FUNDAMENTA
MATHEMATICAE
189 (2006)

Compactifications of N and Polishable subgroups of S,
by

Todor Tsankov (Pasadena, CA)

Abstract. We study homeomorphism groups of metrizable compactifications of N.
All of those groups can be represented as almost zero-dimensional Polishable subgroups
of the group So. As a corollary, we show that all Polish groups are continuous homomor-
phic images of almost zero-dimensional Polishable subgroups of So. We prove a sufficient
condition for these groups to be one-dimensional and also study their descriptive complex-
ity. In the last section we associate with every Polishable ideal on N a certain Polishable
subgroup of So which shares its topological dimension and descriptive complexity.

1. Introduction. It is well known that every compact metrizable topo-
logical space X can be realized in a unique way as the remainder X \ N of
a metrizable compactification X of the countable discrete space of the nat-
ural numbers N (see Propositions 2.1 and 2.3). This allows us to associate
with each compact metrizable X the homeomorphism group H()N( ) and a
certain subgroup of it, called the structure group of X (see Definition 2.5 be-
low). These groups were first studied by Lorch [8], who proved the following
interesting result:

THEOREM 1.1 (Lorch). Two compact metrizable spaces are homeomor-
phic if and only if their structure groups are isomorphic.

Both the group H()? ) and the structure group of X can be viewed as
Polishable subgroups of S, the group of all permutations of N (see Proposi-
tion 2.4 below). We study the topological dimension of the Polish topologies
of those groups as well as their descriptive complexity. In particular, we prove
the following (see Theorem 3.1, Corollary 4.7, and Theorem 4.8 below):
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THEOREM 1.2. The group H(X) is almost zero-dimensional (and thus
at most one-dimensional). It is one-dimensional if the group H(X) contains
a path of finite length (in the natural complete metric of the group). Both
H()Z') and the structure group of X are Hg subgroups of S and they are
I13-complete iff X is infinite.

As an interesting corollary of the construction, we show the following
(see Corollary 4.11):

THEOREM 1.3. Fwvery Polish group is a continuous homomorphic image
of an almost zero-dimensional Polishable subgroup of So.

This is related to the open problem of whether every Polish group is a
factor of a zero-dimensional Polish group.

In the last section of the paper we study Polishable ideals on N and certain
almost zero-dimensional Polishable subgroups of S, associated with them.

Recall that a topological space is called Polish if it is separable and
completely metrizable; a topological group is Polish if its topology is Polish.
A Borel subgroup H of a Polish group G is called Polishable if there exists
a Polish group topology on H which has the same Borel structure as the
one inherited from G. By [5, 9.10], the Polish topology of a Polishable H is
always finer than the inherited topology. Two examples of Polish groups are
the homeomorphism groups of compact metrizable spaces with the compact-
open topology, which coincides with the uniform convergence topology, and
the group S of permutations of the natural numbers with the pointwise
convergence topology. A complete metric on Sy, is given by

(1) d(f,g) = 2~ minlf#a} 4 o—min{f~1#g 1}

The support of a permutation f € S., denoted by supp f, is the set of
points moved by f. For a detailed treatment of Polish spaces and Polish and
Polishable groups, the reader is referred to [5].

In any metric space we will denote by B,.(z) the open ball with center
x and radius r. Since we will often work with different topologies on the
same space, to avoid confusion, we will sometimes explicitly mention the
topology, e.g., (X, 7) is the space X with the topology 7. Throughout this
paper, I denotes the unit interval [0,1] and Q = I N'is the Hilbert cube.

2. Compact spaces as remainders of compactifications of N. The
following fact is well known; we include a simple proof, due to H. Torunczyk,
and note the effectiveness of the construction.

PROPOSITION 2.1. For every compact metrizable space X, there exists a
metrizable compactification X of N (taken with the discrete topology) such
that the remainder X \ N is homeomorphic to X.
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Proof. Fix a countable dense set D = {az} in X. Set X = X x {0} U A4,
where A = J{a1,...,a,} x {1/n}. Then A is countable, discrete, and dense
in X; X is compact as a closed subspace of X x [0,1]. =

We will think of the space X as the union X UN and we will also fix
a compatible metric d on X. Consider the homeomorphism group H(X).
With the topology induced by the metric

d'(f,g) = sup d(f(z),g(x)),
zeX

it is a Polish group. The metric @’ is not complete but it is equivalent to the
complete metric 0 defined by

o(f.9)=0(f.9) +0'(f g™

LEMMA 2.2. Let f: X — X be a homeomorphism and fv a homeomor-
phism of X such that f and f agree on X. If g: X — X is another homeo-
morphism and O(f, g) < r, then there exists a homeomorphism g of X such
that g extends g and 6(J?, g)<r.

