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The combinatorics of reasonable ultrafilters
by

Saharon Shelah (Jerusalem and New Brunswick, NJ)

Abstract. We are interested in generalizing part of the theory of ultrafilters on w to
larger cardinals. Here we set the scene for further investigations introducing properties of
ultrafilters in strong sense dual to being normal.

0. Introduction. Questions concerning ultrafilters on w have occurred
to be very stimulating for research in several subareas of set theory and
topology. We hope that this success story could be repeated for ultrafilters
on uncountable regular cardinals A, particularly if A is strongly inaccessible.
Our aim in the present paper is to introduce new properties of ultrafilters
and argue that these properties could play the stimulating role that was once
played by P-points on w.

In the long run, we plan to find generalizations of the following results:

(a) Consistently, some ultrafilters on w are generated by < 2%0 sets.

(b) P-points are preserved by some forcing notions (see, e.g., [14, V],
1))

(c) Consistently, there is no P-point.

(d) For a function f :w — w and an ultrafilter D on w, let

D/f ={ACuw: fﬁl(A) € D},

it is an ultrafilter on w (of course, we are interested in the cases
when D and D/f are uniform, which in this case is the same as
non-principal). By Blass and Shelah [1], consistently for any two
non-principal ultrafilters D1, Ds on w there are finite-to-one non-
decreasing functions f1, fo : w — w such that D1/f; = Da/ fo.
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(f) For a significant family of forcing notions built according to the
scheme of creatures of [11] we may consider an appropriate filter,
ie., if (po : @ < wy) is <*-increasing it may define an ultrafilter (see
[11, §5, 6]) which is not necessarily generated by Ni-sets, so we may
ask on this.

There are many works on normal ultrafilters; their parallel on w are
Ramsey ultrafilters. Now, every Ramsey ultrafilter on w is a P-point but
there are P-points of very different characters, e.g., P-point with no Ramsey
ultrafilter below. Gitik [4] has investigated generalizations of P-points for
normal ultrafilters. But this paper goes in a different direction (which up to
recently I have not considered to be fruitful) and we restrict our attention
to ultrafilters which are very non-normal—the weakly reasonable ultrafilters.
What is a weakly reasonable ultrafilter on A? It is a uniform ultrafilter on
a regular cardinal A which does not contain some club of A and such that
this property is preserved if we divide it by a non-decreasing f : A — A with
unbounded range (see Definition 1.4 below).

We also want that our ultrafilters generalize P-points on w and in the
second section we introduce reasonable and very reasonable ultrafilters. The
property defining P-points is that countable families of sets from the ultra-
filter have pseudo-intersections in the ultrafilter. We modify this property
so that we involve some description of how the ultrafilter considered is gen-
erated, and we postulate that the generating systems are suitably directed.
This is a replacement for the existence of pseudo-intersections and it is the
essence of Definition 2.5(4,5). The third section shows that the number of
generating systems (of our type) for somewhat reasonable ultrafilters cannot
be too small. We conclude the paper with a section listing open problems
and describing further research.

NOTATION. Our notation is rather standard and compatible with that
of classical textbooks (like Jech [5]). In forcing we keep the older convention
that a stronger condition is the larger one. (However, in the present paper
we use forcing notions only for combinatorial constructions and almost every
mention of forcing just means that we are dealing with a transitive reflexive
relation P = (P, <p).)

(1) Ordinal numbers will be denoted by lower case initial letters of the
Greek alphabet (a,f,7,46,...) and also by ¢,j (with possible sub-
and superscripts).

(2) Cardinal numbers will be called &, A, u; A will always be assumed to
be a regular uncountable cardinal (we may forget to mention it).

(3) D, U will denote filters on A, and G, G*, G will be subsets of specific
partial orders used to generate filters on .
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(4) A bar above a letter denotes that the object considered is a sequence;
usually X will be (X; : i < (), where ( is the lengthlh(X) of X.
Sometimes our sequences will be indexed by a set of ordinals, say
S C A, and then X will typically be (X5 :6 € 5).

DEFINITION 0.1. A dominating family in *X is a family F C *X such

that
(Vg € "N)3f € F)(Ba < N)(V8 > a)(9(8) < f(5)).
The A-dominating number 0y is defined as
o\ = min{||F|| : F € *X is a dominating family in *A}.

A club-dominating family in X is a family F C *X such that

(Vg € *]N)(3f € F){B < X: g(B) > f(B)} is non-stationary in \).
The cl(\)-dominating number d.1(\) is defined as

9(A) = min{||F| : F € *\ is a cl(\)-dominating family in *\}.
On 0),0q(A) see, e.g., in Cummings and Shelah [2].

Acknowledgments. I thank Tomek Bartoszyriski and Andrzej Rosta-

nowski for stimulating discussions, and the anonymous referee for valuable
comments.

1. Weakly reasonable ultrafilters. In Definition 1.4(1) we formulate
the main property of ultrafilters on A which is of interest to us: being a weakly
reasonable ultrafilter. In the spectrum of all ultrafilters, weakly reasonable
ultrafilters are at the opposite end to normal ultrafilters. We show that there
exist (in ZFC) weakly reasonable ultrafilters (see 1.10) and we also give some
properties of such ultrafilters.

DEFINITION 1.1. For a cardinal A,

(a) ulf(\) is the set of all ultrafilters on A,
(b) uuf(\) is the family of all uniform ultrafilters on A,
(¢) if D is an ultrafilter on A and f € *), then

D/f:={ACX: f71(A) € D}.

Let us note that in the literature D/ f is also denoted by f(D) or f.(D)
and it is called the image or the projection of the ultrafilter D under f. We
use the quotient notation and terminology because we will deal mostly with
D/C, where:

DEFINITION 1.2. Assume D is an ultrafilter on A.

(1) If E is an equivalence relation on ), then fz € *) is defined by
fe(a) =otp({f < a: f =min(3/FE) < min(a/E)}),
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and D/E is D/fg. (Here, a/E stands for the E-equivalence class
of a.)
(2) For a club C of X let E¢ be the following equivalence relation on A:

aFEcf iff (Vyel)la<ye fB<y)

(so E¢ is the equivalence relation determined by the partition of A
into intervals [¢, () for consecutive members £ < ¢ of C'U {0}). Let
D/C be D/E¢.

(3) Fy is the family of all non-decreasing unbounded functions from \
to A.

