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Abstract. We continue the study of the category of functors Fquad, associated to [Fa-
vector spaces equipped with a nondegenerate quadratic form, initiated in J. Pure Appl.
Algebra 212 (2008) and Algebr. Geom. Topology 7 (2007). We define a filtration of the
standard projective objects in Fquad; this refines to give a decomposition into indecom-
posable factors of the first two standard projective objects in Fquad: Pr, and Px,. As an
application of these two decompositions, we give a complete description of the polynomial
functors in Fqyuad-

Introduction. In [12] we defined the category of functors Fyyaq from
a category having as objects the nondegenerate Fo-quadratic spaces to the
category &£ of Fo-vector spaces, where Fy is the field with two elements.
The motivation for the construction of this category is to obtain, for or-
thogonal groups over Fo, an analogous framework to that which exists for
the general linear groups. We recall that the category F of functors from
the category £ of finite-dimensional Fy-vector spaces to the category £ of
all Fo-vector spaces is a very useful tool for the study of the stable coho-
mology of general linear groups with suitable coefficients (see [4]). Another
motivation, in topology, for the study of the category F is the connec-
tion between this category and unstable modules over the Steenrod algebra
(see [9]).

In order to have a good understanding of the category Fquad, we seek
to classify its simple objects. We constructed in [12] two families of simple
objects in Fyuaq. The first one is obtained from the fully faithful, exact
functor ¢ : F — Fyuad, defined in [12], which preserves simple objects.
By [6], the simple objects in F are in one-to-one correspondence with the
irreducible representations of finite general linear groups over Fsy. The second
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family is obtained from the fully faithful, exact functor s : Fiso — Fquad,
which preserves simple objects, where Fiy, is equivalent to the product of
the categories of modules over the orthogonal groups of possibly degenerate
quadratic forms. In [11], we constructed two families of simple objects in
the category Fquaa which are neither in the image of + nor in the image
of k. These simple objects are subfunctors of the tensor product between an
object in the image of ¢ and an object in the image of k. We proved that
these simple objects in Fquaq are the composition factors of two particular
mixed functors, defined in [11].

The aim of this paper is to begin a programme to obtain a complete
classification of the simple objects in Fqyuaq. Accordingly, we seek to decom-
pose the projective generators of this category into indecomposable factors
and to obtain the simple factors of these indecomposable factors. This paper
begins the study of the standard projective objects in the category Fyuad-
Although explicit decompositions of all projective generators are not pro-
vided in this paper, we give several useful tools, results and examples for the
realization of this programme. Furthermore, we deduce several interesting
consequences for the structure of the category Fquaq- In work in progress, we
obtain a general decomposition of a standard projective object Py of Fqyuad
which is indexed by the subspaces of H. Here we present explicit decom-
positions of the standard projective objects associated to “small” quadratic
spaces, since these decompositions play a fundamental réle in the category
Fquad (for example, for the description of the polynomial functors in Fqyad)-
Furthermore, recall that the decomposition of the standard injective Ig’; of
the category F and thus, by duality, that of the standard projective PEZ; ,
is fundamental for the comprehension of the other standard injectives of F.
Hence, the decompositions of the two smaller standard projectives of Fyuad
represent an important step in the understanding of the category Fquad-

We briefly summarize the contents of this paper. After some recollec-
tions on the category Fquad, where we recall the definitions of the isotropic
functors and mixed functors, we define a filtration of the standard projective
objects Py in Fyyaq:

0c PP c P c...cplimM- c plimV) _ p,.
We obtain a general description of the two extremities of this filtration.
THEOREM. Let V' be a nondegenerate Fa-quadratic space.
(1) There is a natural equivalence P‘(/O) o~ L(PG{V)), where v : F — Fauads
€ 1s the functor that forgets the quadratic form, and Pej(:V) is the

standard projective object in F associated to the vector space (V).
(2) The functor P‘(/O) is a direct summand of Py .
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PROPOSITION. Let V be a nondegenerate Fo-quadratic space. We have
a natural equivalence

PV/P‘(,dim(V)_l) ~ k(isoy),
where K : Fiso — Fquad and isoy is an isotropic functor in Fis.
An important consequence concerning the functor P‘(/O) is the following
result.
THEOREM. The category t(F) is a thick subcategory of Fquad-

Then by an explicit study of the filtration of the functors Pp, and Pp,
we obtain the following fundamental decompositions of these two standard
projective functors.

THEOREM.
(1) The standard projective object Pp, admits the decomposition
PHO = L(PIE‘?;@Q) ) (NﬁXQJ692 (&) Min’l) &) K(iSOHO),

where Mixg 1 and Mixy 1 are two mized functors and isom, is an
isotropic functor.
(2) The standard projective object Py, admits the decomposition

F . 3 .
Py, = Py 02) ® Mix; 19° @ k(ison, ),
where Mixy 1 is a mized functor and isop, is an isotropic functor.

These decompositions have several interesting consequences. Firstly,
thanks to this theorem we can complete the study of the functors Mixg 1
and Mix; ; started in [11] by the following result.

PROPOSITION. The functors Mixg1 and Mixy 1 are indecomposable.

We emphasize that the structure of the direct summands of P, and Pg,
is completely understood. The structure of the isotropic functors is given
n [12], that of the mixed functors Mixg; and Mix; ; is the main result of
[11] and is completed by the above proposition, and that of Pg‘; o2 follows
from [6]. Moreover, these decompositions give rise to a classification of the

simple functors S in Fquaq such that S(Hp) # 0 or S(Hy) # 0.

PROPOSITION. The isomorphism classes of nonconstant simple functors
in Fquad such that either S(Hy) # 0 or S(Hy) # 0 are:

L(/ll), L(AQ), L(S2,1)), K(is0(z0)), k(80w 1)), Ruy, Ruys Shy,
where Ry,, Ry, and SH, are the simple functors introduced in Corollary 1.7.

These decompositions also allow us to derive some homological calcula-
tions in the category Fquad-
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PROPOSITION. For any natural number n, we have
Ext%quad(RHO,RHo) ~TFy, and Eth}—quad(RHl7RHl) ~ Ty,
where Ry, and Ry, are the simple functors introduced in Corollary 1.7.

Finally, after having introduced the notion of polynomial functor for the
category Fquad, Which generalizes that for F, we obtain the following result
as an application of the classification of the simple functors S in Fqyaq such
that S(Hy) # 0 or S(Hy) # 0 and of the thickness of the subcategory ¢(F)
of fquad-

THEOREM. The polynomial functors in Fquaqa are in the image of the
functor v : F — Fquad-

Most of the results of this paper are contained in the Ph.D. thesis of the
author [10].

1. The category F.q: some recollections. In this section we recall
some definitions and results about the category Fquaa obtained in [12].

Let &, be the category having as objects finite-dimensional [Fo-vector
spaces equipped with a nondegenerate quadratic form and with morphisms
linear maps that preserve the quadratic forms. By the classification of qua-
dratic forms over the field Fy (see, for instance, [7]) we know that only
spaces of even dimension can be nondegenerate and, for a fixed even di-
mension, there are two inequivalent nondegenerate spaces, which are dis-
tinguished by the Arf invariant. We will denote by Hy (resp. H;) the non-
degenerate quadratic space of dimension two such that Arf(Hy) =0 (resp.
Arf(H;)=1). The orthogonal sum of two nondegenerate quadratic spaces
(V,qv) and (W, qw ), denoted by W L V', is, by definition, the quadratic
space (V & W, qvgw) where gvaw (v, w) = qv(v) + gw(w). Recall that the
spaces Hy 1. Hyp and Hy | H;p are isomorphic. Observe that the morphisms
of &, are injective linear maps and this category does not admit push-outs
or pull-backs. There exists a pseudo push-out in &, that allows us to gener-
alize the construction of the category of co-spans of Bénabou [1] and thus
to define the category 7, in which there exist retractions.

DEFINITION 1.1. The category 7, has as objects those of &£, and, for
any objects V and W in 7;, Homz, (V, W) is the set of equivalence classes

of diagrams in &; of the form V I, X & W for the equivalence relation
generated by the relation R defined as follows:

vixiEiw R vix, LW

if there exists a morphism « of &; such that ao f = uw and o g = v.
The composition is defined using the pseudo push-out. The morphism in
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Hom7, (V, W) represented by the diagram V' L. X & W will be denoted by
vLxLw,
REMARK 1.2. Each morphism in Homz, (V, W) is represented by a dia-

gram of the form V' Lowiw W, where iy is the canonical inclusion.
In the following, we will use this representation without further comment.

By definition, Fquaq is the category of functors from 7, to £. Hence Fqyad
is abelian and has enough projective objects. By the Yoneda lemma, for any
object V' of 7, the functor Py = Fo[Hom7, (V, —)] is a projective object and
there is a natural isomorphism Homg,  (Py,F) ~ F(V) for all objects F
of Fquad- The set of functors {Py | V' € S}, named the standard projective
objects in Fquad, is a set of projective generators of Fyuaq4, where S is a set
of representatives of isometry classes of nondegenerate quadratic spaces.

There is a forgetful functor € : 7, — £f in Fyyaq, defined by €(V) = O(V)
and

(VLW LW L W) =p,00()),
where p, is the orthogonal projection from W LW’ to W and O : £, — Ef s

the functor which forgets the quadratic form. By the fullness of the functor
€ and an argument of essential surjectivity, we obtain the following theorem.

