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Examples of k-iterated spreading models
by

SPIROS A. ARGYROS and PAVLOS MOTAKIS (Athens)

Abstract. It is shown that for every k € N and every spreading sequence {ey }» that
generates a uniformly convex Banach space F, there exists a uniformly convex Banach
space X1 admitting {en } as a k+1-iterated spreading model, but not as a k-iterated one.

Introduction. The aim of the present note is to continue some research
initialized by B. Beauzamy and B. Maurey in [8]. Before we state our re-
sult, we need to recall the definition of k-iterated spreading models. As is
well known, spreading models are a central concept in Banach space the-
ory, invented by A. Brunel and L. Sucheston in [9]. For k > 2, the k-iterated
spreading models of a Banach space X are inductively defined as the spread-
ing models of the spaces generated by the k — l-iterated spreading models
of X, where by 1-iterated models, we understand the usual spreading models.
For detailed definitions see Section [l

H. P. Rosenthal asked whether the k-iterated, k > 2, spreading models
of any Banach spaces coincide with the 1-iterated ones. Beauzamy and Mau-
rey answered that question by showing that the 2-iterated spreading mod-
els are, in general, different from the 1-iterated ones. More precisely they
showed that there exists a Banach space X, generating a spreading model,
isomorphically containing ¢1 and such that ¢; is not a spreading model of X.
A related question is whether every Banach space admits ¢y or some /£,
as a spreading model. This was answered in the negative by E. Odell and
Th. Schlumprecht [I8], who constructed a Banach space failing this property.
A result in the same direction is given in [2], where it is shown that there
exists a Banach space X such that every non-trivial spreading model of X
isomorphically contains ¢1 and ¢; is not a spreading model of X. A naturally
arising problem, which appeared in [18], is whether there exists a Banach
space that does not admit cg or ¢, as a k-iterated spreading model, for any
k € N. A space with this property is exhibited in [4].
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In the present paper we separate the k-iterated and the k + l-iterated
spreading models for every k € N. More precisely, the following is proved.

THEOREM 1. Let {ey}n be a spreading sequence @ generating a uni-
formly convexr Banach space E. Then there exists a sequence {Xy}r of uni-
formly convexr Banach spaces, each one with a symmetric basis, such that
for every k € N, the space Xj admits a k-iterated spreading model {é,}n,
equivalent to {en}n and, for every i < k, E is not isomorphic to a subspace
of the space generated by any i-iterated spreading model of Xj.

Denoting by SM%(X) the class of all k-iterated spreading models of a
Banach space X, it is an easy observation that these classes form an in-
creasing family with respect to k. The above-mentioned family {Xj}x has
the additional property that for every k& € N the family {SMit(X;)}E, is
strictly increasing.

It is worth pointing out that the k-iterated spreading models of a Ba-
nach space X, for k& > 2, are not easily visualized from the structure of
the space X, and this is an obstacle for studying the structure of the space
generated by them. The key property of the aforementioned sequence { Xy}
is that the space generated by a spreading model of any X, k > 2, is
isomorphic either to a subspace of Xy, or to a subspace of Xj_1 (see Lem-
ma .

The definition of the sequence { X} }x relies on well known methods and
results, which we combine in order to obtain the desired properties for these
spaces. Some features of B. Beauzamy and B. Maurey’s construction [§], and
also the classical result that every space with an unconditional basis embeds
into a space with a symmetric basis [10], [16], [22], are used. In particular,
among those three papers, W. J. Davis’ approach [10], based on the W. J.
Davis, T. Figiel, W. B. Johnson, and A. Pelczynski interpolation method [11],
is the one which is the most convenient for our needs. We also make heavy
use of results of T. Figiel and W. B. Johnson from [I4], in particular those
concerning renormings of superreflexive spaces with an unconditional basis.
Of independent interest is also Proposition characterizing the structure
of the spreading models of spaces with a 1-symmetric basis.

1. Preliminaries. Our notation concerning Banach space theory will
follow the standard one from [17].

DEFINITION 1.1. Let (X, || -|) be a Banach space and (E, || - [|+) a semi-
normed space. Let {x,}, be a bounded sequence in X and {e, }, a sequence
in E. We say that {x,}, generates {e,}, as a spreading model if there exists

(*) A sequence {e,}» in a seminormed space (E, || - ||) is called spreading if for every
n€N ki < <kn€Nandai,...,an €R, we have || 327, aje;[l« = [ 327, ajex; ||«
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a sequence {0y}, of positive reals with d,, \, 0 such that for every n € N,
n <k <--- <ky and every choice {a;}? ; C [—1,1] the following holds:

n n
[ozEnshore
i=1 =1

We also say that the Banach space X admits {e,, },, as a spreading model,
or {e,}n is a spreading model of X if there exists a sequence in X which
generates {ey, }, as a spreading model.

< Op.

*

REMARK. In the literature, the notion of a spreading model is sometimes
understood differently, i.e. if {x,,},, and {e,}, are as in the definition above,
the spreading model of {z,}, is said to be the space E, where E denotes
the completion of the linear span of {e,}, (see [7]).

It is more convenient, in general, to understand the sequence {e, },, itself
as the spreading model of {x}}; and to refer to E as the space generated by
the spreading model (see [3], [4] and [5]).