OBSERVATION 1.3. Assume that X is a regular cardinal and D € ulf(\).

(1) If f : X — A, then D/ f € ulf(\).

(2) If f € Fx and D is uniform, then also D/f is a uniform ultrafilter
on .

(3) If C is a club of A and (d¢ : £ < \) is the increasing enumeration of
C U {0}, then for a set A C A,

AeD/C ifand only if | J{[0¢,0er1): € € A} € D.
DEFINITION 1.4. Let D be a uniform ultrafilter on .

(1) We say that D is weakly reasonable if for every f € F) there is a club
C of X such that

16,6+ £(6)): 6 € C} ¢ D.

(2) We define a game O p between two players, Odd and Even, as follows.
A play of Op lasts A steps and during a play an increasing continuous
sequence @ = (a; : i < A\) C X is constructed. The terms of & are
chosen successively by the two players so that Even chooses the «;
for even i (including limit stages ¢ where she has no free choice) and
Odd chooses «; for odd «.

Even wins the play if and only if

U{[a2i+1;a2i+2) (i< A} e D.

OBSERVATION 1.5. Let D € uuf(X\). Then the following conditions are
equivalent:

(A) D is weakly reasonable,
(B) for every increasing continuous sequence (¢ : & < A) C X there is a

club C* of A such that

({[0¢,0¢41) : £ € C*} ¢ D,

(C) for every club C of X\ the quotient D/C does not extend the filter
generated by clubs of A.
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PROPOSITION 1.6. Assume D € uuf(A).

(1) If X is strongly inaccessible and Odd has a winning strategy in O p,
then D 1is not weakly reasonable.
(2) If D is not weakly reasonable, then Odd has a winning strategqy in Op.
(3) In (1), instead of “X\ is strongly inaccessible”, it suffices to assume
O3
Proof. (1) Suppose towards a contradiction that A is strongly inacces-
sible, Odd has a winning strategy st in the game op but D is weakly rea-
sonable. By induction on € < A choose an increasing continuous sequence
(N. : e < \) of elementary submodels of H(ATT) so that for each e:
a) Ne < (H(ATT), €, <), [Nl <A, NenA e A,
b) 5jvzs—i—l g N8+1a
C) <NC (< 5> € Neya,
d) st, A\, D belong to Np.
Let 0 = NN A (for e < A). Then (d. : € < A) is an increasing continuous
sequence of limit ordinals. Let f(a) = dq41 for a < A, so f € Fy.

Since D is a weakly reasonable ultrafilter, there is a club C' of A such
that

J{18,6+ f(8)): 6 € C} ¢ D.
Let
C* ={e € (C:e =0 is alimit ordinal}

(it is a club of A). Then for ¢ € C* we have [J¢,d:+1) C [g,€ + f(¢)) and
hence

J{[0-,611) :e € C*} ¢ D.

Let us define a strategy st’ for Even in the game O p as follows. For an even
ordinal ¢ < A, in the ith move of a play, if (oj : j < i) has been played so far
then Even plays
sup{a; : j < i} if 4 is limit,
‘" | min{e € C*: (Vj < i)(a; <€)} otherwise.

Now consider a play (a; : ¢ < A\) in which Even uses the strategy st’ and
Odd plays according to st. Then for each i < A we have ag; € C* and thus
a2 = Oay; € Nag;+1, and also {a; : j < 2i} C gy € Ngy,41. Since the
model Ny, +1 is closed under forming sequences of length ag; + 1 (by (b)),
we conclude that (a; : j < 2i) € Nay,41. Since st € Ny < Na,, 41, clearly
2i+1 € Nay;+1 N A and therefore anji1 < day,+1. Hence

U{[O‘?i’a%-l-l) ti <A} C U{[5a2i’6a2i+1) 1l <A}
c (J{16:,0c41) e € C*} ¢ D.
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But st is a winning strategy for Odd, so he wins the play and
(Hle2is1, 02i12) s i < A} ¢ D,

a contradiction.
(2) Suppose that D € uuf()) is not weakly reasonable. Then we may find
f € Fy such that for every club C' of A we have

\J{16.5+ f(6)) : 6 € C} € D.

Let st be a strategy of Odd in ©p which instructs him to play as follows.
For an odd ordinal i = iy + 1 < A, in the ith move of a play, if (a; : j < ig)
has been played so far, then Odd plays o; = a;y + f(c,) + 1.

We claim that st is a winning strategy for Odd (in ©p). To this end
suppose that (o : j < A) C Ais a result of a play of Op in which Odd uses
the strategy st. Let C' = {a; : i < A is limit}; it is a club of A, so by the
choice of f we have

{06,6+ f(6)):6 € C'} € D.
Since J{[0,6 + f(9)) : § € C'} C U{[o2is as;,,) : @ < A} we may now
conclude that Odd indeed wins the play. =

REMARK 1.7. Let us note that some assumptions on A in 1.6(1) are

needed. This will be shown in the subsequent paper of Rostanowski and
Shelah [7].

LEMMA 1.8. Suppose that A is a reqular uncountable cardinal, D €
uuf(\) is a weakly reasonable ultrafilter and (3; : i < \) is an increasing
continuous sequence of ordinals below A. Then there is an increasing contin-
uous sequence (0¢ : £ < A) C X consisting of limit ordinals and such that

U{[/B52§+176525+2) €< )\} eD.

Proof. 1t follows from 1.5 that we may find a club C* of A such that
all members of C* are limit ordinals and (J{[B¢, Be41) : £ € C*} ¢ D. Let
Ct=C*"U{¢+1:£ e C*} (clearly it is a club of \) and let (J¢ : £ < A) be
the increasing enumeration of C*. Note that C* = {d¢ : £ < X is even} and,
for an even ordinal § < A, d¢41 = ¢ + 1. Hence

U{[ﬁ55’ﬁ55+1) < Ais even} = U{[ﬂ&g?/ﬁdg‘i’l) E<\is even}

= (B Be1) : ¢ Cy ¢ D.
Consequently, U{[ﬁ(;g,ﬁ(;gﬂ) ;&< Aisodd} € D. u

THEOREM 1.9. If X is a regular uncountable cardinal and D € uuf(\) is
weakly reasonable, then D is a reqular ultrafilter.
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_ Proof. Using Lemma 1.8 we may choose by induction on € < A a sequence
(0% : € < A) so that
(a) 65 = (65 : 4 < )) is an increasing continuous sequence of non-
successor ordinals below A, 45 = 0,
(b) the set A, := (J{[05;41,05;42) : @ < A} belongs to D,
(c) if ( <€, i< A, then & € {(5§ : 7 < Ais a limit ordinal or zero}.
For e < A let f. : A. — X be such that

@ € [05;11,0540) = fe(a) =541
Note that
(®) if (<e<\ aeArNA., then f.(a) < fe(a).