Proof. Set e = (r—09(f,g))/6. Since f,g, f_l,g_l are all uniformly con-
tinuous, we can find § < £ so small that

Vr,y € X d(wy) <6 = d(f(z), [(y) <e & d(f(2),f ') <e,
Ve,ye X d(z,y) <6 = d(g(z),9(y)) <e & d(g ' (z),9 ' (y)) <e.

Using a standard back-and-forth argument, we will define a permutation
h: N — N and then will set g = g U h. First find a number N so large that
d(n,X) < ¢ for all n > N. Find points x,, € X such that d(n,z,) = d(n, X)
for each n and note that the set {z, : n € N} is dense in X. Set hy =
Flio,vuF=1(to.n-

Now suppose we are at a forward step of the construction, say number
2k—1, and let n = min{N\ dom hoi_5}. Find an m such that d(g(z,), zm,) <
27%5 and m ¢ ran hoj_s. Define hog_; to agree with hgj_s on dom hgy_o and
set hor—1(n) = m. Now we prove that this extension does not move us too

far from f. We have the following estimates:

d(hok-1(n), f(n)) < d(m, xm) + d(zm, 9(xn))
+d(g(wn), f(wn)) + d(f(zn), f(n))
< d(g(@n), fan)) + 3e;
d(hy_y (m), FH(m)) < d(f="(m), £~ (@) + d(F ™ (@m), 0" ()
+d(g7 (zm), Tp) + d(zn,n)
<d(f Nam), g Ham)) + 3e.

(2)
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At a backward step 2k proceed similarly, let m = min{N \ ran hoj_1}.
Find an n such that d(g(z,),zm) < 277§ and n ¢ dom hoy_;. Define hoy,
to agree with hor_1 on dom hog_1 and set hox(n) = m. Then (2) will again
hold with hoj replacing hog_1.

Set h = Jp— o hi and g = g U h. We will first prove that the g so defined
is a homeomorphism of X. It is enough to show that for any sequence {ny},
ng — z = h(ng) — g(z) for z € X. This is easily seen:

ng — 2 & Tn, — 2 < g(zn,) — 9(2)
& Tpiny,) — 9(2) & h(ng) — g(2).
Now, using (2), we also check that d(f, ) < r:
o(f.9) = swp d(f(x), 3(z)) + sup d(f (), 5 (x))
zeX reX
<If,9)+3+d(f g H)+3=0(fg) +be<r. m

The next proposition is essentially contained in [8]. It also follows from
the proof of Lemma 2.2 above.

PROPOSITION 2.3. If X, Y are compact metrizable, f: X — Y is a hom-
eomorphism, X and Y are compactifications of N as above, and X — X
and Y — Y are giwen embeddings onto the remainders, then there exists a
homeomorphism f: X —Y such that the diagram

[

f

—_—

f

—_
commautes.

In particular, Propositions 2.1 and 2.3 show that with every compact
metrizable space we can associate a unique metrizable compactification X
of N such that X = X \ N.

PROPOSITION 2.4. The Polish group H(X) can be identified with a Pol-
ishable subgroup of Soo.

Proof. Since N is the set of all isolated points in X , for every homeo-
morphism f € H(X) we must have f(N) = N and f(X) = X. Therefore
the restriction map R: H()?) — Seoy, R(f) = fln, is a well defined group
homomorphism. It is injective because N is dense in X , and hence a hom-
eomorphism is entirely determined by its action on N. The map R is also
continuous as the composition of the identity map from H(X) to the same
space, equipped with the pointwise convergence topology, and the restric-
tion from the latter to S (which also carries the pointwise convergence
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topology). Therefore we can identify H()? ) with a Borel subgroup of S,
which is Polishable because H(X) itself is Polish. =

Now, following Lorch, we consider the pointwise stabilizer of X in H()N( ).
DEFINITION 2.5 (Lorch). The closed subgroup
HX)={feHX): Ve e X f(zx)=uzx}
of H(X) is called the structure group of X.

We will write H instead of H(X) if there is no danger of confusion. The
restriction map q: H()Nf) — H(X), q(f) = flx, is a continuous group homo-
morphism, has kernel H and, by Proposition 2.3, is onto H(X). Therefore H
is a closed normal subgroup of H(X), and H(X) = H(X)/H as topological
groups.

