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A group topology on the free abelian group of cardinality ¢
that makes its square countably compact
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Abstract. Under p = ¢, we prove that it is possible to endow the free abelian group
of cardinality ¢ with a group topology that makes its square countably compact. This
answers a question posed by Madariaga-Garcia and Tomita and by Tkachenko. We also
prove that there exists a Wallace semigroup (i.e., a countably compact both-sided can-
cellative topological semigroup which is not a topological group) whose square is countably
compact. This answers a question posed by Grant.

1. Introduction

1.1. Some history. It is known that a non-trivial free abelian group
does not admit a compact group topology. In 1990, Tkachenko [10] showed
that the free abelian group of size ¢ can be endowed with a countably com-
pact group topology under CH. In 1998, Tomita [I2] obtained such a topol-
ogy under MA (o-centered) and, two years later, Koszmider, Tomita and
Watson [5] weakened the required form of Martin’s axiom to MA ountable-
In 2007, Madariaga-Garcia and Tomita [6] established the same result as-
suming the existence of ¢ pairwise incomparable selective ultrafilters (accord-
ing to the Rudin—Keisler ordering in w*); in particular, they showed that the
existence of a countably compact group topology on the free abelian group
of size ¢ is compatible with the total failure of Martin’s axiom (in the sense
of Baumgartner [I]).

Tomita [12] showed that if a non-trivial free abelian group is endowed
with a group topology, then its wth power cannot be countably compact.
Under p = ¢, we prove that there exists a group topology on the free abelian
group of size ¢ that makes its square countably compact. This answers a ques-
tion posed by Madariaga-Garcia and Tomita in [6] and by Tkachenko in [9].
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In 1952, Numakura [7] showed that every compact both-sided cancella-
tive topological semigroup is a topological group. Three years later, Wal-
lace [14] asked whether every countably compact both-sided cancellative
topological semigroup is a topological group, and this question remains open
in ZFC. Counterexamples to Wallace’s question have been called Wallace
semigroups. In 1996, Robbie and Svetlichny [§] answered Wallace’s ques-
tion in the negative under CH. In the same year, Tomita [I1] showed that
there exists a Wallace semigroup under MA quntaple- It is worth noting that
Madariaga-Garcia and Tomita [6] constructed a Wallace semigroup from ¢
pairwise incomparable selective ultrafilters.

Tomita [I1] showed that the 2°th power of a Wallace semigroup cannot
be countably compact. Under p = ¢, we prove that there exists a both-
sided cancellative topological semigroup which is not a topological group
and whose square is countably compact. This answers question 4 of [4].

1.2. Basic results, notation and terminology. In what follows, all
group topologies are assumed to be Hausdorff. We recall that a topological
space X is countably compact if every infinite subset of X has an accumu-
lation point.

The following definition was introduced in [2] and is closely related to
countable compactness.

DEFINITION 1.1. Let p be a free ultrafilter on w and let {z,, : n € w} be
a sequence in a topological space X. We say that x € X is a p-limit point
of {zy, : n € w} if, for every neighborhood U of z, {n € w: x, € U} € p. In
this case, we write x = p-lim{z, : n € w}.

The set of all free ultrafilters on w will be denoted by w*.
It is not difficult to prove that a topological space X is countably compact
if, and only if, each sequence in X has a p-limit point for some p € w*.

The next two propositions are related to the concept of p-limit and will
be used to prove Theorem

PROPOSITION 1.2. Ifp € w* and {X; : ¢ € I} is a family of topological
spaces, then (y;)icr € [l;c; Xi is a p-limit point of {(2})icr : 1 € w} C
[Lic; Xi if, and only if, y; = p-lim{z} : n € w} for every i c I.

PROPOSITION 1.3. Let G be a topological group and p € w*.

(1) If {zn : n € w} and {yn : n € w} are sequences in G and z,y € G
are such that x = p-lim{z, : n € w} and y = p-lim{y, : n € w},
then x +y = p-lim{z, + y, : n € w}.

(2) If {zr, : n € w} is a sequence in G and x € G is such that v =
p-lim{z, : n € w}, then —x = p-lim{—x, : n € w}.
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If A is a set, then
[AY={X CcA:|X|=w}, [A¥Y={XCA:|X|<uw}

A pseudointersection of a family G of sets is an infinite set that is C* in
every member of G. We say that a family G of infinite sets has the strong
finite intersection property (SFIP, for short) if every finite subfamily of G
has infinite intersection. The pseudointersection number p is the smallest
cardinality of any G € [w]¥ with SFIP but with no pseudointersection.

We denote the set of natural numbers by N, the integers by Z, the ra-
tionals by Q and the reals by R. The unit circle group, which is identified
with R/Z, will be denoted by T and the set of all non-empty open arcs of T
will be denoted by B.

Let A be a set of ordinal numbers and let G be a group. If f € G4,
the support of f is the set {A € A : f(\) # 0}, which will be indicated by
supp f. The direct sum @, G is the set of all elements of G that have
finite support and will be denoted by G,

An abelian group F is free abelian if there exist a non-empty set X and
a function o : X — F such that, for every function f from X to an abelian
group G, there is a unique group homomorphism g : F' — G satisfying
goo = f. It is well-known that a free abelian group of size ¢ is isomorphic
to Z(9, and therefore to Z(e*%).

We end this section by presenting some notation that will be used
throughout this article.

If J € Q%) then

J = Z J(,uv k) * X (k)

(psk)€supp J

where x(, k) : ¢ X w — Q is given by

1
X(uk) (€510 ={ .
WO =0t (6m) £ (k).
If (u, k) € supp J, we can write

where p(J, (1, k)),q(J, (1, k)) € Z, ged(p(J, (. k), q(J, (1, k))) = 1 and
q(J, (p, k) >0 Deﬁne
b(J) = lem{q(J; (. k)) : (n, k) € supp J}
and, for each (u, k) € supp J, set
_ b))
a(J, (. k) = p(J, (1, k)) T (k)
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Finally, define
la(J)| = max{|a(J, (1, k))| : (. k) € supp J }.

2. Countably compact squares of free abelian groups. We will
show that a free abelian group of size ¢ admits a group topology whose square
is countably compact. Since every free abelian group of size ¢ is isomorphic
to Z(<*%) it suffices to endow any isomorphic copy of Z(<*%) with such a
topology.

Our strategy is to construct a group monomorphism @ : Q(CX‘”) — T*
so that @[Z(**)] has countably compact square when considered with the
subspace topology induced by T°. Such an embedding will be obtained “co-
ordinate by coordinate”—that is, we will associate to each a < ¢ a group
homomorphism ¢ : Q%) — T satisfying two significant conditions and
& will be the diagonal product of the family {¢, : a < ¢}. One of these
conditions will guarantee that @ is injective and the other will ensure that
every component of a pair of sequences in @[Z(c)] admits a p-limit point for
some p € w*.

Each mapping ¢, will be defined in two stages: we will first construct
a group homomorphism from a countable subgroup of Q(xw) to T by in-
duction, and then we will extend it to the whole group Q(**¥). In every
inductive step, we will approximate the values of the group homomorphism
by non-empty open arcs of T with suitable properties. To make this pos-
sible, we must deal with appropriate families of sequences in Q(*%) which
we start to sort now.

DEFINITION 2.1. If f : w — Z(%) then f is said to be of type 1 if
|f(n)] > n for every n € w, where |f(n)| = max{|f(n)(u, k)| : (n, k) €

supp f(n)}; f is said to be of type 2 if supp f(n) \ U,,<,, supp f(m) # 0 for
every n € w.