THEOREM 1.3 ([12]). There is a functor v : F — Fquad which is exact,
fully faithful and preserves simple objects.

In order to define another subcategory of Fquaq, we consider the cat-
egory 5;1 °® having as objects finite-dimensional Fa-vector spaces equipped
with a (possibly degenerate) quadratic form and with morphisms injective
linear maps which preserve the quadratic forms. The category Eg 8 admits
pull-backs; consequently, the category of spans Sp(&‘;eg) ([1]) is defined.
By definition, Fig, is the category of functors from Sp(é’geg) to £. As in
the case of Fyuad, the category Fis, is abelian and has enough projective
objects: by the Yoneda lemma, for any object V of Sp(c‘f&i “8), the functor
Qv = Fy [Homsp(ggeg)(V, —)] is a projective object in Fiso. We define a par-
ticular family of functors in Fig,, the isotropic functors, which form a set of
projective generators and injective cogenerators of Fiso. The category Fiso
is related to Fyuaq by the following theorem.

THEOREM 1.4 ([12]). There is a functor  : Fiso — Fquad Which is exact,
fully faithful and preserves simple objects.

We obtain a classification of the simple objects of the category Fiso from
the following theorem.



248 C. Vespa

THEOREM 1.5 ([12]). There is a natural equivalence of categories

Fiso ™~ H Fo[O(V)]-mod,
VeS
where S is a set of representatives of isometry classes of quadratic spaces
(possibly degenerate) and O(V) is the orthogonal group.

The object of Fig, which corresponds, via this equivalence, to the module
F2[O(V)] is the isotropic functor isoy, defined in [12]. Recall that, as a vector
space, isoy (W) is isomorphic to the subspace of Qv (W) generated by the

elements [V My w1.

A straightforward consequence of the classification of the simple objects
of Fiso in Theorem 1.5 is in the following corollary. Recall that, by definition,
an object F' of Fyyaq is finite if it has a finite composition series with simple
subquotients.

COROLLARY 1.6. The isotropic functors k(isoy) are finite in the category
fquad-

In Section 3, in order to obtain the classification of the simple objects S
of Fquad such that either S(Hg) # 0 or S(Hp) # 0, we need the composition
factors of the isotropic functors associated to some small quadratic spaces.
For a € {0,1}, let (z,a) be the degenerate quadratic space of dimension
one generated by x such that ¢(z) = «. Since the orthogonal groups O(z, 0)
and O(z,1) are trivial and O(Hy) ~ G2 and O(H;) ~ &3, we deduce from
Theorems 1.5 and 1.4 the following corollary.

COROLLARY 1.7.
(1) The functors k(iso,0)) and k(iso( 1)) are simple in Fyuad-
(2) The functor k(isom,) is indecomposable. We have a nonsplit short
exact sequence
0— Ry, — H(iSOHO) — Ry, — 0,
where Ry, 1is the functor obtained from the trivial representation of
O(H).
(3) The functor k(isog, ) admits the decomposition
k(isog,) = Fg, ® (SHI)@27
where Sy, is the functor obtained from the natural representation of
O(H1), and Fpy, is an indecomposable functor for which we have a
nonsplit short exact sequence
0 — Ry, — Fyg, — Ry, — 0,

where Ry, is the functor obtained from the trivial representation
Of O(Hl)
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In [11], we define a new family of functors in Fqyaq, named the mixed
functors, and we decompose two particular functors of this family: the func-
tors Mixg 1 and Mix; ;1. We recall the following description of these functors.

PropOSITION 1.8 ([11]). For a € {0,1}, the functors Mixe1 : 7y — &
are defined by

Mixavl(V) = Fq[Sv],
where Sy = {(v1,v2) |v1 € V, v € V, q(v1 + v2) = o, B(v1,v2) =1} and

Mixa1([V L W L L < W))[(v1,v2)]
{ [(pw o f(v1),pw o f(v2))] if f(vr+v2) € W,

0 otherwise,

where py is the orthogonal projection.

In [11], for any positive integer n, we defined subfunctors L7 of ((A™) ®
#(i80(4,0)), Where A™ is the nth exterior power, and we proved that these

functors are simple. The functor L. is equivalent to #(i80(z,q)). We obtain
the following result.

THEOREM 1.9 ([11]). Let o € {0,1}.

(1) The functor Mixq1 is infinite.
(2) There exists a subfunctor Yo 1 of Mixa,1 such that we have a short
exact sequence

0— EQJ - MiXa,l — 2%1 — 0.

(3) The functor X1 is uniserial with unique composition series given
by the decreasing filtration given by the subfunctors kqXo 1 of Y 1:

e C kidEaJ c.--C klﬂa,l C kothl = Ea,l'

(a) The head of Yo (i.e. Xo1/k1Xa,1) is isomorphic to the functor
K(i80(g,0) ), where i80(y o) s a simple object in Fis.
(b) Ford >0,
kdza,l/kd+12a,1 = LiJrl?

where Lg“ is a simple object of the category Fquaa that is neither
in the image of 1 nor in the image of r. The functor L& is a
subfunctor of (A1) @ K(is0(y ), where AT is the (d + 1)st
exterior power functor.

2. Filtration of the standard projective functors Py of Fgaq.
In this section, we define a filtration of the standard projective functors
Py of Fyuaqa- This construction gives rise to an essential tool to obtain, in
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Section 3, the decompositions of the projective objects Py, and Py, of Fquad
into indecomposable direct summands.

After defining this filtration, we will deduce general results about the
projective Py of Fuaq. In Theorem 2.6 we prove that the rank zero part is
a direct summand of Py, and we identify this functor. This result allows us
to prove that +(F) is a thick subcategory of Fquaq.- We will also show that
the top quotient of this filtration is isomorphic to x(isoy ), where isoy is an
isotropic functor.

2.1. Definition of the filtration. We recall that a morphism in 7; from V'
to W, where V and W are nondegenerate quadratic spaces, is represented
by a diagram V — X «— W.

DEFINITION 2.1. A morphism [V — X «— W] in 7; has rank ¢ if the

pull-back in Egeg of the diagram V — X « W is a quadratic space of
dimension <.

NOTATION 2.2. We denote by Hom%)(V, W) the subset of Homy, (V, W)
of morphisms of rank less than or equal to i.

PROPOSITION 2.3. For any object W in T, the vector subspace
P (W) = Fa[Hom (V,W)]
of Py (W) defines a subfunctor P‘(/i) of Py.

Proof. Tt is sufficient to verify that for all morphisms f = [W — Y « Z]
of Tyand g =[V — X «— W]in Hom%)(V, W), the composition fog has rank
less than or equal to 7. This composition is represented by the commutative
diagram:

]J1 w j/
SN

where P and P’ are the pull-backs and X VJI; Y is the pseudo push-out defined
n [12]. Consequently, fog = [V — X VJI_/Y — Z]. Since [V — X — W]
is an element of P‘(/i)(W), the dimension of P is less than or equal to .

The injectivity of the morphisms of 53 ¢ implies that P’ has dimension at
most 7. m



Projective functors in the category Fquad 251

The following lemma is a straightforward consequence of Definition 2.1.

LEMMA 2.4. There exists a natural equivalence P‘(/dim(v)) ~ Py.

PROPOSITION 2.5. The functors P‘(/i) for i = 0,...,dim(V) define an
increasing filtration of the functor Py .

Proof. The inclusion of vector spaces P‘(/-i)(W) C P‘(jﬂ)(W) is clear,

for any object W in 7,. Consequently, P‘(/i) is a subfunctor of P‘(/H—l) by
Proposition 2.3. =

2.2. Extremities of the filtration. In the previous section, we have ob-
tained, for all objects V' of 7, the following filtration of the functor Py

0c PP cpPVc...cpldm)= - pldmV) _ p,

The aim of this section is to study the two extremities of this filtration,
V)-1)

namely, the functor P‘(/O) and the quotient Py / P‘(/dim( .

2.2.1. The functor P‘(/O). For any object V' in 7, by the Yoneda lemma
the functor Pej(:V) in F defined by P£V)(_) = Fo[Homgy (e(V'), —)] is projec-
tive, where € : 7, — EF is the forgetful functor of Fquad- The aim of this
section is to prove the following theorem:

THEOREM 2.6. Let V' be an object of .

(1) There is a natural equivalence: P‘(/O) o~ L(Pg(:v)), where t : F — Fyuad
is the functor given in Theorem 1.3.
(2) The functor P‘(/O) is a direct summand of Py .

Before proving this result, we give the following useful characterization
of the morphisms of rank zero, which is a straightforward consequence of
the definition of the rank of a morphism.

~ LEMMA 2.7. Let V be an object in T;. A morphism T = [V Swaiw’
A W1 has rank zero if and only if pwoa is an injective linear map, where
pw 1s the orthogonal projection from W L W' to W'.