[Why? Let fe(a) = 5gi+1 (so a € [(55@-“,55”2)). It follows from (c) that
fe(la) € {(5]C : 7 < Xis a limit ordinal or zero} and hence (as also f.(a) < )
we may conclude that f.(a) < fe().]

For a < A\, let wy = {e < A:a € A.}. It follows from (®) that (for every
a < A) the sequence (f.(«) : € € wy) is strictly decreasing, so necessarily
each w, is finite. Since A. € D for each € < A (by (b)), we have shown the
regularity of D.

THEOREM 1.10. Let A > Rg be a reqular cardinal. Then there is a uniform
weakly reasonable ultrafilter D on \.

Proof. Let {f.:e <05} C*X be a dominating family and for ¢ < 0, let
C: be a club of X\ such that members of C. are limit ordinals and

(V0 € C.)(Va < 8)(fo(a) < 6).

Let (o ; : i < A) be the increasing enumeration of C;.
By induction on ¢ we will choose sets E., A, so that for each € < 0):

(a) A is an unbounded subset of A and E. C C; is a club of A,

(b) Ae N Ufleeyy, ey1) 17 € Ee} =10,

(c) ifn <wand (p <+ < (uo1 < then |[A. N, Acll = A

So suppose that we have chosen A¢, ¢ for ¢ < e <) so that the respective
reformulations of (a)-(c) hold true. For a finite sequence ( = (¢; : i < n)
of ordinals below ¢ let A% = (,_,, A, (note that | A%|| = A by the demand

in (c)). Let gz: € 2\ be such that

<n

(@) if acy < o < 0 iq1, then g%(a) = min{d > o iy1 : [Qei41,0) N A
# 0}
The family {gg : { € “>¢e} is a subset of A\ of cardinality < |¢| +Rq < 0y, 50

it cannot be a dominating family. Therefore we may pick a function h. € *\
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such that
(V¢ € “Ze)(Fra < )\)(gz—(a) < he(@)).
Put
E.={0 <X:0 =04 is a limit ordinal and (Vor < 0)(h-(cv) < 0)}

Ae = U{[O‘sﬁ-ﬁ-lv Qe ) 1y < 0 are successive members of E.}.

It should be clear that E., A, satisfy demands (a), (b).

Let us argue that also condition (c) holds true. Let { € “>¢ and we shall
prove that A, N A¢ is unbounded in \. By the choice of h., the set B =
{a< A g%(a) < he(a)} is of cardinality A. Let us fix a € B for a moment
and let ¢ < A be such that o ; < o < o jq1. Let sup(E:Nacir1) =7 = Qey
and min(E; \ @z y+1) = 0 = a. ;5. Then ~,0 are successive members of E.
and

Y < ae; S a< gyl <0.
Hence (by the definition of E. and since o € B) we get
[ae,z‘+1,g§(a)) C [aa,i+17hs(a)) c [045,7-1—17015,6) C A..

It follows from (@) that [a57i+1,g§(0z)) NAS #£ 0, and so A. N AS\ o # 0.

Since ||B|| = A we may now easily conclude that ||A. N AS|| = A, showing
that A., E. are as required.

After the construction is carried out (and we have the sequence (F., A; :
£ < 0))) we may find a uniform ultrafilter D on A such that {A4; : e <0,} C
D (remember the demand in (c)). We claim that D is weakly reasonable. To
this end suppose that C is a club of X\ and (J¢ : £ < A) C X is the increasing
enumeration of C. By the choice of f.,C. (for ¢ < 0)) we may find £ < 0
and jo < A such that

(Vi > jo)(||[ae,i» aeiv1) NCJ| > 2).
Let
C*={yeE.NC\jo:7v=acy =0, is alimit ordinal}

(it is a club of A). Since for v € C* we have oy = 0y < 0441 < Q41 We
may easily conclude from (b) that

(A(65,6,41) : v € C*} ¢ D,
completing the proof (remember 1.5). m
2. More reasonable ultrafilters. In this section we propose a prop-

erty of ultrafilters stronger than being weakly reasonable (see Definition
2.5(5)). We believe that the notion of very reasonable ultrafilters is the right
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re-interpretation of being a P-point in the setting of “very non-normal ul-

trafilters” on an uncountable regular cardinal A\. We start by describing a

forcing notion Q}\ which motivated our choice of generating systems of 2.5.
As before, A is always assumed to be an uncountable regular cardinal.

DEFINITION 2.1. We define a forcing notion Qi as follows. A condition
in Q} is a tuple p = (v#,CP,(Z} : § € CP),(d} : § € CP)) such that
(i) ¥» < A, CP a club of X\ consisting of limit ordinals only, and for
0 CP:
(i) 72 = (6, min(CP\ (5+1))),
(iii) d§ € P(Z}) is a proper ultrafilter on Z}.
The order §Q§: < of Q%\ is given by p §Q§ q if and only if

(a) 7P <~%, CPNAP CCTCCP,
(b) if § < e are successive members of C? (so Zj = [4,¢)), then

(VA € d2)(3¢ € CP N [5,2))(AN 2P € db).

REMARK 2.2. The forcing notion Q%\ can be represented according to the
framework of [10, §B.5].

PROPOSITION 2.3.

(1) Q!} is a partial order, ||QL| = 22,

(2) If p,q € Q}\, p < q, 0 < e are two successive members of CP, and
d,e € C?, then Z} = Z3 and df = df.

(3) Q3 is (<\)-complete (so it does not add bounded subsets of ).

(4) If p € QL, A C ), then there is a condition q € Q3 stronger than p
and such that either

(V6 € CINAP)NANZEed]) or (V6e€CI\P)ANZ] ¢ dY).

