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Resolving a question of Arkhangel’skii’s
by

Michael G. Charalambous (Karlovassi)

Abstract. We construct in ZFC a cosmic space that, despite being the union of
countably many metrizable subspaces, has covering dimension equal to 1 and inductive
dimensions equal to 2.

1. Introduction. On the class of separable metrizable spaces, the three
main topological dimension functions, i.e., covering dimension, dim, small
inductive dimension, ind, and large inductive dimension, Ind, coincide and
exhibit all the properties that intuition requires of the concept of dimension.
A regular space is called cosmic if it has a countable network or, equivalently,
if it is the continuous image of a separable metrizable space. Cosmic spaces
exhibit many desirable properties. Cosmicity is a hereditary and countably
productive property, and a cosmic space is Lindel6f and perfectly normal
and therefore satisfies the Urysohn inequality, the subset theorem and the
countable sum theorem for both dim and Ind, as well as the inequality
dim < ind and the equality ind = Ind. One would naturally want to know
whether the equality dim = ind = Ind extends from metric separable to
cosmic spaces. This question was first raised by A. V. Arkhangel’skii [1].
Let us note that the equality dim = Ind is known to hold on the class of
u-spaces, i.e., those spaces that can be embedded in a countable product of
paracompact F,-metrizable spaces [7, 9]. A paracompact, perfectly normal
space that can be expressed as the union of finitely many metric spaces is a
p-space [9], and S. Oka [8] raised the question of the equality dim = Ind for
paracompact, perfectly normal spaces that can be expressed as the union of
countably many metric spaces. The space of the abstract provides an answer
to both questions just mentioned.
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A cosmic space that is the union of countably many metrizable sub-
spaces and has dim = 1 and Ind > 1 was first announced, assuming the
continuum hypothesis, by Delistathis and Watson in [3], leaving open the
question of the precise value of Ind. The seminal idea is to exploit an ex-
ample due to Kuratowski [6] of a function on the Cantor set whose graph
has positive dimension. Their space is the limit of an inverse sequence of
length wy of spaces constructed by the method of resolutions so as to in-
corporate sufficiently many graphs of Kuratowski functions. However, the
lemmas (Lemmas 2.2 and 2.3 of [3]) necessary for their use of resolutions
are incorrect, and the need for an appropriate modification of their lengthy
constructions has been acknowledged as early as October 2001. It is not,
however, clear that there is a straightforward repair that corresponds to
what the authors had in mind.

In this paper, the natural numbers, the closed interval [0,1] and the
real numbers, all with their usual topology, are denoted by N, I, and R,
respectively. A rational circle means a circle in R? whose radius as well as
both coordinates of its centre are rational numbers. P denotes the union
of all rational circles, and QQ the countable set of all points that lie in the
intersection of two distinct rational circles. A will denote a fixed subset of
R? whose complement in R? is a countable dense set disjoint from IP. Unless
explicitly stated, the rest of our notation agrees with that of Engelking’s
books [4, 5], where the reader is referred to for all topological facts quoted
in this paper without proof.

Delistathis and Watson announce in the introduction of [3] that at each
step of their inductive construction they refine the topology of 12, taking
care not to disturb the topology of a fixed countable collection of subspaces
whose union is I2. Theorem 1 below sets up a framework for doing this in
a manner that suffices for our purpose. The detailed proof that we give is
long but elementary. Let {K, : o < [2|} be an enumeration of the proper
continua in R?. For each a < |21|, Theorem 1 provides a refinement 7, of
the euclidean topology of R? such that 7, on R?\P and S\ Q is euclidean for
each rational circle S and, for o # 3, the supremum of 7, and 73 restricted
to AN K, contains the graph of a Kuratowski-like function. The supremum
of all 7, on A will give the space of the abstract. The details are given in
Sections 3 and 4.

2. The necessary lemmas. In what follows, I'(f) denotes the graph of
a function f and |A| the cardinality of a set A. When considering a product
of a number of spaces, we use 7; to denote the projection onto the ¢th factor.