The following result can be found in [6].

PROPOSITION 2.2. Let g : w — Z(%) . There exists j : w — w strictly
increasing such that g o j is either constant or of type 1 or 2.

According to Proposition every non-trivial sequence in Z(<*%) admits

a subsequence of type 1 or 2. Therefore, in order to provide this space with a
countably compact topology, it suffices to assign accumulation points to all
sequences of type 1 or 2. The advantage of dealing only with those sequences
is that there exists enough “freedom” in assigning to them accumulation
point—so, approximations by arcs become viable.

The idea of “reducing” the family of sequences to which accumulation
points will be assigned will also be used to endow the free abelian group of
size ¢ with a group topology that makes its square countably compact. In
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this case, we will consider finite families of sequences in Q@) which will
be called of type A, B and C.

A family of type A is composed of sequences that are of type 1 or 2,
but whose supports are pairwise disjoint. The calculations in this case are
similar to those in [6]. Dealing with families of types B and C requires
new ideas, since they contain a pair {fo, f1} of sequences in Q%) whose
supports are not disjoint, and therefore cannot be treated separately. We will
consider the ratio a,, = |fo(n)(0n, mn)|/|f1(n)(0n, mp,)| for some (6,,,m,) €
supp fo(n) Nsupp f1(n).

Families of type C are related to sequences {a, : n € w} converging to
irrational numbers. In this case, we will use Kronecker’s theorem to work di-
rectly with the sequence of pairs. Families of type B are related to sequences
{an : n € w} converging to 0. After dealing with fy, a smaller arc A will be
left and we will need |f1(n)(6,, my,)|- A to be large enough in order to deal
with fl-

If {a, : n € w} converges to a non-zero rational number, either we are
able to use diophantine equations and obtain a family of type A or we have
to write a rational linear combination of sequences in Z(***) and consider a
family of type B. Thus, we end up working with sequences in Q(¢*¢) instead
of Z(*%)_ This forces us to define a topology in Q(®**) and then take the
subspace topology.

DEFINITION 2.3. Let F' = {fo,..., fr} be a finite family of sequences in
Q(x@) We say that F is of type A if:
o fo,... fr:w— Z are of type 1 or 2;
e supp fi(n) Nsupp fj(n) = 0 for all n € w and 4,5 € {0,...,k} such
that ¢ #£ j.
If Fis of type A, put d(F) = 1. We say that F if of type B if:
o fo,..o, fr:w— Z are of type 1 or 2;

Jo(n) = (1/d(F)) fo(n) and fi(n) = (1/d(F))fi(n) for every n € w,
where fo, fi : w — Z9) are of type 1 or 2 and d(F) is a positive
integer;

e supp fo(n) C supp f1(n) for every n € w;

e supp fi(n) Nsupp fj(n) = 0 for all n € w and i,j € {2,...,k} such

that ¢ #£ j;

e supp fi(n)Nsupp fj(n) =0 for alln € w,i € {0,1} and j € {2,...,k};
o for each n € w, there exists (6, my) € supp fo(n) such that the se-

is strictly monotonic and converges to 0.
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We say that F'is of type C' if:

o fo, .., fr:w— Z are of type 1 or 2;

e supp fo(n) = supp fi(n) for every n € w;

e supp f;(n) Nsupp fj(n) = 0 for all n € w and 4,5 € {2,...,k} such
that i # j;

e supp fi(n)Nsupp fj(n) =0 for all n € w, i € {0,1} and j € {2,...,k};

o for each n € w, there exists (6,, m,) € supp fo(n) such that the se-

o

is strictly monotonic and converges to £ € R\ Q.
If F is of type C, put d(F') = 1.

The set F of all families of type A, B or C enables us not only to recover
a subsequence of any pair of sequences in Z(<*%), but also to construct the
coordinates ¢, of the embedding ®. The following two propositions support
these statements. Their proofs will be presented in Sections 3 and 4.

PROPOSITION 2.4. Let g,h:w — ZLX9) | There exist F € F, j 1w — w
strictly increasing and §, h € Z(*%) such that (goj)(n) = §+ > rerarf(n)
and (hoj)(n) = h+ > rerbpf(n) for every n € w, where ag, by € Z for
every f € F.

Before stating the next proposition, we fix an enumeration {J, : @ < ¢}
of Q(«)\ {0} and an enumeration {F¢ : 0 < £ < ¢} of F such that

(%) U supp f(n) C{ xw  for every f € F¢ and every £ € ]0, [

new
The cardinality of F¢ will be denoted by n(F¢) and we will write Fy =
{fe0s- s fem(re—1}-

PROPOSITION 2.5. (p = ¢) For each a < ¢ and each & € 10, ¢[ there exists
Sea € (W] such that if < B < ¢, then Seg C* S¢qo. There also exists a
group homomorphism ¢4 : Q@) T such that:

(i) ¢alJa) #0+Z;

(ii) The sequence {¢a(fei(n)) : n € Sga} converges to alX(eq)) for

every i € {0,...,n(F¢) —1}.

We end this section by showing how Propositions[2.4 and 2.5 can be used
to endow the free abelian group of size ¢ with a group topology that makes
its square countably compact.

THEOREM 2.6. (p = ¢) There exists a group topology on the free abelian
group of cardinality ¢ that makes its square countably compact.
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Proof. 1t follows from Proposition [2.5(i) that
QW LT T @(J),
given by
D(J) () = po(J) for every a <c

is a group monomorphism. Thus, $[Z(*¥)] is isomorphic to Z(*“) and since
T¢ is a topological group, the subspace topology induced by T* in @[Z(cxw)]
turns H[Z(*“)] into a topological group.

Let g,h : w — ®[Z(*¥)]. Tt follows from Proposition [2.4] that there exist
€ €]0,c[, j : w— w strictly increasing and g, h € Z(*%) guch that

(@ 'ogoj)(n) =g+ Z agi - fei(n)

(@' ohoj) + > bei- feiln

i<n(F)

and

for every n € w, where ag;, b ; € Z for every i < n(Fg).

Fix pe € w* containing {S¢ o : a < ¢}. According to Proposition ii),
the sequence {¢a(fei(n)) : n € Se¢q} converges to da(X(e,)) for all i €
{0,...,n(F¢) — 1} and o < ¢. Thus,

ba(X(¢,i)) = Pe-im{Pa(fei(n)) : n € w}
for all i € {0,...,n(F¢) — 1} and a < c.
It follows from Proposition [I.2] that
¢(X(§7i)) = pe- Im{P(f¢ i(n)) : n € w}
and Proposition [1.3] implies that

(g+ Z Qg X )—pg hm{@(@%— Z a&i'fg’i(n)) :nEw},

i<n(Fy) i<n(F)
@(h—l— Z bei+ X( ) = pe- hm{@(ﬁ-{— Z b§7i-f§7i(n)) :nEw}.
i<n(F) i<n(Fy)

Consequently, (P(g + X2, (r,) i - X)) P(h + Dicn(re) bei - Xea)) =
pe-lim{(g(n), h(n)) : n € w}. Therefore, B[Z(“)] x G[Z(*¥)] is a countably
compact group. =

3. Proof of Proposition In this section, we restate and prove
Proposition which shows that it is possible to recover a subsequence of
any pair of sequences in Z(*¢) from an element of F and from translations
in Z(exw)

PROPOSITION 2.4. Let g, h:w — Z(*) . There exist F € F, j:w — w
strictly increasing and §, h € Z(%) such that (go j)(n) = §+ > rerarf(n)
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and (hoj)(n) = h+ > rerbpf(n) for every n € w, where ag, by € Z for
every f € F.