The restriction of the metric d to N is totally bounded and induces the
discrete topology on N. Let UH (N, d) denote the group of all uniform homeo-
morphisms of N with respect to the metric d (i.e., all uniformly continuous
permutations N — N with uniformly continuous inverses). UH(N, d) be-
comes a topological group with the uniform convergence topology. It is clear
that any f € UH(N, d) extends to a homeomorphism f of X, and conversely,
any homeomorphism of X restricts to a uniform homeomorphism of N. It is
easy to check that this correspondence is a topological group isomorphism
between H(X) and UH(N,d), so from now on we can identify these two
groups.

As was pointed out by A. S. Kechris, this viewpoint may also be rele-
vant to the problem of characterizing the complexity of homeomorphism of
compact metrizable spaces. More precisely, in view of the universality of the
Hilbert cube @ (cf. [5, 4.14]), we can think of the hyperspace K(Q) of all
compact subsets of ) (equipped with the Vietoris topology) as the space
of all compact metrizable spaces and define the equivalence relation Ej on
K(Q) by

K E; L < K is homeomorphic to L.

Similarly, we can consider the Borel set D C I"*N consisting of all totally

bounded, discrete metrics on N of diameter not greater than 1 and define
the equivalence relation F, on D by

dy Eydy < (N,dp) and (N, dy) are uniformly homeomorphic.

For two equivalence relations F and F' defined on the standard Borel spaces
X and Y, respectively, we write F <p F if there exists a Borelmap f: X =Y
satisfying

rEy < f(z)F f(y).
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If E<g F and F <p E, we say that F and F' are Borel bireducible. See [6]
and the references therein for general background on the theory of equiv-
alence relations and [4, Chapter 10] for more details on different (open)
classification problems.

We have the following corollary from Propositions 2.1 and 2.3:

COROLLARY 2.6. E}, and E, are Borel bireducible.

Proof. First construct a map K(Q) — D which reduces E}, to E,,. Given
K € K(Q), by [5, 12.13], we can find in a Borel way a dense countable
subset of K and then use the construction from the proof of Proposition 2.1
to define a metric on N. Proposition 2.3 shows that this map is indeed a
reduction.

Conversely, to reduce E, to Ej, consider first the inclusion map i: D —
QYN = I"*N_ By the proof of [5, 4.14] and using the total boundedness of the
elements of D, if we consider i(d), d € D, as a countable subset of @, then
the closure of i(d) in @ is homeomorphic to the completion of (N, d). The
closure map ¢: QY — K(Q) defined by ¢((ay)) = {a, : n € N} is Borel and
the composition c o7 is the desired reduction. =

3. Descriptive complexity of H(X) and H(X). Both H(X) and
H(X) are Borel subgroups of Sy, so we can ask where they fit in the Borel
hierarchy.

THEOREM 3.1. If X is a one-point space, then H(X) = H(X) = Su.
If X has more than one but finitely many points, both 'H()Z') and H(X)
are X9-complete. Finally, if X is infinite, both H(X) and H(X) are I13-
complete.

Proof. Put G = H(X) and H = H(X). The first statement of the theo-
rem is obvious. Let now X = {mi}fzo be finite and, without loss of generality,
assume that d(z;,z;) = 1 for i # j. Then X9 descriptions of G and H are
given by:

feG & Jo €Sy IVmeN d(m,z;) <0 = d(f(m), z5)) <1/2,
feH © Vi<k3doVmeN d(m,z;) <d=d(f(m),x;) <1/2.
Neither G nor H can be G because they both contain the permutations
with finite support, which are dense in Sy, (see Exercise 9.11 in [5]).

Let finally X be infinite and {a;};°, be a countable dense set. First of
all, the following are IIJ descriptions of G' and H:

feG & Ye3d¥Vm,neN dim,n) <d=d(f(m), f(n)) <e,
feH & feG & (Ve 30 VEVm e N d(m,ar) <= d(f(m),ar) <e).
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Now consider the Hg-complete set C' C 28NN defined by
AeC < VYn {k:(n,k) € A} is finite.

(We look at the elements of 2¥*N as subsets of N x N. For more information
on II$-complete sets, see [5, 23.A].) We will construct a continuous map
@: 2NN 6 such that

(3) (AcC=d(A) e H) & (AdC = d(A) ¢q),

so @ is a reduction of C' to both G'and H. Fix a convergent sequence {x}7°
of distinct elements of X, x;, — y, and let {by ;} be a 2-indexed sequence of
distinct elements of N satisfying the following conditions:

(i) Vk,j d(bgj,xr) < 2~ (k+3),
(ii)) N\ {by,; : k,j € N} is dense in X.

