p q.

In [8], it is shown that WFN holds in a Cohen model for adding X,, Cohen
reals for any n < w. If we start e.g. from V' = L then WFN holds even after
adding any number of Cohen reals ([10]). In [6], it was shown that WFN
implies many of the known combinatorial properties of Cohen models and
so it may be seen as an axiomatization of the combinatorial structure of the
Cohen extension. Since WFN can be reformulated in terms of elementary
submodels, WFN as well as some closely related statements have come to
be known as elementary submodel type axioms (see [12] for this).

At first glance it seemed that there would be no connection between
these two types of axioms except that they both hold in a Cohen model.
Surprisingly enough though, S. Shelah [17] showed that C°(Xg) follows from
the combinatorial principle he called PRINC, which is a consequence of WFN.
The proof can be easily recast to show that WEN implies C*(k) for all regular
Kk > N (see [7] for more details).

In this paper, we introduce some new principles of the homogeneity
type, namely, the Homogeneity Principle HP(x) and the Injectivity Prin-
ciple IP(k, A), which are formulated in terms of homogeneity of colorings of
ordinals below the cardinal x by reals. We establish that these axioms hold
in Cohen models and address the question in which other models these ax-
ioms hold as well. It turns out that, in fact, these principles seem to capture
a good deal of the combinatorial features of models of set theory obtained by
forcing by the side-by-side (finite or countable support) product of copies of
a fixed relatively small partial ordering (see Theorem 4.3 and Corollary 4.8).

Though the relation of these principles to WEN is not yet completely
clear, our principles imply the principles of I. Juhasz, L. Soukup and Z.
Szentmikléssy (Theorem 2.7) and thus can be seen as natural strengthenings
of these principles.

Our paper is organized as follows.



Coloring ordinals by reals 153

In Section 2, we review the principles C5(k), C3(k) and F3(k) of L. Juhész,
L. Soukup and Z. Szentmikléssy, and introduce our principles HP(x) and
IP(k, A\). Some basic facts in ZFC concerning these principles are also proved.
In particular, we show that C%(x) and C3(k) follow from HP(k) (Theo-
rem 2.7), F*(x) follows from IP(k,R;) (Theorem 2.8), and HP(k) follows
from IP(k, k) (Theorem 2.9).

After reviewing some cardinal invariants introduced in [7] which are vari-
ants of the bounding number b and the shrinking number b* in [3], we study
in Section 3 the effect of the combinatorial principles C*(x), C*(x) and HP (k)
on the values of these cardinal invariants.

In Section 4 we give a forcing construction of models of IP(x, A) (The-
orem 4.3) and its applications (Corollary 4.8). The results in this section
improve consistency results in [13].

As a further application of Theorem 4.3 we show in Section 5 the con-
sistency of =IP(Rg,N;) and IP(Xg, Ng).

One of the consequences of HP(X3) discussed in Section 3 is that there
is no definable well-ordering of length wy on any subset of “w (or 9o = N; in
our notation). Refining a forcing extension of Brendle and LaBerge [1], we
prove in Section 6 the consistency of 00 = N; with b* = Ny (Theorem 6.4).
We also show that the model of 90 = Ny and b* = Ny we construct in this
section satisfies a strong negation of C*(Ng).

Section 7 is devoted to the consistency proof of the combinatorial prin-
ciple used in the proof of Theorem 6.4.

In Section 8, we summarize the consistency results obtained in this pa-
per together with other consistency results established by some previously
known constructions. We also discuss some open problems at the end of the
section.

2. Combinatorial principles formulated in terms of coloring of
ordinals by reals. For any set X, let

(2.1) (X)" ={#& e X" : T is injective},
(2.2) )= =Jeom

Likewise, for any sets Xy, ..., X1, let
(2.3) (Xo,.., Xp1) ={# € Xo x -+ x Xj—1 : T is injective}.

For a cardinal x of uncountable cofinality, the following principle C*(x)
was introduced by I. Juhdsz, L. Soukup and Z. Szentmikldssy in [13].
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C*(k): For any matriz (aqn : @ € Kk, n € w) of subsets of w and T C “~w,
at least one of the following holds:
(c0) there is a stationary S C K such that ﬂn<‘t| Qo t(n) 7 O for
allt € T and for all {av, ..., ap-1) € (S)=;
(cl) there existt € T and stationary So,. .., Sy—1 C K such that
ﬂn<\t| oy, t(n) = 0 for all <Oz0, ceey a‘t|,1> S ((SQ, R 7S\t|71))'

For any cardinal k of uncountable cofinality it is easy to see that C°(k)
holds if and only if C*(cf k) holds. Thus it is enough to consider C*(k) for
regular uncountable k. The corresponding assertion is also true for other
combinatorial principles we are going to introduce in this section. Hence,
in the rest of this section, we shall assume that x is a regular uncountable
cardinal unless mentioned otherwise.

The combinatorial principle CS(H), a sort of dual of the principle C°(k),
is also considered in [13]:

CS(k): For any T C w<* and any matriz (G, : @ < K, n € w) of subsets
of w, at least one of the following holds:
(€0) there is a stationary S C £ such that [, <y @ay,tn)| < No
for allt € T and for all (o, ..., ap—1) € ((S))M;

(¢1) there exist t € T and stationary So,..., Sy—1 C kK such
that [Npcpt Gantm)| = Ro for every {ao,...,oq-1) €
((S()v .- 'aS\t|—1))‘

The following is easily seen:

LEMMA 2.1 (I. Juhdsz, L. Soukup and Z. Szentmikléssy [13]).

(a) Neither C3(R;) nor C*(X;) holds.
(b) C3(x) and C3(k) hold for any reqular k > 2%°. =

Let us call a subset A of H(Xy) definable if there are a formula ¢ and
a € H(X;) such that A = {x € H(N1) : (H(R1), €) = ¢(z,a)}. Note that for
any n € w, A C R™ is projective if and only if it is definable in our sense.
Note also that since all elements of H(X;) can be coded by elements of “w
we may assume that a as above is an element of “w.

In Theorem 2.7, we show that the following Homogeneity Principle
HP (k) implies both of C°(k) and C*(k).

HP(k): For any f : k — P(w) and any definable A C (P(w))<¥, at
least one of the following holds:
(h0) there is a stationary S C k such that (f"S)<*\ {0} C A4;
(hl) there are k € w\ 1 and stationary Sy, ...,Sk—1 C Kk such
that ((f”S(), e f”Sk_l)) NA=(.
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Note that we obtain an assertion equivalent to HP(k) if P(w) in the defini-
tion of HP (k) is replaced by R, “w, (P(w))™ or (“w)™ etc., since these spaces
can be coded as definable subsets of P(w) and vice versa.

As for C3(k) (and C%(k)), it is enough to consider HP (k) for regular k.
Lemma 2.1 is also true for HP(k):

LEMMA 2.2.

(a) HP(Ry) does not hold.
(b) HP(x) holds for any regular k > 280,

Proof. (a) This follows from Lemma 2.1 and Theorem 2.7.

(b) Let k > 2% be a regular cardinal. Suppose that f : x — P(w) and
A are as in the definition of HP (k). Then there is a stationary S C k such
that f[S is constant. If (h0) in the definition of HP (k) does not hold then
we must have (f”S)' N A =0 since (f”S)" = 0 for all n > 1. Hence (h1)
holds with n =1 and So = 5. & ([e;uma 2.2)

The following combinatorial principle F*(x) is also introduced in [13]:

F5(k): For any T C w<¥ and any matric (aqn : o < K, n € w) of subsets
of w, at least one of the following holds:

(f0) there is a stationary S C k such that

‘{ﬂn<|t‘aan,t(n) (€T and <a07 . 7a\t|—1> c ((S))M}

(f1) there are t € T' and stationary So,. .., Sj—1 € k such that

fOT' every <040, ceey a|t‘71>7 <507 s 76‘t|71> € ((S[)? ceey S|t‘71))7
if o # By for all n < |t|, then

M it # () ot

n<|t| n<|t|

< No;

LeMMA 2.3 (L. Juhdsz, L. Soukup and Z. Szentmikléssy [13]).

(a) F5(Xy) does not hold.
(b) F5(k) holds for every regular r > 280,
(¢) F3(k) implies C°(k). u

A combinatorial principle in terms of coloring of ordinals by reals cor-
responding naturally to F°(x) might be the following Injectivity Principle
IP(k, \) for cardinals x and A with A < &:

IP(k,\): For any f : k — P(w) and definable g : (P(w))<* — P(w), at
least one of the following holds:
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(i0) there is a stationary S C k such that |g"(f"S)"| < A for
every n € w;

(i1) there are k € w \ 1 and stationary So,...,Sk—1 C kK
such that for any (xo,...,z_1) and (Yyo,...,Yg—1) in
(f"Soy- s f"Sk_1)), if Tn # yn for all n < k, then we
have g(x()a s ,-'L'k_l) 7é g(y()a s ayk’—l)‘

Again, P(w) in the definition of IP(x, \) above may be replaced by R, “w,
(P(w))™ or (“w)™ etc. to obtain an equivalent assertion.

LEMMA 2.4.

(a) For A < XN <k, IP(k, \) implies IP(k, \').
(b) IP(X1,Ry) does not hold.

Proof. (a) Immediate from the definition.
(b) By Lemma 2.2(a) and Theorem 2.9. m (¢4 2.4)

IP(k,Ng) for a regular cardinal « is equivalent to the cardinal inequality
Mo < g,

PROPOSITION 2.5. For a regqular cardinal k the following are equivalent:
(a) IP(k,Rq) holds; (b) 2% < k; (c) IP(k,2) holds.

Proof. (a)=-(b): Suppose that 2%° > k. We show that IP(x, Rg) does not
hold. Let f : » — P(w) be any injective mapping and g : (P(w)))~* — P(w)
be defined by g(0) =0, g((x)) = 0 for all x € P(w) and

g({xo,...,xp_1)) =min{m Ew :m € xg «» m € 21}

for (xg,...,2n-1) € (P(w))" with n > 2. Let S be any stationary subset
of . Then |¢”(f”S)?l > No: Suppose not and let k € w be such that
g"((f"S)? C k. Since P(k+1) is finite, there are o, € S, o # /3, such that
fla)yn(k+1) = f(B)N(k+1). But then, by definition of g, it follows that
g((f(), f(B))) > k. This is a contradiction.

Thus (i0) does not hold for these f and g. On the other hand, for arbi-
trary stationary subsets Sy, ..., Sp—1 of k, as there are only countably many
values of g, we can find (xg, ..., Zp—1), Y0, --Yn—1) € (S0, -, f"Sn-1))
such that z; # y; for all i < n and g((zo,...,2n-1)) = 9((Yo, .- Yn—1))-
Thus (i1) does not hold either.

(b)=-(c): Suppose 280 < k. For f : k — P(w) and g : (P(w))~* — P(w)
as in the definition of IP(k,2), there is a stationary S C k such that f is
constant on S. This S witnesses that (i0) holds.

(c)=>(a): This follows from Lemma 2.4(a). ® (proposition 2.5)
COROLLARY 2.6. IP(Ng,Ng) is equivalent to CH. =
IP(Rg, ;) and IP(Ry, Ng) are thus the first two non-trivial instances of

IP(k, \).
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For k > Ny, the principles introduced in this section and some other
principles discussed in [7] can be put together in the following diagram:

WFEN
\ (4]
Theorem 2.8 IP K/ K/ SEP(K, l%)
\ Theorem 2.9
[7]
. HP (k)
(x) PRINC(k, k)
Theorem 2.7
[13]\ Theorem 2.7 [17]46ce also [7])
C(x) C*(k)
Fig. 1

In the rest of the section, we shall prove the implications indicated by
the thick arrows in Fig. 1.