Brunel and Sucheston proved that every bounded sequence in a Ba-
nach space has a subsequence which generates a spreading model. The main
property of spreading models is that they are spreading sequences, i.e. for
every n € N, ki < .-+ < k, and every choice {a;}!; C R we have
I aielle = 1550 aien,

Spreading sequences are classified into four categories with respect to
their norm properties. These are the trivial, the unconditional, the singular
and the non-unconditional Schauder basic spreading sequences (see [4]).

A spreading sequence {e, }, is called trivial if the seminorm on the space
generated by the sequence is not actually a norm. In this case, Proposition
13 from [4] yields the following. If F is the vector space generated by {e,}n
and N = {z € E : |z||s = 0}, then E/N has dimension at most 1. It is
also worth mentioning that a sequence in a Banach space X generates a
trivial spreading model if and only if it has a norm convergent subsequence.
For more details see [4], [7]. From now on, we will only refer to non-trivial
spreading models.

A spreading sequence is called singular if it is not trivial and not Schauder
basic. A simple example of a singular spreading sequence is the following. Let
X becgorly, 1 <p<ooandlet {e;}; denote the unit vector basis of X. Then
the sequence {z;}; with x; = e;41 — e; is spreading and not Schauder basic.

The definition of the other two cases is the obvious one.

The following notation is from [I§].

NoTATION. (1) Let Ey, E be Banach spaces. We write By — E, if E
is generated by a spreading sequence, which is a spreading model of some
seminormalized sequence in Ey. Also, for k € N, the notation Ej 5 FE
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means that £y - E; — --- — Er_1 — E for some sequence of Banach
spaces Fq,..., Ep_1.

(2) Let Ey, E be a Banach spaces such that Ey has a Schauder basis. We
write Eg - F if F is generated by a spreading sequence which is a spreading
model of some seminormalized block sequence of the basis of Ey. Also, for
k € N, the notation Ej —> FE means that E—> Eq IR ERiee Er_4 —>E for some

sequence of Banach spaceb Ei,...,Er_4 Wlth Schauder bases

DEFINITION 1.2. (1) Let Ep be a Banach space, {e,}, be a spreading
sequence in a seminormed space, k € N. Then {e, }, is said to be a k-iterated
spreading model of Ey if there exists a Banach space E such that Ey LN 5
and {e, }, is the spreading model of some seminormalized sequence in FE.

(2) Let Ep be a Banach space with a Schauder basis, {e, }, be a spreading
sequence in a seminormed space, and k € N. Then {e, },, is said to be a block
k-iterated spreading model of E if there exists a Banach space F with a
Schauder basis such that Ejy % E and {e,}, is the spreading model of

some seminormalized block sequence of the basis of E.

REMARK. If {e;}n, {€n}n are non-trivial spreading sequences which gen-
erate the Banach spaces E and E respectively, we shall say that {e,}, and
{€n}n are equivalent if the linear map e,, — €, extends to an isomorphism
between E and E.

Clearly, if X and Y are isomorphic Banach spaces, then any non-trivial
spreading model admitted by X is equivalent to one admitted by Y and vice
versa.

In accordance with the above, we shall say that a sequence {x,}, iso-
morphically generates {en}n as a spreading model if {x,}, generates {éy},
as a spreading model and {é,},, is equivalent to {ey}.

2. Interpolating spaces with a symmetric basis. We begin by pre-
senting some estimations concerning sequences of [|- ||’¥ norms, next defined.

DEFINITION 2.1. Let 1 < ¢ < p. For a real number m > 1, define || - [|7,
on ¢, as follows:

m . €T 1
lzllgp = mf{)\ >0: 3 € mBy, + mng}.

REMARKS. The following statements are true for all real numbers m > 1:

W sl o < 111G < mll - llp, thus |- (1§, ~ 11l

( ) Ifze €q7 then H.’L'qu = m|—|f1H7m
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(iil) |- Iy, is a symmetric norm, i.e. if {a;}; € £,, then

[e.9] o0
m
H E Qi€ = H E €iliCr(3)
, ap .
=1 =1

for any choice {¢;}; of signs and any permutation 7 of the naturals.

m
q,p

LEMMA 2.2. Let 1 < g < p, {zn}n be a sequence in ¢,, ¢ > 0, and
{my}r be an unbounded sequence of real numbers, greater than or equal
to one, such that ||zy|, > € for all n € N and lim, |z,|lc = 0. Then
sup{||znllgl : n, k € N} = oo.

Proof. Towards a contradiction, suppose that sup{||z,[|g%; :n, k€N} <C.

Then for all n, k € N there exist 0 < \F < O, y¥ € By,, PAls By, such that
1
z, = AF (mkyf{ + mkzﬁ)
Choose ko € N such that (A0 /my,)||25||, < ¢/2 for all n € N. Then

(1) Mo lykol, > e/2  for all n € N.

Since the norms are symmetric, we may assume that if 2, = >~°°; a;e;, then
a; > 0 for all i € N. Moreover, if y* = > bie;, 2F = Y2, ciei, we may
assume that 0 < Amyb;, (\fmy)e; < a; for all i € N.