For any objects V and W in 7, the forgetful functor € : 7, — ET gives
rise to a map Homz, (V, W) — Homg (e(V), (W)). By passage to the vector
spaces freely generated by these sets and by functoriality of e, we deduce
the existence of a morphism from Py to L(va)). As P‘(/O) is a subfunctor

of Py, we obtain a morphism f from P‘(/O) to L(va)). Consequently, to prove
Theorem 2.6(1), it is sufficient to prove the following proposition.
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PROPOSITION 2.8. The map P‘(/O)(W) Jw, Pefv)(e(W)) is an isomor-
phism for any objects V and W in 1.

The surjectivity of fy relies on the following lemma, which is an im-
proved version of the fullness of the forgetful functor e given in [12].

LEMMA 2.9. Let (V,qv) and (W,qw) be two objects of T, and f €
Homgs (e(V,qv), (W, qw)) a linear map. Then there ezists a morphism T =

vVE&wW.Lly N W] of rank zero such that e(T') = f.

Proof. As the quadratic space V is nondegenerate, it has even dimension,
say 2n. We prove the result by induction on n.

To start the induction, let (V, qy) be a nondegenerate quadratic space of
dimension two, with symplectic basis {a, b}, and let f : V — W be a linear
map. The following linear map preserves the quadratic form:

g :V—-WLL1LH |1 Hyl Hy
~ W L Span(ay,b1) L Span(ag, by) L Span(ag, bg),
a— f(a) + (q(a) + q(f(a)))ar + ao,
b= f(b) + (q(b) + q(f(0))ar + (1 + B(f(a), f(b)))bo + ap-
Consequently, the morphism T'=V 9 W 1L Hy L Hy < W is of rank zero
in 7, and €(T') = f.
Let V,, be a nondegenerate quadratic space of dimension 2n, and let

{a1,b1,...,an,by} be a symplectic basis of V,, and f, : V,, — W a linear
map. By induction, there exists a map

gn Vo =W LY,  a;— folai) + i, bi — fu(bi) + zi,

where y;,2; € Y for all i € {1,...,n}. The map g, preserves the quadratic
form, and the morphism 7' = [V, W LY W1 is of rank zero and
satisfies €(T") = fi,.

Let V41 be a nondegenerate quadratic space of dimension 2(n + 1),
{a1,b1,...,apn, by, ans1,bp+1} asymplectic basis of V41, and fr41 : Vip1 —
W a linear map. To define the map g,+1, we will consider the restriction of
fn+1 to V,, and extend the map g, given by the inductive assumption. For
that, we need the space

E~W 1Y L Hy" 1 Hy™ L H | Hy L Hy,
for which we specify the notations for a basis:

E~W LY L (L™ Span(ab,by)) L (L™ ,Span(A}, BY)) L Span(A;, By)
1 Span(C’o, DQ) 1 Span(Eo, Fo).
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The map
Gni1:V =W LY L H™ 1L Hy™ L Hy | Hy L Hy,
ai = far1(a;) +yi + ap,
bi = far1(bs) + 2+ Ay forie{l,...,n},
ant1 = fat1(ans1) + (@(ans1) + ¢(fag1(ans1)))Ar + Co

T Z B(fa+1(as), fat1(ant1))b

i=1

+ Z B(fn-‘rl(bi)v fn+1(an+1))Bév
=1

bat1 = frni1(bni1) + (@(bny1) + q(frnr1(bny1)))Ar
+ (14 B(fat1(ant1), far1(bny1)))Do

+ 37 B(fas(@i), fosr (bns))b

i=1
n .
+ ) B(fat1(bi), fat1(bui1)) By + Eo,
i=1
preserves the quadratic form. Furthermore, the morphism
T=[Vp 25 W LY LHE™ L Hi" L Hy L Hy L Hy < W]

is of rank zero and satisfies €(T") = f,4+1, which completes the inductive
step. m

The proof of the injectivity of fi relies on the following result, which
can be regarded as Witt’s theorem for degenerate quadratic forms.

THEOREM 2.10 ([2, §4, Theorem 1]). Let V' be a nondegenerate quadratic
space, D and D' quadratic subspaces (possibly degenerate) of V., and [
D — D' an isometry. Then there exists an isometry f : V — V eatending f.

Proof of the injectivity of fyy. The natural map f is induced by the
natural map

Homg%)(V, —) — Homgy(e(V),€e(—))

by passage to the vector spaces freely generated by these sets. So, f is
injective if and only if this natural map is injective. Consequently, it is

sufficient to verify that, for two generators T = [V 5 W L W’ hia W] and
T =V W LW 3w of PY(W) such that

(2.10.1) pw o O(a) = pyy 0 O(d),

we have T'="T".
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Let {a1,b1,...,an,b,} be a symplectic basis of V. We deduce from

(2.10.1) that, for all ¢ € {1,...,n},

(2.10.2) ala;) =w; +wl,  alb) =z + 2,

(2.10.3) (a;) =w;+w!, b)) =z + 2,

where, for all i, w; and z; are in W, w} and z are in W/, and 2 and w
are in W”. By Lemma 2.7, since the relevant morphisms are of rank zero,
{wh, oy, ... w2} and {wf,zf,...,w!, z'} are two linearly independent
families of vectors.

We will denote by W' = Span(w}, ], ... ,w),z}) (respectively W" =
Span(wf, !, ..., w/ ")) the quadratic subspace (possibly degenerate) of
W' (respectively W") and we define the linear map f : W' — W" by
fw;) =w] and f(x;) = for all i € {1,...,n}.

Since a and o preserve the quadratic forms, we deduce from (2.10.2)
and (2.10.3) that f preserves the quadratic form. Hence, we can apply The-
orem 2.10 to the nondegenerate space W/ 1. W”  which gives a morphism
fW LW - W' LW"in &, extending f. This yields the commutativity
of the diagram

WL (W LW N\

WL (W' LW")

where & = iy o and o = iy o . Consequently, T' = T” since, by
inclusion, we have

T=[VEWLILW XW=vIwLw Lw &w,
T =WV Wiw ™ w=wvlwiw 1w 2w
NotaTIiON 2.11. For any two objects V' and W of &, and for any
f € Homgs(e(V),e(W)), we denote by t; the morphism in Homg%)(v, W)
corresponding to f and by [tf] the canonical generator of P‘(,O)(W) obtained
from ¢y. To simplify notation, we denote t1q, € Homg%)(V, V) by ey.
Theorem 2.6(1) yields the following corollary.

COROLLARY 2.12. For any objects V., W and X of &, and morphisms
fre(W) = e(X) and g:e(V) — e(W) of T, we have

ty olg =1fog;
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where ty, ty and tyoq are respectively the morphisms in Homg%)(VV, X),

Hom(T(;)(V, W) and Homg%)(V, X) associated to the linear maps f, g and fog.

We can apply this result to the idempotents of the ring of endomorphisms
End(Py), to obtain the following proposition.

PROPOSITION 2.13. The canonical generator [ey] of P‘(/O) is an idem-
potent of the ring of endomorphisms End(Py) such that Py.[ey] ~ P‘(/O).
)

Consequently, P‘(/0 is a direct summand of Py .

Proof. The canonical generator [ey] is an idempotent of End(Py) by
Corollary 2.12. By definition of the rank filtration, Py .[ey] C P‘(/O) and, for
a canonical generator [tf] of P‘(/O), we have [ty] = [ty] - [ev].

Since the idempotents [ey] and 1 — [ey] of End(Py ) are orthogonal and
satisfy [ev] + (1 — [ev]) = 1, we obtain the following decomposition of Py
into direct summands: Py = Py.[ey] ® Py.(1 — [ey]). Hence P‘(/O) is a direct
summand of Py . m

The idempotent [ey] plays a central role in the proof of the thickness of
the subcategory ¢(F) in Fquad, which is the subject of the following section.
For that, the following result is necessary.

LEMMA 2.14. Let V and W be objects of 1,. Then the functor v induces
an isomorphism

PP, P,

Hom f(Pefv), ij)) = Homg,,, (
where € : T, — £ is the forgetful functor.
Proof. By Proposition 2.13 and Theorem 2.6 we have
0) (0 0 0 0
PP =~ B (ev) PPV) ~ PR(V)

~ L(Pg(:W))(V) ~ P](EW)(G(V)) ~ Homz( g(rv), P£W))~ .

Hom}—quad (

€

To conclude this section, we give the following property of ey, which will
be useful in Section 4 concerning the polynomial functors in Fyyaq-

LEMMA 2.15. For any two objects V and W of 1, we have ey w =
ev L ew, where L : T, x T, — T is the functor induced by the orthogonal
sum.

Proof. This is a straightforward consequence of Proposition 2.8. u

2.2.2. The category (F) is a thick subcategory of Fquad- Recall that a
subcategory C of an abelian category A is thick if C is a full subcategory
which contains all subobjects and quotients of its objects and is closed under
formation of extensions. The aim of this section is to prove the following
result.
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THEOREM 2.16. The category u(F) is a thick subcategory of Fquad,
where v : F — Fquad 15 the functor defined in Theorem 1.3.

To prove this theorem, we need the following general result about the
precomposition functor which is proved in the Appendix of [12].

PROPOSITION 2.17. Let C and D be two small categories, A be an abelian
category, F' : C — D be a functor and — o F' : Func(D, A) — Func(C, A)
be the precomposition functor, where Func(C,.A) is the category of functors
from C to A. If F is full and essentially surjective, then any subobject (re-
spectively quotient) of an object in the image of the precomposition functor
1s 1somorphic to an object in that image.