LEMMA 1. Let X,Y be metrizable spaces, A a countable subset of X and
f: X =Y a function which is continuous at every point of X \ A. Then
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I'(f) is a Gs-subset of X x Y. Hence I'(f) is Cech-complete whenever X
and Y are Cech-complete.

Proof. Consider a point (x,y) of X xY\I'(f) with x ¢ A. Theny # f(x)
and there are disjoint open sets Vj, V5 of Y with f(z) € V; and y € V5. By
continuity of f at x, there is an open set U of X with x € U C f~1(13).
Consequently, (z,y) € U x Vo and U x Vo N I'(f) = 0. Thus, I'(f)\ I'(f) C
T 1(A), where m : X X Y — X denotes the canonical projection. Hence

=N\ U{a} x Y\ {f(@))).
acA
As singletons and other closed subsets of metrizable spaces are Gs-sets and

A is countable, one readily sees that I'(f) is a Gs-set in X X Y. m

LEMMA 2. Let X,Y be topological spaces, K a closed subset of X and A
a subset of K. Let f : X — Y be a function such that f|x\a is continuous
and f|k is continuous at each point of K\ A. Then f is continuous at each
point of X \ A.

Proof. Consider a point z € X\ A and an open neighbourhood H of f(z).
If 2 ¢ K, then f~'(H) \ K is an open neighbourhood of z in X inside
f~Y(H).If z € K\ A, then 2 has open neighbourhoods U,V in X such that
U\A C f~Y(H)and VNK C f~}(H). Then UNV is an open neighbourhood
of z in X inside f~'(H). m

LEMMA 3. Let X, Y be topological spaces with Y compact. Let f : X — Y
be a function and xg a point of X such that 7T1_1(£L'0) NI'(f) is a singleton.
Then f is continuous at xg.

Proof. Consider an open neighbourhood V' of f(zg). Then ({zo} x
(Y \ V)N T(f) =0 and, by compactness of Y \ V, there are open neigh-
bourhoods U of zg and W of Y \ V such that (U x W) N I'(f) = 0. This
implies f(U) C V. m

LEMMA 4. Letd be a metric inducing a Cech-complete topology on a set X .
Let F be a closed subset of X x T such that A= {a € X : |r; (a) N F| > 1}
is countable. Let E be a subset of m(F') that contains A and f : E — 1 a
function with I'(f) C F. Then there is a metric o > d inducing a Cech-
complete topology on X and such that E with the topology induced by o is
homeomorphic to I'(f), and if S C (F\ 7 (A)) UT(f) and |m=2(S)| = 1,
then o = d on m(S). Furthermore, every p-neighbourhood of a point x ¢ A
1s also a d-neighbourhood of x.

Proof. Evidently, f can be uniquely extended to 71 (F') so that I'(f) C F,
and we will assume henceforth that f is defined on the whole of m(F).
For 2 € m(F)\ A, 7 '(z) N ['(f) is a singleton and, by Lemma 3, f is
continuous at x. As X \ A is a normal space and 71 (F) is a closed subset
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of X, by Tietze’s extension theorem, there is an extension g : X — I of f
such that ¢ x\A s continuous. By Lemma 2, g is continuous at each point
of X \ A and, by Lemma 1, I'(g) is Cech-complete. To complete the proof,
we simply identify a point z of X with the point (z,g(z)) of I'(g), thereby
identifying Y € X with I'(g]y), and we let ¢ denote the restriction of the
product metric to I'(g).

Note that for x ¢ A and any open rectangle G x H containing (z, g(z)),
as g is continuous at z, there is a d-neighbourhood U of x inside GNg~1(H).
Then I'(g|y) € Gx H, and this establishes the last assertion of the lemma. =

3. Topologies on R%2. With regard to the sets P, Q and A defined in the
introduction, note that P C A, dimA = 1 and dim(R? \ P) = 0. A rational
arc will mean a non-empty open arc of a rational circle. Observe that QN .S
is dense in any rational arc S. Also, a point x of P\ Q belongs to a unique
rational circle, which we denote by S,. For x € Q, we set S, = {z}.