Proof. (1), (2) Straightforward.
(3) Assume that § < X is a limit ordinal and a sequence (p; : i < §) C Q}
is SQk—increasing. Let E be a uniform ultrafilter on 4. Let us put:

o v =sup{Pi :i <d}, C =(),.sC", and for a € C' let

o Zy=|o,min(C \ (o +1))) and

e d,={ACZ,:{i<d:ANnZE € dy} € E}.
It is easy to check that p = (7,C,(Zy : a € C), (ds : @ € C)) belongs to Q}
and that it is a condition stronger than all p; (for i < J).

(4) Let p € Q) and A C . Just for simplicity we may assume that
~P € CP (as we may always increase 7P). Put

Y ={acCl:ANZE e dl}

and consider two cases.
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CASE 1: Y is unbounded in A\. Then we may choose an increasing con-
tinuous sequence (J; : i < A\) C CP such that do = +? and (Vi < A)([d;, di+1)N
Y #0). Put

e Y=~ C={;:1 < A}U(CPNAP),
o if « € OP N AP, then Z, = Z4 and d, = db,,
o if «=0;, 1<)\, then Z, = [J;,0;4+1) and

— . 4 4
do ={B C Za: BN Z 5 00\a) € drnin(yra) -

It is straightforward to verify that ¢ = (v,C,(Zy : a € C),{dy : a € C))
€ Q! is a condition stronger than p and it is also clear that (Va € C'\ /)
(ANZy €dy).

CASE 2: Y is bounded in A. Then the set A \ Y is unbounded, so we
may apply the construction of ¢ from Case 1 replacing Y by its complement
A\ Y. It should be clear that the condition ¢ we then get satisfies (Vo €
CINY)ANZL ¢ dl). =

REMARK 2.4. The following discussion presents our motivations for the
definitions and concepts presented later in this section.

Suppose that G C Q} is a generic filter over V. In V[G] we define
C =J{CPn+P : p € G} and for a € C we let d,, = db, for some (equivalently:
all) p € G such that o < 4P and C? N (a,4?) # (). Then C' is a club of X and
(for a € C) d, is an ultrafilter on [, min(C' \ (a+ 1))). Let

D={AcPN)V: (@< N(Va>e)(AN[a,min(C\ (a+1))) € dy)}.

It follows from 2.3(4) that D is an ultrafilter on the Boolean algebra P(\)V.

Let D be a Q%\—name for the D defined as above. Note that if p € @i,
A C Xand (3e < N\)(V6 € CP\e)(ANZY € &), then p IFqi “A € D”. Plainly,
the family {A C A:p “_Qi “A € D’} is a uniform filter on A, and, of course,
for a generic filter G C Qi over V,

DY =|J{{ACA:iplrg “A€ D'} :peGY.

DEFINITION 2.5. (1) We define a forcing notion QY as follows. A
condition in QY is a tuple p = (C?,(Z} : § € CP),(d} : § € CP)) such
that (0,CP,(Z% : 6 € CP),(df : § € CP)) € Q). The order <g = <
of Qg is inherited from @i in a natural way.

(2) We define a relation g@:g* on QY as follows: p <* ¢ if and only if
for some o < A\ we have

(CP\ o, (Z): 6 € CP\ o), (d : 6 € CP\ )
<q (CT\ o, (Z]:6€Ci\a),(dl:0eC\a)).
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(3) For a condition g € QY we let
fil(g) :={ACX: (Fe <N)(V6 € C?\e)(AN Z] € d})},
and for a set G* C QF we let fil(G*) := J{fil(p) : p € G*}. We also
define a binary relation <° on Qg by
p<"q¢ if and only if fil(p) C fil(q).

(4) We say that an ultrafilter D on A is reasonable if it is weakly rea-
sonable (see 1.4(1)) and there is a directed (with respect to <) set
G* C QY such that D = fil(G*). The family G* may be called a
generating system for D.

(5) An ultrafilter D on A is said to be wery reasonable if it is weakly
reasonable and there is a (<AT)-directed (with respect to <°) set
G* C Q) such that D = fil(G*).

REMARK 2.6. Note that ||fil(p)|| = 2* whenever p € QY is such that all
ultrafilters db (for a € CP) are non-principal. Thus even if D = fil(G*) for
some small generating system G* C Q?\, the minimal number of generators
for D as a filter may be 2*.

OBSERVATION 2.7.
(1) I p 3o q, then fil(p) C fil(q) (so p <0 g).

(2) If a set G* C QY is directed with respect to <°, then fil(G*) is a filter
of subsets of A containing all co-bounded subsets of .

DEFINITION 2.8. Suppose that

(a) X is a non-empty set and e is an ultrafilter on X,
(b) dy is an ultrafilter on a set Z, (for z € X).

We let

@zexdx:{Ag U Zx:{xeX:ZxﬂAedI}Ee}.
zeX

(Clearly, @5 ¢ x d; is an ultrafilter on |J,c y Zz.)
PROPOSITION 2.9. Let p,q € Qg. Then the following are equivalent:

(a) p<°q,
(b) there is € < X\ such that

(Vo€ C7\ e)(VA € d)(3B € CP)(AN Z € dfy),

(c) there is ¢ < X such that if a« € C?\ € and By = sup(CP N (a + 1)),
1 = min(CP \ min(C?\ (a + 1))), then there is an ultrafilter e on
[Bo, B1) N CP such that

e = {Am z4: Ae @ {d5: € (6o, Br) N cp}}.
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Proof. (a)=>(b). Assume towards a contradiction that p <° ¢, but (b)

fails. Then we may pick a sequence (o, A¢ : & < A) such that for each £ < A,
(i) Qg € C1, Ag S d‘é’[&,

(i) if ¢ < (< A, B € CPNmin(C?\ (ag+1)), then min(CP\ (B+1)) < ag,

(iii) (VB e CP)(Ae¢n Zg ¢ dg).
It follows from (ii) that for every 3 € CP there is at most one £ < A such that
Zg NZ&, # 0. Also if 8 € C? and Zg NZé, € dg, then (Zd, \ A¢) N Zg € dg.

Put A = U£<>\ A¢. By what we have said above, for all 3 € C? we have
(A\ A)N Z§ € dj, and hence A\ A € fil(p) C fil(g). This contradicts (i).