Proof of Theorem 2.16. e The subcategory ¢(F) of Fquaa is full by The-
orem 1.3.

e Let 7 be an object in F, and G a subobject of «(F7). Let F' be
the category of functors from £ (€ven) to £ where £F (¢ven) ig the full sub-
category of £/ having as objects the Fa-vector spaces of even dimension.
The categories F and F' are equivalent [12]. The functor € : & — &/
factorizes through the inclusion £f(evem) < &£f This induces a functor
€ & — EF(even) which is full and essentially surjective. Consequently,
we can use Proposition 2.17 to obtain G ~ ((G¥). Similarly, we obtain the
result for the quotient.

e Let G7 and H” be objects of F, and set G = «(G”) and H = ((H7).
For any short exact sequence 0 — G — F' — H — 0, we have to prove that
there exists a functor F'¥ in F such that F = ((F7).

Let P, - Pp — G — 0 and Q1 — Qo — H” — 0 be projective
presentations of G¥ and H? in F. We have the following commutative
diagram:

0 t(Pr) L(P1) ® (@) L(Q1) 0

0 L(Py) L(Po) @ ¢(Qo) (Qo) 0
0 G F H 0
0 0 0

where the columns are projective resolutions in Fquaq, by the horseshoe
lemma. By Lemma 2.14, the morphism ¢(P;) @ ¢(Q1) — t(FPo) @ t(Qo) is
induced by a morphism of F denoted by f. Consequently, F' = ((Coker(f))
€ L(]r ) n
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By Theorem 2.16, we deduce from Lemma 2.14 the following character-
ization of the simple functors of F in Fuaq which will be used in Section 4
concerning the polynomial functors in Fqyuad-

LEMMA 2.18.

(1) Let F be a functor in Fquad- Then F' is in the image of the functor
L F — Fquaa if and only if, for all objects V' in Ty,

Fley)F(V) = F(V).

(2) Let S be a simple object in Fauaqa. Then S is in the image of ¢ if
and only if there exists an object W in I, such that

S(ew)S(W) # 0.

Proof. (1) The forward implication is a consequence of the following fact:
for a functor F in the image of ¢, Homy:quad(P‘(/O)7 F)=F(ey)F(V)=F(V).
The reverse implication relies on the fact that the condition F(ey)F (V)
= F(V) implies that F is a quotient of a sum of projective objects of the
form P‘(/O). Since the category ¢(F) is thick in Fquaq by Theorem 2.16, we
obtain the result.

(2) Observe that, if S(ew)S(W) # 0, we have Hom]:quad(PIEI(/]),S) # 0,

thus S is a quotient of P‘Sg) by simplicity of S. Lemma 2.14 implies that there

exists a one-to-one correspondence between the indecomposable factors of
P‘(/O) and those of PE{V). We deduce that the simple quotients of P‘(/O) arise
from F. Consequently, S is in the image of the functor ¢. m

V)-1)

2.2.3. The quotient Py / P‘(/dim( . The aim of this section is to prove

the following result:

PROPOSITION 2.19. Let V' be an object in 1,. We have a natural equiv-
alence

PV/P‘(/dim(V)_l) ~ k(isoy),

where isoy is an isotropic functor and k : Fiso — Fquad 18 the functor given
in Theorem 1.4.

To prove this proposition, we need the following notation and result:

NOTATION 2.20. Denote by o the natural map Py 2, k(isoy) which
corresponds to the canonical generator [V My d V] of isoy (V) via the
equivalence Hom(Py, k(isoy)) =~ isoy (V) =~ Fo[O(V)] given by the Yoneda
lemma.

LEMMA 2.21. The functor k(isoy) of Fquad 5 a quotient of the functor
PV = Fg[HomTq (V, —)]
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Proof. The natural map Py MER k(isoy ) is surjective: a preimage of the
canonical generator [V <E V L W] of w(isoy)(W) under (o) is the
morphism [V £4— L W]

A formal consequence of the previous lemma is given in the following
result.

LEMMA 2.22. The functor k(isoyv) in Fquad 5 a quotient of the functor
PV/P‘(/dlm(V)fl)'

Proof. By definition of the filtration and by the previous lemma, we have
the diagram

0 4)P‘(/dim(V)—1) i Py PV/P‘(/dim(V)—l) 0

o
P
k(isoy )
where 7 is the canonical inclusion. By definition of o1q, we have o1q 0 ¢ = 0,

(dim(V)—-1)

which yields a surjection 7 : Py /Py, — k(isoy). =

We will prove below that this natural map is an isomorphism. It is suf-
ficient to prove the following result.

PROPOSITION 2.23. For any two objects V and W of 1T, we have
(Py /P ™0) (W) = w(isoy ) (W),
The proof of this proposition relies on the following lemma.

LEMMA 2.24. For a nonzero canonical generator of (PV/P‘(/dim(V)_l))(W)
represented by the morphism T = [V Lw 1w & W] of 1;, we have
gV)CW and T = [V L w & W), where g = in o f.

Proof. By definition of the filtration, for any two objects V and W of 7,
the vector space (Py /Py, dim(V)_l))(W) is generated by Hom[dlm( )](V W),
the set of morphisms from V to W whose pull-back D in 5 g 1s a quadratic
space such that dim(D) = dim(V). We deduce from the existence of a
monomorphism from D to V' and from the equality of the dimensions that D
and V are isometric. Consequently, for the morphism 7" of the statement, we

have, by definition of the pull-back, g(V') € W. Thus, T = [V L W <& w7,
where g = iy o f, by the equivalence relation between morphisms of 7,
described in Definition 1.1. =
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Proof of Proposition 2.23. The natural map 7 obtained in the proof of
Lemma 2.22 defines, for any object W in 7, the linear map

T+ (P PEV"DY(W) = k(isoy) (W),
r=wvLwddw—yvdyvIiw,

which is clearly an isomorphism. m

3. Decomposition of the standard projective functors Ppg,
and Pp,. On abelian categories, decompositions of a functor F' into direct
summands in Fyuaq correspond to decompositions of 1 into orthogonal idem-
potents in the ring Endg,,,,(F) (see for example [3]). One of the difficulties
of the category Fquaa lies in the fact that the rings of endomorphisms of
projectives Py and their representations are not well understood. The de-
compositions of projectives Py, obtained in work in preparation, using a
refinement of the rank filtration, will allow us to understand the structure
of those rings better.

In this section, we obtain the decompositions into indecomposable factors
of the projective objects P, and Pp, by an explicit study of the filtration
defined in Section 2. The section concludes with several consequences of
these decompositions. In particular, we give a classification of the “small”
simple functors of Fquaq, which is an essential ingredient in the following
section about the polynomial functors in Fyyaq-

3.1. Decomposition of Pp,. To obtain the decomposition of the functor
Pp, into indecomposable factors, we give an explicit description of the sub-
quotients of the filtration; then we prove that the filtration splits for this
functor and we identify the factors of this decomposition.

3.1.1. Explicit description of the subquotients of the filtration. The aim
of this section is to give bases of the vector spaces Pg; )(V), PI({lo) / PI({OO)(V)
and Pp,/ PI({lO)(V) for any given object V in 7.

We deduce from Theorem 2.6 and Notation 2.11 the following result.

LEMMA 3.1. A basis of PJSJO)(V) is given by the set

BY) = {[ts]| f € Homgs(F>", ¢(V))}.

0

By definition of the filtration, a canonical generator of Pf({lo) / PJ(LIO0 )(V),

represented by the morphism T = [Hy Lyvipdv V] of 7,, has the
property that
I'= f(Ho)Ni(V)

is a quadratic space of dimension one.
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LEMMA 3.2. Let T = [Hy Lyvipde V] be a morphism of Ty which
represents a canonical generator of P}Ilo)/PISOO)(V), and {ag,bo} be a sym-
plectic basis of Hgy. Then the map f in T has one of the following three
forms.

(1) If I =(f(ao0),0), then f is defined by
flag) =v and f(by) =w+1
for some v,w € V satisfying q(v) = 0 and B(v,w) = 1 and some

le L\{0}.
(2) If I =(f(bo),0), then f is defined by

flag) =v+1 and f(by) =w

for some v,w € V with q(w) = 0 and B(v,w) = 1, and some
leL\{0}.
(3) If I =(f(ap+bo),1), then f is defined by

flag) =v+1 and f(by) =w+1
forv,w e V with g(v+w) =1 and B(v,w) =1, and some | € L\{0}.

Proof. The quadratic space Hy has three subspaces of dimension one:
Span(ag) and Span(bg) isometric to (x,0), and Span(ag + bg) isometric
to (x,1). These three subspaces give rise to the respective maps f defined
in the statement. =

NOTATION 3.3. The morphisms [Ho - V L L <% V], where f is as in
item (1) (respectively (2) and (3)) of the previous lemma, will be referred
to as type A (respectively B and C') morphisms.

PROPOSITION 3.4. For morphisms T = [Hy Lyvipdv V] and T' =

/

[Hy iR V L L <~ V] of T, which represent canonical generators of

Pgo)/PI(;))(V), the following properties are equivalent.

0
(1) T and T’ have the same type and satisfy py o f = pi, o f'.
(2) T=T.