~ THEOREM 2.7. For a regular cardinal x, HP (k) implies both C*(x) and
C¥ (k).

Proof. We prove that HP(x) implies C*(x). The other implication can
be proved similarly.

By Lemma 2.1(b), we may assume that £ < 2%, Let (t; : i € w) be an
enumeration of “~w such that
(2.4) [ti| <i foralli<w
and let ¢ : P(w) — P(w)¥ be a definable bijection. For each x € P(w) and

i <w, let (x); denote the ith component of ¢(x).
Suppose that T C “"w and A = (aqpn : @ < kK, n € w) is a matrix of

subsets of w. We show that either (c0) or (c1) holds for these A and 7.
Let g : k — P(w) be a fixed injective mapping which exists by x < 280,

Let f: k — P(w) be defined by

(25) Fl0) = 7 ({dyn € )

where

(2.6) g ot iin=0,
’ (an—1 Otherwise.
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Note that f is injective by the “if n = 0” clause of (2.6). For i < w, let

{(xo, R ,.’BZ'_1> S ((P(w)))l : ﬂ (mn)ti(n)—&-l #* @} ift; €T,
(27) A7 = it

(P(w))" otherwise,
(28) A=|]J4;

i<w

It is easy to see that A is definable by noting that T € H(X;) and hence T
can be used as a parameter in the definition of A. By HP(k), we have either
(hO) or (hl) for these A and f.

Assume first that (h0) holds. Then there is a stationary S C x such that
(f"8)<“\ {0} € A. We show that this S witnesses (c0) for T and A: for
t € T, let i € w be such that ¢t = t;. By (2.4), we have [t| < i. For s € ()M,
let s € (S))" be an end-extension of s. Then (f(s'(0)),..., f(s'(i — 1))) €
(f"S)" since f is injective. Hence (f(s'(0)),..., f(s'(i — 1))) € A} by the
assumption on S. By (2.7), we have

0 # ﬂ (f(s" ()t )11 = ﬂ At (1) 43 (n) 41 = ﬂ () t(n)-
n<|t;| n<|t;| n<|t|

Thus T and A satisfy (c0).
Assume now that (h1) holds. In this case, there are i € w and stationary
S0, ...,5;-1 C k such that

(2.9) (" S0, F"Sim1) € (P@))"\ A7

Let t = t;. Then t € T by (2.9) and the “otherwise” clause of (2.7). For
s € ((Sos- -5 S=1)), let s" € ((So,-..,S;—1)) be an end-extension of s. Then
we have (f(s'(0)),...,f(s(i—=1))) € (f"So,..., f"Si—1)). It follows that

(f(5'(0)), f(8'(E = 1)) € (P@))"\ 4]
by (2.9). Hence, by (2.7), we have
0= FE D1 = () @oimyaimysr = [) Gsuyatm)-
n<|t| n<|t;| n<|t|
Thus, T" and A satisfy (c1) in this case.
The proof of C*(k) from HP(k) is exactly like the proof above with (2.7)
replaced by
{(wo, w1y € P@N | () @adegmyia| < Ro}

/ x n<|t,-|
(2'7) AZ - ift; eT,

((P(w)))l otherwise. m (Theorem 2.7)

HP(x) also imply other variants of C*(k). For example, let
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*C%(k): For any matriz (aqn @ @ € Kk, n € w) of subsets of w and T' C
“>w, at least one of the following holds:
(*c0) there is a stationary S C k such that ﬂn<‘t| Qo t(n) 8 Infi-
nite for all t € T and all (o, ..., ap-1) € (S)™;
(cl) there exist t € T and stationary So,...,Sy-1 S kK
such that ﬂn<|t\ Aq, () 18 finite for all {ag,...,ap—1) €
((So, ceey S\t|71))'
It is easy to see by a proof similar to that of Theorem 2.7 that HP (k) implies
*C°(k) as well.

The following can also be proved similarly to Theorem 2.7.
THEOREM 2.8. IP(k,N;) implies F*(k). m
THEOREM 2.9. IP(k, k) implies HP (k).

Proof. Suppose that A C (P(w))=* is definable and f : k — P(w).
If f~'[{x}] is stationary for some x € P(w), then either (h0) holds for
S = f~[{z}] or (hl) holds for n = 1 and Sy = f~![{z}], depending on
whether € A or not. Otherwise let g : (P(w)))~* — P(w) be defined by

(2.10) g(0) = 0;
(2.11) g((z)) =0 for all x € P(w);

(2.12) ({0, ... Tn_1,3)) = {9 if (zo,...,2n-1) € 4,

x otherwise
for all (zg, ..., zn_1,2) € (P(w))" L. If (i0) holds for this g with S as in (i0),
then, by (2.12), we must have g”((f”S)<* = {0}. Hence (f”S)<“\ {0}
C A. On the other hand, if (i1) holds for some n < w and Sp,..., Sp—1,
then we should have n > 2 by (2.11) and g({xo,...,Zn—2,Tn-1)) = Tp—1
for all z; € f"S;, i < n by (2.12). It follows that (f”So,...,f"Sn—2) C

((P(w)))n_l \Aby (2.12). (Theorem 2.9)

3. The bounding number and its variations. In this section, we
show that the combinatorial principles introduced in the last section make
some of the cardinal invariants from [7] small.

Adopting the notation of [7], we consider the following spectra of cardinal
numbers in connection with a partial ordering (P, <) (called the unbounded
spectrum, hereditary unbounded spectrum and the spectrum of length of P):

S(P)={|X|: X C P, X is unbounded in P,
VB € [X]<X! (B is bounded in P)},
G"(P)={|X|: X C P, YBC X (B is bounded in P < |B| < |X])},
G!(P) = {cf(C): C C P, C is an unbounded chain}.
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Clearly, we have
(3.1) Gl(P) C &"(P) C &(P).
For P = (“w,<*), we shall simply write &', &" and & in place of
&1 ((“w, <*)), 6" ((“w, <*)) and &((“w, <*)), respectively.
Recall that the bounding number b is defined by

b = min{|X|: X C “w is unbounded with respect to <*}.

The variant b* of b was introduced and studied in [3] and [14] where

b* = min{x : VX C “w (X is unbounded

— 3X’ € [X]=F (X’ is unbounded))}.

b and b* can be characterized in terms of &', &" and & as follows:

LEMMA 3.1.

(a) b = min &' = min 6" = min &.

(b) b* =supS. =

In analogy to Lemma 3.1(b), let
(3.2) bl =supST,  b" = sup &™.
Recall also that the dominating number 0 is defined as

0 = min{|X|: X C “w, X dominates “w}.
By (3.1) and Lemma 3.1, we have
LEMMA 3.2. b<bl <b" <b* <d. m

Let
DO = {cf(otp((X, R1X))) : X C“w, R is a definable binary
relation and R N X? well orders X},
00 = supD9.
By definition, &7 C 9. Hence
LEMMA 3.3. b! < do.
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Lemmas 3.2 and 3.3 may be put together into the following diagram:
00
VI
b<bl <b"<b*<d

Fig. 3

If 8T has a maximal element then we have b! = max &'. In that case we
shall say that b is attained. Also we shall say that b*, b or do is attained
if the corresponding set has a maximal element.

In the following, Reg denotes the class of regular cardinals. The following
lemma can be proved similarly to Lemma 3.7(c).

LEMMA 3.4 ([7]). 8" NReg CDO. u
COROLLARY 3.5. If &" N Reg is cofinal in " then b <vo. w

Note that the condition “G" N Reg is cofinal in &"” holds if 28 < X,
or if b” is regular and attained. Under this condition, we can thus improve
the diagram in Fig. 3 to the following:

0o
Vi

b<bl <b"<b*<0d
Fig. 4
For an ideal I over a set X, non(I) and cov(I) denote, as usual, the

uniformity and the covering number of I, respectively. More exactly

non(I) = min{|A|: A € P(X)\ I},

cov(l) =min{|A|: AC I, |JA = X}.
meager and null denote the ideal of meager sets and the ideal of null sets
(over R) respectively.

LEMMA 3.6. Suppose that I is an ideal over R with Borel basis. Then
min{non(l),cov(I)} <do. In particular,

min{non(meager), cov(meager)} <00,  min{non(null), cov(null)} < do.
Proof. Suppose that I C P(R) is an ideal with a Borel basis and x =

min{non(I),cov(I)}. We can construct inductively a sequence ((fu,ga) :
a < k) such that

(3.3)  fa, ga € “w for all a < k;

(3.4)  ga codes a Borel set X, C “w such that X, € I and {fg : 8 < a}
C Xo;
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(3:5)  fa & Upen Xp for all o < k.

Note that (3.4) is possible by x < non([), and (3.5) by x < cov(I).
The sequence ((fa,ga) : @ < k) is well ordered in order type x by the
definable ordering:

(f',d") <{f,g) & fisan element of the Borel set coded by g.
It follows that Kk < 00. m (Lemma 3.6)

The following lemma shows the relations of cardinal numbers b, bl, b",
00 to the combinatorial principles introduced in Section 2.

LEMMA 3.7.

(a) (I. Juhdsz, L. Soukup and Z. Szentmikldssy [13]) If there is a <*-
chain of length r then ~C%(x) and —~C3(k). In particular, k € &'
implies ~C®(k) and =C%(k).

(b) C(k) (or C3(k)) implies b < k. If b1 is attained then C3(x) (or
C3(k)) implies bl < k.

(c) If K < X for some A € &" with cf X > k then ~C*(x) and -C(k).

(d) If " NReg is cofinal in &" then C3(k) (or C3(k)) implies b < k.
If b" is regular and attained then C*(k) (or C3(k)) implies b < k.

(e) kK € DO implies ~HP(k).

(f) HP(k) implies v0 < k. If Do is attained then HP(k) implies 90 < k.

Proof. (a) See [13].

(b) This follows from (a).

(¢) Suppose that K < A € &" and r < cf . We show —~C%(k); -C5(k)

can be proved similarly from these assumptions.

Let X C “w with |X| = X be as in the definition of &". Then we can

find f, € X and g, € “w for a < K such that

(3.6) fo<*ggforala<f<s;
(3.7)  fg £* g2 for all @ < 3 < k where g} is defined by g1 (k) = ga(k) +1
for all k € w.

Note that (3.7) is possible since cf(|X|) > k.
For a < k, let go,n € “w, n € w, be such that

(3.8) {gan newl={ge“w:9="ga}

Let

(3.9) o0 = {{k, 1) € w? : 1 < fu(k)},

(3.10) dant1 = {{k, 1) €W 1> gan(k)} foralln€w.

We show that A = (agpn:a € k,new) withT ={(0,n) :ncw\1l}isa
counter-example to C*(k).
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Suppose first that S C x is stationary. For any o € S, let 8 € S be
such that a < . Then f, <* gg by (3.6). Hence there is n € w such that
fa < ggn- By (3.9) and (3.10), it follows that aq,0 N ag+1 = 0. This shows
that (A, T) |~ (c0).

Suppose now that Sy, S; C k are stationary and (0,n) € T. By the
definition of T', it follows that n € w \ 1. Let a« € Sy and # € S; be such
that 8 < a. Then, by (3.7), we have f, £* g;r. Thus, by (3.9) and (3.10), it
follows that a0 Nag, # 0. This shows that (A, T) b (cl1).