Note that a sequence {by, j, }o2 converges to a point of X iff either k,, — oo
(in which case by, ;, — ¥), or ky is eventually constant and j, — oo (then
bkn.jn — Tlimk, ) Now define &(A) = H(k,j)eA(b%,j bak+1,5), where (m n)
denotes the transposition in S, which switches m and n. If A € C, then the
only limit point of supp #(A) is y and it is easy to see that ¢(A) Uidx is a
homeomorphism of X. If, on the other hand, A ¢ C, then any continuous
extension of ®(A) to X must switch zgp and x9xyq1 for some k, which is
impossible because of (ii). Hence ¢(A) ¢ G and (3) is verified. m

4. Topological properties of the groups H()N() and H(X). On the
groups H()N( ) and H(X) we have two natural topologies, the Polish topology
7 and the topology ¢ inherited from S, i.e., the topology of pointwise
convergence on N. Clearly o C 7. We have the following easy fact.

PROPOSITION 4.1. (H,T) is zero-dimensional.

Proof. Note first that if f,g € H then there exists a € N such that
d(f,g9) = d(f(a),g(a)). We will now show that every open ball B,(1) in
H is also closed. Indeed, let {g,} be a sequence in B,(1) such that g, —
g € H. There exists a € N for which 9'(1g,g) = d(a,g(a)) but for some n,
gn(a) = g(a) (because convergence in the topology of H implies convergence
in the coarser topology of S ). Therefore, for this n,

0'(1u,9) = d(a, gn(a)) < 0'(1m, gn) <r.
Hence g € B, (1y) and the proof is complete. =

To continue our analysis, we need the notion of almost zero-dimension-
ality, introduced in Oversteegen—Tymchatyn [10]. Recall that a basis for a
topological space X is a collection B of (not necessarily open) subsets of X
such that for every open U C X and every x € U, there exists B € B with
B C U and z contained in the interior of B. Similarly, we say that B is a
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neighborhood basis at the point z if for every open U containing x, there
exists B € B with B C U and x contained in the interior of B. An open
basis is a basis consisting of open sets.

DEFINITION 4.2 ([10, 2]). A separable metrizable space is almost zero-
dimensional if there exists a basis for its topology consisting of intersections
of clopen sets.

Note that almost zero-dimensionality is a hereditary property. An im-
portant fact about almost zero-dimensional spaces is the following:

THEOREM 4.3 (Oversteegen—Tymchatyn [10], cf. Levin—Pol [7]). Every
almost zero-dimensional space is at most one-dimensional.

The original definition of almost zero-dimensionality Oversteegen and
Tymchatyn used to prove their theorem is somewhat different from Defini-
tion 4.2 (which we borrowed from Dijkstra—van Mill-Steprans [2]) but the
equivalence of the two definitions is proved in [2]. Almost zero-dimensional
topologies are intimately related to certain coarser zero-dimensional topolo-
gies on the same space. This was noticed by van Mill and Dijkstra who
suggested the following

DEFINITION 4.4. Let (X,7) be a separable metrizable space. We say
that a separable metrizable zero-dimensional topology W on X witnesses
the almost zero-dimensionality of (X,7) if W C 7 and (X,7) has a basis
consisting of closed sets of W.

As S. Solecki pointed out, using a result of his, we can exactly determine
when the topology of a zero-dimensional Polish group witnesses the almost
zero-dimensionality of a Polishable subgroup. To do this, we shall need some
of the machinery developed in Solecki [13].

Let (H,7) be a Polishable subgroup of a Polish group (G, o) and {V}, :
n € N} be an open neighborhood basis at 1 for (H, 7), satisfying the condi-
tions

(4) Vo=V, ! and V2, C V.
Let F,, = Vz and for x,y € G, define
S(z,y) =inf{27F 27y e B}, O.(x,y) =inf{27%: 2yt € Fy},

and

n—1
di(z,y) = inf{z (i, Tig1) 1 X0 =2, T =Y, x; € G}
i=0
and similarly for d,. Then
(5) H={geG:VV ((1 €V &V is T-open)

= Jhi,hp e H ge V' NVhy')}
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is a Hg Polishable subgroup of G with a Polish topology 7 defined by the
metric o = d; 4 d, restricted to H. Furthermore,
(6) & >d>36 and 6 >dr > 36,

H is a dense subgroup of (H,7) and for any ITJ set A C G with H C A,
AN H is comeager in (H, 7). For all of the above, see [13].