(b)=-(c). Assume that (b) holds true as witnessed by ¢ < A. Let a €
Cl\ e, o/ = min(C?\ (a+1)), By = sup(CPN(a+1)) and f; = min(CP\ o).
For A € di put

w(A) = {ﬁ € [,60,51) NCP: AN Zg € dg}

It follows from (b) that w(A) # (. Plainly w(A N A") = w(A) N w(A")
for A, A" € df, so we may pick an ultrafilter e on [y, 1) N CP such that
{w(A) : A € d&} C e. Now it should be clear that

1 C {ang .BeP(d: 8¢ [ﬁo,ﬁl)me}}

and (since clearly Z¢ € @e{dg : B € [Bo, B1)NCP}) the set on the right-hand

side is a proper filter on Z¢. Consequently, the two sets are equal.
(c)=(a). Assume that (c) holds true as witnessed by ¢ < A, and suppose
that A € fil(p). Pick ¢’ < X such that ¢ < ¢’ and

(VB e CP\N(ANZE e dy).
Suppose a € C?\ (min(C? \ ') + 1) and let By = sup(CP? N (e + 1), B =
min(CP\ min(C?\ (a+1))). Let e be an ultrafilter on [y, 51) NCP such that
4 = {B NZ4:Be@{d: B e (6o, 1) N cp}}.

Note that §y > ¢’ and hence AN Zg € dg for all 5 € [Bo, 1) N CP. Conse-
quently,

AN (o, B1) € P {d5: B € [Bo, Br) N C7}
and therefore also
ANZE = (AN [Bo, fr)) N ZE € di.
Now we easily conclude that A € fil(g). w

DEFINITION 2.10. Let p € QY. Suppose that X € [CP]» and C C CP is
a club of A such that

if o < (3 are successive elements of C, then |[a, 3) N X| = 1.
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(In this situation we say that p is restrictable to (X,C).) We define the
restriction of p to (X, C)) as an element ¢ = p[(X, C) € QY such that C? = C,
and if o < 3 are successive elements of C, = € [a, 3) N X, then Z& = [a, )
and di, = {AC Zd: AnZE e di}.

ProPoOSITION 2.11.

(1) Assume that G* C Q?\ is <O-directed and <°-downward closed, p €

G*, X € [CP]* and C C CP is a club of A such that p is restrictable
to (X,C). If U ex 2% € fil(G*), then p|(X,C) € G*.

(2) If G* C QY is <O-directed and ||G*|| < A, then G* has a <°-upper

bound. (Hence, in particular, fil(G*) is not an ultrafilter.)

Proof. (1) Suppose that G*, p, X, C are as in the assumptions and
Usex 28 € fil(G*). Since G* is <’-directed (and p € G*) we may pick
r € G* such that p <% r and Usex 25 € fil(r). We are going to show that
q = p{X,C) <% r (which will imply that ¢ € G* as G* is downward closed).

Since J,cx 2% € fil(r), there is € < A such that

(VaECT\s)( U zznze d;)

zeX
and
VMae C"\e)(VA e d,)(3B € CP)(AN Zg € dg)

(remember 2.9(b)). Now suppose that « € C"\e and A € dy,. Then J, .y ZF
NA € dj, so there is 3 € CP? such that |, x ZgﬂAﬂZg € dfé. In particular,
Usex 26N Zg N A # (), so necessarily 3 € X. Let 3y < (31 be the successive
elements of C' such that Gy < § < (1. Since

ZEnA= ] zZZnZinAed,

zeX

we also have AN Zgo € dqﬁo. Thus we have shown that

if o € C"\ € and A € d,, then there is §y € C? such that AN Zgo € d%o.

Consequently, ¢ <% r (remember 2.9).

(2) Let (pe : £ < A) list (with possible repetitions) all members of G*.
For § < Alet Ce = {0 < A:d =sup(6d NCP)} (it is a club of \), and for
&, ¢ < Mlet e({¢,¢}) < A be such that if pe <Y p¢, then

(Va e CP\ e({€,C})) (VA € do’) (3 € CP)(AN Zif € dfy)
(remember 2.9). Let
C* = {6 < X: 6§ is limit and {p¢ : £ < §} is <O-directed}
(again, it is a club of \). Finally, let
c={iecC ﬂgﬁ\C’g t(VE, ¢ < 9)(e({&,¢)) < 9)}.
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Plainly, C'is a club of A\. Now, suppose that § <  are two successive members
of C. Put Zs = [§,7) and let

Is={AC Zs: (3¢ <)(Va € CP\ 0)(AN Za* ¢ did)}.

It easily follows from the definition of C that I is a proper ideal on Zg, so
we may pick an ultrafilter ds on Zj disjoint from I5. Let ¢ = (C,(Z5 : § € C),
(ds : 6 € C)). Clearly q € Q?\ and we will argue that ¢ is a <%-upper bound
to G*. So let £ < A. Suppose that § € C'\ ({+1) and A € ds. Then A ¢ I,
so there is @ € CP¢ \ ¢ such that AN 7k ¢ 4P Now we may use 2.9 to
conclude that p¢ <V¢. =

PROPOSITION 2.12. If 2% = \*, then there is a §(*@0 -increasing sequence

A

p=(pe:e <AT) C QY such that
fil(p) == J{fil(p) : e < AT}

18 a uniform ultrafilter on A.
Proof. Straightforward induction using 2.3(4) and the proof of 2.11(2). =

For basic information on the ideal of meager subsets of * and its covering
number we refer the reader e.g. to Matet, Rostanowski and Shelah [6, §4].
Here we state only the definitions we will need.

DEFINITION 2.13.

(1) The space "\ is endowed with the topology obtained by taking as
basic open sets () and Oy for s € *>\, where O, = {f € *X: s C f}.

(2) The (<\)-complete ideal of subsets of *\ generated by nowhere dense
subsets of *\ is denoted by Mﬁ’)\.

(3) COV(MQ’)\) is the minimal size of a family A C Mﬁ’)\ such that
UA=*\

THREOREM 2.14. Assume that A< = X and COV(M§7/\) = 2%, Then there

exists a very reasonable ultrafilter on A.

Proof. Fix a model N < H(x) (for some large regular cardinal x) such
that |[N||= X and *>N C N.

For p € QX let (0% : v < A) be the increasing enumeration of C? and let
1P be the sequence of length A such that

(Va <) ("(e) = (Z5, d5p)).