(d) This follows easily from (c).

(e) Suppose that k € DO and let (X, R) be such that X C P(w), Ris a
projective binary relation and otp({X, R N X?2)) = k. Let f : kK — P(w) be
the mapping sending o < k to the ath element of X with respect to R. Let

A=RU |J (Pw)"
kew\{2}
Then it is easily seen that (f, A) B~ (h0) and (f, A) B~ (h1).

(f) This follows from (d) since D9 is downward closed. ® (.cyma 3.7)

COROLLARY 3.8.
(a) HP (k) implies min{non(I),cov(I)} < k for any ideal I over R with

Borel basis. In particular, it implies

min{non(meager), cov(meager)} < &,
<K

min{non(null), cov(null)}

(b) If vo is attained then HP (k) implies min{non(I),cov(I)} < k for all
I over R with Borel basis. In particular, it implies

min{non(meager), cov(meager)} < &,
min{non(null), cov(null)} < k.

Proof. By Lemmas 3.6 and 3.7(f). ® (corollary 3.8)

COROLLARY 3.9.
(a) C5(Rg) (or C3(Rg)) implies b = Ry,
(b) HP(X2) implies
00 = min{non(meager), cov(meager) }
= min{non(null), cov(null)} = N;.
Proof. (a) By Lemma 3.7(d).
(b) By Lemma 3.7(f) and Corollary 3.8. & (cqrollary 3.9)
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IP(Ry, Xy)
/ WFEN
No) H

Corollary 3.9(b)

C*(R2) do =1

6]

Corollary 3.9(a)

\]

b—N1<—bT—N1<—bh Nl‘—b*_Nl
Fig. 5

4. A forcing construction of models of IP(k,\). In this section,
we shall prove that IP(x, A) holds in a generic extension by a homogeneous
product of copies of a relatively small partial ordering (Theorem 4.3).

Let us begin by defining some notions needed for a precise formulation
of the theorem.

For cardinals x and pu, k is said to be u-inaccessible if k is regular and
M < K for all A < k. Similarly, we say that x is <u-inaccessible if k is
regular and A<# < k for all A < k. Thus, if p is a successor cardinal, say
W= ,uar , then k is <p-inaccessible if and only if x is pp-inaccessible. In our
context, <p-inaccessibility is relevant because of the following variant of the
A-system lemma of Erdés and Rado. For cardinals p < &, let

EE, ={a<r:cf(a) > p}
and let B, EZ  etc. be defined analogously.
THEOREM 4.1 (P. Erdés and R. Rado, see [13]). Suppose that k is <u-
inaccessible and S C EX | is stationary in k. For any sequence (xq v € S)

of sets of cardinality < pi there is a stationary S* C S such that (x4 : a € S*)
form a A-system. m

For a sequence P, a < 6, of posets and an ideal I C P(d), we consider
the I-support product Hé<5 P, of Py, a < 9, defined as

(4.1) HIPa:{f:f:DH UIP’aforsomeDEI
a<é a<d
and f(a) € Py \ {1p,} for all o € D}
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with the ordering

(4.2) f SHé«sﬁ”u g < dom(f) D dom(g) and
f(a) <p, g(a) for all & € dom(g)

I . .
for all f, g € [],c5Pa. In particular, ]leKa p, = () is the largest element of

Ha<6P with respect to <1 P

Though this definition of product of posets is different from the standard
one, it gives a poset forcing equivalent to the product given by the standard
definition. The present definition is chosen here for the sake of smoother
treatment of p| X, P1X, G1X etc. (see (4.5), (4.7) etc.)

As usual, the ideal [§]<% is denoted by fin and [[™ P, is called the
finite support product of P, o < §.

I. Juhdsz and K. Kunen [12] proved the following theorem for ;1 = ®; and
I = [6]<R0. Their proof also applies to the following slight generalization.

THEOREM 4.2 (I. Juhdsz and K. Kunen [12]). Suppose that P = Hi«; P,
for some ideal I C P(§), P satisfies the p-c.c. and |Py| < 2<F for all a < 6.
Then for all <p-inaccessible k we have |Fp“C%(k)”. m

Suppose that I C P(9) is an ideal and P = Hi<5 P, is an I-support
product of posets Py, o < 0. For p € P, the support supp(p) of p is defined
by

(4.3) supp(p) = dom(p).

We assume in the following that P-names are constructed just as in [15]. For
a P-name a, the support supp(a) is defined by

(4.4) supp(a U {supp(p) : (b, p) € tcl(a) for some P-name b}.
For X € P(9) (not necessarily in 1), let

(4.5) PIX ={p/X :peP}.

By (4.1) and since I is an ideal, we have

(4.6) PIX = {p € P:supp(p) C X}.

In particular,

(4.7) P|X C P.

Furthermore, it is easy to see that P[X < P. Thus, if G is a (V,P)-generic
filter then GN(PX) is a (V, P X)-generic filter. We shall denote the generic
filter G N (P[X) by Gx. Note that a P-name @ is a P[ X-name if and only if
supp(a) C X.
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We shall call an I-support product P = Hi<5 P, homogeneous if P, = Py
for all o, 8 < ¢ and [ is translation invariant, that is, I = {j"z : z € I} for
all bijections j : § — 4.

Note that if I is translation invariant then I = [§] < A for some .

For a homogeneous P = H(IX <5 Pa, we shall always assume that a com-
mutative system i, 5 : Py = P, a, 8 < 9, of isomorphisms is fixed. With
such a fixed system of isomorphisms, every bijection j : 6 — ¢ induces an
isomorphism j : P — P defined by

dom(j(p)) = j" dom(p)
for o € dom(j(p)), Jj

for all p € P.
For notational simplicity we shall denote the isomorphism on P-names
induced from j also by j.
Note that for P and j as above, p € P, P-names ag,...,a0,-1 and a
formula ¢ in the language of set theory Lzr, we have
(4.9) plFp“plag,...,an-1)" if and only if
i) e “e(i(ao), - -, 3(an-1))”.

We are now ready to formulate the main result of the present section:

(48) ()(@) = i1 0P (@)

THEOREM 4.3. Suppose that

(4.10) X is a regular uncountable cardinal with 2<* = X\, u € {\,\*} and
K 18 a <A-itnaccessible cardinal.

Let P = H£¢<5 P, be a homogeneous I-support product such that
(4.11) I C[6]<N

(4.12)  |Py| < A for all a < 6 and P satisfies the p-c.c.;

(4.13) P is proper.

Then |Fp “IP(k,u)” holds.

The proof of Theorem 4.3 will be given after Lemmas 4.4 to 4.7 belov.

Asin [15], a P-name & of a subset of w for a poset P is called a nice P-name
if there are antichains A;,, n € w, in P such that & = {(n,p) : p € Ain}.
Note that, for such a name &, we have supp(z) = |, ¢, Ain- It is easy to
see that, for all P-names % of subsets of w, there is a nice P-name ' such
that |Fp “2 = &’”. We say that a nice P-name of a subset of w with A; .,
n € w, as above is slim if A; , is countable for all n < w.

The following lemmas are well-known:

LEMMA 4.4. Suppose that P is a proper poset and p € P. For any P-

name I of a subset of w, there are ¢ <p p and a slim P-name &' such that
A

qlFp ez =24a"".
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Proof. By the remark above, we may assume without loss of generality
that & is a nice P-name. Let A; ,,, n € w, be as above and g be a P-name such
that |Fp“y ={s€P:s¢c (Upe, Ain) N G}”. Then |Fp “y is a countable
subset of P”. As P is proper there exist ¢ <p p and countable y C P such
that ¢|Fp“y Cy”. Let &’ = {(R,s) : n € w, s € Az, Ny}. These ¢ and 7’
are as desired. m (pomma 4.4)

LEMMA 4.5. Suppose that P = Hi<5 P, is a k-c.c. I-support product for
an ideal I C [0]<* and r is <\-inaccessible. If S C EX, is stationary and
pa €P for a € S are such that supp(pa), @ € S, form a A-system with the
root R and there is p* € P[R such that po[R = p* for all o € S, then

pilFe “{a € S:p, € G} is stationary”
where G denotes the standard P-name of a (V,P)-generic filter.

Proof. By k-c.c. of P, k remains a regular cardinal in P-generic exten-
sions. Let S be a P-name of {a € S : p, € G}. Suppose that C is a P-name
of a club subset of x and p <p p*. It is enough to show that there is a ¢ <p p
such that g |Fp“CNS #0”.

Let 6 be sufficiently large and let M < H(#) be such that
(4.14) I, P, k, C, (pa:a €S, pe M;

(4.15) |M|<krnNM < k;
(4.16) [M]<* C M;
(4.17)  a* € S where o = kN M.

The inclusion (4.16) is possible since k is <A-inaccessible. (4.17) is possible
since S C EX, and S is stationary in .

CLAIM 4.5.1. |Fp“a* € C7.
I Since P satisfies the x-c.c., we have
HO) EVa<k3IBer\a(Fp“Bel?).
By (4.14) and elementarity of M it follows that
MEYa<kIper\a(|Fp“sel).

Thus |Fp “C N a* is unbounded in o*”. Since |-p“C is a club in #”, it
follows that [Fp“a € C7. H (Claim 4.5.1)

CLAMM 4.5.2. supp(pa+) N M = R and supp(p) Nsupp(pa+) = R.

F Suppose u = (supp(pa+) N M)\ R # 0. By (4.16), w € M. Hence
by elementarity M = Ja < k (u C supp(pa)). Let @« € kN M be such
that u C supp(pa). Then o« < a* and RUu C p, N pa+. This contradicts
the assumption that R is the root of the A-system {supp(p,) : @ € S}.
Therefore supp(pa+) N M = R.
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By (4.14) and (4.16), supp(p) € M. It follows that supp(p) Nsup(pa+) =
supp(p) N (sup(pa=) N M) = supp(p) N R = R. = (Claim 4.5.2)

Since p[R <p p* [R P" = par R, we see that ¢ = pUpy+ € P. We have
q <p p- BY pa~ |Fp“a* € 87 and q <p pa+, we have ¢|Fp“a* € CNS”. In
particular, ¢ H_IP’ “Cns # 07. (Lemma 4.5)

The arguments for the following two lemmas are also well-known. For
Lemma 4.6 see e.g. [12].

LEMMA 4.6. Suppose that P = Hi<5 P, is an I-support product and G
is a (V,P)-generic filter. For X, Y C§, let Z =X NY. Then, in V|G|, for
any K € Card"[¢], we have

[On]=* N (V[Gx] \ VI[GZ]) N (V[GY]\ V[Gz]) = 0. =

LEMMA 4.7. Suppose that k < 0 and P = H£<5 P, is a k-c.c. homoge-

neous I-support product, p € P, ag,...,an—1 are P-names with
(4.18) supp(ap), .. .,supp(an,—1) € X
for some X C 6 and p = o(xg,...,Tn—1) is a formula in Lzp (possibly with
some parameters from V).
(a) If

(419)  plp“lio . im 1),

(4.20) 6\ X &1,

then p| X |Fp “p(ao,...,an-1)
(b) If

(4.21) plFp“(Fr € “w) o(z,a1,...,4n-1)",

(4.22)  supp(p) C X,

(4.23)  [X\ (supp(p) Usupp(ao) U - - - Usupp(an-1))| = ,

then there is a Px-name a such that p|Fp “@(a,a1,...,an—1)

Proof. (a) Suppose that p[X|ifp “¢(ag,...,an—1)". Then there is ¢ <p
plX such that ¢ |Fp “—¢(ag,...,an—1)". Let j : § — § be a bijection such
that
(4.24)  jIX =idx,

(4.25)  (j"supp(q) \ X) Nsupp(p) = 0.