Otherwise, with simple calculations one may find y* = 320, ble;, 2X =
>, clei, satisfying this condition, such that x,, = AF (myy® + (1/my) ")
and y¥ € By, 28 € By, This means that A0my[[yh|| < [lznlle — 0
as n — oo. Since MNomy |lyn|l, < Cmy, for all n € N, by using the
Holder inequality, it is easy to see that Nomy, |lyn [, — 0 as n — co. This
contradicts , which completes the proof. =

LEMMA 2.3. Let 1 < q <p, {zn}n be a sequence in C,, and {my} be an
unbounded sequence of real numbers, greater than or equal to one, such that
limy, |75 |lo = 0 and sup{||zn |k : 7,k € N} < oco. Then for everye > 0 and
ko € N there exists ng € N such that for all n > no, max{||z, ||y’ : k€N,
k< ]CQ} <eE.

Proof. Towards a contradiction, suppose that there exist ¢ >0 and kg €N
such that for all n € N there exists j, > n with max{||z;, ;% : k € N, k<ko}
> ¢. By passing to a subsequence of {x,},, we can find k < ko such that
|znllyy > € for all n € N But || - [|[7% ~ || - [|p, hence ||z, > € for all
n € N. By Lemma this means that sup{||zn (g% : n,k € N} = oco. Since

this cannot be the case, the proof is complete. n

The following theorem is due to W. J. Davis [10]. See also [17, Theorem
3.b.2, p. 124].
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THEOREM 2.4. Let X be a (reflexive, uniformly convexr) Banach space
with a 1-unconditional basis. Then there exists a (reflexive, uniformly conver)
Banach space D with a 1-symmetric basis such that X s isomorphic to a
complemented subspace of D.

Moreover D is saturated with subspaces of X, i.e. if Z is a subspace of D,
then there exists a further subspace of Z which is isomorphic to a subspace

of X.

Given a Banach space X with a 1-unconditional basis, D is defined to
be the diagonal subspace of X = (3272, @, || - |2%)) ., where the norms
I - II7%, are defined on £, and are of the form

. 1
|||w|||Z?p=1nf{(||ylle +207)% 2 = my + —zy€ly zel }

for 1 < ¢ < p, and the sequence {my} is chosen to satisfy a condition found

in [I7, p. 126], namely the following. Choose a sequence {ny}; of natural

(r—a)/(

numbers such that if my = n; 2p Q), the inequality

(2) —Zmz—kmk Z % for all k € N
= k+1

is satisfied. Then {my}x is the desired sequence.

If we denote &, = {ey,en,...}, where {e,}, is the natural basis of £,
then €, € X and {é,}, is the 1- symmetric basis of D. Observe that for every
real number m > 1, we have ||-||7%, < [|-I7%, < <V2|- |- 1t easily follows that
the spaces X and X’ are isomorphic, where X’ = (Zk:l DU, |- 1177%)) 5

As shown in [I7, Proposition 3.b.4], X embeds into D as a complemented
subspace and every subspace of D contains a further subspace isomorphic
to a subspace of X. The latter is shown in [I4] Lemma 2.2|, but a proof also
follows from the above and the following.

LEMMA 2.5. LetY be a block subspace of D. Then there exists a further
block subspace Z of Y such that limy, ||zp]|lcc = 0, where {2y}, denotes the
normalized block basis of Z.

Proof. Let {yn}n be a normalized block basis of Y. If, after passing to a
subsequence, ||yn|lcc — 0, then there is nothing more to prove. Otherwise,
again after passing to a subsequence, there is € > 0 such that ||y |l.c > € for
all n € N.

Denote by j the map j : D — ¢, with j(Zfol ai€;) = > ;2 aze;. Notice
that the natural projection Py : X' — (£, | -]|7}) is of course bounded. Then
j is the restriction of P; to D and hence it is also bounded.
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Choose finite subsets Iy < -+ < I, < --- of the natural numbers with
|Ix] > (||j]|k/e)? for all k € N. Then
1 . 1/p
= (i)

‘;2:% ZH E:Jm

151
ier, "D iely, iely,
> LS ple) " > S
i€},

Thus [|(1/k) > icr, villp = 1 and of course |[(1/k) > _;c; Yilloo < 1/k.

Set 2k = [[(1/k) X icr, yillp ((1/k) > icr, Yi); then it easily follows that
{21 }x is normalized and ||zg||cc — 0. m

PROPOSITION 2.6. Let {yn}n be a normalized bounded sequence in D
such that limy, ||yn|lec = 0. Then {yn}n has a subsequence which is equivalent
to a block sequence in X.

Proof. Use Lemma and a sliding hump argument with respect to the
decomposition {(y, || - [[7%5) }x of X' =

Since every subspace of D contains a further subspace which is isomorphic
to a block subspace of D, it follows that D is saturated with subspaces of X.

3. Uniformly convex Schreier—Baernstein spaces. We begin by
presenting some key definitions and results from [14].

DEFINITION 3.1. Let X be a Banach space with a 1-unconditional basis
{en}n.- The norm on X is said to be p-convez if for every n € N and real
numbers ay,...,an,b1,...,bn,

p) 1/p

n n n
Z Z p Z
i=1 =1 =1

Analogously, it is called g-concave if for every n € N and real numbers

alv"'7anab17"'7bnv
)1/q

PTTRTT B () > () w

The norm on X is said to satisfy an upper ¢, estimate if

Iz +yll < (P + ly|P)/?

whenever x and y are disjointly supported with respect to the basis {e;, }n.
Analogously, it is said to satisfy a lower ¢, estimate if

lz +yll > (]| + [lyl|*)

whenever x and y are disjointly supported with respect to the basis {ey },.
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It is immediate that if the norm on X is p-convex (resp. g-concave), then
it satisfies an upper ¢, estimate (resp. a lower ¢, estimate).