When considering subsets of R?, A denotes the Euclidean closure of A,
while A” denotes closure with respect to some topology 7 on R2. Also, A,
denotes A with the relative topology induced by 7 and, when no subscript
appears, it will be understood that A carries the euclidean topology. Other
similar conventions will be clear from the context.

We investigate the class GT of all topologies 7 on R? that satisfy the
following conditions.

(1) 7 is finer than the euclidean topology on R2.

(2) 7 is metrizable and Cech-complete.

(3) Apart from a countable number of ezceptional points belonging to
P, the neighbourhoods of all other points are euclidean.

(4) For z € P, a T-neighbourhood of x in S, is also a euclidean neigh-
bourhood.

Every member of GT is clearly a separable topology.
ProposITION 1. Let 7,€ GT for each n€N. Then T = sup,,cn 7 € GT.

Proof. R2 is metrizable and Cech-complete because it is homeomorphic
to the diagonal of the product [],.yR2 . The rest follows from the obser-
vation that the sets of the form Gy N ---N Gy, where G; € 7;, constitute a
base for 7. m

PROPOSITION 2. Let T be the supremum of a set of members of GT.
Then R2 is a cosmic space that is the union of countably many subspaces
of R?. Furthermore, Ind A, < 2.

Proof. Let {S,, : n € N} be an enumeration of all rational circles. Prop-
erty (4) ensures that each S, \ Q has the euclidean topology with respect to
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any member of GT and, therefore, with respect to 7. Observe that the di-
mension in every sense of these sets is zero. Property (3) shows that (R?\P),
has the euclidean topology and hence Ind(R?\ P), = 0. It is now clear that
R2 is the union of countably many euclidean subspaces of R? and thus it
is a cosmic space. Recall that a countable set is zero-dimensional in ev-
ery respect and apply the Urysohn inequality to obtain Ind (S,), < 1 for
each n € N. By the countable sum theorem, IndP, < 1. By the Urysohn
inequality Ind R? < 2. Finally, the subset theorem gives Ind A, < 2. =

REMARK 1. Let K be a proper continuum and consider a point z € K
and an annulus A with centre x that leaves a point of K outside it. Then
KN Z # () for any circle Z inside A. Hence K NP is dense in K.

Suppose additionally that x € P and K contains no rational arc. Then
AN S, is either empty or consists of one or two rational arcs, and there is
an annulus B with centre x inside A such that BN S, C S, \ K. Hence some
rational circle Z inside B contains a point of AN K NP\ S;.

Let A(zp;7, R) denote the annulus {z € R? : r < |z — 29| < R}, where
0<r<R<oo. A system of annuli for  will mean a sequence {A; , nen
of annuli, where A, , = A(x;ry, Ry), Rpt1 < 1 < Ry, and limy, oo 7, = 0.

REMARK 2. Let K be a proper continuum that contains no rational
arc (resp. some rational arc S). Let {A; , }nen be a system of annuli for a
point x of K NP (resp. SN Q). Let D, be an open disc with centre z. For
some m = m(z) € N, Ay, lies inside D, but does not contain the whole
of K (resp. S). By Remark 1, for each n € N, we can pick a point x,, in
KNPNAgmin \ Sz (resp. in SN QN Ay pmin \ Sz). Pick an open disc Dy,
with centre x,, and Dy, C Az m+n \ Sz. Note that any sequence {z,} with
Zn € Dy, converges to z, diam D, < %diam D, and, moreover, we have
the freedom of choosing diam D, as small as we wish.

Ift=(t1,...,t,) is an n-tuple, t"'s denotes the (n+1)-tuple (t1,...,t,,s).
It is convenient to treat () as a O-tuple and to identify ("\n with n.

THEOREM 1. Let A consist of a system of annuli {Azn}nen for each

point x of a proper continuum K in R2. Then there is a countable subset
D =D(K,A) of KNP and a topology o = o(K,A) € GT such that

(i) D is the set of exceptional points of o.