LEMMA 4.5. Let {By} be an arbitrary basis at 1 for (H, 7). Then B, =
Ez N H defines a basis at 1 for H.

Proof. For each k € N, let U, C H be the open ball (in the metric 0)
vzith center 1 and radius 2*’2 Fix k and find n such that B,, C Vi 5. Then
B, C Fy,9 and for any = € B,

di(1,z) < §(1,2) < 27*FD) < o=(k+D)
and similarly d,(1,z) < 2=*#+1_ Hence o(1,2) < 2% and B, C Uj.
_ Conversely, for a fixed n, find k such that Vi, C B,,. Then for any x €
Uk+1,
811, x) < 2dy(1,2) < 20(1,2) < 27",
Hence x € Fi. N H - En, ﬁk+1 - En and we are done. =

PROPOSITION 4.6. Let (G,0) be a zero-dimensional Polish group and
(H,T) a Polishable subgroup. Then the following are equivalent:
(i) H is I3 in G;
(ii) o|g witnesses the almost zero-dimensionality of (H,T);
(iii) every open set in (H, ) is X9 in (H,o|n).

Proof. (i)=(ii). Let (H,7) be defined as in (5). Since H is II3, by [13],
H is comeager in H, so we must have H = H (see [5, Exercise 9.11]). Then
the basis {B,} of closed sets of |y, defined in Lemma 4.5 (starting with
an arbitrary basis {B,,} of H), shows that (ii) is true.

(ii)=-(iii). Let B be a basis for 7 consisting of closed sets in o|g. Since
7 is Lindel6f, every open set is a countable union of elements of B and thus
D HC

(iii)=(i). This follows easily from a result in Farah—Solecki [3]. For A C
G and a 7-open V C H, we define the Vaught transform A2V as

A®Y ={ge G:{h € H:hg e A} is non-meager in (V,7)}.

We will use a claim from the proof of [3, Theorem 3.1].

CrLaM. For A C G, A € ¥Y(0) and any T-open U C H, ABU N H s
T-open.

Let V be any open T-neighborhood of 1 in H. Since V € X9(c|y), there
exists A C G such that A € X9(0) and ANH = V. Then 1 € A®Y and
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by the Claim, A2V N H is 7-open. Therefore A2Y N H is T|g-open and it
is not hard to check that A2V N H C V~1V. For any 7-open neighborhood
U of 1, we can find V as above with V="'V C U. Furthermore, (H,7) is
a Polishable subgroup of (H,7) and by [5, 9.10], 7|z C 7. Thus the set
{A%V'NH : V is a T-neighborhood of 1} (where A depends on V) is a basis
at 1 for 7 consisting of 7| -open sets and hence 7|y = 7. Therefore (H,7T|x)
is a Polish subgroup of H. Since H is dense in H , we must have H = H (see

[5, Exercise 9.11]). m

Now, going back to the group H()Nf), by Theorem 3.1, it is I3 in Sno,
hence Proposition 4.6 applies and we have the following corollary.

COROLLARY 4.7. (H(X),T) is almost zero-dimensional.

H()A(; ) can be zero-dimensional, e.g., if X is a one-point space, then
H(X) = Ss. Below we give a sufficient condition for (H(X),7) not to be
zero-dimensional. Recall that the length of a path f: [a,b] — Y in a metric
space (Y, d) is defined as

n—1
len(f) = sup{Zd(f(:ci),f(xiH)) ra=x0<T1 < <Tp = b}.
i=0

If ,y € [a,b] write len(z,y) for the length of the path f]f, .

THEOREM 4.8. If the group H(X) has the property that there exists a
homeomorphism g # idx which can be connected to idx via a path of finite

length (in the complete metric 0), then H(X) is not zero-dimensional.