86 o8
Next let
To={Pla:pe QNN (fora<)) and 7T = U 7o
a<A
Clearly 7 is a tree isomorphic to *>\ by an isomorphism preserving the levels
(i.e., mapping 7, onto “)\). Also, every A-branch 7 € lim(7) determines a
condition p € Qg such that n =nP. Let Q* = {p € Qg :mP € lim(7)}.
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A family G* C Q* is linked if it is (<w)-linked with respect to the
partial order <%-restricted to Q*, that is, if every finite subset of G* has a
<% upper bound in Q* (but the bound does not have to be in G*). Note that
if po,...,pn € Q* have a <%-upper bound in (@9\, then they have a <’-upper
bound in Q* as well. For pg,...,p, € Q*, 6 < & < X and an ultrafilter d on
[0,0) let (@)Por-Pn(§, ¢, d) mean
(@)Po-Pn (a) §,6' € CPoN...NCP" and

(b) if B € d, i < n, then there is £ € [§,¢') N CPi such that
BNzl ed.

Cramv 2.14.1. If G* C Q* is a linked family, |G*| < COV(Mi)\), and
A C A, then there is p € Q* such that

(a) G*U{p} is linked,

(b) either A € fil(p) or A\ A € fil(p).

Proof of the Claim. We will consider two cases.

CASE 1: For every po,...,pn € G*, n < w, there is p € Q* such that
A e fil(p) and po <° p,...,pn <% p. Note that the assumption of the present
case is equivalent to

(®) for every po,...,pn € G*, n < w, and a < A there are 6 < &' < A
and an ultrafilter d € N on [§, ") such that ()PP (§,4’, d) holds
true and o < § and AN[4,9") € d.

We let
Ta={neT:(NMa<lh(n)(VZ,d)(n(a)=(Z,d) = ANZ € d)}.

Clearly, 74 is a A-branching subtree of 7 and 74 is isomorphic to *> . Now,
for po,...,pn € G*, n < w, and a < X let I2(po, ..., pn) be the set

{n € im(T4) : (38 > )(30, 6", d)((®)" (6,8, d) & n(B) = ([6, ), d))}.

It should be clear that I2(po,...,p,) is an open dense subset of lim(7y)
(remember (®)). Therefore (as ||G*| < COV(MQ’A)) we know that

ﬂ{[é‘(po,...,pn):n<w&po,...,anG*&a<>\}7ﬁ®

and we may choose 7 from the set on the left-hand side above. Let p € Q*
be such that n = nP. Since n € lim(74) we know that A € fil(p). Also, for
every po,...,pn € G* we have n € (., IA(po,...,pn) and hence

[{6 € CP :if ' = min(CP \ (6 + 1)) then (®)PPr(6,d8",d§)}|| = A

So one may easily construct p* € Q* which is <%-stronger than p,po,...,pn
(remember 2.9). Thus we have justified that G* U {p} is linked.

CASE 2: There are pg, . ..,pn € G*, n < w, such that
if p € Q* is <O-stronger than po, . ..,pn, then A ¢ fil(p).
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It follows from the proof of 2.3(4) that then
for every qo, ..., qm € G*, m < w, there is ¢ € Q* such that
M\ A€fil(g) and o <°q,...,qm <" ¢

(remember G* is linked and that bounded subsets of A are in ). Thus we
may repeat the arguments of Case 1 for A\ A and we find p € Q* such that
G* U {p} is linked and A\ A € fil(p). =

CrLAam 2.14.2. If G* C Q* is linked, ||G*|| < cov(Mf\‘ ) and po,p1 € G¥,
then there is p € Q* such that

(a) G*U{p} is linked,

(b) po <° p and p; <% p.

Proof of the Claim. Let pg,p1 € G*. Note that

(®) for every pa,...,pp € G*,2 <n < w, and @ < X there are § < ' < A

and an ultrafilter d € N on [§,4") such that (@)Po-PLP2-Pn(§, 4§, d)
holds true and a < 4.

We let TPoP1 be the set

{neT: (Vo <Ih(n))(Vo,d d)(n(a) = ([4,0"),d) = (®)"" (6,8, d))}
and we note that 7P0P! is a \-branching subtree of 7 isomorphic to *>\,
For po,...,pn € G*, 2 <n < w, and a < X we let I5°"' (po,...,pn) be the
set

{n € Uim(7PP) : (38 > ) (36,8, d)((®)P> P (5,0, d) &

n(B) = ([6,8"),d))}-
Then I5°P'(ps,...,pn) is an open dense subset of lim(7P0P1) (remember
(®)). Since ||G*|| < COV(MQ’/\), we may choose p € Q* such that

T]péﬂ{lgo’pl(pg,...,pn):2§n<w&p2,...,anG*&oz<)\}7é@.

As in the proof of 2.14.1 we argue that G* U {p} is linked. Since nP €
lim(7P0:P1) we easily see that p is <’-stronger than both py and p;. =

CrLAam 2.14.3. If G* C Q* is a linked family, ||G*| < COV<M§’A), E< A
is a limit ordinal and a sequence (p; : ¢ < &) C G* is <%-increasing, then
there is p € Q* such that

(a) G*U{p} is linked,

(b) (V¢ < &)(pc <" p).

Proof of the Claim. First let us consider the case when £ < A. Suppose
that a sequence p = (p¢ : ( <§) C G* is <Y.increasing and let

Ty ={n €T : (Ya <1Ih(n))(¥s,d, d)(n(a) = ([6, ), d)

= (Y < (@)% (5,8,d))}.
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By arguments similar to that of 2.3(3) we verify that 7; is a A-branching
subtree of 7 and it is isomorphic to ’\>)\.7 As in the previous claims, for
Phs -, P € G*,n <w, and a < A we let I5(p,...,p),) be the set

{n € im(7;) : (38 > )(36,8', d) (@) #2(8,6,d) & n(B) = ([5,8),d))}.
Then each IX(p),...,pl,) is an open dense subset of lim(7;). [Why? Let
n € T5. We may assume that for each ¢ < ( < £ and g € CP< \ lh(n) and
Ae dgg there is v € CP= such that ANZY* € db°. We also may demand that

8o == sup(6’ < X : (3a < 1h(n))(36, d)(n(er) = ([6,"),d))) € () CP=n (") C*".
e<€ i<n

Choose inductively a sequence (0¢,d¢ : ¢ < &) so that

(a) (0¢ : ¢ < &) is an increasing continuous sequence of ordinals below A,

(b) d¢ € N is an ultrafilter on [0¢, 6¢11), d¢ct1 € (Noce CF,

(c) (@)PorPnPc (8¢, 511, dc) holds true (for each ¢ < €).
Let 6¢ = sup(d¢ : ¢ < &) and let e € N be an ultrafilter on § containing all
co-bounded subs/ets ?f §. Put d = Pi_¢dc—it is an ultrafilter on [do, o¢),
d € N and (®)PorPnPc(§g,0¢,d) holds true for each ¢ < £. Consequently,
n U {(h(n), ([00,d¢),d))} € T; and every member of lim(7;) extending it
belongs to I&(py, - -, ph)-|

Thus we may pick p € Q* such that

S m{lg(p{),...,p%) n<w&ph,...,p, € G & a< A}

Since 1P € lim(7;) we easily see that pe <% p for all ( < &, and as in the
proof of 2.14.1 we argue that G* U {p} is linked.