(ii) For each x € D, there is a fized sequence {xy}nen in D and some
m = Tll(.fﬁ) € N with ©, € Az min-

(iii) E = D is a subset K N A homeomorphic to the Cantor set.

(iv) For each x € D, convergence to x in R?\ Unen Azn is equivalent
to o-convergence to x.

(v) Whenever T is a perfectly normal topology on R? refining its usual
topology and such that («) for each x € D, the fized sequence {zp}
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converges to x with respect to T and () every countable closed subset
of T has an isolated point, then Ind Eyv - > 0.

Proof. Start with a point d = dyp € K NP and an open disc Dy with
centre d and radius < 1. If K contains some rational arc, fix one such arc S
and pick d in SNQ. Remark 2 supplies for each i-tuple ¢ of natural numbers
a point d; € K NP and an open disc D; = Dy, with centre d; through the
formula dsn,, = (ds)n. We let D = {d; : t an i-tuple of natural numbers}.

According to Remark 2, for each x € D and some integer m = m(x),
Dy, C Azm+n\ Sz, and any sequence {z,} with z, € D, converges to z. It
can be seen that Dyn,, C Dy, diam Dy < 2~ It , Dy, C Dy, iff t; is an extension
of to, and if neither of t1, t2 is an extension of the other, then Dy, N Dy, = ().
We can further assume that the first || points of R? \A do not lie in D;.

For each t € {0,1}, i € N, we define a compact subset F; of R? as
follows:

Eo = {dp} U U D,, FEi={di}U U D1
= n=1
and if By = {d;} UU,;—,, Da_. , then

o oo
Eing = {ds} @] U Dds/\n and Finq = {ds/\m} @] U DdsAmAn'
n=m-+1 n=1
Let E = yeny U(E: : t € {0,1}F). From the properties of the discs Dy,
E;, C E, iff t; is an extension of ¢, and if neither of ¢;,¢2 is an extension
of the other, then E;, N Ey, = (). Note that for the s = s(¢) that occurs in
the definition of E}, Ey C Dy and |s(t)| is the number of 1’s in ¢. Thus,
if ¢ contains n 1’s, then diam F; < 27" and E; misses the first n points of
R%\ A. One readily sees that for each (i1,i,...) € {0, 1}, Mpcn Eir.in)
is a singleton {z}. In fact, * € DN A\ D if (i1,42,...) contains infinitely
many 1’s, otherwise, z € D. Clearly, E = D and E is a subspace of K N A
homeomorphic to the Cantor set.
Starting with Iy = I = [0, 1], we define a closed interval I, = [l,,r,] for
each x € D by

Loy 2(ly + 70 for n odd,
1. — 2
" [3(lz +72),72] for n even.

We next define T' to be the closure in R? x I of |J,.p{z} X I,. Because the
first coordinate projection 7 is closed and continuous and m1(7") contains
D, we must have 71(T) = D = E.

Let y € E'\ D. Then there is a unique sequence {n} of natural numbers
such that {4} = Mzen Dintni) = Nien Dina i) Clearlys Mien Li, )
consists of a single point f(y), and 7, '(y)NT = {(y, f(y))}. Letting f(z) be
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the mid-point of I, for x € D, we have a function f : EF — I. By Lemma 3,
f is continuous at each point of E'\ D.

For x in D, fix an open disc O, with centre x such that O, C D,, and
define F, = O, \ U,eny Da,, and

F=|JFx (f@N U} x L) UI(f) = | (B x {f@)})UT.
zeD xzeD

Observe that {F, : x € D} consists of mutually disjoint closed sets and
F,NE = {z}. Hence {z € R? : |r{'(2) N F| > 1} = D. Note also that if
z € Dy and (z,s) € F\ T, then either z € F, or z € D, for some n € N,
and hence s € 1.

To prove that F is a closed subset of R? xI, consider a sequence {(z", s")}
of distinct points of F'\ T that converges in R? x I to a point (z,s). The
following three cases may arise.

1. For some x € D, F, x {f(x)} contains infinitely many terms of the
sequence, in which case it also contains (z, s).

2. For some x € D, there are strictly increasing sequences {my} and
{nr} of positive integers such that z™* € D,, . In this case, z = =,
sk € Iwnk C I, and hence s € I,.