Proof. Put G = H(X), K = H(X) and let f be a path of finite length
defined on the unit interval [0, 1] with f(0) = 1x and f(1) = g # 1k. Set
r = d(1k, g). The quotient map ¢: G — K is Lipschitz and by Lemma 2.2
it sends open balls to open balls of the same radius. Suppose that G is
zero-dimensional; then there exists a clopen set U C B,(lg). Towards a
contradiction, define inductively transfinite sequences {to }, {ha} and {hq},
a < wy, of elements of [0, 1], K and G, respectively, satisfying the following
conditions:

o f(ta) = ha = 4(ha); ha € U

o a< fB=ty <tg;

o O(ha,hg) < 2len(tqy,ts).
Set tg =0, hg = 1, EO = 1. Suppose that the sequences have been defined
for a < . If B = v+ 1 is a successor, find € with 0 < & < d(h., g) such that

BE(TLV) C U. Set tg = sup{t € [ty,1] : O(hy, f(t)) = €/2} and hg = f(tp).
Using Lemma 2.2, find hg € G satisfying q(hg) = hg, 0(h~, hg) < 3¢/4, and

hence, 715 € U. Finally, to verify the third condition, notice that for any
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a < f3,
(e, hg) < O(he, hey) + (R, hp) < 2len(ta, ty) + 3¢/4
< 2len(tq, ty) + 20(hy, hg) < 2len(tq, tg).

Now consider the case when 3 < wq is a limit ordinal. Since (3 is countable,
there exists an increasing sequence {7,} with lim~, = (. By compactness
of [0,1], t,, converges. By the inductive hypothesis, > 6(5%,E% ) <
23, len(ty,,ty, ) < 00, so {ﬁ%} is Cauchy and therefore converges. Set
715 = limﬁ%, hg = q(ﬁg), tg = limt,,. By continuity, f(tg) = hg and
Eﬁ € U because U is closed. Now fix o < 3 and verify the last condition:

O(ha, hg) = lim (ha, hy,) < sup2len(ta, ty,) < 2len(ta, ts).

As a result of the construction, we obtain an order preserving embedding
w1 — [0, 1], which is clearly impossible. u

PROPOSITION 4.9. There exists a path f: [1/2,3/4] — H(I) with id; =
f(1/2) # f(3/4) and of finite length (in the complete metric J).

Proof. For each t € [1/2,3/4], consider the homeomorphism f(t): I — I
which maps linearly [0,1/2] onto [0,%] and [1/2,1] onto [¢,1]. It is easy to
see that O(f(t), f(s)) < 3|t — s|, so we have our path. m

Endow the Hilbert cube Q = IV with its standard metric

d((x07xl7 s )7 (yO)ylv s )) = Z 2—77,’:6” - ?Jn|
n=0
Then we have the following
COROLLARY 4.10. There is a path f: [1/2,3/4] — H(Q) of finite length
with idg = f(1/2) # f(3/4), and hence H(Q) is one-dimensional.

Proof. The map i: H(I) — H(Q) defined by
i(h)(.%'o,.%‘l, PN ) = (h(xo),xl, PN )

is an isometric embedding. =

It is an open problem whether every Polish group is a homomorphic
image of a zero-dimensional Polish group. However, we have the following
interesting corollary, again pointed out by Kechris:

COROLLARY 4.11. FEwvery Polish group is a factor of an almost zero-
dimensional Polishable subgroup of Seo.

Proof. Let K be a Polish group. It is well known that H(Q) is a universal
Polish group (see Uspenskii [15]), hence there exists an embedding i: K —

H(Q) onto a closed subgroup of H(Q). Let g: H(Q) — H(Q) be the quotient

map. Then ¢~ 1(i(K)) is a closed subgroup of H(Q) and ¢ ' (i(K))/H =% K. =
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REMARK. Corollary 4.11 is false if we restrict ourselves to closed sub-
groups of S. In fact, using the characterization that the closed subgroups
of S are exactly the Polish groups which admit a basis at the identity
consisting of open subgroups (see Becker—Kechris [1, Theorem 1.5.1]), it is
not hard to show that any factor of a closed subgroup of Sy, is isomorphic
to a closed subgroup of S.

5. Polishable ideals on N. Recall that an ideal on N is a collection
of subsets of N closed under finite unions and taking subsets. To avoid
trivialities, we will also assume that every ideal contains the ideal of finite
sets Fin. An ideal is called Polishable if it is a Polishable subgroup of the
Cantor group 2" (with symmetric difference as the group operation). A lower
semicontinuous (or Isc) submeasure on N is a function ¢: P(N) — [0, oo
satisfying

o ¢(0) =0;

e a Cb= ¢(a) < ¢(b) for any a,b CN;

e p(aUb) < ¢(a) + ¢(b); p({n}) < oo for n € N;
o ¢(Uy ax) = limy, ¢(ay) whenever ag Ca; C --- .