The proof of (2)=-(1) relies on the following technical lemma.

LEMMA 35. Let T=[V % X & W] and 7' = [v £ X' & W] be
morphisms in Homg, (V,W). If T =T, then g(V)+h(W) ~ ¢'(V)+1'(W)
. deg
n &y .

Proof. By definition of the equivalence relation in Definition 1.1, it is

sufficient to prove that, for two morphisms 7" and T” such that TRT’, we
have g(V) + h(W) =~ ¢ (V) + ' (W).
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By definition, g(V')+h(W) is the smallest, possibly degenerate, quadratic
space such that we have a commutative diagram in Eq°® of the form

w
)
v
X

Similarly, ¢'(V') + /(W) is the smallest quadratic space such that we have
an analogous commutative diagram. By definition of the relation R, there
exists a morphism ¢ in &; such that the following diagram is commutative:

w
|
v 4g> X h'
1)
X\
Xl

By the consideration of the following commutative diagram in 53 8.

w
|
\%4 — Y h
\\
~_ X
g
X/
where Y = ¢g(V) + h(W), we deduce from the minimality of ¢’'(V') + /(W)
the existence of a morphism in £ from ¢'(V)) + h'(W) to g(V) + h(W)
such that the corresponding diagram is commutative. Then, by minimality
of g(V) 4+ h(W) for T, we obtain g(V) + h(W) ~ ¢'"(V)+ h'(W). u

Proof of Proposition 3.4. Suppose that the morphisms 7' and 7”7 in
Homr, (Ho, V') are of type A and py o f = p, o f'. Then

flag) = v, f(bo) =w+1 and f'(ag) =v, f'(bo) =w+1
for some v,w € V and € L\ {0}, " € L'\ {0}.
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Since the maps f and f’ preserve the quadratic forms, we have q(bg) =
q(w) + q(1) = q(w) + q(I'). Hence ¢(1) = ¢(I'), and thus the map Span(l) =
Span(l’) such that «(l) = I, preserves the quadratic form. Consequently,
Theorem 2.10 yields a map o : L 1. L' — L 1 L’ extending «.

This implies the commutativity of the diagram

Since T' = [H Lvibip v V] and T" = [Hy LVJ_LJ_LUZ—V V],
by inclusion, we deduce from the previous diagram that 7' = T".
We reason in the same way for morphisms of type B and C.
Conversely, if T = T', then f(Ho) + iv(V) ~ f'(Ho) + i1, (V) by Lem-
ma 3.5. Consequently, Theorem 2.10 yields an isometry 3 :V L L I L' —
V L L 1 L' making the following diagram commutative:

V1iL1L VIiL1L

f(Ho) +iv (V) —— f'(Ho) +i1,(V)

This yields the commutativity of the diagram

Hy . V1iL1L
K
f/
V1iL.1L
which implies that Soiy = i},. Thus, § = Idy LG, where 3’ : LLL' — LLL’
is a morphism in Homg, (L L L', L L L’). Consequently,
flag) =v+1, f(bo) =w+1" and f'(ag) =v+ (1), f'(bo) = w+ B'(I),

and we deduce that py o f = pf,. Furthermore, since ' is invertible, for all «
in L 1 L' we have: x is nonzero if and only if #'(x) is nonzero. Consequently,
T and T" have the same type. =
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This proposition justifies the following notation.

NOTATION 3.6. We will denote by A, , By and Cy 4, the morphisms in
Hom7, (Ho, V') respectively of type A, B and C and such that py o f(ag) = v

and py o f(by) = w.
The following result is a straightforward consequence of Lemma 3.2 and
Proposition 3.4.

LEMMA 3.7. A basis of P /P ( ) is given by the set
BHO ={[Apw] |v,w eV, qv) =0, B(v,w) =1}
U{[Buw] [v,w €V, g(w) =0, B(v,w) =1}
U{[Cyw] |v,w eV, glv+w) =1, B(v,w) =1}
By Proposition 2.19, we have (PHO/PSO))(V) ~ k(isom, ) (V). This yields
the following result.
LEMMA 3.8. A basis of PHO/PSO)(V) is given by the set
Biz, = {[Ds]| [ € Home, (Ho, V)}.

where Dy is the morphism of 1, represented by the diagram Hy ER vy,

We end this section by giving the composition rules for the morphisms ¢,
Aywy Byw, Cyw and Dy. This technical result will be fundamental in the
following section, to prove the splitting of the filtration.

LEMMA 39. Let T = V % W L L &% W be a morphism in
Hom7, (V,W).

(1) For f € Homgs(Fo®2, €(V)) we have
Toty=1tgyos-
(2) (a) Forwv, wEszthqv)—O and B(v,w) =1, we have
v)vaOSO(w) Zf (p(v) € W7
Lpwo(pLlld)oa  Otherwise.
(b) For v,w € V with q(w) =0 and B(v,w) = 1, we have
ToB.. { owop(v)p(w) @(w? €W,
' tpwo(pLlld)oa  Otherwise.
(¢) Forv,w eV with q(v+w) =1 and B(v,w) =1, we have

Cowopw)pwop(w) H plv+w) €W,
To Cv w — .
’ Lpwro(pLId)oa otherwise.

T o Ayw
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(3) For f € Homg, (Ho,V), we have

To Df =

Do if oo flag) €W and o f(by) € W,
Asﬁof(ao)mwosﬂof(bo) if poflao) €W and o f(bo) ¢ W,
Bmepof(ao),Lpof(bo) Zf ¥o f(ao) ¢ W and ¥o f(b()) W,
CpWogoof(ao),pWoapof(bo) Zf ¥ o f(a[)) ¢ W and ®o f(bo) ¢ w

and o f(ag +by) € W,
tpWo(cpJ_Id)oa lf ¥ o f(a()) g'é W and ¢ o f(b()) ¢ W

L and @ o f(ap +bo) ¢ W.

Proof. By definition of the composition in 7,, we have the following
diagram:
w

|

1% Y W LL

.

Hy—">V 1L ~——WLLLL
(1) For a morphism t ¢, we have a(ag) = f(ag)+1 and a(by) = f(bo) +m,
where {l,m} is a linearly independent set in L’. Consequently,
(p LId)oafag) = ¢o f(ag) +1 and (p LId)oa(by) = ¢o f(by) +m,
proving that T oty =t 0.

(2) For A, 4, we have a(ag) = v and a(by) = w+1", where I’ is a nonzero
element of L'. Consequently,

(o L1d) o a(ag) = ¢(v) and (¢ LId)o a(by) = @(w) + 1.

We have to distinguish two cases:

o If p(v) € W, then since ¢ preserves quadratic forms, we have
q(¢(v)) = q(v), and since L’ is orthogonal to V', B(¢(v), pw o p(w)) =
B(p(v), p(w)) = B(v,w). Thus the morphism A is defined
and we have T'o Ay yy = Ay(v) prop(w)-

e Otherwise, p(v) = pw o p(v) +m, where m is a nonzero element of L.
Consequently, we obtain a morphism of null rank and T o A,,, =
t

@(v),pwop(w)

pwo(pLld)oar
The cases of B, ,, and C, ,, are similar and are left to the reader.

(3) For the morphism Dy, where f € Homg, (Ho, V), we have a(ag) =
f(ao) = v and a(by) = f(by) = w for some v,w € V. Consequently, (¢ LId)o
alap) = ¢(v) and (p LId)oa(by) = ¢(w). Since po f preserves the quadratic
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forms, we have q(¢o f(ag)) = q(¢o f(by)) = 0 and B(yo f(ap), o f(by)) = 1.

Thus the morphisms A ¢(aq),00f(bo)» Beof(ao),pof(bo) A Cpof(ag),pof(by) are
defined.

We have to distinguish four cases:

o If p(v) € W and p(w) € W then T'o Dy = Do .

o If pof(ap) € W and po f(by) ¢ W, then po f(ag) = w" and o f(by) =
w” 41, where [ € L\ {0}. Consequently, we obtain a morphism of type
Aand T'o Dy = Apof(ag) pof(b):

e If po f(ag) ¢ W and po f(by) € W, then ¢ o f(ag) = w' + 1 and
wo f(by) = w”, where I € L\{0}. Consequently, we obtain a morphism
of type B and T'o D¢ = Bq(ag),00f(bo)-

o If po flag) ¢ W, po f(bo) ¢ W and ¢ o f(ag + by) € W, then
o f(ag) = w'+1land pof(by) = w”+1, where l € L\{0}. Consequently,
we obtain a morphism of type C'and T' o Dy = Cq(q0) 00 f (bo)-

o If pof(ag) & W, pof(by) ¢ W and po f(ag+bg) ¢ W, then po f(ag) =
w' 41 and po f(by) = w” +1', where [,I" € L'\ {0}. Consequently, we
obtain a morphism of null rank and T'o Dy =), o(, 11d)oa ™

3.1.2. Splitting of the filtration for the functor Pp,. In this section, we
prove the following result.

ProproOsSITION 3.10. The rank filtration splits for the functor P,
namely
0 1 0 1
PHO = PI({O) @ PP(IO)/PI(‘IO) EB PHO/PI({Q)
Proof. By Theorem 2.6, we have PI({l) = Pg‘:)) @ Pgo)/PI({(L)‘ To prove the
proposition, it is sufficient to prove that Py, = Pgo) ® P,/ Pgo).
By definition of the filtration, we have the short exact sequence

(3.10.1) 0 — Py — Py, % Py, /Py — 0.