3. There are sequences {my} and {ny} of positive integers such that

.....

and s is the unique

,,,,, ng)

point in the intersection of these segments, i.e., f(z). Thus, (z,s) €
I'(f).

In any case, (z,s) € F, and therefore F is a closed subset of R? x L.

Now we apply Lemma 4, taking X to be R?, d its usual metric and
A = D. The metric o supplied by Lemma 4 induces a topology o on R? that is
Cech-complete and finer than the usual one, and every o-neighbourhood of a
point outside D is euclidean. For z € D, observe that ¢ = d on O\, ey D,
and recall that 5% C Azm+n \ Sy for some integer m. Therefore in S, every
o-neighbourhood of z is a euclidean neighbourhood, and convergence to x
with respect to o in }RQ\UnGN A is equivalent to convergence with respect
tod. Thus, 0 = o(K,A) € GT and items (i)—(iv) of Theorem 1 are satisfied.

Let 7 be a topology on R? satisfying the conditions of (v). By Lemma 4,
E, is homeomorphic to I'(f) as a subspace of R? x I and, because 7 is finer
than the euclidean topology on R2, E,y, is homeomorphic to I'(f) as a
subspace of R2 x I, which henceforth we denote by I". Note that, because T
is perfectly normal, R2 x I is perfectly normal.

Suppose Ind I < 0. Then there exist two disjoint open sets U, V of R2 x I
such that (d, f(d)) e U, (d,1) e Vand ' CUUV.Let A=T\UUV.
Consider the set B consisting of all points y € D such that one of the
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points (y,ly), (y,7y) belongs to the member of {U, V'} that does not contain
(y, f(y)). Evidently, d € B C m(4) C D, and 7T1(A) is a countable closed
subset of R2. Property (3) of T implies that B” and hence B contains an
isolated point b.

Let G be a 7-neighbourhood of b. We may suppose without loss of gen-
erality that (b, f(b)) € U and (b,7) € V. Observe that I, = [lp,, ,Tby,] =
[f(b),rp]) and, by property («), the sequence {bs,} T-converges to b. Hence
{(b2n, lp,, )} and {(b2n,7s,, )} converge respectively to (b, f(b)) and (b, 7}) in
R2 x I. Hence, for some m € N, (bam, ly,,,) € UN 7 H(G) and (bam, ,,,) €
V Ny H(G). As the point (bay,, f(bam)) of I' belongs to one of U,V it is
clear that by, € G N B, contradicting the fact that b is an isolated point
of B. It follows that Ind I" > 0, which concludes the proof of Theorem 1. u

The proof of dim I" > 0 is essentially due to Kuratowski (cf. [6], Problem
1.2.E of [5] and Proposition 2.1 of [3]).

4. A cosmic space with dim < ind. The set N has a family of almost
disjoint infinite subsets of cardinality |2"|. Let {N, : @ < |2V|} be such a
family and write N, = {a1, ag,...}, where a; < a;41. For each x € R%,n €
N and a < [2Y], let A%, = {z € R? : 1/(o, +1) < |z — x| < 1/an}. The
important property of the annuli just defined is that

(¥)  for all o # 3, there is some integer k& = k(a, 3) such that AZ, N
Ag,n = () for m > k and all n.

Let {K, : a < |2Y]} be an enumeration of the proper continua in R2. For
each a < 2], let A,, consist of the system of annuli {Ag .} for each point z
of K,. Taking K = K, and A = A, in Theorem 1, we obtain subsets
D® = D(K4,A,) of Ko NP and E* = D of K, N A and a topology
0o = 0(Kq,Ay) € GT. We define 7 = sup{o, : a < |2V} and 7, =
sup{og : B # a}.