With every Isc submeasure we associate the following two ideals:

Exh(¢) ={a CN: lirrln ¢(a\n) =0}, Fin(¢) ={a CN: ¢(a) < co}.

(As is customary, we identify the natural number n with the set of its pre-
decessors.) It is easy to see that Exh(¢) C Fin(¢) and Fin(¢) is X9, while
Exh(¢) is ITJ in 2. Since the ideals Exh(¢) and Fin(¢) do not change if we
replace ¢ with the submeasure ¢ defined by ¢'(a) = ¢(a) +3°,,27", we
can restrict our considerations to submeasures ¢ satisfying ¢({n}) > 0 for
all n. An ideal I is called a P-ideal if for every sequence {a,} of elements
of I there exists a € I such that a, \ a is finite for all n. The following is a
summary of the results of Solecki [12, 11] which we shall need.

THEOREM 5.1 (Solecki). An ideal I is an analytic P-ideal iff it is Pol-
ishable iff there exists a finite, lsc submeasure ¢ with I = Exh(¢). I is X9
Polishable iff there exists a lsc ¢ with I = Exh(¢) = Fin(¢).

If I = Exh(¢), then the Polish topology on I is induced by the metric
d(a,b) = ¢(a AD), where A denotes the operation of symmetric difference.

We say that two ideals I and J are isomorphic if there exists a permu-
tation f: N — N such that a € I < f(a) € J. We denote the trivial ideal
P(N) simply by N. If I and J are ideals on N then I @ J is the ideal on N x 2
defined by

IoJ={ax{0}Ubx{l}:acl&be J}.
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An ideal is a trivial modification of Fin if it is of the form {a : aNb is finite}
for some b C N. If an ideal I is Polishable, we will denote the topological
space I with its Polish topology by I7. Since every Polishable ideal is Hg,
Proposition 4.6 implies that I” is almost zero-dimensional, as witnessed by
the topology inherited from the compact group 2N. It is also easy to check
that (I ® J)7 is homeomorphic to I™ x J7.

We associate with each Polishable ideal I the subgroup S; < S defined
by

Sy ={f € Sx :supp f € I}.

Below we will make use of a lemma which can be proved in the same
way as the fact that all automorphisms of S,, are inner. A very detailed
exposition can be found in Lorch [9].

LEMMA 5.2. If G1 and Gy are isomorphic subgroups of Seo, both con-
taining all permutations with finite support, then they are conjugate, i.e.,

there exists f € Soo such that Go = f~1G1f.

THEOREM 5.3. With the above definition, St is a Polishable subgroup
of S which is almost zero-dimensional in its Polish topology. It is zero-
dimensional iff I™ is zero-dimensional. The Borel complezity of St in Seo
and I in 2N is the same. Furthermore, the groups Sy and Sy are isomorphic
(algebraically) iff I and J are isomorphic ideals.

Proof. Let ¢ be a lsc submeasure such that I = Exh(¢). The group Sy
acts on [ in a natural way: g -a = {g(n) : n € a}. The first thing we will
check is that this action is continuous in the second variable, i.e.,

(7) VgeSyVeIdVael ¢la)<d = ¢(g-a)<e.

(Continuity at ) is sufficient because g - (aAb) = (g-a)N(g-b).) Fix g € St
and € > 0. Find N € N such that ¢(suppg N[N, 0)) < &/2, and 6 < /2 so
small that ¢(a) < d = aNg~!-[0, N) = (). Now for any a € I with ¢(a) < 6,
we have

¢(g-a) < ¢(aU (suppg N[N, 00))) < ¢(a) + ¢(suppg N[N, 0)) <.

Define the left invariant metric @' on St by &'(f,g9) = ¢({f # ¢}). It
is clear that every open ball in this metric is Borel in S,,. We next check
that multiplication is continuous. Fix fo,go € Sr and € > 0. Using (7), find
§ < /2 so small that ¢(a) < § = ¢(g; " - a) < /2. Now for any f,g € Sy
with max(al(gng)a a/(fv fO)) < 57 we have

d'(fg, fogo) = o({fg # fogo}) < 6({g # g0}) + 6({ g0 # fogo})
=0'(9,90) + 09y {f # fo}) Se/2+¢/2=¢.