Note that the last condition is possible by (4.20). By (4.24) and (4.18), we
have

(4.26)  j(a)1X = j(qIX) = qIX,

(4.27)  j(ao) = ao, ..., j(an_1) = an_1.

b

”
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By (4.27) and by the choice of ¢, we have 7(q) Fp “—p(ag, ... ,an_1)". On
the other hand, by (4.26), p and j(q) are compatible. This contradicts (4.19).

(b) By the maximal principle, there is a nice P-name a’ of a real such

that

p H_]ID 4480(('1/’ ala s 7an71) 7.
By the k-c.c. of P, we have |supp(d’)| < k. By (4.18), (4.22) and (4.23), we
can find a bijection j : § — 0 such that
(4.28)  j on supp(p) Usupp(ay)U---Usupp(a,—1) is the identity mapping,
(4.29) j"supp(d’) C X.
By (4.28), j(p) = pand j(a1) = a1,...,7(Gn_1) = Gn_1. Let @ = j(&’). Then
plFp“p(a,ai,...,an—1)" and supp(a) C X by (4.29). = (Lemma 4.7)

Proof of Theorem 4.3. By Proposition 2.5, we may assume |fp “x <2807,
In particular, by (4.11)—(4.13), we may assume that 0 > k. By the p-c.c.
of P, p and x remain regular cardinals in the generic extension by P.

Let G be a (V,P)-generic filter. In V[G], let f : Kk — P(w) and g :
(P(w))= — P(w) be definable, say by a formula ¢. We may assume that ¢
has a real a € V[G] as its unique parameter. Let f, @ and g be P-names of f,
a and g respectively such that |Fp“f:x — Pw)”, |Fp“g: (Pw))= —
P(w)” and
(4.30)  |FpeVZE(PW)) Y V2 eP(w) (9(T)=2 « H1) | @(T, x,a))”.
Suppose that, for a p € G,

(4.31)  p|Fp “(i0) for IP(k, 1) does not hold for f and §”.

In particular, we have

(4.32) plrr“Ya <k ({B€r: f(B) = f(a)} is non-stationary) ”.
Cram 4.3.1. There is a stationary S C EX, such that

plre“f1S s 117,

- By the s-c.c. of P and by (4.32), there are club sets C, C k (in V)

for each a < K such that
plre“Can{pen: f(8)=fla)}=0".

Then C = Ay<xCq is club and S = EZ, N C has the desired prop-
erty. = (Claim 4.3.1) -

We show that p forces (il) for f and §. Let p/ <p p. It is enough to show
that there is p* <p p’ forcing (il).

By Lemma 4.4, Theorem 4.1, (4.10), (4.11) and (4.13), there are p” <p p/,
a slim P-name &’ of a real, a stationary S* C S, a sequence (i, : a € S*) of
slim P-names and a sequence (p, : a € S*) of conditions in P such that
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(4.33) @) p'IFpea=4a",
(ii) pa <p p",
(iil) po |Fp “ f(a) = &L, 7 for every a € §*;

(4.34)  dq = supp(pa) Usupp(a’) Usupp(z,,), o € S* are all of the same
cardinality and form a A-system with root R;

(4.35)  for each «, § € S* there is a bijection j, g : 6 — ¢ such that
(1) Ja,61(0\ (da A dp)) = ids\ (4 2dg)>

(ii) Za,ﬁ //da = dﬁa ja,ﬁ(pa) = D3;
(iii) ja,p(d5) = @} for every a, 8 € S™.

Note that, by (4.34), we have
(4.36) supp(a’) = supp(d’) Ndy, C R for every a € S*.

By (4.35), pa[R for a € S* are all the same. Let ¢ = p,[R for some/any
a € §*. Then ¢ <p p” by (4.33)(ii). Let S be a P-name such that

(4.37) Fp“S={aec S :p,cG}”.

By Lemma 4.5, ¢ |Fp “ S is stationary ”. Hence, by (4.31),
(4.38) glFp“3newvVa <k (§"(f"(S\ Q)" = n)".
Let ¢’ <p q and n* € w be such that

(4.39) ¢ IFe“Va <r (1§"(f"(S\ )" | = n)”.
Let

(4.40) S** ={a € S* :supp(q’) Nd, C R}.
Since [supp(¢’)] < A by (4.11), it follows that

(4.41) S*\ S** is of cardinality < .

In particular S** is still stationary and by (4.39),

(4.42) ¢ |Fe 19" (f"(SNS™))™ | = p.

CLAIM 4.3.2. There is (aqg, ..., ap—1) € (S*)™ such that

¢ Upay U+ Upap e “g((dhy, -l ) € VIGR]”.
F Otherwise, we would have

¢ UpgU---Upg,. ke “g((d,...,25 . ) € VIGR]”
for all {Bo, ..., Bn—1) € (S™)"".
Fix (ag, ..., an+—1) € (S**))" and let
D={reP:r<pq UpayU---Upa,._,,
supp(r) € RU|J{dq, : i <n*} Usupp(q'),

rlFe ¢ g(3h - -+ ¥y, ) = @7 for some Pr-name i}
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Let A be a maximal antichain in D. By the u-c.c. of P, |A] < u. For each
r € A, let &, be a Pgr-name such that

e “ (i, - - - 71.‘:3‘71*71) = I,

”

and X be a Pr-name such that
Fp“X = {i,:r e A},
Then |Fp “|X| < p”. By Lemma 4.7(a),
q'Upag U Upaye, I “9({d0g, - da,. ) € X7
Hence by (4.35) and (4.9), we have
q Ups U Upg. ke g((dy, .. 45 . ) €X”

for all (B, .., A1) € (5**)". But this contradicts (4.42). = (Claim 4.3.2)
Let (g, ..., 1) € (5**)™ be as in Claim 4.3.2 and

(4.43) ¢"=q UpagU-- Upa,. ;-

Note that

(4.44) q" ke flag) =4, 7 fori<n®

by (4.43). Let p* <p ¢” be such that

(4.45) PrIFe 9@y s, ) & VIGR]”.

By thinning out S** further if necessary, we may assume that supp(p*) N
supp(pa) € R for all o € §**. For i < n*, let S; be a P-name such that

(4.46) Fp“S; ={a € 5™ : jo,alp®) €G7.
By Lemma 4.5, we have p* |-p S; is a stationary subset of k7 for all i < n*.

Note that ja, o(p*) <p pa by (4.43) and (4.35)(ii).
CLAM 4.3.3. p* |Fp “VBo - VBpe—1 ({(Bos -+ Brr—1) € (Sos -+ Sne—1))

= g((f(Bo), -, f(Bur—1))) & VIGR])".

F Suppose that ¢ <p p* and q|Fp “(Bo, ..., Bn—1) € ((So, .. .,S’n*_l)) 7,
Then, by (4.46), g |Fp “Ja,.5,(p*) € G” for i < n*. It follows that

(4.47) qlFp “Li’gi (p*)Idg, € G”  fori< n*.
Let o 3 B

J= jao,ﬁo o joq,ﬁl 0--+0 jan*flvﬁn*fl'
Then
(4.48) 5@ =5 1(5\ U das) U oo o (0) 1

<n*

U e U jan*—lyﬁn*—l(p*) rdﬁn*—l
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by (4.35). Hence
(4.49) qlFep“jp*) €G”

by ¢ <p p* and (4.47) and (4.48). By definition of j and ¢”, and by (4.35),
we have
(4.50) 5(}3*) <p 3(‘]”) <p 5041',51' (Pa;) = pg;, fori < n’,
(4.51) ji,) =i, fori<n'
by (4.44). Hence by (4.45),

qle 9@y, i, ) € VIGR].
By (4.33), (4.49) and (4.50), it follows that

q H—]p “f(ﬁz) = .T}/lgl 7 fori<n’.

Hence g [Fp “g((f(Bo)s-- -+ f(Bnr-1))) € VIGR]". = (Claim 4.3.3)
To show that p* [Fp “(il) holds’*’, suppose that ¢ <p p* and (0o, ...
ey Brr—1)s (Y05 -+ o, Y1) € (™)™ are such that
(4.52) {Bos -+ s Bre—1} N {0, - s Wr—1} = 0,
(4.53) gl “ B0y s Brr1)s (905 -+ o> Yn—1) € (Sos+ -5 Sneo1)) ™.

Note that it is enough to consider (Bo, ..., Bpr—1), (Y0, - -, Yu=—1) € (S**)"
with (4.52) since we can thin out S§,..., S'g*_l afterwards if necessary so
that they are pairwise disjoint.

By the remark after (4.46), we may assume that

q<pp" Upgo U - Upg,e  UPyg U Upy e -
By Lemma 4.7(b), there are P-names ¢, Z such that supp(y) Nsupp(2) C R

and

P UPg U Upg.  UpygU-Upy .,

Fe“g((f(B0)s -+ F(Bue-1)) = G A G((f(0)s -, fame—1))) = 27,
By Claim 4.3.3 and Lemma 4.6, it follows that

q SPP*UPBO U Upg. Upy U Upyu

H_IP‘ “g(<f(ﬁ0>a ) f(ﬁn*fl)) 7é g(<f(70)7 R f’)/n*fl)» i

Since ¢ as above may be chosen below arbitrary r <p p*, it follows that
p* |Fp “(il) holds”. = (Theorem 4.3)
COROLLARY 4.8.

(a) Assume CH and P = Fn(u,2) for some cardinal jn. Then
IFp “IP(Ng,Nq)” holds.



Coloring ordinals by reals 173

(b) Assume GCH and P = Fn(u,2) for some cardinal . Then
IFp “IP(k*,Ny)” for every k of uncountable cofinality and
IFp “IP(A,R1)” for every inaccessible A.

(¢) Assume CH and P is a finite support product of copies of a pro-
ductively c.c.c. poset of cardinality X1. Then |Fp “IP(R,Ny)”. In
particular, |Fp “HP(Xg)”.

(d) Assume GCH and P is a finite support product of copies of a pro-
ductively c.c.c. poset of cardinality Ry. Then |Fp “IP(k*,R1)” for
every k of uncountable cofinality and |p “IP(\,R1)” for every in-
accessible .

(e) Assume CH and P is a countable support product of copies of a proper
poset of cardinality Ry such that its product is also proper. Then
l-p “IP(Rg, Ro) 7. In particular, |Fp“HP(Rg)”.

(f) Assume GCH and P is a countable support product of copies of a
proper poset of cardinality Ny such that its product is also proper.
Then |Fp “IP(kT,R2)” for every k of uncountable cofinality and
IFp “IP(A,R2)” for every inaccessible .

Note that countable support products of Sacks or Prikry—Silver forcing
are instances of (e) and (f) above.

Proof. Under CH, w; = 2<“* and wy is <wi-inaccessible. In (a) and (b),
P is forcing equivalent to a finite support product of copies of the countable
poset Fn(w, 2). Clearly P’s in all of (a)—(f) are homogeneous; P’s in (a)—(d)
satisfy the c.c.c. and hence they are proper. Thus we can apply Theorem 4.3.
The second parts of (c) and (e) follow from Theorem 2.9. ® (corollary 4.8)

Results similar to Theorem 4.3 and Corollary 4.8 also hold for partial
orderings with product-like structure as those considered in [9]. Thus, we
can prove e.g. that IP(Ry, Ny) together with clubsuit principle is consistent.