Proof. Let go, g1, ho, h1 : w — Z(%) be given by

go(n) = Z g(m) (s k) - X (k)
(u,k)€supp g(n)\supp h(n)

g1(n) = > 9(n) (1 k) - X (k)
(u,k)€supp g(n)Nsupp h(n)

ho(n) = > h(n) (s k) * X (k)
(#,k)€supp h(n)\supp g(n)

ha (n) = Z h(n) (Ma k) * X (k) -

(p,k) €supp h(n)Nsupp g(n)

Note that g(n) = go(n) + ¢g1(n) and h(n) = ho(n) + hi(n) for every n € w.

It follows from Proposition [2.2] that there exists j; : w — w strictly
increasing such that gg o j1, g1 © j1, ho © j1 and hy o j; are of type 1, 2
or constant. If g; o j; or hy o j; are constant, it is not difficult to realize
that there exist F € [*Q“)]<¥ of type A and G,h € 7% gsuch that
(9031)(n) = §+ X pepag f(n) and (hoji)(n) = h+ 3 jep by £(n) for every
n € w, where ay, by € Z for every f € F. Hence, we can suppose that g1 o j;
and hj o j; are of type 1 or 2.

Let

_[loro i)k o |
A= {(hi S k) (i, k) € supp(g1041)(n) = supp(hioj1)(n), n€ w}.

If A is a finite set—say, A = {po/qo,--.,pr/qr} where p;,q; € Z\ {0},
¢; > 0 and ged(p;, ¢;) = 1 for every i € {0, ..., k}—consider

g1,i(n) = > (g1 031)(n) (1 k) * X (k)
(p,k)€supp(g1041)(n),
g

(g1041)(n)(m,k) _
(h10j1)(n)(p,k) —

hl,i(n) = E : (hl Ojl)(n)(ﬂ» k) * X (k)
(p,k)€supp(hioj1)(n),
(91041)(n) (1K) _ p;
(hy071)(n)(p,k) —

for all n € w and i € {0,...,k}. Note that

(g1 091)( Zglz (h10j1)(n Zhu

If i € {0,...,k} and n € w, then supp g1,(n) = supp hu(n). Moreover,
gri(n)(u k) pi

hl,i(n)(:uﬂ k) B qi
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for every (u, k) € supp g1,4(n) = supp hi;(n). Since ged(p;, ¢;) = 1, it follows

that ¢; | hii(n)(p, k) for every (u,k) € supp gi1,i(n) = supp hi;(n). Let f; :
w — Z{X9) be given by

hl z( )(,u, k)

Film) . Ry = A

for every (u, k) € ¢ x w. We have

(g1 ©41)( sz fi(n), (b o j1)( Zqz fi(n

Choose js : w — w strlctly increasing and such that fi o jo is constant
or of type 1 or 2, and define s; = f; o jo for every i € {0,...,k}. Put also
Ski1 = go © j1 © j2 and Sgyo = hg o j1 o jo. Let {ng,...,n;} be a strictly
increasing enumeration of the set I = {i € {0,...,k} : s; is not constant}.
If spy1 and sgio are constant, put F' = {s,, : 0 < ¢ < [}; if spqq is not
constant and si4o is constant, put F' = {sp, : 0 < i <1} U {sg41}; if spt1
is constant and sgi9 is not, put F' = {s,, : 0 <i <1} U{sgt2}; if spy1 and
Sk+2 are not constant, put F' = {sp, : 0 < <1} U {sgpt1} U {skt+2}. We see
that F' is of type A, and therefore belongs to F.

Note that
(gojioga)n)= > 5i(0)+ser1(n)+ me Snis
i€{0, kP
(hojioja)(n) = > si(0)+ spsa(n) + Z Gn; * Sn;»
i€{0, K\

for every n € w.
If A is infinite, there exist js : w — w strictly increasing and {(60,,, m,) :
n € w} C ¢ X w such that g1 o j; o jo and hy o j; o jo are of type 1 or 2,
(0n,my) € supp (g1 © j1 © j2)(n) Nsupp (hy o ji 0 j2)(n) for every n € w, and
(91 0 j1 © j2)(n) (6, my) ¢
(h1 041 0 j2)(n)(0n, mn)
strictly monotonically for some £ € [—o0, 4+00].
If £ =0, put s = g1 ©J10j2, s1 = h10j10Ja2, S2 = goojiojsand
s3 = hg o j1 0 jo. Consider I = {i € {0,1,2,3} : s; is not constant}. Note
that 0,1 € I. If 2,3 € I, then F' = {sq, s1, 2, 3} is of type B, and therefore
belongs to F. Define j = jj0js and § = h = 0. Then (goj)(n) = so(n)+s2(n)
and (hoj)(n) = s1(n) + s3(n) for every n € w. If 2 € I and 3 ¢ I, put
F = {s0,51,52}, j = j10j2, §=0and h = s3(0). f 2 ¢ I and 3 € I, put
F = {sq,s1,83}, j = j1 0 j2, § = $2(0) and h = 0. Finally, if 2,3 ¢ I, put
F = {s0,s1}, j = j1 02, § = 52(0) and h = s3(0).
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If ¢ = —oc0 or € = +o0, then ((Zizﬁzjz))((zggz:z:)) — 0; now proceed as in
case £ = 0.

If £ e R\ Q, put sp = g1 ©j1 0 jo2, 51 = h1 0 J1 02, s2 = goo Jj10j2 and
s3 = hg o j1 o jo. Consider I = {i € {0,1,2,3} : s; is not constant}. Note
that 0,1 € I. If 2,3 € I, then F = {sq, s1, s2, s3} is of type C, and therefore
belongs to F. Define j = ji0jo and § = h = 0. Then (goj)(n) = so(n)+sa(n)
and (h o j)(n) = s1(n) + s3(n) for every n € w. The other cases (2 € I and
3¢I;2¢ 1 and 3 €1;2,3¢I) are treated in an analogous way.

If ¢ € Q\ {0}, then & = p/q, where p,q € Z\ {0}, ¢ > 0 and ged(p, q) = 1.
Set

ro(n) = L (91 0j10J2)(n) ;p (h1o g1 sz)(n)7

hioji032)(n
ri(n) = (o dio g2 ).
q
for every n € w. Put also 79 = gg o j1 0 jo and r3 = hg o j1 o jo. There exists

J3 : w — w strictly increasing such that

n—q-(g1oji0j20j3)(n) —p-(h1ojiojz0]3)(n)

is of type 1, 2 or constant. If the sequence is of type 1 or 2, put 5y =
q-(g1oj10j20j43) —p-(hiojiojaoys), 51 =hi1ojiojaojs s =120]3
and s3 = rgojs. Set I = {i € {2,3} : s; is not constant}. If 2,3 € I, then
F = {sp,s1,52,s3} is of type B, where so(n) = (1/q)30(n) and s1(n) =
(1/q)51(n) for every n € w. Put j = j; 0 ja 0 j3, § = 0 and h = 0. It follows
that g o j(n) = so(n) +p-s1(n) + s2(n) and hoj(n) = q- s1(n) + s3(n) for
every n € w. The other cases (2 € [ and 3¢ I;2¢ [ and 3 € I;2,3 ¢ 1)
are treated in an analogous way.