The map f — f~! is continuous because the metric is left invariant and
multiplication is continuous. The next thing we show is that the metric
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of,g9)=0(f,9)+0(f 1, g71)is complete. Let {f,} be a Cauchy sequence
in this metric. Without loss of generality, we can assume that ¢({n}) > 27",
so 0 dominates the standard complete metric on S (1). Therefore the
pointwise limit g = lim,, f,, exists. We check that g € S7. Fix ¢ > 0 and
N € N such that ¢({fm # fn}) < €/4 for all m,n > N. Fix m > N.
Let M € N be so large that ¢(supp fn \ M) < ¢/4. Suppose, towards a
contradiction, that ¢(suppg \ M) > e. Then there is My > M such that
¢(suppg N [M,M;]) > /2. Find k > N such that f; agrees with g on
[0, M;]. Then ¢(supp fr \ M) > /2, which contradicts the choice of N
and M. Therefore suppg € Exh(¢) = I. Now it remains to check that
d({fn # g}) — 0. Again fix an € and find N such that ¢({fm # fu}) <e/2
for all m,n > N. Fix m > N. Let M be such that ¢({fm # g} \ M) < e/2.
Find n > m such that f,, and g agree on M. Then

O({fm # 9}) <€/2+ o({fm # g O M) =/2+ ¢({fm # fn} N M) <e.

Finally, the topology defined by O is separable because the group of
permutations with finite support is dense in Sy (since ¢(supp f\n) — 0 for
all f € St and thus permutations in S; can be approximated in the metric
0 by permutations of finite support). This completes the proof that S; is
Polishable.

If I = Fin or I = N, the remaining statements are clear. Suppose now
that this is not the case and let b ¢ I be an infinite set such that N\ b
is infinite and in I. Fix a bijection h between b and N\ b. Let I' = I], =
{aNb:a € I} = Exh(g|p). Then I is Polishable and I = I’ & N. Let
p: 2N = 2b x oN\b _, 9b e the projection and consider the continuous maps
D: Soo — 2N and ¥: 2 — S defined by

&(f)=suppf and ¥(a) = [](n h(n)).
nea
By the definition of Sy, f € S; < &(f) € I. Furthermore, for a € 2°,
supp ¥ (a) = a U h(a) and hence

acel & pla)el & W(pa)) €S

Those reductions prove the statement about the Borel complexity of [
and Sy. The fact that St is Hg, together with Proposition 4.6, implies that
the Polish topology of St is almost zero-dimensional.

Let now I” be zero-dimensional and {Uy} be a clopen basis at (). Then
{&~1(Uy)} is a clopen basis for Sy at 1. Conversely, if S; is zero-dimensional,
notice that ¥(I') = ¥(2°)NS; is a closed subgroup of Sy and hence the group
homomorphism ¥|p: I’ — S; is a homeomorphic embedding I'" — ;.
Therefore I'” is zero-dimensional and since I =2 I'™ x 2N, " is also zero-
dimensional.

The last statement is a direct consequence of Lemma 5.2. =»
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Finally, we use our methods from the proof of Theorem 4.8 to sketch an
alternative proof of the following fact, due to Solecki:

PROPOSITION 5.4 (Solecki [14]). For a 9 Polishable ideal I, the follow-
ing are equivalent:

(i) I" is zero-dimensional;
(ii) 1 is a trivial modification of Fin.

Proof. (ii)=-(i). Let I = {a : a N b is finite} for some b C N. If b is
finite, then I = N. If b is co-finite, then I = Fin. Finally, if b is infinite and
co-infinite, I = N@ Fin and I” 2 Fin™ xN7 2 N x 2N is zero-dimensional.

(i)=(ii). Use Theorem 5.1 to find a lsc submeasure ¢ such that I =
Exh(¢) = Fin(¢). Suppose, towards a contradiction, that I” is zero-dimen-
sional but (ii) is not satisfied. Then it is not hard to see that

(8) Ve>0 {n:¢9({n}) <e} ¢l

Indeed, if not, find ¢ > 0 with {n : ¢({n}) < e} € I and set b = {n :
¢({n}) > e}. Then I = {a : aN b is finite}, a contradiction. Let U C {a :
¢(a) < 1} be clopen. We will construct inductively a transfinite sequence
{aa}ta<w, of elements of U satisfying o < f < aq C ag, thus obtaining
the desired contradiction. Start with ag = (). At successor steps, given ag,
use the openness of U and (8) to find n ¢ ag such that ag U {n} € U and
set agi1 = ag U {n}. At a limit a set ao = Uz, ap and lim, a,, = a, in
the Polish topology of I for any sequence {7, } cofinal in « (use I = Exh(¢)
here). Hence a, € U. n
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