If ¢ = Xand p = (pc : ¢ < A) is <Yincreasing, then we proceed in a
similar manner except that we work in the tree

* . ! _ !
Ty ={neT:(Va<lh(n))(vs,d, d)(n(a)=([6,0),d)
= (V€ < a)(@)(6.5' ).
CLAIM 2.14.4. Assume that G* C Q* is a linked family, ||G*| <

COV(M§7)\), C C Xis a club and (0¢ - £ < A) is the increasing enumera-
tion of C. Then there is p € Q* and a club C* of A such that

(a) G*U{p} is linked,
(b) U{lb¢+1,9¢) : & < ¢ are successive members of C*} € fil(p).
Proof of the Claim. Let
Tc = {n € T : for each a < lh(n) such that a = , and for every «’, d,
() = ([a, '), d) = day1 < & & [0a; dat1) ¢ d)}-
One easily verifies that 7¢ is a A-branching subtree of 7 which is isomorphic
to *>\. As before, for pg, ..., p, € G*,n < w,and a < Awelet IS (po, ..., pn)
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be the set
{n €lim(Zc) : (38 > &)(34, 8", d)((&)7"(0,0",d) & n(B) = ([0,0"),d))}.
Each IS (po,...,pn) is an open dense subset of lim(7¢) and hence there is

p € Q* such that

npém{lg(po,...,pn):n<w&p0,...,pn €eG" & a< A}
As in the proof of 2.14.1 we argue that G* U {p} is linked. Put
C* ={a < \:a=0d,is limit & (3a/,d)(nP(a) = ([a, &), d))}

and note that C* is a club of \. Note that if & € C* and nP(a) = {[a, &), d),
then do41 < o and [dn, dat1) ¢ d. Consequently,

U{[5a+1, d3) : oo < 3 are successive members of C*} € fil(p). m

To prove the theorem we construct inductively a sequence (g¢ : ¢ < 2)‘>
of elements of (Q* such that

e for each & < 2* the family {g¢ : ¢ < &} is linked,

e for each A C X there is ¢ < 2* such that either A € fil(g;) or A\ A €
fil(q¢),

e for each ¢ < & < 2* there is @ < 2 such that qc <9 go and qe <9 ¢a,

eif { < Xand (pr: ( < §)isa <Y.increasing sequence of elements of
{qc : ¢ < 2*}, then there is a < 22 such that ¢, is a <%-upper bound
to all p¢’s,

e if a sequence (¢ : £ < A\) C A is increasing continuous, then for some
¢ < 2* and a club C* of A\ we have

U{[5£+1, b¢r) : € < & are successive members of C*} € fil(gc).

The construction is a straightforward application of a suitable bookkeeping
device and Claims 2.14.1-2.14.4. After it is carried out put G* = {q¢ :
¢ < 2} and note that fil(G*) is a very reasonable ultrafilter on \. =

Let us finish this section with an observation showing that the assumption
A<* = X in Theorem 2.14 is very natural in the given context.

PROPOSITION 2.15. Assume § < A = cf(\) < 2%, Then cov(M3 ,) = AT.

Proof. Let (ve : £ < AT) be a sequence of distinct functions from 6 to 2.
Let (do : @ < A) € X be an increasing continuous sequence such that dy = 0,
Satr1 = 0q + 0 (for a < N). Now, for £ < AT we define

Fe = {n € ™ (Ya < \)(@i < 0)(1(8a +7) # ve(0))}.
Plainly, each F¢ is a closed nowhere dense subset of AX\. We claim that

U5<)\+ F. = A\, To this end suppose that 7 € *\ and consider the restric-
tions 1[[dq, da+1) for a < A. These restrictions determine A functions from 6
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to 2, so we may find £ < AT such that v is distinct from all these functions,

e, (Voo <X)(F < 0)(n(0a +1i) #ve(i)). Thenn € Fe. m

3. fil(G*) and dominating families. In this section we show that fam-
ilies G* C Qg generating reasonable ultrafilters cannot be too small.
THEOREM 3.1. Forp € Q?\ let f, € A\ be such that
(Va < AN)(fp(a) € CP & otp(CP N fp(a)) =w - a +w).
(1) Suppose that G C QF is (<Ny)-directed (with respect to <°) and
fil(G§) is a weakly reasonable ultrafilter. Then Fo = {fp:p € Gy} is
a dominating family in .
(2) Suppose that G C QY is directed (with respect to <Y) and fil(G}) is
a weakly reasonable ultrafilter on X\. Then Fy = {f, : p € Gi} is a
club-dominating family in M.
Proof. (1) First note that if p,q € G§, p <° ¢, then for some ¢ < A, if
a < B < v are successive members of C?\ ¢, then (a,v) N CP # (). Thus
p <" ¢ implies that for all sufficiently large o < A we have f,(a) < f,(a).
Consequently, the family Fy is (<¥;)-directed (with respect to <*).
Suppose towards a contradiction that Fy is not a dominating family.
Then we may choose an increasing continuous sequence a’ = (ag E <)
such that
(¥p € G3)(Fe < N(fy(ad) < ay).
Now, by induction on n < w, choose increasing continuous sequences &" =
(ag : £ < A) so that letting Cp, = {off : £ < A} we have

(i) a° is the one chosen earlier,
(ii) Cp+1 C{a? : e =al is a limit ordinal},

(iif) UflaZ, ayy) s € € Crya} ¢ fil(GP).
It should be clear that the construction of a&™’s is possible (remember that
fil(G§) is a weakly reasonable ultrafilter; use 1.5). Let C,, = (), Cn and
let (o : £ < A) be the increasing enumeration of C,,. It follows from (ii)
that for every € < A the sequence (o | : n < w) is strictly increasing and
sup(al,; :n < w) € Cy, and if { = a, then Sup(agﬂ n<w)=ad . It
follows from (iii) that for every n < w,

A= J{[0f,0f1) e < X & €= ¥} ¢ H(Gp).