The following two results are restatements of Remark 3.2 and Theorem
3.1, respectively, of [14].

THEOREM 3.2. Let X be a uniformly convex Banach space with an un-
conditional basis. Then there exists an equivalent 1-unconditional norm on
X which is p-conver and g-concave for some 1 < p < q < oco. Moreover, if
the initial norm on X s spreading or 1-symmetric, the same is true for the
equivalent norm.

LEMMA 3.3. Let X be a Banach space with a 1-unconditional basis. If
for some 1 < p < g < 0o the norm on X is p-convex and satisfies a lower
Ly estimate, then X is uniformly convex.

Let X be a Banach space with a 1-unconditional basis {e, },. We denote
by S the Schreier family S = {F' C N: min F' > |F'|}. Let 1 < < oco. Define
the following norm on cgp(N):

d 1/r
ol =sup{ (3 15l ) )
j=1

where the supremum is taken over all finite sequences {Fj}g:l C S which
are pairwise disjoint. Define the Schreier—Baernstein space SBx , to be the
completion of coo(N) with the aforementioned norm.

It can be easily seen that the usual basis of ¢go(N) forms a 1-unconditional
basis of SBx .

PROPOSITION 3.4. Let X be a Banach space with a 1-unconditional basis
{en}n and with a p-conver norm || - ||x, for some 1 < p < oo. Let r > p.
Then the space SBx , is uniformly convex.

Proof. We will show that the demands of Lemma [3.3] are satisfied. First
we show that || - || x, is p-convex. Let {a;}!" {,{b;i}]~; C R. Then for some
{F; }?:1 C S and by the p-convexity of the norm on X,

Hgﬂaiw n |bi|P)1/peiHX’T - (il H S (lail? + |bi|p)1/p€i”;)l/r

J= ’iEFj
p
+ g bie;
X h
1€F}

d
r\p/T
O (] e
Jj=1 i€kF;
P )1/;0
X,r '

d

Sol(Por

J=1

d
()5 e
j=1 ieF;

n p n
(IS0, #3500

r/py (p/r)(1/p)
D

T \P/T\1/
D)

IN

IN

IN
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Thus || - [ x,» is p-convex. Moreover, if z,y are finitely disjointly supported,
then there exist finite sets {Fj }?1:1, {E; }?2:1 of natural numbers such that
1 1/r da 1/r
lollx, = (3 1Elx) " and e = (3 I1Ewl%)
j=1 j=1

We may clearly assume that F; N E; = () for all 4, 5. Then

dy do
2+ yll, = Y I1Fl + Y 1Byl = el + vl
j=1 i=1

Thus || - || x,- satisfies a lower £, estimate and the space SBx,, is uniformly
convex. m

PROPOSITION 3.5. Let X be a Banach space with a 1-unconditional basis
{en}n and with a norm || - ||x which satisfies a lower £, estimate for some
1<qg<oo. Let v > q. Then for every E € S and real numbers {a;}icp,

| X ae| =X e
‘ X,r :
i€eE i€l

Proof. By the definition of the norm on the space SBx , it clearly follows
that || Y ;cpaieillxr > || X_;cp aieil| x. Therefore it is sufficient to show the

inverse inequality. For some {Fj};-l:l C S and by the lower ¢, estimate of the
norm on X,
d
r\1/r
e - e
[, = (]2 aelf,)
i€R Jj=1 i€F;
d 7\1/q
< (LX) < [ e
Jj=1 i€kry i€ER

COROLLARY 3.6. Let X be a Banach space with a 1-unconditional and
spreading basis {ey}n and with a norm || - ||x which satisfies a lower {,
estimate for some 1 < q < oo. Let r > q. Then the basis of SBx, generates
the basis of X as a spreading model.

X

. m
X

This is an immediate consequence of Proposition [3.5] and the spreading
property of the basis of X.

PROPOSITION 3.7. Let X be a Banach space with a 1-unconditional basis
{en}tn. Let 1 <1 < oco. Let {xp}yn be a normalized block sequence in SBx ,
such that limy, ||zy||ec = 0. Then {zp}n has a subsequence equivalent to the
usual basis of £,.

The proof is the same as for the classical Schreier-Baernstein space
SBy, 2, where such a sequence has a further subsequence which is equiva-
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lent to the basis of £3. It also follows that the space SBx , is f,-saturated.
If the norm on X satisfies a lower {, estimate and r > ¢, then the space
X cannot contain ¢,. Thus in this case the spaces X and SBx , are totally
incomparable.

4. Spreading models of Banach spaces with a symmetric basis.
In this section we study the structure of spreading models in Banach spaces
with a l-symmetric basis. We start with the following, which is critical for
our proofs. This result and the next proposition can be traced back to [§]
and are closely related to |7, Lemma IV.2.A.3].