If the sequence n +— ¢ (g1 0j10j20j3)(n) —p- (h1oj10j20j3)(n) is
constant, there exists J € Z(<*%) guch that

q-(g1oj10j203)(n)(p k) —p- (h1ojiojaojhs)(n)(u, k)= J(uk)
for all (u, k) € ¢ xw and n € w.

Fix (u,k) € ¢ x w. Since ged(p, q) = 1, the diophantine equation gz —
py = J(u, k) has infinitely many solutions. If x = x(, 1), ¥ = Yk IS a
particular solution of gz — py = J(u, k), then all of its solutions are given
by © =z —pt, Yy = Yur — qt for t € Z. Hence, for every n € w and
(1, k) € supp (g1 © j1 © j2 0 j3)(n) = supp (h1 © j1 0 j2 0 j3)(n), there exists
tn,(uk) € Z such that

(91041 072073)(n) (1, k) = T( 1) — Pl (k)
(hl ©0j10j20 .73)(”)(:“’? k) = Y(u,k) — qtn,(u,k)'

Note that if (u, k) ¢ suppJ, then one can put z(,x) = 0, Y = 0.
We also remark that if p, ¢ > 0, one can choose x(, 1), Y(ux) = 0. Hence, for
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every n € w,

(groj10j203)(n) = Z g1 0410 J20 j3)(n) (1, k) - X(puk)
(1,k)€supp(g10710j2043) (1)
= D Tk Xk P > “ln, (k) X(.k)
(p,k)€supp J (p,k)€supp(g10j10j2053)(n)

and, analogously,

(h1oji0j20j3)(n) = > (h1og10j2053)(n) (1, k) - X(uk)
(u,k)esupp(hioj10j2073)(n)
- Z y(y,,k) ) X(/},,k) + q- Z _tnv(”9k) ’ X(uzk)'
(,k)Esupp J (p,k)€supp(h1oj1052053)(n)
Moreover,

ne Z T (k) " X (p.k)
(p,k)€supp J

and

ne Z Y(p.k) * X(usk)
(usk)€supp J
are constant.

Fix j4 : w — w strictly increasing such that the sequence sy(n) =
2 kyEsupp(gi0gi0jzojsoj)(n) ~tn.(uk) * X(uk) 18 of type 1 or 2. Define j =
J1©J2073074, 9 = Z(u7k)65uppJ$(M,k) “X (k) h = Z(,u,k)esuppj Y(u,k) " X (k)
s1 = gooj and sg = hgoj. Set I = {i € {1,2} : s; is not constant}. If 1,2 € I,
then F' = {so, 51,52} is of type A, and therefore belongs to . Moreover,
(goj)(n)=g+p-so(n)+si(n) and (hoj)(n) =h+q-so(n)+ sa(n), for
every n € w. The other cases (1€ I and2 ¢ I; 1 ¢ Tand2€ I; 1,2 ¢ 1)
are treated in an analogous way. m

4. Proof of Proposition This section is devoted to proving Propo-
sition As mentioned, we will concern ourselves primarily with the con-
struction of group homomorphisms from countable subgroups of Qexw) 4o T.
These countable subgroups will be of the form Q¥*«) for some E € [¢]* and
the following proposition shows how to construct inductively a suitable E.
We remark that property of {F¢: 0 < & < ¢} will be used to carry out
the induction.

PROPOSITION 4.1. If J € Q%) \ {0}, there exists E € [c]* such that
suppJ C E x w and such that if § € E\ {0}, then |J, ¢, supp f(n) C E x w
for every f € Frg.
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Proof. Define E(0) = w. If £ € ]0, ¢[, define by induction
B ={¢u U Bw

/JzGXf
where

Xe = {9 < ¢: 3m € w such that (0, m) € U U supp f&i(n)}
i<n(Fy) n€w

E=J EQ

eXy

and let

where

Xy =1{0 < c:3Im € w such that (6, m) € supp J}.
It is clear that supp J C E'xw. An inductive argument shows that E(&) € [¢]*
for every ¢ < ¢, and therefore E € [¢]“. Another inductive argument shows
that if « € E(f), then E(a) C E(3). Thus, if £ € E\{0}, then | J, ., supp fe,i(n)
C E x w for every i < n(F¢). m

The next three lemmas are the technical part relative to the types A,
B and C respectively and will be used to prove Lemma which will
be necessary in the successor step of the induction in Proposition Their
proofs can be skipped on a first reading, without affecting the understanding
of what follows.

We recall that B denotes the set of all non-empty open arcs of T.

LEMMA 4.2. Lete >0, Ag,..., A € B, G € [c x w]<¥, ¥ : G — B and
{Hy, ..., H,} C Z(*%) such that supp H; N supp H; =0 for alli,j < k with
i # . For each i <k, let (u;, k;) € supp H; be such that:

(1) |Hi(pi, ki)le >4 and 6(¢(ui, ki) > €, or

(2) (wi ki) € G.

Denote G Usupp HoU- - - Usupp Hy, by G. There exists € < €/2 such that for
every € < € there exists Y : G — B satisfying the following conditions:

(i) D€ m) € W& n) for every (€,m) € G;
(ii) 0(¢(&,m)) = € for every (gln) e G;

(111) 5(Z(§,n)65uppHi Hz(fa TL) ’ @Z}(ﬁln)) <€ fO’f’ every i < k;

(IV) A'L ﬂ Z(g,n)eSllppHi HZ(§7 n) . w(SJ n) # @ for eUeTy Z S k
Proof. Define

o {{ ) echuf )

i<k

and choose ¢ <e }
If (&,n) € G\ U< supp H;, define 9(§,n) as the element of B centered
at the middle point of 1(&,n) with diameter é.
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Fix i € {0,...,k}. If (§,n) € supp H; \ { (i, ki) }, define 2,y € T in
the following way: if ({,n) € G, then z( ) is the middle point of (£, n); if
(§,n) € G, then z( ) is chosen arbitrarily. Set

T = Z Hi(§,n) - 2(¢ n)-

(&n)esupp Hi\{(1s,k:)}
If (i, ki) & G, choose z(,, k) € T such that
(a) T+ HZ(MZ? k‘z) * Z(piski) €A

If (wi, ki) € G, let Z,, 1,) be the middle point of ¥ (u;, k;) and A be the
open arc of T centered at Z(,, 1,y with diameter €/4. Note that H;(u;, k;) - A
=T, and therefore there exists z(,, 1,) € A such that

(b) x; + Hi(ﬂi; kl) “ (i ki) € A;.
For each (£,n) € ;< supp H;, let ¥ (&, n) be the open arc of T centered

at z(¢ ) with diameter c.
Conditions (i) and (ii) are clearly satisfied, (iii) follows from the choice

of &, and (iv) follows from () and (b). =

LEMMA 4.3. Let d € N\ {0}, € > 0, Ag, A1 € B with 6(Ao) > € and
6(A1) > €, G € [exw<, ¢ : G — B and {Hy, Hi} C Z“) where
supp Hy C supp Hy. Let (u, k), (v,1) € supp Hy (not necessarily distinct) be
such that:

(1) 3(p(p, k) > € if (. k) € G;

(2) |Ho(v,l)le > 4d and 6(¢(v,1)) > € if (v,1) € G;

(3) [Hi(p, k)le = 4d|Ho(p, k).