In [5] it is shown that, if we start from a model V' which is obtained by
adding a dominating real to a model of GCH + Chang’s conjecture for N,
ie. (Nyt1,Ny) = (Nq,Rg), then adding more than N, Cohen reals forces
-~ WEN. Since V satisfies GCH, IP(k, X;) is forced for every x > Ny which is
not a successor of a singular cardinal of cofinality w by adding any number
of Cohen reals by Corollary 4.8. In particular:

COROLLARY 4.9. Suppose that Chang’s conjecture for N, is consistent.
Then so is IP(Rg,R1) A b* =8y A “WFN. u

5. Models of IP(Ry, Ro) A—IP (N9, N;). Recall that Prikry—Silver forcing
S is the forcing with partial functions with co-infinite domain, that is,

S={f: f:D—2 DCuw, |w\D| =R}
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with the ordering
[<sg & 2y
for f,g €S.

A (V,S)-generic filter G gives rise to the function s¢ = |JG : w — 2
which is often called a Prikry—Silver real.

For f € S let codom(f) = w \ dom(f).

It is easy to check that Prikry—Silver forcing S as well as its countable
support products S’ over any index set I satisfy Axiom A. Hence they are
all proper.

Note that, by definition of <g, we have:

(5.1) f, g € S are incompatible if |codom(f) N codom(g)| < No.

(5.2)  For any (fo, f1) €S?, there is {go, g1) <s2 {fo, f1) such that |codom(go)
N codom(g1)| < No.

LEMMA 5.1. For any f €S and (g3}, g7") €S?, n€w, such that |codom(gy)
N codom(g}')| < No there is g <s f such that (g, g) is incompatible with all

(g5, 97), n € w.

Proof. Construct i, € 2, n € w and A C codom( f) recursively so that

codom(f) N ﬂ dom(gfk)
k<n

|ANcodom(g; )| < Vg forall n € w.

= NOJ

Then any extension g of f on w\ A will do. = (Lemma 5.1)

Working in V' = L, we can construct recursively a maximal antichain
{{g§,9%) : @ < wi} in S such that

(5.3) |codom(gg) N codom(gy)| < Vo for all & < wy.

Note that each step of the recursive construction is possible by (5.2) and
(5.2). Furthermore by choosing (gg,gf") in each step of the construction
according to the Y3-well ordering of the reals (which exists because V = L),
we can make {(g§, %) : @ < w1} a Li-set (actually we can even choose such
a maximal antichain as a II{-set arguing similarly to [16]).

Let ¢ : S2 — “2 be a Borel bijection and define g : (“2))<“ — “2 by

0(gs”,g¢") if n =2, there is a < wy with
xo 2D g5, 1 2 g% and o is
(5.4)  g((x0, .. xn_1)) = 0="90, %1 =01
minimal among such a’s,
0 otherwise.

It is easy to check that g is a Al-set.
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THEOREM 5.2. Assume V = L. Then
|Fsw2 “IP(Rg,Ro) and —IP(Ng,Ry)”.

Proof. |Fgw: “IP(Rg,Ry)” follows from Corollary 4.8(e).

To show that [Fgw. “—IP(Rg,R1)”, let G be a (V,S“?)-generic filter.
Working in L[G], let sg be the fth Prikry-Silver real added by G for 8 < ws.
Let f: wy — “2 be defined by

(5.5) f(B) =5 for B <w

and let g : (“2))<“ — “2 be the mapping as in (5.4), or more precisely, let
g be the mapping (in L[G]) defined by the Al definition corresponding to
(5.4).

We show that f and g build a counter-example to IP(Ng, Ny).

Since |rng(g)| < Wy, (il) clearly fails for these f and ¢g. Hence we will be
done by showing that f and g do not satisfy (i0).

Assume otherwise. Returning to L, let f , 9, 88, B < wy etc. be S¥2-names
of f, g, s3, B < wy etc. respectively. In particular, we can choose f such that

(5.6) Fsws “f(8) = 357 for all § < wy.

Since S“2 is proper, there are p € G, S*2-name S and a countable set Z
(in L) such that

(5.7) plFses “8 C wo is stationary and ¢"((f"S)* C Z”.
Let U = {8 < ws : there is p/ <gw» p such that p' |ges “6 € §7}. Then

U is a stationary subset of wy. For each 3 € U, let pg <sw» p be such that

ps sz “B €57 and [ € supp(pp)-
By the A-system lemma and CH, there is U* € [U]*? such that

(5.8) supp(pg), B € U*, form a A-system with root R which is an initial
segment of all of supp(pg), 8 € U*;

(5.9)  sup R < minU*;
(5.10) pglR, B € U*, are all the same;
(5.11)  pg(B), B € U*, are all the same, say h € S.

Note that pg, § € U*, are compatible by (5.8) and (5.10).
Let

(5.12) X =9 1(2).

By Lemma 5.1, there is a k <g h such that (k, k) is incompatible with all
(g6, g%) from the countable set X.
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Fix two distinct 3,7 € U* and let ¢ <sw» pg, p, be defined by dom(q) =
dom(pg) U dom(p,) and

pp(0) if & € supp(pg) \ {8},
(5.13) 4(0) = { p,(6) else if 5 € supp(py) \ {7},
k elseif ) =for §d =1,

for § € dom(q). Since ¢ <gw» pg, py, we have ¢ |Fgw2 5,7 € S”. Thus the
following claim yields a contradiction to (5.7):

Cramt 5.2.1. q s “g((F(8). f(0) £ 27

F By (5.6), we have to show ¢ s« “g(($3,5+)) € Z”.

First, we show that g [Fsw2 “§(($3,5y)) # 0”. Note that, by the complete
embedding S% 3 (go, g1) — {(8,90), (7,g1)} € SIP} < §w2,

{{(B,90), (7,91)} : @ < w1} is a maximal antichain in S*2.

For any r <gw» ¢, let a® < wy be such that r and {<53981*>, (7,9%7)} are
compatible. Let s <gws 7, {(ﬁ,98*>, (7,9%)}. Then

*
2

S |swa “55 2 g¢" and 5y 2 g7

Hence, by (5.4), it follows that s |Fgw2 “g((35,55)) #07.
Now, suppose, for contradiction, that there is r <gw: ¢ such that

7 lFse2 “9((38,5y)) € Z7.
Then, by the first part of the proof, there are s <gw: r and (g§,g{) € X
such that s|Fge: “$3 2 gf and $y 2 gf 7. In particular s(3) and s(vy) are
compatible with g§ and ¢, respectively. Since r <sw» ¢ <sw2 {(3, k), (7,k)},
it follows that k is compatible with both of g§ and g¢{'. This contradicts the
choice of k. (Claim 5.2.1) ™ (Theorem 5.2)

We can prove a lemma similar to Lemma 5.1 for the w product of Sacks
forcing. Thus, by a similar argument to the one above, we can also prove
that IP(Rg, W) fails in a generic extension by countable support side-by-side
product of Sacks forcing.

6. The consistency of b* = Ny A 00 = N;. In the following, (A) will
stand for the assertion that there is a structure ((w2)?, A, F) with the prop-
erties (6.1)—(6.5) below. Recall that a mapping f : X — X is called an
involution if it is a bijection exchanging (some) pairs of elements of X, that

is, fof=idy.

(6.1) wexwyD2AD{{a,f) Ewa Xwa:f<al;

(6.2) For any C € [ws]™0 there is an X € [ws]™? such that (C'x X)NA = (;
(6.3) For all (¢,9) € F, ¢ and 9 are involutions on ws;
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(6.4) For each (¢,1) € F and for all (o, 5) € wy X wa, we have («,3) € A
if and only if (¢(«), ¥ (B)) € A;

(6.5) For any stationary S C E¥2 and any A¢, B¢ € [wa]™° for ¢ € S, there
is a stationary T" C S such that, for any n € w, if (;,n; € T for
i € n are pairwise distinct (2n elements) then there is (¢,v) € F
such that " A¢, = Ay, v"Be, = By, and ¢[A¢, : A;, — Ay, and
Y[ B, : B¢, — By, are order isomorphisms for all i € n.

The consistency of (A) together with CH over ZFC is proved in the next
section. Below, we will prove the consistency of ¢ = b* = Ny A 00 = N; A
—C®*(Rg) by constructing a model of this combination of assertions starting
from a model of (A) and CH.

Let us begin by introducing some notation for the forcing construction
we use in the proof.

For a cardinal &, a sequence f = (fe : £ < k) in“w,and X C &, let Dy x
be the canonical poset adding an element of “w dominating {f: : £ € X}.
That is,

(6.6) Dix ={(s,F):s€“ w, Fe (k] <0}
and, for (s, F'), (s', F') € D7y,
6.7) (', F') <p; , (s, F) & s Ds, F'DF,
Va € FN X Vn € dom(s") \ dom(s)
(faln) < &' (n)).

Since any (s, I), (s, F') € Df x with s = s" are compatible, we have:

X

LEMMA 6.1. Dy x is o-centered. m

Note that the underlying set of D y does not depend on the sequence f.
So we shall denote this set with Dx. Actually Dx as a set does not depend on
X either. Nevertheless we shall add the suffix X so that we can distinguish
D’s by their intended function. -

Note also that, as a set, Hgn< « D x,, 1s the same for any k-sequence f of

reals; we shall denote this set by Hgn< < Dx,,

If d € Dy and d = (s, F) then we shall write s and F'¢ to denote these
s and F respectively.

In the following we assume that a sequence X = (X, : a < k) of

nonempty subsets of x is fixed. Let
fin
(6.8) Qx =Cux[] Dix.
a<kK

where C, = Fn(k X w,w) and f denotes the C,-name of the sequence of
Cohen reals (€ “w) of length x added by C,. Thus, if G is a (V, Cy)-generic
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set and ¢, is the ath element of fG, then c,(n) = m if and only if there is
a condition ¢ € G such that (o, n) € dom(c) and ¢(a,n) = m.
Let

69 @ ={(cd:ceC,de]] Dy,

ack
U FUO » dom(s™9)) C dom(c)}
¢edom(d)
For (c,d), (¢, d') € Ql,,
(6.10) (c,d') < <ot, (c,d) <

d <c, ¢, dom(d’') O dom(d),
Vo € dom(d) (s7(@ D @) A pd(@) 5 pdl)p
Ve € FUY N X, Vn € dom(s¥ ™)\ dom(s% )
(¢ (€m) < s7O(n)).
The following can be shown easily by standard arguments:
mtoLg\)/;f/IA 6.2. @}( — Qgx, (¢, d) — (c, d), is a dense embedding of @}(
Qg and Q;—( are thus forcing equivalent.
For p € @}( with p = (¢, d), let
suppy(p) = {a < k: {(a,n) € dom(c) for some n € w},
supp; (p) = dom(d).
For a Q%—name a, suppg(a) and supp; (@) are also defined in analogy to (4.4).
In Theorem 6.4, we assume CH-+(A) and let, for a structure ((w2)?, A, F)
asin (A), Kk =wy and X = (X, : @ < wa) where X, = {f € w2 : (o, 5) € A}

for @ < wy. For such X, the next lemma follows immediately from (6.3)
and (6.4).