PROPOSITION 4.1. Let X be a Banach space with a 1-symmetric and
boundedly complete basis. Let {xy }y, be a normalized block sequence in X and
assume that there is some € > 0 such that ||z, |lcc > € for all n € N. Then,
after passing to an appropriate subsequence, there exist block sequences {yn }n
and {zn}n in X and a disjointly supported 1-symmetric sequence {uy}, in X
with the following properties:

(i) xn = yn + 25 for all n € N and suppy, Nsupp zy, = O for all
n,m € N.
(ii) limy, ||znlleo = 0.
(il) {yn}n isometrically generates {uy}, as a spreading model.
(iv) |lunlloo = llt1lloc > 0 for all n € N.

Proof. Since the basis of X is boundedly complete and symmetric, for
every 0 > 0, there exists m(d) € N such that, for every x € X with [|z|| =1,
#{i : |z(i)| > 6} < m(5). Otherwise the basis of X would be equivalent to
the basis of ¢g.

Since X has a 1-symmetric basis, we may assume that x,,(i) > 0 for all
n,7 € N and the non-zero entries of each z,, are in decreasing order. For

each x,, we set Gy, = supp ¥p. Let Gy, = {17, ..., 7y }; then we put
- ) if l<d
Eal(l) = {x"(“) [
0 otherwise.

We notice that z,, is the backward shift of all non-zero entries of x,, to an
initial interval of the natural numbers.

By passing to a subsequence if necessary, we may assume that for every
i € N the sequence {Z, (i)}, is convergent to some real number \;. Then
17 Aseall = lima S0y #ni)eil] = [imn Pyl < lall = Joall = 1
for m € N.

Since the basis of X is assumed to be boundedly complete, we conclude
that the series ) A;e; converges in norm to some x € X. Observe that for
every m € N,

(3) lim || Py ) (. — )| = 0.
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Choose sequences {0}k, {ek }r of positive reals, both strictly decreasing
to zero.

Inductively choose a decreasing sequence { Ly} of infinite subsets of the
natural numbers and a (not necessarily strictly) increasing sequence {my }
of natural numbers such that, for every kg € N and k € Ly,, we have:

(a) #{i: T (i) > Ory} = My
(8) 1Pt myg) (@ — )| < e

We only present here the first step of the induction, as the general step
is identical to the first one.

For every k € N, we have #{i : Zy, (i) > 61} < m(d1). Using the pigeon-
hole principle, there exists an infinite set M7 of natural numbers and m; € N
with #{i : Zp, (i) > 61} = my for all k € M. Using (3)), we may choose an
infinite subset L; of M such that (/) is also satisfied.

Choosing n1 < ngo < --- with ny € Ly for all £ € N and relabeling, we
see that for every kg € N and k > kq:

(a) #{Z : i‘k(2> Z 5k0} = mko.
(B) [ P1,m, ) (@ — @) || < €

Define {yg } as follows:

1) =
Yk 0 otherwise,

and set zp = xp — yi. Conditions (i) and (ii) are obviously satisfied.

Also observe that if kg € N, then for every k > ko, P[l,mk()]ik = P[l,mko}f‘jk
and P[l,mko]jko = Uk,, Where the g, are defined in the same way as the Z.
The above is due to the fact that the non-zero entries of each x; are assumed
to be in decreasing order.

For 6 > 0, y € X define R%y € X by

R‘Sy(z) — {y(l) if ‘y(l)| < 57
0 otherwise.
CLAIM.
lim sup{||R%yx| : k € N} = 0.
6—0

Let ¢ > 0. We will first show that we can choose kg € N such that
I Z?imkoﬂ Aieil| < e/2. If the sequence {my} is unbounded, then such a

ko clearly exists. Otherwise, choose kg € N with my, = max{my, : k € N}.
Then Zx(i) = 0 for all £ € N and i > my,. We conclude that \; = 0 for all
t > my, and hence ky has the desired property.

By taking a larger kg, we may also assume that e < &/2 for all k > k.
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Let k € N. We will estimate the norm of R%o .. If k < ko, then R%0;, =0.
Otherwise, the fact that P[Lmko]a?k = gy, for k > kg yields

R%o iy = gy, — P )0k = Pl Tk — Plimy, )Tk
= P(mko,mk]“%k = P(mk07mk](jk —x)+ Z Ai€i.

Hence, for 6 < 0y, and k > ko, using property (b) we have

IRl = IRl < IR < 1Pl (@~ 2+ | Z N
i=my,+
< 1Pmg) (@ — 2) || + H Z Nei || < 5k+ <e.
1=my,+1

Thus, we have proved the Claim.

Choose a partition { Ny}, C [N]* of the naturals into infinite sets and set
up = Yoy Aien, (). It is immediate that {uy} is 1-symmetric and |lug [ =
||ui]loo > 0 for all k£ € N. We will prove that any spreading model generated
by {yx }tr is isometric to {ug .

Let £ € N, {a;}{_, C [~1,1] and & > 0. We will find jo € N such that,
for every jo < j1 <--- <Jq,

y4 4
(13 e [
i=1 =1

The above is evidently sufficient to complete the proof.
For k,i€N we set Py, () ui = Sk Aien, (i), and choose ko € N such that

(4) 'Hi a; P, (my,) Wi
i=1

Observe that if {my}; is bounded, then my, < max{my : £ € N}; in this
case we may therefore assume that my, = max{my, : k € N} and R%%o y;j =0
for all j € N.