Denote GUsupp HoUsupp H; by G. There exists € < €/2 such that for every
€ < € there exists ¥ : G — B satisfying the following conditions:

(i) d-9(&n) CP(&, n) for every (€,n) € G;
£,
(

(ii% 8((&,n)) = € for every (€,n) € G;

(iii) 0(> n)Esupp H; H;(&,n))-1(&,n)) < € for every i < 2;
(iv) Ai 03 ¢y esupp i Hi(€, 1) - Y(E,n) # 0 for every i < 2.
Proof. Define

€ =min {{5(1}[)(22”)) &m) € G} - {Qd‘ Z(s,n)iﬂ;ph’i [Hi(€, )| }}

and choose € <~€. )
If (§,n) € G\ U,<qsupp H; define (£, n) as the element of B centered
at the dth root of the middle point of (¢, n) with diameter €.
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If (v,1) = (u, k), then for each (§,n) € supp Hi\{ (i, k)}, define z¢ ,) € T
in the following way: if (§,n) € G, then d-z(¢ ) is the middle point of 1(&,n);
if (§,n) € G, then z( ) is chosen arbitrarily. Set also

To = Z Ho(&,n) - 2(e m)s
(§,n)€supp Ho\{(1,k)}
z = > Hi(§m) - 2(¢ )

(¢,n)esupp Hi\{(u,k)}

Fix Z(, 1) € T such that Ho(u, k) - Z(, ) is the middle point of Ag — zo;
if (u, k) € G, we also require that d - Z, 1) is contained in the open arc of T
centered at the middle point of ¥ (u, k) with diameter €/4. Let A be the arc
centered at Z(, ;) with diameter €/(4d|Ho(u, k)|). From (3), it follows that
there exists z(, ) € A such that

(c) Hy(p, k) - 2y € A1 — 21
We also have
(d) H()(,u, k) " Z(p,k) € Ag — xp.

If (v,1) # (u, k), then for each (¢,n) € supp H1 \ {(, k), (v, 1)}, define
2¢n) € T in the following way: if (§,n) € G, then d - 2, is the middle
point of (&, n); if (§,n) € G, then 2 ;) is chosen arbitrarily.

If (u, k) € G, let d-Z(, 1,y be the middle point of ¥ (u, k). If (u, k) € G, let
Z(uk) be an arbitrary element of T. Choose z(,;) such that Ho(v,1) - 2(,) is
the middle point of Ay — &0 — x; if (v,1) € G, we also require that d- 2, is
contained in the open arc of T centered at the middle point of ¢ (v, 1) with
diameter €/4, where

To = > Ho(&,n) - 2(enys © = Ho(p, k) - Z(up)-
(&,n)€supp Ho\{(p,k), (1)}
Define
xo = To + Ho(v,1) - 2(u)-
It follows that x is the middle point of Ay — xg.

Let A be the arc centered at Z,j) with diameter e/(4d|Ho(u,k)]).
From (3), it follows that there exists z(, ) € A such that

(c') Hy(p, k) - Z(uk) € Ay — 1.
We also have
(d/) HQ(,LL, k‘) “Z(pk) € Ay — xp.

For each (£,n) € |J; .o supp H;, let (&, n) be the open arc of T centered

at z(¢ ) with diameter é.
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Conditions (i) and (ii) are clearly satisfied, (iii) follows from the choice
of €, and (iv) follows from , @, and @ .

If ¢ € R\ Q, it follows from Kronecker’s theorem that {(z + Z,{x 4+ 7Z) :
r € R} is a dense subset of the torus T? = R?/Z2. Thus, for each € > 0,
there exists [ > 0 such that if I C R is an interval of length greater than [,
then {(z +Z,éx +7Z) : x € I} is e-dense in T?. Fix such an [ = I(e, £).

LEMMA 4.4. Let £ € R\ Q, € > 0, Ag, A1 € B with 6(Ag) > € and
5(A1) > €, G € [cxw<, ¢ : G — B and {Hy, Hi} C Z(%) where
supp Hy = supp Hi. Let (u, k) € supp Hy and a > l(e/8,&) be such that:

(2) [Hi(p, k)le > 4a;
[Ho(uw k)| o | _ €
R (AT R S

Denote GUsupp HoUsupp Hy by G. There exists € < €/2 such that for every
€ < € there exists ¢ : G — B satisfying the following conditions:

(i) ¥(&n) C (& n) for every (€,n) € G;
(i) d(¢(&,m)) = € for every (§,n) € G;
) o

Z(f,n)GsuppH,‘ Hl(fa n) ’ ¢(57 n)) < € for every i < 2;

(V) Ai N3 (¢ myesupp  Hi(§, 1) - (§,n) # O for every i < 2.
Proof. Define

= uin {{ ") ey eclu Z(éyn)%;m e}

and choose € < €.

If (&,n) € G\ Ui <o supp H;, define ¥(€,n) as the element of B centered
at the middle point of (&, n) with diameter €.

For each (§,n) € supp Hy \ {(i,k)}, define z,y € T in the following
way: if (§,n) € G, then 2 ) is the middle point of (&, n); if (§,n) € G,
then z( ) is chosen arbitrarily. Set also

To = Z Ho(&,n) - 2(¢ n)s
(§,n)€supp HO\{(MJC)}
T = Z Hl(f, n) . Z({,n)-

(¢,n)esupp Hi\{(,k)}

If (u,k) € G, choose Z(uk) € T such that Z(, ) is the middle point of
Y, k). If (p, k) € G, choose Z(,, ) arbitrarily.
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Let A be the arc centered at Z(, ;) with diameter €¢/4. In order to show
that there exists z(, ) € A such that
Ho(;t, k) " Z(,k) € Ay — xo, Hl(,u, /ﬂ) *Z(p,k) € A — 1,

it suffices to prove that {(Hi(u, k) -z, Ho(u, k) - x) : € A} is €/4-dense
in T2. This occurs if, and only if,

X:{<x+Z,m-x+Z> :erl(u,k)-]l}

is €/4-dense in T2, where A is an interval of R such that A +Z = A.
From the choice of a and from (3), it follows that

{( 4z, Ho E“]? +Z) :xE]O,a[}

is €/4-dense in T2. Thus, from (2),

(
Y = {( +7, ngﬂzki +z> :J;E]O,\Hl(,u,k)-e/él[}

is also €/4-dense in T2. Since |0, |Hy (i, k)| - /4] = Hy(u, k) - A+ 7 for some
r € R, we have

HO(/'L7k) >
Y=X+|r+2,—F——% -7v+7Z),
( Hl(u7k)

and since translations in T? are isometries, it follows that X is e¢/4-dense
in T2
Fix z(, 1) € A such that
(e) Ho(p, k) - 2(0) € Ao — @0
(f) Hy(p, k) - Z(u,k) € Ay — 1.

For each (£,n) € |J;.osupp H;, let zz(f, n) be the open arc of T centered
at z(¢ ) with diameter é.

Conditions (i) and (ii) are clearly satisfied, (iii) follows from the choice
of € and (iv) follows from and (4). =

LEMMA 4.5. Let d € N\ {0}, e > 0, Ao,...,Ax € B with 6(A;) > € for
every i < k, G € [¢ X w]<¥ and ¢ : G — B such that §(1»(6,m)) > € for
every (§,m) € G. Let F = {fo,..., fr} € [*Q*“)]<¥ be of type A, B or C.
For every sufficiently large n in w, there exists € < €/2 such that for every
€ < € there exists ¥ : G = G Usupp fo(n)U---Usupp fr(n) — B satisfying
the following conditions:

(i) d- 1/}(«9 m) C ¢(6,m) for every (6, m) € G;

(i) 6(4(0,m)) = € for every (9, m) € G;
(iii) (Z 6,m)esupp fi(n) ¢ a(fi(n), (6, m)) - 1/)(9:77”&)) < € for every i < k;
(V) Ai 032 (0.m)esupp f3(n) @(fi(1), (0,m)) - (0, m) # O for every i < k.