Let V be an object in 7, and consider a morphism f € Homg, (Ho, V')

and the generator [Dy] of Py, / Pgo)(V) associated to f. Since f preserves the
quadratic forms, we have ¢(f(ag)) = q(f(bo)) = 0, ¢(f(ag + bg)) = 1; thus
B(f(ao), f(bg)) = 1. Consequently, the morphisms Af(ao),f(bo)’ Bf(ao),f(bo)
and Cy(qq), (o) in Homg, (Ho,V) are defined. We define a map sy

Pry /Py (V) — Pyy(V) by
sv : Py /Py (V) — Pay(V),
[Ds] = [D] 4 [A(ao). 160)] T [Bao).£60)) T [Coao), 1 (ko)

We verify the following two statements.
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(1) pyosy = Id. Indeed, for any canonical generator [Dy] of Py, / PI({lo) V),

we have
pv o sv([Dy]) = [Dy]

since the morphisms A ¢4, r(b0)s Bf(ao),f(bo) a0 C(ag),f(bo) have rank one.
(2) The maps sy define a natural map. Indeed, for a morphism T =

VEWLL Win Hom7, (V, W), we have the commutative diagram

s

Py, /P (V) == Py, (V)
Py, /P(l) (T) J{ lPHO (T)
Py, /Py (W) = Pi1, (W)
To simplify notation, write

A" = Ay flao)pwopof bo):
C" = Cppropof(an)pwopof o)y t = tpyo(pLidya-
On the one hand, by Lemma 3.9,
Pro(T) o sy ([Dy])
= P, (T)([Dy] + [Af(ao) F00)] F [Bfao). £v0)) T [Ciao). b))
= [T'o Ds] + [T'0 Ag(ay), (b)) + [T © B(ag).f b)) + [T © Clag). £ (b))

B' =B pw oo f(an),pof(bo)>

[Dyot] + [A'] + [B'] + [ T if po f(ag) € W and o f(by) € W,
[AT+ [AT+ ]+ [t'] =0 ifpo flag) €W and po f(by) ¢ W,
B4+ [t']|+[B]+[t'] =0 ifpo flag) ¢ W and po f(by) € W,
=< [C+[]+[t]+[C]=0 ifpoflag) &€ W and po f(bg) ¢ W

and o f(ag+bg) € W,
E1+ ]+ [t]+[]=0 ifpo flao) ¢ W and po f(bo) ¢ W
and @ o f(ag +bo) ¢ W
_ { [Dyos] + [A'l+ [B]+[C'] if po flag) € W and po f(by) € W,
o otherwise.
On the other hand, by Lemma 3.9,

Py PRy = { e} B oo Tleo) €W and o fn) € 1

0 otherwise,
since the morphisms A, B, C and t are zero in the quotient PHO/PIS{IO)(W)-
Hence,

1 [Dgpof]‘l‘[Al]'i‘[B/]‘i‘[cl] lfQOOf(CLQ) S w
sw o Py, /P (T)([Df)) = and po f(by) € W,
0 otherwise.
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Consequently, the maps sy define a natural map which is a section of p.
This gives rise to the splitting of the exact sequence (3.10.1). =

3.1.3. Identification of the direct summands. The aim of this section
is to identify the summands of the decomposition in Proposition 3.10. We
begin by proving that the morphisms of type A (respectively of type B

and C') define a subfunctor of Pgo) / PI({% ) which is a direct summand of this
functor.

LEMMA 3.11. The functor PI(;O)/PIS%) admits the following decomposition
into direct summands:

Pl /P = Fa® Fp @ Fe,
where Fa, Fg and Fo are subfunctors of PH)/P generated by, respec-
tively, the morphisms of type A, B and C.
Proof. By Lemma 3.7, we have an isomorphism of vector spaces
Pl /P (V) = Fa(V) & Fp(V) & Fe(V),
for all objects V' in 7,. Consequently, it is sufficient to prove that F, Fp

and F¢ are subfunctors of PI(LIIO)/ PI({OO ),
For F4, we have to verify the commutativity of the diagram

Fa(V)—= P /PY(V)
FAml l P [ PR(T)
Fa(W) == pPy) /P (W)

where T' € Homr7, (V, W). Let [A, ] be a canonical generator of Fa(V'). By
Lemma 3.9 we have

Tod,,— {Aw(v),pww(w) if p(v) 'G w,
’ tpwo(pLlld)oa  Otherwise.

Consequently,

. [A (o) pwop(w)]  if p(v) € W,
PI(}O)/PI({%)(T) o iy ([Ayw]) = { (v),pwop(w)

0 otherwise,

since the morphism ¢, o(,11d)0a has null rank. We see that Pgo) / PI(}L )(T) o

iv ([Ay w]) is in the vector space F'4 (W); thus, Fy is a subfunctor of P](L}O)/PI({OO).
In the same way, by the use of the values of the T'o B, ,, and T'oC,, ,, given

in Lemma 3.9, we prove that Fp and F¢o are subfunctors of PI(}O)/ PI(E) ) a

In the following lemma, we identify the functors F4, Fp and F¢ with
certain mixed functors defined in [11] and recalled in Section 1.



268 C. Vespa

LEMMA 3.12.

(1) Fa and Fp are isomorphic to the functor Mixg ;.
(2) Fc is isomorphic to Mix; ;.

Proof. To prove Fy =~ Mixg 1, let [A,,] be a canonical generator of
FA(V). By definition, B(v,w) = 1. Consequently, the following linear map
exists:

ot Fa(V) — Mixg1(V), [Avw] — [(w,v 4+ w)].

It is an isomorphism with inverse
-1 .
(0'\1/) : MlXO,l(V) e FA(V)a [(U7w)] = [Aerw,v]'

We have to verify that the maps 0‘1/ define a natural map, that is, for a
morphism T’ = [V 5 W L L <~ W], the following diagram is commutative:
ol )

F4(V) —— Mixg 1(V)

Fa (T) l iMiXo}l (T)

1
Fa(W) —2 Mixo 1 (W)

We have
MiX071(T) o 0"1/([140711,]) = MiX(]’l(T)[(’UJ, v+ w)]
_ { [(pw © p(w),pw o (v +w))] if p(v) € W,
0 otherwise,
by the definition of mixed functors, and

A v op(w if p(v) e W,
oy 0 Fa(T)([Ava)) :Uév{[ ) pworw)] i @(v)

0 otherwise,
_ { [(pw 0 p(w), p(v) + pw o p(w))] if p(v) € W,
0 otherwise.
When ¢(v) € W, we have

[(pw © p(w), (v) + pw © p(w))] = [(pw o p(w), pw © (v + w))],
which proves the naturality of o!.

Since the other two cases are similar, we only give the definition of the
relevant isomorphism of vector spaces and leave it to the reader to verify
that they define natural equivalences.

For Fp ~ Mix; o, the map is

0‘2/ : Fp(V) — Mixg1(V), Byw+— [(v,v+w)],
and for Fo ~ Mixq 1, it is
oy Fo(V) — Mix 1(V),  Cyuw = [(v,w)]. =
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PROPOSITION 3.13. The projective functor Pg, admits the following de-
composition into direct summands:

F . 2 . .
Py, = L(Pe(Fz@z)) @ (Mixg 1% @ Mixy 1) @ k(isop, ),
where Mixg 1 and Mix; 1 are mized functors and isom, is an isotropic func-

tor.

Proof. This is a straightforward consequence of Proposition 3.10, Theo-
rem 2.6, Proposition 2.19 and Lemmas 3.11 and 3.12. =

3.2. Decomposition of Pg,. The study of the functor Py, is analogous
to that of Pp, in the previous section. Therefore, we only give the principal
results without proofs.

3.2.1. Explicit description of the subquotients of the filtration. In this
section, we give bases of the vector spaces PI(LIOI)(V), Pgl) /PI(LIOI)(V) and
PHl/PI(}I)(V) for V' an object in 7.

LEMMA 3.14. A basis of PI(JOI)(V) is given by the set
B = {ts | f € Homg, (F3%2,¢(V))}.

LEMMA 3.15. Let T = [H; Lyipiv V] be a morphism of 1, which

represents a canonical generator of Pgl)/Pﬁlol)(V), and {a1,b1} a symplectic
basis of Hi. Then the map f in T has one of the following three forms.

(1) If I =(f(a1),0) then f:Hy — V L L is defined by
fla)=v and f(by))=w—+I

for some v,w € V satisfying q(v) = 1 and B(v,w) = 1, and some
le L\{0}.
(2) If I =(f(b1),0) then f:Hy — V L L is defined by

flar) =v+1 and f(b1) =w
for some v,w € V satisfying q(w) = 1 and B(v,w) = 1, and some
leL\{0}.
(3) If I = (f(a1+b1),1) then f: H — V L L is defined by
flar)=v+1 and f(b1)=w+I

for some v,w € V satisfying q(v + w) = 1 and B(v,w) = 1, and
some l € L\ {0}.