By Proposition 2, 7 and each 7, as well as any restriction of them to a
subset of R?, is the union of a countable number of euclidean subspaces of
R? and is therefore cosmic. Now 7 is Lindel6f and every open set of it is the
countable union of members of topologies of the form o, V- -V og,. Hence,
given a countable number of open sets GG; and a countable number of closed
sets F; of T, there are oy, s, ... < |2V] such that each G; is open and each
F; is closed in sup{o,,}, which, by Proposition 1, as a member of GT is
separable metrizable and Cech-complete. One consequence of this is that R2
is a Baire space and, therefore, any countable closed subset of it contains an
isolated point. Another consequence is that the euclidean interior, int G, of
a T-open subset G of R? is obtained from G by subtracting only a countable
number of points. Evidently, each Rza has similar properties.
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LEMMA 5. Ind EZ > 0.

Proof. For x € D®, Theorem 1 supplies a fixed sequence of points z{
of D® and an integer m such that z& € A% Now by (x), for 8 # a,

T, m+n:
a tail of the sequence {zf} lies outside |J,,cy Agn. By Theorem 1(iv), this
implies that {z} converges to z with respect to o, and hence with respect
to 7o = sup{og : § # a}. Now the result follows from Theorem 1(v), since
T=0aqVTq u

PROPOSITION 3. Ind A, = 2.

Proof. Let B, denote the open disc with centre 0 and radius r. Suppose
Ind A; < 1. Then there are disjoint 7-open sets Uy, Us of A such that AN
By, C Uy, A \ B3 C Uz and IndL; < 0, where L = A\ U; U Us. Let
M =TR? \ int V3 Uint Vo, where V; is the largest 7-open set of R?2 whose trace
on the dense set A is U;. Then M \ L is countable and, by the countable sum
theorem, Ind(M N A), < 0. Also, B, C Vi, R?\ B3 C Vp and V; NV, = 0.
Thus, the compact set M is a partition in R? between B; and R? \ Bj.
Hence dim M > 0, M contains a proper continuum and, for some « < ]2N\,
K, C M. But then E“ is a 7-closed subset of K, N A and, in view of
Lemma 5, M N A has positive inductive dimension with respect to 7. This
shows that Ind A, > 1. Finally, by Proposition 2, Ind A, = 2. =

LEMMA 6. Let 0 =04, V-V 0q,. Then dimA, < 1.

Proof. Let D = D U---UD* and £ = E**U---UE%. As D is
countable, dim D < 0. As (E% \ D), is a subspace of the Cantor set E%,
it has dim < 0. By the Urysohn inequality, dim (E%), < 1. Observe that
(A\ E); = A\ E can be written as a countable union of closed subsets of A
with dim < dimA < 1. Finally, by the countable sum theorem, dimA, < 1. »

PROPOSITION 4. dim A, = 1.

Proof. The sets of the form G1 N ---N Gy, where G; € o0,,, constitute
a base for 7. It follows that the Lindelof space A is the limit space of the
inverse limit system over the set of finite subsets of 2V, directed by inclu-
sion, whose bonding maps are the identity functions Agalv...vgamv...\/oan —
Agalv...vgam. By Lemma 6, each Agalv...vgam has dim < 1. Now the inverse
limit theorem for dim, which holds when the limit space is Lindelof (see e.g.
Proposition 1 in [2]), gives dim A, < 1. As dim < 0 implies Ind < 0, in view
of Proposition 3, we must have dimA, = 1.

Acknowledgements. The first version of the present paper, which was
submitted to Fundamenta Mathematicae on 1 October 2005, assumed CH.
This version went through a number of revisions in order to correct minor
mistakes and improve presentation, and we are grateful for the referee’s
patience and remarks. The first version without CH was sent to the Editors
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on 18 February 2006, following our observation that the use of CH, which in
the original version was restricted to the construction of annuli with property
(*), could be trivially avoided.

The reader should note that, independently, A. Dow and K. P. Hart have
described under the assumption of Martin’s Axiom a cosmic space X with
dim X =1 < 2 < Ind X; this was unknown to us before submission. Two
versions of their preprint Cosmic dimensions, dated 5 Sep 2005 and 15 Nov
2005, respectively, appear at http: //arxiv.org/abs/math/0509097.
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