In any case, using the claim and choosing, if necessary, an even larger ko,
we achieve that, for any natural numbers j; < --- < jy,

J4
(5) HZ a; Ry,
i=1

Choose jo > ko such that ¢; < €/(3¢) for all j > jo. Let now jo < j1 <
- < jp be natural numbers.
For i = 1,...,¢ we set y, = yj, — R%y;,. Then ¢/ is a spreading of
P 1930 = P 1 i

iU

<§ for all k > kg.

<<
3"
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For i =1,...,¢ we also set u} = Py, (my, - Then w, is a spreading of
P[l,mk()]x' As the basis of X is symmetric, we may assume for a moment that
suppy; = suppu; for i = 1,...,¢. Then by property (b) we have

14 V4
&
> aiti— )| <Dei <
i=1 =1

We conclude that

)4 L
€
R S P
i=1 i=1
By combining ([4)—(6), it follows that }|| Zle aiy; |l — |l Zle aiui||’ < g

proving the proposition. =

The following result corresponds to Proposition in the setting of
Schreier—Baernstein spaces.

PROPOSITION 4.2. Let X be a Banach space with a 1-symmetric basis
{en}n with a norm which satisfies a lower £, estimate for some 1 < g < oo.
Let r > q. Let {zy}n be a normalized block sequence in SBx, and assume
that there is some € > 0 such that ||x,|lec > € for all n € N. Then after
passing to an appropriate subsequence, there exist block sequences {yn}n and
{#n}n in SBx, and a disjointly supported 1-symmetric sequence {up}n in
X with the following properties:

(i) &n = yn + 2n for all n € N and suppy, Nsupp z, = O for all
n,m € N.
(ii) limy, [|z2nlleo = 0.
(i) {yn}n isometrically generates {un}n as a spreading model.
(iv) |lunlloo = ||t1]loc > 0 for all n € N.

Proof. Throughout this proof any finitely supported block vector of SBx ,
will sometimes also be considered as a block vector of X in the natural way
and vice versa. We start by making the following remarks which will be used
in the proof:

(I) The basis of SBx , satisfies a lower ¢, estimate.
(II) For every finitely supported vector x we have ||z| x,, < ||z| x.

The first one follows from the proof of Proposition [£.1] while the second one
follows from the proof of Proposition [3.5
Using (I) and the fact that the basis of X satisfies a lower ¢, estimate,
we conclude that the bases of both SBx , and X are boundedly complete.
Choose a sequence {di}r of positive reals strictly decreasing to zero,
and arguing as in the proof of Proposition find an increasing sequence
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{my } of natural numbers such that by passing to a subsequence of {zj}x
if necessary, for every kg € N and k > kg we have:

(a) #{i: |zx ()| > Oky } = Mgy -
(b) minsupp xg, > komi,.

Define {y; } as follows:
. xp(1) if |z (d)] > I,

0 otherwise.

For § > 0 and a finitely supported vector y define R%y as in the proof of
Proposition [£.1} Then the choice of {y}, }, Proposition and (a), (b) yield:

(a) Forevery k € Nand k < j; <--- < ji, Ule supp(y;j, — R(S’“y;i) €S,
and hence, if x is a vector with suppz C Ule supp(y;, — R(Sky}i),
then ||zf|x,, = [|z]/x-

(B) In particular, for every k € N and vector « with suppx C suppy;,
we have ||z| x,, = [|z| x.

Apply Proposition 4.1 to the sequence {y, }, and the space X and, pass-
ing if necessary to a further subsequence, find block sequences {yx}x and
{2z} }% and a disjointly supported 1-symmetric sequence {uy}; in X satisfy-
ing the conclusion of Proposition i.e. such that y;, = yp+2; forall k € N,
U supp yx N Uy supp z;, = 0, limy, |2}, ]|oc = 0, {yx}x as a sequence in X iso-
metrically generates {uy}i as a spreading model, and ||[ug|loc = [|t1]]oc > 0
for all k£ € N.

Set 2z, =z, — yj, for all k € N. Then, by the choice of {y] }, it is easy to
check that {yx}x, {2k and {ug}x satisfy (i), (ii) and (iv) of the conclusion.

In order to complete the proof, it remains to show that {y}x, as a se-
quence in SBx ,, generates {uy}1 as a spreading model.

Fix e >0,/ € N and aq,...,a; € [—1,1]. The Claim in Proposition 4.1
implies that there exists dy, such that, for any natural numbers j; < --- < jy,

4
e PO
=1

Moreover, («) shows that for any natural numbers max{ko,(} < j; < ---
< j¢ we have

(7)

¢
Hzai(yﬁ - R‘;koyji) X‘ <é&.
=1

Y4
1)
‘er = HZ} a/i(yji -R koyji) ‘X'
1=

Combining , and the unconditionality of the basis of SBx ,, we con-

®) Hf aily;, — Roy;)
i=1
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clude that for any natural numbers max{kg, ¢} < j; < --- < jy we have

l J4
S, [
i=1 i=1

On the other hand, (IT) yields || Y, awillx.r < || 320 aivj || x.
By the above it easily follows that {yx}x, as a sequence in SBy,,, can

only generate the same spreading model as it does when seen as a sequence
inX. nm

—E&.
X

COROLLARY 4.3. Let X be a Banach space with a 1-symmetric basis
{en}n and with a norm which satisfies a lower {, estimate for some 1 <
q < oo. Let r > q. Let {zp}, be a normalized block sequence in SBx
and assume that there is some € > 0 such that ||zy||c > € for all n € N.
Then after passing to an appropriate subsequence, there exists a disjointly
supported 1-symmetric sequence {un}y in X such that:

(i) {xn}n isomorphically generates {uy}n as a spreading model.
(il) [[unlloo = lJurlleo > 0 for all n € N.