NOTATION 3.16. The morphisms [H; L V L L <¥ V], where f is as in
item (1) (respectively (2) and (3)) of the previous lemma will be referred to
as type E (respectively F' and G) morphisms.
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The proposition analogous to Proposition 3.4 holds for Hy. This justifies
the following notation.

NotaTION 3.17. Denote by E, ., F,. and Gy, the morphisms in
Homy, (H1, V') respectively of type E, F' and G such that py o f(a1) = v
and py o f(b1) = w.

We deduce the following lemmas.

LEMMA 3.18. A basis of PI(;I)/P(O)(V) is given by the set
By = {[Boul | v,w €V, (v) = 1, B(o,w) = 1}
UAlFw] [v,w eV, q(w ) 1, B(v,w) = 1}
U{lGow] [v,w eV, qv+w) =1, Blv,w) =1}.
LEMMA 3.19. A basis of PHI/PJEI1 (V') is given by the set
Biy) = {[H] | J € Homg, (H1,V)}.

where Hy is the morphism of I, represented by the diagram H, EN vy

The composition rules for E,, ., Fy ., Gvw and H are similar to those for
Ay wy Bow, Cyw and Dy, given in Lemma 3.9. The details can be provided
by the reader.

3.2.2. Splitting of the filtration for P,

PROPOSITION 3.20. The rank filtration splits for the functor Pr,, namely
Py, = Py) & Py)/ Py @ P, [Py

Proof. One verifies that the map sy : Py, / PI({ll)(V) — Py, (V) given by

sv i P, [Py (V) — Py, (V),

[Hy| = [Hy] + [Efar), s 0] + [Fran),ro0] + (G ran),ro0);
(1)
[ |

defines a natural map which is a section of the projection Py, — Pm,/ Py

3.2.3. Identification of the direct summands

LeEMMA 3.21. The functor P /P(0 admits the following decomposition
into direct summands:

Py /Py = Fp® Fr® Fg,
where Fg, Fr and Fg are subfunctors of PI(;I) /PI({O1 ) generated by, respec-
tively, the morphisms of type E, F and G.

LEMMA 3.22. The functors Fg, Fr and Fg are equivalent to the func-
tor MiXLl.
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PROPOSITION 3.23. The projective functor Py, admits the following de-
composition into direct summands:

Py, = L(Pj(”&m)) @ Mix; 1% @ r(isog, ).

3.3. Consequences of the decompositions of Pp, and Pp,. In this sec-
tion, we draw the conclusions of the decompositions of Py, and P, given in
Propositions 3.13 and 3.23. We deduce the indecomposability of the functors
Mixp1 and Mixy 1, we study the projectivity of the first isotropic functors
in Fyuad, and we give a classification of the “small” simple objects of Fyyad-

3.3.1. Indecomposability of Mixg1 and Mix; ;. The aim of this section
is to prove the following result:

PROPOSITION 3.24. The functors Mixg 1 and Mix; 1 are indecomposable.
The proof of this proposition relies on the following obvious lemma.

LEMMA 3.25. If the functor F' in Fyuaq decomposes as a direct sum
i ®---®F,, then the projections w; : F' — F; and the inclusions j; : F;, — F
induce idempotents e; = j; o m; in the ring End(F).

Proof of Proposition 3.24. By the Yoneda lemma,
HOHI(PHO, MiXOJ) = MiXQ}l (Ho)

By a calculation, the dimension of Mixq 1(Hp) is 4. According to Propo-
sition 3.13, the multiplicity of the summand Mixg ; in the decomposition
of Ppg, is 2. Consequently, the dimension of the vector space E :=
Hom(Mixg 1, Mixg;) is 2. We have the following basis: {Id, 7}, where
7([(u,v)]) = [(v,u)]. Consequently, E = ({0,1d,7,Id + 7},+,0) as a ring,
and it is easy to see that this ring does not admit a nontrivial idempotent.

Similarly, HOI’H(PHO,MiXLl) = MiXLl(Ho) and dim(MiXLl(Ho)) = 2.
The multiplicity of the summand Mix; 1 in the decomposition of Py, is 1.
We conclude that the ring Hom(Mix; 1, Mix; ;) does not admit a nontrivial
idempotent. =

We deduce from this proposition the following result, which complements
Theorem 1.9, obtained in [11]:

COROLLARY 3.26. The short exact sequence 0 — X1 — Mix,1 —
Ya1 — 0 does not split.

3.3.2. Projectivity of certain isotropic functors in Fquaa- The decompo-
sitions given in Propositions 3.13 and 3.23 allow us to study the projectivity
of isotropic functors in Fquaq. Corollary 4.37 in [12] shows that the set of
functors {isoy | V € S} is a set of projective generators of Fig,, where S is a
set of representatives of isometry classes of (possibly degenerate) quadratic
spaces.
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Since the functor x(isog,) (respectively x(isog,) ) is a direct summand
of Py, (respectively Py, ), we have the following result.

PROPOSITION 3.27. The functors k(isom,) and k(isom,) are projective
in the category Fyuad-

Corollary 1.6 and the previous proposition yield the following result.

COROLLARY 3.28. The category Fquad contains nonconstant, finite, pro-
jective objects.

This is a new feature of the category Fquaq compared with F. Recall
that, according to Corollary B7 in [5], due to Lionel Schwartz, the category
F does not contain nonconstant finite projective functors.

Recall that the functor K(iSO(I70)) is the top composition factor of Mixg 1,
and k(iso(,,1)) is that of Mix; ;. We have the following result.

PROPOSITION 3.29. The projective cover of r(iso()) (respectively
k(iso(y,1))) is the functor Mixg 1 (respectively Mixy1). In particular, the
functors k(iso(,0)) and k(iso(,,1)) are not projective in Fqyad-

Proof. Since k(is0(;,0))(Ho) # {0} and k(iso(, 1)) (Ho) # {0}, if these
two functors were projective, they would be direct summands of Pp,. We
deduce from Proposition 3.13 that these functors are not projective. m

REMARK 3.30. Propositions 3.27 and 3.29 suggest the conjecture that,
for a nondegenerate Fa-quadratic space H, k(isor) is a projective functor in
Fquad and, for a degenerate quadratic space D, k(isop) is not a projective
functor in Fyuaq and its projective cover is a generalized mixed functor. This
will be the subject of future work.

3.3.3. C(lassification of simple objects S of Fquaa such that either
S(Hg) # 0 or S(Hy) # 0. If S is a simple object in Fquaqa such that
S(Hp) # 0, the Yoneda lemma implies that Hom(Pp,,S) = S(Hp) # 0.
Consequently, there exists a morphism of Fquaq from P, to S which is an
epimorphism, by simplicity of S. From the decompositions given in Propo-
sitions 3.13 and 3.23, from Corollary 1.7 concerning the functors isog, and
isog, and from the study of the functors Mixg; and Mix; ; done in [11] and
recalled in Section 1, we deduce the following result.

PRroOPOSITION 3.31. The isomorphism classes of nonconstant simple
functors in Fyuaa such that either S(Hy) # 0 or S(Hy) # 0 are:

(ALY, o(A?), L(S(2,1))s K(is0(z0)), K(i80(z1)), Rre» Rrys Shy,

where Rp,, Ry, and Sy, are the simple functors introduced in Corollary 1.7.
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3.3.4. Euxtension groups in Fquad. By Theorems 1.4 and 1.5 we obtain

an exact, fully faithful functor []i,cgF2[O(V)]-mod = Fyuad, where S is
a set of representatives of isometry classes of quadratic spaces (possibly
degenerate). Consequently, for any two Fo[O(V)]-modules M and N, this
functor induces a morphism of extension groups

; G
Exte, (0(v)j-mod(M; N) —— ExtZ

quad

(R(M),E(N)).
We have the following proposition.

PROPOSITION 3.32. For V € {Hy, Hi}, the morphism (K). is an iso-
morphism.

The proof of this proposition relies on the following lemma.
LEMMA 3.33. For V € {Hy, H1}, if P is a finite projective Fo[O(V)]-
module, then k(P) is projective in Fquad-

Proof. 1If P is a finite projective Fo[O(V')]-module, then there exists an
Fo[O(V)]-module @ such that P @ Q ~ F3[O(V)]®N. The exactness of x
yields k(P @ Q) ~ k(P) ® k(Q). Since k(F2[O(V)]) = k(isoy) and the func-
tors k(isop,) and k(isor, ) are projective, so is K(P) by Proposition 3.27. =

Proof of Proposition 3.32. Let M and N be F3[O(V')]-modules for V €
{Ho,H1} and P, — M be a projective resolution of M. Lemma 3.33 im-
plies that x(FP,) is a projective resolution of k(M ). The functor ¥ induces a
morphism of cochain complexes

HomFQ[O(V)}—mOd(‘P’? N) - Hom]_—quad (%(P.)’ %(N))

which induces the morphism (k). in cohomology. Since the functor K is
fully faithful, the previous morphism is an isomorphism and so induces an
isomorphism in cohomology. =

We deduce the following corollary:
COROLLARY 3.34. For any natural number n, we have
Ext%quad(RHO,RHo) ~Fy and EXtT}L‘quad(RHuRHJ ~ [,
where Ry, and Ry, are the simple functors introduced in Corollary 1.7.