LEMMA 6.3. Suppose that <( 2)2, A ,F) and X are as above. If (¢,1))
€ F, then the mapping j ) Q — Q defined by

Jigy (e d)) = (', d')
for {(c,d) € Q , where ¢ and d' are such that
dom(c’) = {{¢(ax),n) : (@, n) € dom(c)};
d((¢(a),n)) = c({a,n))  for {a,n) € dom(c);
dom(d’) = 9" dom(d);
FIWQ) = pd&)  gpg  s¥WE) = 54O for £ € dom(d),

is an automorphism of the poset Q;—(. "
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Similarly to Section 4, we shall also denote by j4 ) the corresponding
mapping on Q}(—names.
The following theorem together with the consistency result in Section 7

gives the consistency of the conjunction of the assertions ¢ = b* = Ny,
00 = N; and —=C®(Ng) over ZFC.

THEOREM 6.4. Assume CH and (A). Let {(w2)?, A, F) be a structure
satisfying (6.1)~(6.5) and let X = (Xq @ @ < wa) where Xo = {f € wa :
(a, B) € A}. Then H_QT, “e=b* =Ny A00 =N A C5(Ry) 7.

X

Proof. First, we show that H’Qt “c=b" =Ny”. Let G be a (V, Q})—
X

generic filter. Working in V[G], let f = (cq : @ < ws) be the sequence of
Cohen reals added by the C,, part of Q¢ and d, be the Hechler type real
added by Dy y for a < wo. By (6.1), {ca : @ < 7} is bounded by d, for
all v < wa. On the other hand, {c, : @ < wa} is unbounded by (6.2) and

the c.c.c. of [, D7 x, (in V[f]). This shows that V[G] = Ry < b*. Since
Q| = R by CH, we have V[G] |= ¢ < X,
To show that Q}( forces Do = Ny, suppose that fa, a < wg, are Q}(—

names of elements of “w, ¢(z,y, 2) a formula in Lzp, and a a Q}—name of
an element of “w such that

(6.11) H—Q}( “HRY) = @(fa, f3,a)”  forall a < B < wo.
By the maximal principle, it is enough to show that there are n; < g < wa
such that
H_@; “HN) = ‘P(Jénovfmaa) 7
For € < wo, let

A¢ = supp; (fe) Usupp, (4),  Be = suppy(fe) U suppo(a).

By CH, the A-system lemma and (6.5), we can find a stationary S C EZ?
such that

(6.12)  Ag, & € S, form a A-system whose root is an initial segment of each
of A¢, £ € S; Be, £ €S, form a A-system such that its root is an
initial segment of each of Be, £ € S

(6.13)  for any distinct (o, (1, 10,m1 € S, there is (¢, 1)) € F such that
(a) ¢"A¢, = A, "B, = By
(b) @l A¢, = A, = Ay, and Y[ B, : Be, — By, are order isomorphisms
for i € 2;

(6.14) j(qﬁ,w)(fC) = fn for any distinct ¢,n € S and (¢, 1)) € F as in (6.13)
with (o = ¢ and g = n.
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Note that, by (6.12) and (6.13)(b), we have

(6.15) Jiowy (@) = a
for any (¢,v) as in (6.13).

Now, let (o, (1,710,771 € S be four distinct elements of S such that (o < (4
and 71 < 1. By (6.11), we have

H_Q}( “H(Nl) ): Sp(f.'(oa pr a) 7,

Hence, by mapping this situation via jy » for (¢,7) € F as in (6.13) for
these (o, (1, Mo, M1, we obtain

IFot “HO) &= @ fagr i @)

Thus, n9, n1 above are as des1red

Flnally, we show that Q forces the negation of C*(Xg).

Let (r9 89 rl sy n € w, list all quadruples of finite sequences r°, s,
rl, s € “>w such that

(6.16) 7o) = |s°] = | = |s"),

(6.17) (r0, 5% #£ (rt, sty if |70 > 0.

We further assume that the enumeration ((r0,s% rl sl):n € w) is arranged
so that

(6.18) "9 <n foralln e w.

Now, working in V]G], let an, o < wa, be the subsets of w defined by:
n € a, < one of (6.19) and (6.20) below holds:

(6.19) 7} C ca, sy C das,

ca(n) =0, dot1(n) =1, ca(n+1) =2 and day1(n + 1) = 3;
(6.20) 7y C ca, 8y © das,

ca(n) =2, dat1(n) =3, ca(n+1) =0 and do41(n +1) = 1.

Let
(6.21) Gam = o \ {k: || <n} for a <wyand n € w.

We show that the matrix (aq, : @ < w2, n € w) together with 7' = 2w is
a counter-example to C*(RXg). For this, it is enough to prove the following:

CLAIM 6.4.1. If Sy, S1 are cofinal subsets of wo, then

(1) there e:m'stn <w,a €Sy and €Sy such that ag, Nag, = 0;
(2) for anyt € *w, there are « € Sy and BE€ Sy such that ag 4(0)Nag 1) 79

- Working in the ground model, let Sy and S; be Q}(—names for the

cofinal subsets of wo. Let p € Q}. For a < wy, let p, € QTX and vq, 0q € Wo
be such that

(6.22) 4 <0q <7yg <dpforall a < f < wo;
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(6.23)  pa <gt. P Pa = (¢, d*) for all @ < wy;
X . .
(6.24) Pa H_Q}( “"Ya S S(),(Sa €517,

By the A-system lemma, we find a stationary U C E%2? and A, B, € [wo] <o
for a € U such that
(6.25)  suppg(pa) € Aa, supp;(Pa) € Ba;

(6.26) A,, a €U, form a A-system with root A, and B, a € U, form a
A-system with root B;

(6.27)  Ya,Ya + 1,00,00 +1 € (Aa N By) \ (AU B).

By thinning out U further if necessary, we may also assume that there are
some k*,n* € w such that

(6.28)  dom(c®) = suppy(pa) x k*, dom(s4"€)) = k* for all £ € supp,(pa);
(6.29)  *(Ya,-) = 10, 537 (at) = 50
(6.30)  *(8q,) =7l 54 Catl) = gl
Without loss of generality, we may also assume that, for some fixed c¢*, d*,
6.31) A xEk*=c*and (s4° W .y e BY =d* for all « € U.

n

Note that p,, o € U, are compatible by (6.25), (6.26) and (6.31).
Now, since Sy, S1, p were arbitrary, Claim 6.4.1(1) is proved by the
following subclaim:
SUBCLAIM 6.4.1.1. For any o, € U with o < (3, there is q S@T, p such
X
that « : & . . »
q H_QTX ’Yoz € S07 5,3 € 517 awa,n* malsg,n* = @ .

F Let ¢ = (c?,d?) be the common extension of p, and pg such that

(6.32) Yo € F40sH1)
(6.33) dom(s©)) = k*  for all £ € dom(d9).

Let G be a (V, Q}()—generic filter with ¢ € G. In V|G|, we have
(6.34) Cyo(m) < dszq1(m)  for all m > £~

by (6.28), (6.32) and (6.33).

Now, toward a contradiction, assume that a, < N agzn- # () and let
M € y, n+ N agy - By the definition of a,’s it follows that, for some 4,
j € 2, we have

T C Cray Sty Cdyor1s  7h Cesyy Sy Cdsyin
On the other hand, since ¢ € G, we have p,,pg € G. It follows that

0 0 ) 1 1
Tps C Cyay Spx Sdyt1; Tpr CCo5,  Spr S dggta
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by (6.29) and (6.30). By the definition (6.21) of a., »’s, we have |r0,| > n*.
Thus we have, either

1 1 1 1
Cr C Cyus Cs Cdyyt1;  Tpx STy Sy, Spe C 8y Sy
or
0 1 ) 1 0

In the first case, we must have c,, (m+1) = 2 and d55+1(m+1) =1 by (6.19)
and (6.20). This contradicts (6.34). Similarly, in the second case, ¢, (m) = 2
and dg,1(m) = 1. This again contradicts (6.34). — (subclaim 6.4.1.1)

(2) of Claim 6.4.1 follows from the next subclaim:

SUBCLAIM 6.4.1.2. For any t € %w and a, 8 € U with o < 3, there is
q th p such that
X

0l “a € 50, 5 € St dnayeio) N s # 07

F For each £ € {o, 5}, let pe gQ}( pe with pe = (6§,J§> and m € w be
such that
(6.35) & (ve,) =12, s (e +1) = 80,; & (8¢,) =1L, 545 (0e+1) = sk
(6.36) |r9| > t(0),¢(1);
(6.37)  suppg(P) = suppo(pe); supp: (Pe) = supps (pe);
(6.38) &EJAxw=c|Axwand (s :ne B)= (s .yeB).

Let ¢° = (¢?°,d?") be the maximal (with respect to < common extension

@)
of po and pg which exists because of (6.37) and (6.38). Extend q° further to
q = (c,d?) such that
(6.39)  |c%(va, )| = |¢9(85, )| = [s7CatV] = |52 Gs4D)| = 1y 4 2;
@%)(ﬂ%,)_OSW%“szL

A(Yoym+1) =2, s (%H)(m +1) = 3;
(6.41) (05, m) = 2, s+ (m) =3,

(85, m +1) =0, s+ (m 4+ 1) = 1.

0
This is possible because 7, ¢ P05+ and 6 & F4 (atl) by the maxi-
mality of ¢° and (6.37).

By (6.35), (6.40), (6.41), by the definition (6.21) of an,’s, and since
70| > (0),¢(1), we have QH’QT m €y, p0) N Gs4(1) "+ Since g SQ}
Da,Dg, We also have qH—Qt Yo € So, dg € S1”. Thus, g as above is as

X

desired. (Subclaim 6.4.1.2) . (Claim 6.4.1) ™ (Theorem 6.4)
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Note that in the proof of =C*(X3) in Theorem 6.4, we used only (6.1)
from the assumption (A). Note also that this proof actually shows that
in the generic extension the negation of C(X3) from [13] holds which is a
weakening of C*(Xg) obtained by replacing the “stationary” condition in the
formulation of C*(X3) by “cofinal”.

7. Forcing CH + (A). In this section, we define under CH a o-closed
Ng-c.c. poset Py which forces the combinatorial assertion (A) of the previous
section. The poset Py is defined as follows:

pEPy & p=(XP,YP, 77 (¢l 00: € € D))
where
(7.1)  XP,YP € [wo]R0;
(7.2)  DP € [wo]™;
(7.3) for all § € DP, ¢ : XP — XP and ¢{ : YP — Y7 are involutions
(that is, bijections ¢ such that ¢~! = ¢);
(7.4) forall ¢ € DP, a € XP and B € Y?,
(a) gpla) <@+ & +wi,
(b) ¥E(B) < B+ &+ wi.
Note that we also have a < qﬁ’g(a) +&+w and a < wg(ﬁ) + &+ wy for all
£eDP,ae XP and 8 € YP since qblg and wg are involutions by (7.3).
(7.5) 7P XPxYP — 2
(7.6)  7P(a, B) = TP(¢f(ar), ¢ (B)) for all € € DP, o € XP and 3 € YP;
(7.7) 7P(a, 8) =1 for all (o, B) € XP x YP with 8 < a.
The ordering on Py is defined as follows: For p, ¢ € Py with
p= (XP,YP, 0 (Gl € € DV, g = (X0,Y9,9, (618 € € DY),
we have:

(7.8) p<p g & (a) XP D X9, YPDYY,
(b) DP D DY;
(c) qbp D gf)g and ¢§ > 1/) for all £ € D%;
(d) 7 O 7Y
(e) TPI(XP\ X7) x Y1 =1.
For p € Py with p = (XP, YP 7P (¢ £ 1/16 : £ € DP)), we intend to approx-

imate the characteristic function of the set A in the assertion (A) by 7P.
More precisely, in a generic extension V[G] for a (V,Py)-generic G, letting
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(79 t=U™ ¢c=J ¢ and v = ]9l for&ewy;
peG peG peG

(7.10) A= 7'_1”{1} and F = {<¢§,’(/J§> : 5 (S CUQ},

we are aiming to force ((w2)?, A, F) to satisfy (6.1)—(6.5) in (A).