Countably compact square of free abelian groups 251

Proof. Let ¢ : G — B be such that §(¢(0,m)) = €/d and d - ¢(0, m) =
(6, m) for every (0, m) € G. We will consider each type separately.

CASE 1: F is of type A. In this case, a(fi(n),(6,m)) = fi(n)(0,m) for
alln € w, (A, m) € supp fi(n) and i < k. Fixi € {0,...,k}. If f; is of type 1,
there are only finitely many n’s such that |f;(n)|e < 4d; if f; is of type 2,
there are only ﬁnitely many n’s such that supp f;(n) C G. Therefore, for all
but finitely many n’s we have |f;(n)|e > 4d or supp fi(n) \ G # 0, for every
1 < k. Choose such an n. Applying Lemmam 4.2| for €/d > 0, Ag,..., A € B,
G € [exuw, ¢: G — Band {fo(n),...,fr(n)} C 2(%%) we obtain
¢ < ¢/(2d) such that, for every é < ¢, there exists ¢ : G — B satisfying the
following conditions:

d- (0, m) C d- $(0,m) = (8, m) for every (6,m) € G;
5(1(0,m)) = € for every (§,m) € G;

8(3 0.m)esupp fi(n) @lfi(1), (B,m)) - 9p(6,m)) < ¢/d < € for every i < k;
© Ai N3 (0.m)esupp fi(n) OLfi(1), (6,m)) (B, m) # 0 for every i < k.

CASE 2: F is of type B. In this case, fo = (1/d)fo and fi = (1/d)fi,
where fo, f1 : w — Z(%) and d is a positive integer. We have a(fi(n), (§,m))
= fi(n)(8,m) for all n € w, (6,m) € supp fi(n) and i < 2, and we also
have a(fz-(n), (0,m)) = fz(n)(e,m) for all n € w, (0,m) € suppfi(n) and
i € {2,...,k}. For all but finitely many n’s we have |f;j(n)le > 4d or
supp fi(n) \ G # 0, for every i < k. Also, for all but finitely many n’s there
exists (6,,,my) € supp fo(n) such that | f1(n)(0n, mn)|e > 4d| fo(n) (0, man)|.
Choose such an n.

Applying Lemma [4.3) for d € N\ {0} e/d > 0, Ap,A1 € B, G =
G N (supp fo(n) U supp fi(n)), ¥ = ¢lg : G — B and {fo( ), f ( )} C
[Z(*9)]<¥ | we obtain G = G U supp fo(n) Usupp fi(n) and € < €/(2d) such
that, for every € < €, there exists ¢ : G — B satisfying the following condi-
tions:

o d-(H,m)C &(0 m) = (0, m) for every (§,m) € G
5((8,m)) = € for every (6,m) € G
35 0.mycoupp fu(m) 1 () (0,m) - (6, m)) < €/d < e for every i < 2;
A0S gy conpo oy Fo0) (0 10) - (8, m) 0 for every i < 2.

Applying Pemmamfor e/d >0, Ay, ..., Ax € B, G = G\ (supp fo(n)U
supp f1(n)), ¢ =l : G — B and {fao(n),..., fu(n)} C [Z*V]<, we
obtain G = G U supp fo(n n) U -+ Usupp fi(n) and ¢ < ¢/(2d) such that, for

=

every € < €, there exists qb G — B satisfying the following conditions:
d-¢(0,m) C d-p(0,m) =(0,m) for every (§,m) € G,
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° 5((2(9 m)) = g for every (0, m) € ~C:}'
° ({5(2(9 m)Esupp fi(n) ) fi(n)(0,m) - $(0,m)) < e/d < € for every i €
2

o AN (0.m)esupp fi(n) Ji(n) (0, )(;:S(H,m) # (0 for every i € {2,...,k}.

Put € = min{e, e}. If~(0,m) € G, define L/;(Glm) = 1,/:}(9,?77,), and if (6, m)
€ @, define (0, m) = gb(@,}n), where 1) and ¢ are related to €. Note that
1) is well-defined since GN G = 0.

CASE 3: F is of type C. In this case, a(fi(n), (0,m)) = fi(n)(8,m) for

all n € w, (0,m) € supp fi(n) and ¢ < k. For all but finitely many n’s we
have |f;(n)le > 4d or supp fi(n) \ G # 0, for every i < k. Fix a > I(¢/8,¢),

where £ € R\ Q is the limit of the sequence {ff}ng% :n € w}. There
are only finitely many n’s such that
el ] e
[f1(1) (O, M) 8d
Also, there are only finitely many n’s such that | fi(n)(6,, m,)|e < 4a.

Therefore for all but finitely many n’s we have |fj(n)le > 4d or
supp fi(n) \ G # 0, for every i < k. Also, there exists (6,,, my) € supp f1(n)

such that
| fo(r) (6, mn) | a—£-a
| f1(12) (0, 110 )|
and | f1(n)(6p, my)|e > 4a. Choose such an n.
Applying Lemmau 4.4) for £ € R\ Q, ¢/d > 0, Ap, A1 € B, G GnN
(supp fo(n)Usupp f1(n)), ¢ = ¢lq : G — Band {fo( ), fi(n)} C (2=,
we obtain G=GU supp fo(n) U supp f1(n) and € < €/(2d) such that, for
every € < €, there exists ¢ : G — B satisfying the following conditions:
d- qb(& m) C d- (0, m) = (0, m) for every (§,m) € G;
5((;5(«9 m)) = ¢ for every (0,m) € G;
® (X (0.m)esupp fi(n) fi(n)(0,m) - gb(GNm)) < e/d < e for every i < 2;
o AN 0.myesupp fi(n) Ji(0)(0,m) - $(0,m) # O for every i < 2.
Applying Lemmaufor €/d >0, Ay, ..., A € B, G= G\ (supp fo(n)U
supp f1(n), ¢ = ¢lg C%%de%()whmﬂcﬁwﬂwww
obtain G = G Usupp fa(n n) U -+ Usupp fi(n) and ¢ < ¢/(2d) such that, for

every ¢ < ¢, there exists ¢ : G — B satisfying the following conditions:
o d- é(e, m) C d-¢(0,m) = (0, m) for every (0, m) € G;
e 3(¢(0,m)) = € for every (6, m) € G;

>

<@
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. 5(2(9 e 0 £:(m)O,m) - 4(,m)) < e/d < e for every i €
{2,. B
* "41'mZ:0m)€suppfZ fl( )( ) &(Gam) #Qfor every i € {277k}

Put ¢ = min{é}. If (9,m) € G, define §(6,m) = $(6,m), and if
(0,m) € G, define (0, m) = $(0, m), where ¢ and ¢ are related to ¢.

PROPOSITION 4.6. Let J € Q) \ {0} and E € [¢]* be as in Proposi-
tion [4.1] For each & € E \ {0}, let R € [w]“. There exists a group homo-
morphism ¢lgExw) : QEXw) T such that:

(1) ¢lgwxw (J) #0+Z;

(ii) for each & € E\ {0}, there exists S¢ € [Re] such that the sequence
{blgExw (fei(n)) : n € Se} converges to ¢lomxw) (X(e,i)) for every
i€40,...,n(Fe) —1}.