Proof. Apply Proposition [.2] take the decomposition x,, = y, + 2, and
the spreading model {uy, },, of {yn}n. After passing to a further subsequence,
by virtue of Proposition {zn}n is equivalent to the basis of ¢,.. Then for
¢ € N, {a;}{_; C [-1,1], and so by standard arguments, keeping in mind
that the norm on X satisfies a lower /; estimate and the decomposition’s
properties, one can see that

¢ ¢ ¢

H E a;u;|| < lim H E ai$i+mH < CH g a;u;
° X m |14 X,r °
i=1 =1 =1

for some positive constant C'. m

X

5. The main result. We start by stating some general facts about
spreading models admitted by a super-reflexive Banach space X. As is well
known, the class of super-reflexive Banach spaces in a sense coincides with
the one of uniformly convex Banach spaces, meaning that every super-
reflexive Banach space is isomorphic to a uniformly convex one [13].

Suppose that F is a Banach space such that X % F for some k € N.
Any space which is finitely representable in F, is also finitely representable
in X, therefore ¥ must be super-reflexive.

Thus any non-trivial k-iterated spreading model {e,}, of X is weakly
convergent. It follows that {e,}, must be either unconditional and weakly
null, or singular (see [1] and [4, Propositions 14, 15] or [7, Propositions 1.4.2,
1.4.4]).
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Also if {ey},, is singular, then it is weakly convergent to some element
e in the Banach space E generated by the sequence {ey},, and if we set
e, = ep—e, then {e] },, is I-unconditional, spreading and if E' = [{e], },,] then
E = EF'®(e) and F’ is isomorphic to E (see [4, Remark 5| or [7]). Moreover,
if we take a projection P : E — E with P[E] = (e) and ker P = E’, by
doing some calculations we deduce that there exist positive constants ¢, C
such that for every n € N and Ay,..., A\, € R,

(9) cmax{‘zn:)\i ,Hzn: el } < Hzn:)\iei
i=1 i=1 i=1
< Cmax{‘i)\i ,‘ Zn:)\ie; }
i=1 i=1

LEMMA 5.1. Let {epn}n be a singular and spreading sequence. Then there
exists a spreading and weakly null sequence {dy,},, with the following proper-
ties:

(i) For every Banach space X which admits {en}n as a spreading model,
X admits {dp}n as a spreading model.

(ii) For every Banach space X and every sequence {xy}n in X such that
{zn}n generates {d,}, as a spreading model, there exists a sequence
{Yntn in [{zn}n] such that {yn}n isomorphically generates {en}n as
a spreading model.

Proof. Set d,, = €, as previously defined, i.e. d,, = e, — e, where € is the
non-zero weak limit of {e, },.

For (i), let X be a Banach space and {x,}, a sequence in X which
generates {ey }n as a spreading model. Since {ey, }, is singular, {z,}, cannot
contain a Schauder basic subsequence. Thus it contains no subsequence which
is either equivalent to the basis of ¢1, or non-trivial weak-Cauchy (see [19]
proof of Proposition 2.2|). By Rosenthal’s ¢; theorem (see [20]), this means
that it is weakly convergent to some element z € X. By [4, Theorem 38|, if
we set z), = x, — x, then {2} }, generates {d,}, as a spreading model. See
also [7].

For (ii) suppose that {z,}, is a sequence in X that generates {d,},
as a spreading model. By Rosenthal’s criterion for spreading sequences (|4,
Proposition 14], see also [7]), {d,}n is Cesaro summable to zero. Observe
that this means that for every infinite subset L of N, for any € > 0, one may
find a finite subset F' of L and positive reals {\; };er with D, A; = 1 such
that || > ,cp Aiwi|| < e. This means that {z,}, is weakly null. Otherwise
there would exist € > 0, x* € Sx+ and an infinite subset L of N such that
x*(xy,) > € for all n € L. This contradicts our previous observation. Take
a non-zero element x in [{z,},] and set y, = x, + x. By combining [4]
Theorem 38| and (9) (see also [7]), the result follows. u
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LEMMA 5.2. Let X be a super-reflexive Banach space with a basis. Then
every k-iterated spreading model of X is equivalent to a spreading sequence
in the space generated by a block k-iterated spreading model of X.

Proof. We prove this lemma by induction on k. Let {ey},, be a spreading
model of X. As previously mentioned, it must be either 1-unconditional and
weakly null, or singular.

Suppose it is weakly null. If {z,}, is a sequence in X which generates
{en}n as a spreading model, arguing as in the proof of Lemma {zp}n is
weakly null, thus has a subsequence equivalent to a block sequence. By the
way the block sequence is chosen, it is easy to see that the block sequence
actually isometrically generates {e,},, as a spreading model.