Of the conditions in the definition of Py, (7.5) and (7.8)(d) force 7 to
be a function. Furthermore, 7 : wy X wo — 2 by a density argument and
Lemma 7.1(a).

(7.3) and (7.8)(c) make ¢¢ and 1)¢ mappings for all { € wo; they are forced
to be involutions on wy by (7.3) and Lemma 7.1(a). Thus {(w2)?, A, F) is
forced to satisfy (6.3).

By (7.7) (and Lemma 7.1(a)), {(w2)?, A, F) is forced to satisfy the second
inclusion of (6.1).

By (7.6), ((w2)?, A, F) is forced to satisfy (6.4).

(7.4) and (7.8)(e) are technical conditions whose role will be clear later
in the course of the proof.

By the definition of Py, it is clear that Py is o-closed. Thus, we will be
done by showing that Py satisfies the No-c.c. and it forces that ((w2)?, A, F)
as above satisfies the conditions (6.2) and (6.5).

The next lemma follows readily from the definition of Py.

LEMMA T7.1.
(a) For any «a, B < wa, the set
Do = {p € Py - p = (XP,Y7, 17, (61,40 : € € DP)),
a € XP and f € YP}
is dense in Py.
(b) For any C € [wo]™ and any B < wa,
Ecp={p€Po:p=(XP,YP, 7P (¢, v : § € DP)),
C C XP? and for some § € YP with § > 33,

TP(v,8) =0 for all v € C}
is dense in Py. m

In the rest of the section, we are going to work mainly in the ground
model (where CH holds). Let 7, ¢¢, ¢ for £ € wa, A and F be Pp-names of
T, ¢¢, Y¢ for £ € we, A and F as above, respectively.

LEMMA 7.2. |Fp, “((w2)?, A, F) = (6.2)7.

Proof. By a density argument with Lemma 7.1(b). = (Lemma 7.2)

For & < wy, X, X', Y, Y € [wo] with X' C X and Y’ CY,7: XxY — 2
and involutions ¢ : X' — X' ¢ : Y’ — Y’, let us call the quintuple
(XY, 1,8, 9"y a -extendable semi-condition if
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(7.11)  ¢(a) < a+é+wy and Y/ (B) < f+E+w; forall € X' and 5 € Y/,
(7.12)  7(a, B) = 71(¢(),¥(B)) for all &« € X’ and § € Y;

(7.13) 7(a,B) =1foralla € X and § €Y with § < «;

(7.14) 7((X\X)xY')=1.

Y/

N

[

X/
X
Fig. 6

Note that the sets X’ and Y, though not mentioned explicitly in the
definition of {-extendable semi-condition, can be recovered from ¢’ and 7).

Note also that (7.14) holds vacuously if X = X'. Hence, if p € Py with
p=(XP,YP 7P ( g,wg : £ € DP)), then the quintuple (X?,YP, 7P, ¢¢,1)¢) is
a &-extendable semi-condition for all & € DP.

The following two lemmas explain the choice of the naming of £-extend-
able semi-conditions.

LEMMA 7.3. For any £ < w9, X, X", Y, Y’ € [wo]™ with X' C X and
Y CY,7: X xY — 2 as well as involutions ¢’ : X' — X', ¢/ : Y' =Y/,
if (X,Y,T, qb’ 1/)’) is a E-extendable semi-condition then there are X D X,
YOV, 7: X XY —-2with7 DT andmvolutzonsg{) X — X, 1/1 Y—>Y
extending ¢' and i’ respectively such that (X,Y,T, ¢,w> 1s a -extendable
semi-condition and

(7.15) FI(X\X) xY) =1

!
[

N

Xl

X

X

Fig. 7
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Proof. Let X € [wa \ X]=™0 be such that

(7.16) X is order-isomorphic to X \ X’ and the order-isomorphism identi-
fies points of distance less than w; (that is, if @ € X \ X’ and
ap € Xp are identified then o < ap + w1 and ap < o+ wy).

Since X (and hence also X \ X') is countable, we can easily choose the
elements of X recursively in otp(X \ X’) steps in accordance with (7.16).
Put X = X U X, and let (;5 be the extension of ¢ which maps Xy order-
isomorphically to X \ X" and vice versa. Fix 6 < w; such that

(7.17) dla) <a+E4+0 forallaeX.

There is such a 6 by (7.11), (7.16) and since | X| < No.
Let Yy € [wa \ Y]=R0 be such that

(7.18)  Yp is order-isomorphic to Y\ Y’ and the order-isomorphism identifies
points of distance less than & 4+ wy;

(7.19) if e Y \Y' and By € Yy are identified then Gy > 3+ £ + 6.

It is easy to see that the elements of such a Y{ can be chosen recursively in
otp(Y \ Y') steps.

Now let Y = Y U Yy and let ¢ be the extension of ¢ which maps Yy
order-isomorphically to Y \ Y/ and vice versa. Finally, define 7 : XxY —2
by

(e, ) if (o, ) € X X Y,
(7.20) #(a,p) = { T(9(@,9(8) if (@, B) € (X' x Yo) U (Xo x Y)
@] (XD X YVO)7
1 otherwise,

for every o € X and g € Y.

[ 7
YO- ///
i 4
b Xo=X\X
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(X,Y,7,0,1) satisfies (7.11) by (7.17) and (7.18). It satisfies (7.12) by
(7.20). Thus we will be done by checking that (X,Y,7,, 1) also satisfies
(7.15) and (7.13).

For (7.15), suppose (o, 8) € (X\X)xY (= XoxY). If (a, ) € Xgx Y’
then 7(a, #) = 7(d(), B(3)) by (7.20). But (3(a), B(A)) € (X \ X') x ¥’
by definition of ¢ and . Hence, by (7.14), 7(a, 8) = 7(¢(a), ¢ (B)) = 1. If
(a, B) € Xo x (Y\Y') then 7(c, ) = 1 by the “otherwise” clause of (7.20).

For (7.13), it is enough to check that 7(«, 3) = 1 for («, 8) € (X' U Xj)
x Yy with 8 < a by (7.20) and (7.15). For such («, 3), we have 7(«, 3) =
7(¢(a),(3)) by (7.20). Suppose that 7(a,3) = 0. Then, since 7 satisfies
(7.13), we should have ¢(a) < 1(3). By (7.19), we have 8 > ¢(8) + £ + 6.
On the other hand, by (7.17), a = ¢*(a) < ¢(a) + & + 6. It follows that

a <o) +E+0<P(B)+E+0< B
This is a contradiction. = (Lemma 7.3)

A quartet p = (XPYP 7P ( g,wg : £ € DP)) (not necessarily an el-
ement of Py) with DP € [w]™° is said to be an extendable condition if
(XPYP 1P ¢P, 1/1? ) is a &-extendable semi-condition for all £ € DP.

For extendable conditions p, ¢ with

p= <ijyp77_p7 (ﬁ?wg 1§ € Dp>>7 q= <Xq7yq’7_q? (¢g,¢g 1§ € Dq>>7
we write p <7 ¢ if
(721) XPDO X4 YPDY? 7PD7%7 DPD DI
@026l W 2 v forall § € DP;

(7.22) 7P(XP\ X)) xY?=1.
Note that for p, g € Py, we have p <; ¢ if and only if p <p, ¢.

LEMMA 7.4 (Extension lemma). Suppose that

p=(XP,YP, 7, (gF,4F : € € DP))

is an extendable condition for some DP € [wa]™0. Then there is a q € Py
with ¢ = (X1, Y4, 79, <q§g,wg : & € D)) such that D! = DP and q <1 p.

Furthermore, if pg € Pg is such that p <1 py then q <p, po.

Proof. The second part of the lemma is clear once the condition ¢ as in
the claim of the lemma is found, since (7.8)(e) holds for such ¢ and py being
the relation <; is easily seen to be transitive.

To construct the desired ¢ € Py, let (£, : n € w) be an enumeration of
DP such that each £ € DP appears infinitely often in the enumeration. First,
construct (X, Yy, Tn, (Pen, Yen : £ € DP)), n € w, recursively such that

(723) <X07 }/ba 70, <¢§,07 1/}5,0 : 5 € DP>> =D
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(7.24)  (Xnt1, Yot1, Tnt1s Pennt1, Ve, 1) is the &,-extendable semi-condi-
tion constructed as in Lemma 7.3 from the £,-extendable semi-
condition (X, Yy, Tn, e, ns Vepm)-

(7.25)  dgni1 = ben and g1 = e for all € € DP with € # &,.

Along with the recursive construction above, it can be shown easily that

(Xn, Yo, Tn, Ggns e n) is a E-extendable semi-condition for all n € w and

¢ € DP. Hence the construction in (7.24) is actually possible at each step.
Let

X=J X0 YVi=JX0 =

necw new new
DI=D"  ¢l=|)ben vI=|]ven forall¢e D
ncw new

For all £ € DY, there are infinitely many n € w such that &, = £. For
such n, ¢¢, is an involution on X, and ¢, is an involution on Y,. It
follows that gbg is an involution on X7 and wg is an involution on Y?. Hence

q = (X9Y 79 (¢f, ¢ : £ € D)) is a condition in Pg. Also we have

TIXINXP) x YP = | 791 (X1 \ Xp) x YP = 1.

new

Thus, this ¢ is as desired. m (pomma 7.4)
LEMMA 7.5. (CH) Pg satisfies the Ra-c.c.

Proof. Actually we shall show that Py satisfies a strong form of No-
Knaster property.

Suppose p¢ € Py with p¢ = (XC, Y€, 7€, <¢>g,¢§ : € € DY) for ¢ € wo.
By the A-system lemma (Theorem 4.1) and the pigeon-hole principle, there
are a stationary S C wq, X, Y, D € [wg]NO, 7T: X XY —2and ¢¢ : X — X,
e 1Y — Y for £ € D such that

(7.26) X¢, ¢ €8, form a A-system with root X, and Y¢, ¢ € S, form a
A-system with root Y

(7.27) 7 X xY =7 forall ( €8S;

(7.28) DS, ¢ €S, form a A-system with root D;

(7.29) 61X = ¢ and gV = 1) for all ¢ € S and € € D;
(7.30) 7(XS\X)xY =1foralles.

Note that (7.27) is possible since, by CH, there are at most |[¥*Y2| < 280 =
Ny < Ry possible values of 7¢[X x Y. (7.29) is possible since, by CH, (7.4)

and countability of D, there are at most N; possible values of <¢g : £ e D)
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and <w§ : &€ D). (7.30) is possible by (7.7) and since we can choose S such
that min(X¢\ X) > sup(Y) for all ¢ € S.

Now suppose ¢,n € S with ¢ < 1. We show that p¢ and p are compatible.
Let XP = XCUX", YP =YCUY" and DP = DS U D". For £ € DP, let
gblg : XP — XP and ¢§ : Y? — YP be defined by

B¢ if ¢ € D\ D, Vg if ¢ € D\ D,
(7.31)  ¢f={dtuey if&eD, Y =14 YUy ifeeD,
qbg otherwise, wg otherwise.