Fix p € G{ for a moment. By the choice of a’ we know that the set
{E< A fp(ag) < a2+1} is unbounded in A, and hence also the set {e < X :
fr(a¥) < a¥ } is unbounded in A. Therefore for some n < w we have

He <A:&=af = fp(a?) <agutl =X
let n(p) be the first such n < w.



20 S. Shelah

Note that if p <° ¢ are from G§;, then n(p) < n(q) (as f, <* f,). Con-
sequently, since Gf is (<Np)-directed, there is n* < w such that (Vp € G})
(n(p) < n*). Look at the set A,-: for every p € G{ there are A many ¢ < A
such that o < fp(a¥) < ag_l, where £ = ¥, and so (by the definition of

e
fp) we get Ay« € (fil(p)) ™. Since fil(GY) is an ultrafilter we get an immediate
contradiction with A,- ¢ fil(Gf).
(2) Suppose towards a contradiction that Fj is not club-dominating in *\.
Then we may find an increasing function h € *X such that

(Vp e GT)({e < A: fp(e) < h(e)} is stationary in ).

Pick an increasing continuous sequence (J¢ : & < A) C A such that (V€ < A)
(h(6¢) < d¢41)- Since fil(G7) is weakly reasonable, we may use 1.5 to pick a
club C of X such that C' C {{ < A: ¢ = ¢ is a limit ordinal} and

{18¢, d¢1) : € € C} ¢ RU(GT).

Since fil(G7) is an ultrafilter, for some p € G} we have

M UtlBer5es) - € € O} € filp).
However, by the choice of h, the set {{ < X: 0 =§ € C & fp(€) < h(€) <

deq1} is stationary (so of size \), and we get an immediate contradiction
with the definition of f,. =

COROLLARY 3.2.
(1) If G € QY is (<Ny)-directed (with respect to <Y) and fil(G*) is a
weakly reasonable ultrafilter, then ||GH|| > 0.

(2) If G; C QY is directed (with respect to <°) and fil(GY) is a weakly

reasonable ultrafilter on A, then ||G5|| > 0a(N).

PROPOSITION 3.3. Suppose that G C QY is (<\)-directed (with respect
to S@g) and fil(G*) is an ultrafilter. For p € G} let f, € *X be defined as
in 3.1. If Fo = {f, : p € G}} is not a dominating family in *), then \ is
measurable.

Proof. Similarly to the proof of 3.1(1), we note that Fy is (<\)-directed
(with respect to <*). Assume Fj is not dominating family. Then we may
choose an increasing continuous sequence (ag : & < A) such that

(Vp € G§)(3e < N)(fylaz) < acsr).
Let
U={ACX:(TpeGy(F < A)(Ve >0)(fplae) < aer1 =€ A)}.

We are going to show that U/ is a A-complete uniform ultrafilter on A. It
should be clear that U/ includes all co-bounded subsets of A and that it is a
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A-complete filter (remember that Fy is (< A)-directed). To show that it is
an ultrafilter suppose that A C X\ and let

B = U{[ae,a€+1) re€ A C A

Since fil(G{)) is an ultrafilter, then either B € fil(G§) or A\ B € fil(G{).
Suppose that the former happens, so we may choose p € Gf such that

B € fil(p). Then for some § < A\ we have
(VB € CP\ ) (BN Zj € dy).

Now, if ¢ > ¢ and fp(ae) < @ey1, then [ag,acy1) N B # () and thus
[ae,a041) € B, so ¢ € A. Consequently, A € U (as witnessed by p,9).
In the same manner one shows that if A\ B € fil(G{), then A\\ A€ U. =

4. Open problems and further investigations. It may well be that
our forcing techniques for uncountable \ are still not strong enough to carry
out the arguments parallel to the consistency results for ultrafilters on w.
However, we feel that the recent progress in the theory of forcing iterated
with uncountable supports (as exemplified by [15], Rostanowski and She-
lah [12], [10], [9] and Eisworth [3]) may prove to be useful in developing
iterated forcing for “killing” and/or “preserving” some subfamilies of the
class of reasonable ultrafilters. In particular, in Rostanowski and Shelah
[8] we continue the research of the present paper and we introduce super
reasonable ultrafilters which are stronger than very reasonable ultrafilters.
We show that for inaccessible A\ it is consistent that there are such ul-
trafilters determined by generating systems of size less than 2%, and we
also prove a result on preserving them in A-support iterations. We also
show that consistently there are no ultrafilters generated by small systems.
These results may be interpreted as some progress towards generalizing (a),
(b) and (c) from the introduction. However, several other natural prob-
lems remain untouched. One of the main questions we are interested in
are

PrROBLEM 4.1. Let X\ be a regular uncountable cardinal. Is it provable

in ZFC that there exist reasonable ultrafilters on A7 Very reasonable? (See
2.5(4, 5).)

PROBLEM 4.2. Is it consistent that there exists a very reasonable ultra-
filter D on A such that for every very reasonable ultrafilter D’ on \ for some

function f € F) we have D/f = D'/ f?

Since in the present paper we deal with dividing by f € F), and the
normal ultrafilters are fixed points for this operation, the natural question
is:
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PROBLEM 4.3. Is it consistent that for every D € uuf there is f € F)

such that either D/f is normal or D/ f is reasonable (or even very reason-

able)?

We may also re-interpret our aim as follows.

DEFINITION 4.4.

(1) Let UE} , be the family of all (<u)-directed (with respect to <0

subsets G* of Qg such that fil(G*) is a proper ultrafilter on \.
(2) UF3 , = {fil(G") : G* € UE] ,}; UF} = UF} y+ and UF, = UF} .

AM 4.5. Investigate UFy, UF,; in particular check if any two of them

can have common quotients.

We expect that the forcing theorems needed for further research will be

similar to [15] and even more so to [12, 10, 9], in some respects, and for
others to [13].

Let us also note that combinatorial aspects of generating ultrafilters by

means similar to generating systems of Definition 2.5 will be studied in
Rostanowski and Shelah [7].
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