Proof. Let {0, : n € w} be an enumeration of E'\ {0} such that

new:0=0,}=w

for every # € E \ {0}. Let also {e,, : n € w} be an enumeration of £ x w.
We will make an inductive construction in order to obtain a group homo-
morphism ¢[gmxw) : QUExw) 5 T satisfying (i) and (ii).

Put Go = suppJ U {(6o,7) : i < n(Fy,)} U{eo}. For each (§,n) € Gy,
choose y(¢ ) € R such that

(ﬁ,n)ésupp]
and define
Uem = py Yem T2
We have 1
(&,n)€supp J

Let vo(§,n) be the open arc of T centered at x(¢ ) with diameter ro/b(J)
where

1
4- Z(E,n)EsuppJ |a<J7 (57 n))‘ .

ro =

Since 1

sHZe Y. ald(&n) wo(&n)
(§,n)€supp J

and

(3 aEm) woEm) < S lal (& n)Io@o(& n) <

(¢,n)€supp J (&,n)Esupp J

1 =
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it follows that

0+Z¢ > a(J,(&n))-tho(& n).

(¢,n)€supp J

This concludes the first step of the induction. We remark that g will be
used to show that condition (i) of this proposition is satisfied.

Now, we start the successor stage. Fix m € w and suppose we have
defined 7, > 0, b1 = 0, byy—1 € Ry, _, (if m > 1), G;, € [E X w]<¥ and
Y+ G — B such that 0(¢n (&, n)) = 10/ (0(J) - [];<,, d(Fp;)) for every
(&,n) € Gp,. Before stating the Claim that takes care of step m + 1, we
briefly comment on its statement.

Condition (1) of the Claim is used to make the sequence {r; : k € w} of
positive real numbers converge to 0. This is important to define the required
homomorphism, since the lengths of the arcs of the function 1 are related
to rg. Conditions (1), (4) and (5) are used to define ¢lgExw) (X(en)) as an
intersection of decreasing arcs.

Roughly speaking, ,,11(£,n) is associated to a root of a point of
¥m(&,n) and the size of the arcs ¥, 1(£,n) guarantees that such a root
is uniquely defined. This is necessary, since we want to embed a vector
space over QQ into T.

Finally, conditions (1), (6) and (7) are used to produce a triangular in-
equality which shows that the image of each element of a family of type A, B
or C is sent near to the image of their pre-assigned accumulation points. This
last fact, together with condition (2) and the definition of b,,, is used to show
that the pre-assigned accumulation points are preserved. Condition (3) keeps
track of the domain of the arc functions, which needs to be finite at each
stage, but increasing to F X w.

CraM. There exist rpmi1 > 0, by € Ry, Gm+1 € [F X w|<¥ and
Um+1 1 Gm+1 — B satisfying the following conditions:

(1) 2rmg1 < T

(2) b > bm—1;

(3) Gmt1 = GnUsupp fp,, 0(bm)U- - -Usupp f@m,n(Fgm)—l(bm)U{em+1}U

(Omt1,1) 1@ < n(Fp,,,)}

(Fu,.) - Ym+1(€,n) C (€, n) for every (€,n) € Gr;

O() - TTjems1 d(Fo;) - ¥m41(§, 1)) = rmga for every (§,n) € Ginya;

(X temyesupp fo,, 5 (bm) QS0 ,i(Om), (§,1)) - bmi1(€,n)) < rm/(b(J]) -
[ d(Fp;)) for every i < n(Fy,,);

(7) wm( m ) N Z (&,n)€esupp fo,,,i(bm) (f9m, ( )7 (57”)) ’ ¢m+1(§7n) 7é 0
for every i < n(Fy,,).

m

()

{
(4) d
0
(6) ¢
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Proof of the claim. Since Fy,, is of type A, B or C and Ry,, is infinite, one
can choose b, € Ry, so that b, > b,_1 and Lemma can be applied

for d(F9m)7 Tm/(b(‘]) ) Hj<m+1 d(FQJ’))7~¢m(9m70)a R a¢m(9mvn(F9 ) - 1)7
Gm, Ym, Fy, and b,. We obtain G = G, U supp fg,,0(bm) U --- U
supp f@m,n(Fgm)—l(bm)’ € < ri/(20(J) - Hj<m+1 d(FGj)) and, for rp41 =

€/(b(J) - [1j<my1 d(Fp;)), there exists Y : G — B satisfying (i)-(iv) of Lem-
malt.5] Define i1 = GU{enm 1 U{(Oms1,4) 10 < n(Fp,,,,)}. 1 (€,n) € G,

define 1, 11(€,n) = (&, n). If (£,n) € Gmy1 \ G, let Ypy1(€,n) be an ele-

ment of B with diameter rm41/(b(J) - I];.,,11 d(Fp;)). =

By finite induction, we have r,, > 0, by, € Ry, , G € [E X w]<
and ¥y, : Gy, — B satistying (1)—(7) for every m € w. Note that
=F xuw.

Since T is a complete metric space and (7, )mew 18 & sequence of positive

real numbers that converges to 0, and since (4) and (5) hold, we conclude
that if (§,n) € E X w, then

N o) [] d@E,) - vmEn)= () () [] d(Fo,) - ¥m(E.n)

m2N<§7n) j<m mZN(g,n) j<m

me

is a one-element set, where N¢ ) = min{m € w: (§{,n) € Gy, }. Denote by
?(X(¢,n)) the unique element of this set.

If m > N ), there exists a unique element of v, (§,n) whose multi-
plication by b(J) - [];.,, d(Fp,) is equal to ¢(x(en)). We shall denote this
element by

1

¢<W> Tl d(Fs,) X“’”’)'

For each (§,n) € E x w, consider

1
Gien) = “X(em) € (EX“):m>Nn}
(&mn) {b(J) ] Hj<m d(FGj) X(&m) Q = V(&n)

and extend ¢ to a group homomorphism ¢[g : G — T, where G is the group

generated by U(&n)ecxa) G e n)-

Since T is a divisible group, one can extend ¢[s to a group homomor-
phism @[gExe) : QE*w) _ T. It remains to show that conditions (i) and
(ii) are satisfied.

We have

1
Blgeol) = 3 alJ,(En)- Bl (bm - xw)
(¢,n)€supp J

€ > alJ(&n) - vo(én).

(&n)€supp J
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Since

0+Z¢ > alJ(&n) Yol n)
(§;n)esupp J
we conclude that ¢[gExq (J) # 0 + Z. Therefore, (i) is satisfied.
Fix { € E\ {0} and i € {0,...,n(Fe) —1}. Set I = {m € w: { = 0,,}
and S¢ = {by, : m € I}. It is clear that S¢ € [R¢]*. We will show that
{Blgexe (fei(n)) : n € S¢} converges to ¢lgxe (X(g,i))- Since

PlgExe) (fo,,,i(bm))
€ > @(f,0,i(bm), (1)) - () - ] d(Fp,) - ms1(é,m)

(&,n)€supp fo,,,i(bm) j<m

and
BloExo (X (o) € 0(J) - [T d(Fo,) - tom(Om, 1)
j<m

it follows from (6) and (7) that §(@lguexe) (fomi(bm)), Slgeeeo (X(on i)
< 2ry,, and therefore condition (ii) is also satisfied. m

We are ready to extend each group homomorphism obtained from Propo-
sition to the whole group Q(*«).