Finally, let 77 : X? x Y? — 2 be such that

(o, B) if (o, B) € XC x Y€,
(7.32)  7P(a, ) =< 7, B) elseif (o, B) € X7 x Y,
1 otherwise,

for all (o, 3) € XP x YP. It is easy to see that p = (XP,YP 7P ( ’g,wlg :
¢ € DP)) is an extendable condition and p <; p¢,p". In particular, (7.22)
holds for p <; p¢ and p <; p” because of (7.30) and the “otherwise” clause
of (7.32). By the extension lemma (Lemma 7.4), there is a ¢ € Py with
g <1 p. Hence, by the second half of the lemma, it follows that ¢ <p,
pC7p77' " (Lemma 7.5)

A modification of the A-system argument in the proof of Lemma 7.5 is
also used to prove the following:

LEMMA 7.6. (CH) Pg forces (6.5).
Proof. We show that Py forces the following:

(7.33)  For any stationary S C E%? and A¢, B € [wo]™ for ¢ € S, there
is a stationary T° C S such that for any n € w and pairwise distinct
Ciymi €T, i €n, there is & <ws such that gf)g”ACi = A,, and
Y¢" B, = By, for all i € n.
Note that, by o-closedness and Rg-c.c. of Py (proved in Lemma 7.5), w; and
wo in generic extensions by Py remain w; and ws.
Suppose that S is a Pg-name of a stationary subset of Eg2. Let <A< :

s S> and (BQ 1 ¢ € S> be Pp-names of sequences of countable subsets
of ws. Let

S={Ce B IFr“CE57}
Then |Fp, “S C S” and hence S is a stationary subset of Eg2.
Since Py is o-closed, we can find p; € Py and A, Be € [wa]M0 such that

(7.34) pe = (XY, 75, (95, 4g - € € D)),
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(735) P H—]}DO “Ce S, AC = AC and BC = BC 7
for all ¢ € S. Without loss of generality, we may assume that
(7.36) AcC XS and B CYS.

By the A-system lemma (Theorem 4.1) and the pigeon-hole principle, there
are a stationary So C S, X,Y, D € [wo]®, 7: X x Y — 2 and ¢¢ : X — X,
Ye: Y — Y for £ € D such that

(7.37) XS, Ce Sy, form a A-system with root X, and Y¢, ¢ € Sy, form a
A-system with root Y

(7.38)  sup(Y) < min(X¢\ X) for all ¢ € Sp;

(7.39) 79X x Y =7 for all ¢ € Sp;

(7.40) DS, (e Sy, form a A-system with root D;

(7.41) 61X = ¢ and ]V = 1) for all ¢ € Sp and € € D;

(7.42)  TN(XO\X)xY =1 for all ¢ € Sy (this follows from (7.38) and (7.7));
(7.43) X (e 30, are order-isomorphic and Y¢, ¢e 30, are order-isomorphic;

Note that the order-isomorphisms of X¢’s and Y¢’s do not move elements
of X and Y, respectively.

(7.44)  The order-isomorphism sending X¢ to X" sends 7¢[((X¢\ X) x Y)
to 77[((X"\ X) x Y), while the order-isomorphism sending Y¢ to
Y sends 7¢[(X x (YS\Y)) to 77[(X x (Y7\Y)). These order-
isomorphisms together send 7¢ [((X¢\ X)x(Y¢\Y)) to 77[((X"\X)
X (YT\Y));

(7.45)  The order-isomorphism sending X¢ to X" sends A¢ to Ay, and the
order-isomorphism sending Y¢ to Y sends B¢ to By,

Note that p = (X,Y, 7, (qﬁg,d)& : £ € D)) is a condition in Py and pe <p, p

for all ¢ € Sy (the condition (7.8)(e) for p and p holds by (7.42)).

Let T be a Py-name such that

(7.46) H_]P’o “T = {C S g() ipec € G}”
where G is the standard Py-name of the generic set.
CLAIM 7.6.1. § kg, “T is a stationary subset of wy”.

- Since Py satisfies the No-c.c. by Lemma 7.5, for any Pg-name C of a
club subset of w2, there is a club subset C' of wy (in the ground model) such
that |Fp, “C C C”. Hence it is enough to show the following:

(7.47)  For any ¢ <p, p and any club subset C of wy, there are p <p, ¢
and ¢ € C'N Sp such that p <p, p¢.



Coloring ordinals by reals 191

To show (7.47), let ¢ = (X9, Y9, 79, (¢¢,4¢ : € € D)) and let ( € C'N Sy be
such that

(7.48) (XS\X)NX9=0, (YS\Y)NY9=0 and (D\D)nDI=0.

This is possible by (7.37) and since C'N Sy is stationary.

Let X* = X9U XS, Y* =YIUYS, D* = DIUDC. For £ € D*, let o
and 1/12‘ be partial functions from X* to X* and from Y™ to Y* respectively
defined by

gbg if ¢ e D1\ D, P? if e D1\ D,
(749) ¢r={ofud; ifceD,  Yi={ v{uyg ifEeD,
qbg otherwise, wg otherwise.

Finally, let 7" : X* x Y* — 2 be defined by
(0, 8) if (a,B) € X0 x Y1,
(7.50) (v, B) =< 7¢(a, B) else if (o, B) € X¢ x Y€,
1 otherwise,
for (o, ) € X* x Y*. Then p* = <X*,Y*,T*,<¢§,1/J§ : & € DY) is an

extendable condition and we have p* <q ¢, p¢ : (7.22) for p* and p¢ follows
from

THX\NX) X Y) =7 [(X\ X) x (Y\Y)UTT((XI\X)xY) =1
where we have 7*[((X?\ X) x (YS\Y)) = 1 by the definition (7.50) of
7 and 7*[((X?9\ X) xY) =1 by ¢ <p, p (in particular, by the condition
(7.8)(e) in the definition of <p,).

By the extension lemma (Lemma 7.4) it follows that there is p € Py with
p <1 p* and hence p <p; ¢, p¢- = (Claim 7.6.1)

CLAIM 7.6.2. p forces that T is as in (7.33) for (A : ¢ € S) and (B :
ces).

F By Claim 7.6.1 it is enough to prove the following:

7.51 For any ¢ <p, p and n € w, if (;,n; € Sy are pairwise distinct and
0 L
qlFp, “Ci,mi €T for i € n”, then there is p <p, ¢ with

p=(XP,YP, 17, (§F,4F : € € DP))
and & € DP such that ¢§0 [XG : X% — X" and 1/1?0 VG Y6 —
Y™ are order-isomorphisms for all i < n.
Without loss of generality, we may assume that

(7.52) q <p, p¢;»py; forall i <n.



192 J. Brendle and S. Fuchino

Let
g = (X9Y9 79 (61,4 : € € D).

Take & € wa\ (D? U sup(X?) Usup(Y?)) and let D* = D7 U {{}. Let X* =
X9, V* =Y%and 7 = 7% Let ¢f : U, X9 U Ui, X7 — U, X9 U
Ui<n X" be the involution sending X G order-isomorphically to X™ and vice
versa for all i <n and ¥ : U, YSiUUicn Y™ = Ujcn YS9 UUicp Y be
the involution sending Y'¢ order-isomorphically to Y and vice versa for all
1 < n. Let ¢Z=¢>§ and@bgzwg for £ € D1.

Then p* = (X, Y*, 7%, (¢, ¢ : £ € D*)) is an extendable condition
with p* <; ¢. To see this, we have to check <X*,Y*,T*,¢20,1/)§O) satisfies
(7.12) and (7.14). But this follows from (7.42), (7.52) and (7.45).

By the Extension Lemma (Lemma 7.4) there is p € Py with p <; p*.
Clearly p forces that & as above satisfies (7.33) together with T, <AC =)

and (B¢ : ¢ € 5). I (Claim 7.6.2)

Since the argument above can be repeated below arbitrary element of Py,
it follows that Py forces (7.33). ® (Lemma 7.6)

8. A summary of consistency results and some open problems.
The following is a summary of consistency results in connection with the
combinatorial principles in Fig. 5 where (1)—(7) below correspond to the
separation lines (1)—(7) drawn in Fig. 9.

(1): By adding random reals. More precisely, start from a model V' of
CH and force with (the positive elements of) the measure algebra B of,
say, Maharam type No. B can be seen as a (measure-theoretic) product of
random forcing and thus inherits some of the homogeneity property of finite
support product. This is used to prove do = N in the generic extension. It
is also well-known that the ground model functions from w to w dominate
the functions in a generic extension by a measure algebra. Hence we have
0 = N; in the model. K. Kunen proved that there is a x-Lusin gap for an
uncountable k in such a model. On the other hand, I. Juhész, L. Soukup and
Z. Szentmikl6ssy proved in [13] that there is no Ne-Lusin gap under C°(Ry).
This proves that C*(X3) does not hold in the generic extension.

This observation may also be interpreted as pinning down of the dif-
ference in the extent of homogeneity of product forcing and the forcing by
measure-theoretic products in terms of whether the principle C*(X2) holds.

(2): A model constructed by J. Brendle and T. LaBerge in [1] realizes
this separation.

(3): By the model in Theorem 3.8 of I. Juhdsz and K. Kunen [12] in
which C*(R3) and 90 > 8y hold. The model is obtained by a finite support
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product of No posets of cardinality Ny starting from a model of CH. From
this, it follows easily that b* = Xy and 0 = No.

(4): By adding Cohen reals. More exactly, start from a model V' of CH
and then add, say, Xo Cohen reals (by Fn(Xsg,2)). Then by Corollary 4.8(c)
we have IP(Ry, R;) in the generic extension. Just as in (3), we have 0 = Ny
in such a generic extension and it is shown in S. Fuchino, S. Koppelberg and
S. Shelah [8] that WFN holds there.

(5): By a model of Hechler.

(6): By Theorem 6.4.

(7): By Corollary 4.9.

(8): By Theorem 5.2. See [11] for the proof of |Fgx “—=WFN”.

WEFEN

|
|
|
|
|
|
|
|
|
|
|
L

I il

Fig. 9

Finally, we shall mention some open problems. In [6] it is shown that
a = N; follows from WEN where a is the almost disjoint number. In [4],
it is then shown that, under some additional assumptions, a = N; already
follows from SEP which is a weakening of WFN. Therefore, it seems natural
to ask the following question:

PROBLEM 1. Does a = ¥y follow from HP(Ra) or IP(Ra, ) for A =
N, Ng 2
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PROBLEM 2. Does WEN imply HP(RXg) or 00 = Ry ¢

The model of b* = Ny and 0o = N; satisfies a strong form of negation of
C%(Ng). This suggests the following problem:

PROBLEM 3. Does HP(X2) (or even C*(Rg)) imply b* =¥ ?

At the moment, we do not have any model separating HP () and IP(k, )
for k > wq.

PROBLEM 4. IsHP(k) + —IP(k, k) consistent for some (or any) k > N1 ?

In Corollary 4.9 which realizes the separation (7) in Fig. 9, a very strong
large cardinal property is assumed.

PROBLEM 5. Can we construct a model realizing (7) in Fig. 9 starting
from ZFC without any large cardinal?

The property (A) used in the proof of Theorem 6.4 and proved to be
consistent with CH in Section 7 seems to be of independent interest.

PROBLEM 6. Is —(A) consistent with ZEC + CH (or even with ZFC +
GCH)?
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