Proof. Let ¢ € {0,1}. For V. = H_, by Corollary 1.7(1), we have x(F3)
= Rpg.. So, applying Proposition 3.32 to M = N = Fs we obtain
]‘mod(F27 ]FQ) = H*(O(He)v FQ)
Since O(Hp) ~ &9 ~ Cy and O(Hy) ~ &3 ~ GLy(F3) we know by classical
results of cohomology of groups that

H™(O(Hy),Fo) = H"(O(H,),Fs) = Fy. u

Extz, .. (Ri., Ri.) ~ Extg o,
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REMARK 3.35. This corollary exhibits an important difference between
the categories F and Fgyaq; recall that Extlf(S, S) = 0 for all simple objects
S of F (see [8]).

4. Application: the polynomial functors in F;.q. In this section,
we generalize the notion of polynomial functor to the category Fquaq, and
we prove, by induction, that these polynomial functors are in the image of
the functor ¢ : F — Fyuaa-

4.1. Definition of polynomial functors in Fquad

4.1.1. The difference functors in Fquaqa- We define the difference func-
tors in Fquaqa which generalize the notion of difference functor in . Recall
that, according to [9], the difference functor A : F — F is given by

AF(V) := Ker(F(V & Fy) 22 F(VY),

for F' an object in F, V an object in £/ and p: V @ F, — V the projection.

DEFINITION 4.1. The difference functors Apg, : Fyuad — Fquad and
Ayt Fquad — Fquad are defined by

ApyF(V) = Ker(F(V L Hy) 27 p(v)),
A F(V) = Ker(F(V L Hy) 25 pvy),

for F' an object in Fyuad, V an object in 7;, and T; = [V L H; 1d, V 1 H;
& V] for i € {0,1} .
LEMMA 4.2. The functors Ay, and Ag, are exact.

4.1.2. Definition of polynomial functors. Let us first recall the definition
of polynomial functors in F ([9]). An object F' of F is a polynomial functor
of degree 0 if and only if AF = 0, and, for an integer d, F is polynomial of
degree at most d + 1 if and only if AF is polynomial of degree at most d.

DEFINITION 4.3. Let F' be an object in Fyyad-

(1) F is polynomial of degree 0 if and only if Ay, F = Ay, F = 0;
(2) for an integer d, F is polynomial of degree at most d + 1 if and only
it Ag,F and Ay, F are polynomial of degree at most d.

The following proposition allows us to simplify the definition of a poly-
nomial functor of degree 0.

LEMMA 4.4. Let F' be an object in Fquaa. The functor Ay, F is zero if
and only if Ag, F is zero.
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Proof. If Ag,F' = 0, then, for all objects V of 7, we have F(V) =~
F(V L Hp). Consequently,

F(V)~F(V LHy) ~F(V L Hy L Hy) ~ F(V L H 1LH)y),

where the last isomorphism is obtained from the isomorphism Hgy L Hy ~
H, 1 Hj, recalled in Section 1. From the existence of morphisms F(V) —
F(V 1L Hy)and F(V L Hy) — F(V L H L Hy), induced by inclusions, and
from F(V)~ F(V L H; L Hy), we deduce that

F(V)~F(V LH)~F(V LH LH).

Therefore Ay, F' = 0.
The proof of the converse is similar. m

4.2. Study of polynomial functors in Fyuaq. The aim of this section is
to prove the following result:

THEOREM 4.5. The polynomial functors in Fquad are in the image of the
functor v : F — Fquad-

We will prove this theorem by induction on the degree of the polynomial
functors.

4.2.1. Polynomial functors of degree zero in Fquaa- In this section, we
start the induction. The proof of the following result relies, in an essen-
tial way, on the classification of the simple functors S in Fguaq such that
S(Hp) # 0 or S(Hy) # 0, obtained in Proposition 3.31.

LEMMA 4.6. Let S be a simple functor in Fyuaa. Then S is a polynomial
functor of degree zero if and only if S is the constant functor Fs.

Proof. To prove the direct implication, we distinguish two cases.

First, suppose S(Hp) = S(H1) = 0. By the classification of the nonde-
generate quadratic spaces over Fy, if W is a space of minimal dimension sat-
isfying S(W) # 0, then there exist ¢ € {0, 1} and a nondegenerate quadratic
space V such that W ~ H_. 1 V. Since W is of minimal dimension, we have
S(V') = 0. This implies

Ap.S(V) = S(H. LV) #0.

£

This yields the result in this case.

Now, suppose S(Hg) # 0 or S(H;) # 0. In this case, we use the classifi-
cation of the simple functors S in Fyuaq such that S(Hy) # 0 or S(H;) # 0,
obtained in Proposition 3.31. By an explicit calculation, we find that Ag,S
is nonzero for all functors S obtained in that classification except the con-
stant functor S = F.

The converse is trivial. =
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4.2.2. Proof of Theorem 4.5. We need the following result where the
idempotents [ey], obtained in Proposition 2.13, play a crucial role.

PROPOSITION 4.7. Let S be a nontrivial simple functor in Fyuaq which
is not in the image of the functor v : F — Fquaa- Then either Ag,S or
Ap, S is not in the image of ¢.

Proof. Let W be a nondegenerate quadratic space of minimal dimension
such that S(W) # 0. We distinguish two cases.

If dim(W) = 2, then the result follows by an explicit calculation for all
functors S of the classification given in Proposition 3.31.

If dim(WW) > 2, then there exists a nondegenerate quadratic space V,
possibly trivial, and € € {0,1} such that W ~ Hy L H. 1 V. Suppose that
Ap,S and Ap, S are in the image of ¢; we will prove that so is S. By
Lemma 2.18 it is sufficient to show that S(ey )S(W) # 0. By Lemma 2.15,
we have ey = ey, Len. Ley.

Since W is assumed to be a space of minimal dimension such that
S(W) # 0, we have S(Hy L V) = S(H. L V)= 0. This implies that
(4.7.1) Ap,S(H: LV) >~ S(W),

(4.7.2) A S(Hy LV) >~ S(W).

These isomorphisms are natural and, for (4.7.1), the action of Endz, (H: L V)
on Ag,S(H. L V) corresponds to the restriction of the action of Endz, (W)
on S(W). In the same way, for (4.7.2), the action of Endz,(Hy L V') on

Ap,S(Hy L V) corresponds to the restriction of the action of Endz, (W
on S(W). Since Ap,S and Ag, S are in the image of ¢, we deduce that

S(lHo L €H, 1 €V)S(W) = AHOS(eHE 1 €V)AHQS(H6 L V)
=Ap,S(H: LV)=8(W),
where the first equality comes from the action described previously, the

second is a consequence of Lemma 2.15, and the third is given by (4.7.1). In
the same way, we obtain

Slep, L 1. Ley)S(W) =Ap.S(en, Ley)Ay.S(Hy LV)
=Ap.S(Hy LV)=SW).

Hence S(lHD 1L €H. 1 ev) o S(CHO 1 1Ha 1L ev)S(W) = S(W) Since
S(lpg, Len. Ley)oS(en, L 1. Ley) = S(ew) by Lemma 2.15, we have
S(ew)S(W) # 0, as required. =

The proof of the theorem also relies on the following lemmas.
LEMMA 4.8.

(1) A functor F in Fquad which takes values in finite vector spaces and
has Ap_F' finite, is finite.
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(2) A polynomial functor F in Fquad which takes values in finite vector
spaces, s finite.

Proof. (1) The functor
Faund = € X Fauad,  F = (F(0), Ap.F),

is exact and faithful by Lemma 4.2. Hence, if (F') is finite then so is F.
(2) If F takes values in finite vector spaces, so does Agy_F'. Consequently,
we can apply (1) recursively to obtain the result. =

LEMMA 4.9. A finite object F' of Fquad whose composition factors are
i the image of the functor v, is in the image of t.

Proof. This is a straightforward consequence of the thickness of the sub-
category ¢(F) in Fquad, stated in Theorem 2.16. w

Proof of Theorem 4.5. Since a functor in Fyuaq is a colimit of its sub-
functors which take values in finite vector spaces, Lemma 4.8 shows that
it is sufficient to prove the result for finite polynomial functors in Fyyaq-
Furthermore, since the functors Ap, and Ay, are exact by Lemma 4.2, it is
sufficient to consider the case of a simple functor S. We argue by induction
on the polynomial degree.

If S is polynomial of degree 0, then according to Lemma 4.2, S is in the
image of ¢.

Suppose that all simple polynomial functors of Fuaq and of degree d are
in the image of ¢, and consider a simple polynomial functor S in Fqyaq such
that deg(S) = d + 1. By the definition of polynomial functor in Fqyaq given
in 4.3, the functors Ap,S and Ag, S are polynomial of degree d. Hence all
composition factors of Ay, S and Ag, S are polynomial of degree at most d
and, by induction, they are in the image of ¢. Since S is a simple functor, it
is a quotient of a standard projective functor Py. Consequently, S takes its
values in finite-dimensional vector spaces. Therefore, Ay,S and Ag, S take
their values in finite-dimensional vector spaces. We deduce from Lemma 4.8
that the functors Ag,S and Ay, S are finite, and Lemma 4.9 shows that
they are in the image of ¢. Consequently, by Proposition 4.7, S is in the
image of ¢. m
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