PROPOSITION 4.7. Let J € Q“)\{0}. For each ¢ € 0, ¢[, let Re € [w]*.
There exists a group homomorphism ¢ : Q%) — T such that:

() 6(J) £0+7;

(ii) for each & € 10,c[, there exists S¢ € [R¢]” such that the se-
quence {¢(fei(n)) : n € Se¢} converges to ¢(x(eq)) for every i €
{0,...,n(Fg) —1}.

Proof. According to Proposition there exists E € [c] such that
suppJ C £ x w and such that if { € E'\ {0}, then J,c,, supp f(n) C E X w,
for every f € Ft.

It follows from Proposition that there exists a group homomorphism
PloExe) : QF*%) — T such that:

(1) dlguexw (J) # 0+ Z;

(2) for each £ € E'\ {0}, there exists Sg € [R¢]* such that the sequence
{dlgExe (fei(n)) : n € Sg} converges to ¢lgExw (X(e,)) for every
ie{0,...,n(F) —1}.

Let {ag : & < ¢} be a strictly increasing enumeration of ¢ \ FE.
Choose Su, € [Ra,]” such that {@gmxw) (fag,i(n)) 1 n € S} is conver-
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gent for every ¢ < n(Fy,). Note that this is possible, since g = min(c \ E),
Ui<n(Fa0) Unew SUPP fao,i(n) C ap x w and T is sequentially compact.

Denote by QEFQ((EU{Q()})XW) (X(ao,i)) the limit point of {¢TQ(EXW>(fa0,i(n)) :
n € Sa,} for every i < n(Fy,). If i > n(F,,), define qZ;[Q((EU{QODW) (X(ao,i))
arbitrarily. Finally, if H € QE*%) put qE[@((Eu{ao})Xu)(H) = ¢[Q(Exw)(H).

Let H,, be the subgroup of Q(***) generated by Q(£*«) U X(ao,n) N EW}.
It is possible to extend ¢rQ((EU{a0})><w) to a group homomorphism from
Hq, to T, and since T is divisible, it is possible to extend ¢[g(mutag))xw)
to a group homomorphism WQ((Eu{ao})Xw) : QUEV{aoh)xw) _, T guch that
Plo(Eutaoh xw) (J) # 0+Z and so that, for each § € (EU{ao}) \ {0}, the se-
quence {¢[qEufaghxw) (fei(n)) 1 n € Se} converges to ¢l g mutaohxw) (X))
for every i € {0,...,n(Fg) — 1}.

By induction, we obtain S¢ € [R¢|* for every & € ]0,¢[ and a group
cXw)

homomorphism ¢ : Q! — T satisfying (i) and (ii). =

The assumption p = ¢ together with Proposition [£.7] implies Proposi-
tion [2.5] which will be restated and proved below.

PROPOSITION 2.5. (p = ¢) For each o < ¢ and £ € |0,c[ there exists
St € W] such that if « < B < ¢, then Seg C* S¢q. There also exists
a group homomorphism ¢q : Q%) — T such that:

(i) ¢a(Ja) #0+Z;

(ii) the sequence {¢pa(fei(n)) 1 n € Sea} converges to da(x(eq)) for every

ie{0,... ,n(Fe)—1}.

Proof. For each £ € ]0,¢[, put R¢ g = w. Applying Propositionto J =
Jo and R¢ = R¢ g, we obtain a group homomorphism ¢ : Q%) — T such
that ¢o(Jo) # 0+ Z and S € [Re]” such that the sequence {¢o(fei(n)) :
n € Sgo} converges to ¢o(x(¢,)) for every i € {0,...,n(F¢) —1}.

Fix f < ¢ and suppose that Sg, € [w]* is defined for every a < (3 so
that Sg 5 C* Se, for all v < § < B and £ € |0, ¢[. Suppose also that we have
constructed a group homomorphism ¢, : Q) — T such that ¢ (Js) #
0 + Z and the sequence {¢n(fei(n)) : n € Sgqo} converges to ¢a(xe,i) for
all i € {0,...,n(F¢) — 1} and a < 3. We shall show that it is possible to
choose S¢ g € [w]” so that Sg 3 C* S¢ o for all < § and £ € )0, ¢[ and that
it is also possible to construct a group homomorphism ¢g : Q(®) — T such
that ¢3(J3) # 0+ Z and the sequence {¢g(fei(n)) : n € S¢ g} converges to
¢a(xe,qi) for every i € {0,...,n(Fe) —1}.

If 38 is a successor ordinal—say, 3 = o + 1-—put R¢g = S¢ o for every
€ €]0,c[ and apply Propositionto J = Jg and Re = Re g. If B is a limit
ordinal, consider, for each £ € |0, ¢[, the family {S¢ , : @ < 8}. By inductive
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hypothesis, this family has the SFIP, and since we are assuming p = ¢, it
has a pseudointersection R¢ g. Then, apply Proposition to J = Jg and
Re=R¢p. m

5. Concerning Wallace’s problem. It is consistent (with ZFC) that
Wallace semigroups can have the square countably compact.

THEOREM 5.1. (p = ¢) There exists a both-sided cancellative topological
semigroup which is not a topological group and whose square is countably
compact.

Proof. Consider S = {®(J) € T¢: J € N(©&@}, Clearly, S is a both-
sided cancellative topological semigroup which is not a topological group.
Let {(g(n), h(n)) : n € w} be a sequence in S x S, where g, h : w — G[N(E*W)],
According to the proof of Proposition u 2.4} there exist £ € ]0,¢[, j 1w — w
strictly increasing and g, h e N(©@) guch that

(@ logo)n) =g+ > aci- fei(n),
i<n(F5)
(@ 'ohoj)(n)=h+ > bei feiln),
Z<Tl(F§)
for every n € w, where ag ;, be; € N for every i < n(F).
It was shown in Theorem 2.6 that

(20 3 acixea) 2(h+ 30 beixe))

1<n(Fy) i<n(Fy) .
= pe-lim{(g(n), h(n)) : n € w}

for some pe € w*. As @(f]—l—ZKn(FE) g X(e))s @(;H‘an(Fg) bei X(e)) €
D[N it follows that S x S is countably compact. =

6. Final remarks. In 1990, Comfort [3] asked for which cardinals x < 2°
there exists a topological group G such that G“ is countably compact for
every a < k£ and G" is not countably compact. It was shown by Tomita [13]
that, assuming a cardinal arithmetic and the existence of 2¢ selective ultra-
filters, every k < 2° admits such a topological group. However, these groups
have finite order 2.

Tomita [I2] showed that the wth power of a non-trivial topological free
abelian group cannot be countably compact. Tomita [I1] also showed that
the 2°th power of a Wallace semigroup cannot be countably compact.

These results motivate the following questions:

PROBLEM 6.1. For which cardinals € |3,w] does there exist a group
topology on the free abelian group of cardinality ¢ whose powers smaller than
Kk are countably compact?



Countably compact square of free abelian groups 259

PROBLEM 6.2. [Is it true that every group of cardinality ¢ that admits
a countably compact group topology admits one whose square is countably
compact?

PROBLEM 6.3. For which cardinals k < 2° does there exist a group topol-
ogy on a non-torsion abelian group G such that G% is countably compact for
every a < k and G" is not countably compact?

PROBLEM 6.4. For which cardinals k € 13,2 does there ezist a Wallace
semigroup whose powers smaller than k are countably compact?
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