If it is singular, then by (i) of Lemmal5.1} X admits {d,}, as a spreading
model which is 1-unconditional and weakly null. Apply the previous case.
Then there is a block sequence in X that generates {d,}, as a spreading
model. Define d], = dy +d,,11. Then {d} },, is a spreading sequence in [{dy }»]
and, arguing as in part (ii) of the proof of Lemma one may prove that
it is equivalent to {e;, }n.

Observe that in either case, the space generated by the block sequence
in X has a basis. This proves the statement for k = 1.

Suppose that it is true for £k € N and let {e,}, be a k + l-iterated
spreading model of X. Thus there exists a super-reflexive Banach space Fj
such that X & Ej, and {en}n is a spreading model of Fj. By the inductive
assumption there exists a super-reflexive Banach space Ej, with a basis such

that X = E} and Ey — Ej.

This means that {ey },, is equivalent to a spreading model admitted by Ej .
By applying the case k = 1 for E}, the result follows. m

PROPOSITION 5.3. Let X be a uniformly conver Banach space with a
spreading and unconditional basis {e,}n. Then there exists ¢ > 1 such that
for every r > q the space ¢, does not embed into X and there exists a uni-
formly convex Banach space X" with a 1-symmetric basis with the following
properties:

(i) The space X" is £.-saturated, in particular the spaces X and X" are
totally incomparable.

(ii) There exists a sequence {x,}n in X" generating a spreading model
which is equivalent to the basis {en}n of X.

If moreover {ey}, is 1-symmetric, then the following also holds:

(i) Ewvery spreading model admitted by X" is either equivalent to a spread-
ing sequence in X, or equivalent to a spreading sequence in X' .
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Proof. Using Theorem [3:2] we may find 1 < p < ¢ < oo and renorm X
in such a way that the basis {e,}, is l-unconditional, spreading, p-convex
and g-concave. If moreover {e, },, is 1-symmetric with respect to the original
norm, then it retains this property with respect to the new one. The ¢-
concavity of the norm easily implies that for r > ¢, ¢, cannot be isomorphic
to a subspace of X.

For every r > ¢, we will construct a space with the desired properties. We
start by defining the space SBx ,, which by Proposition is uniformly con-
vex and by some remarks made after Proposition it is also £,-saturated.

Choose 1 < s < t < p and, for a sequence {my}; satisfying , define
X= (02, D ”|Z,Ltk))SBX,T‘ As will become clear later, it is crucial that
we choose t < p.

Let X™ = D be the diagonal subspace of X. Then X" is uniformly con-
vex, it has a 1-symmetric basis and SBx , is isomorphic to a complemented
subspace of X". Property (i) follows from the fact that SBx , is ¢,-saturated
and X" is saturated with subspaces of SBx ,, moreover since X does not
contain a copy of £,, it is totally incomparable to X”. Property (ii) follows
from the fact that SBy, embeds into X" and from Corollary

It remains to prove that, in the case when {e,}, is l-symmetric, (iii) is
also satisfied. We will show that if {v,}, is the spreading model of some
block sequence {z,,}, in X", then {v,}, is either equivalent to a spreading
sequence in X, or equivalent to a spreading sequence in X". If the above
is true, using Lemma [5.2] we will conclude that the same is true for every
spreading model of X".

Let now {v, }, be the spreading model of a block sequence {x,}, in X".
After passing to a subsequence if necessary, one of the following holds: either
limy, |25 ||cc = 0, or there exists € > 0 such that ||z, > € for all n € N.
We shall treat these cases separately.

CASE 1: limy, ||zy]lcc = 0. Using Proposition we may assume that
{zn}n is equivalent to a block sequence {yy}, in SBx ,. We distinguish two
further subcases, namely either lim,, ||y, ||cc = 0, or there is € > 0 such that
|ynlloo > € for all n € N.

If the first one holds, then by Proposition {yn}n has a subsequence
equivalent to the usual basis of ¢, and therefore {v,}, is also equivalent to
the usual basis of £,., which embeds into X7.

If the second one holds, by Corollary [4.3] there exists a symmetric se-
quence {uy,}, in X such that {v,}, is equivalent to {uy,}n.

CASE 2: There exists ¢ > 0 such that ||z,| > € for all n € N. Apply
Proposition and find block sequences {y,}, and {z,}, in X" and a
disjointly supported block sequence {u,}, in X", satisfying the conclusion
of Proposition We will show that {v,}, is equivalent to {uy, }y.
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If, after passing to some subsequence, limy, ||2,| = 0, then of course
{vp}n is isometric to {uy,},. Otherwise, using Proposition once more,
{#n}n may be assumed to be equivalent to a block sequence in SBx ,. The
proof of Proposition implies that the norm of SBx , is p-convex, which
in turn shows that {z,}, is dominated by the usual basis of ¢,.

Observe that, since lim, ||z, ||cc = 0, we may assume that ||y, || > ¢ for
all n € N. Arguing as in the proof of Lemma we conclude that {y,}n
dominates the usual basis of ¢, and, since ¢ < p, {y,}, dominates {zy }n.
Using the unconditionality of the basis of X" we finally conclude that there
exists a constant C' > 0 such that, for every n € N, ay,...,a, € R,

n n n
Hzaz‘yi < Hzaﬂi < CHZCLZ‘%
i—1 i1 i—1

By the above it easily follows that {v,}, is equivalent to {uy},. =

5.1. A sequence of uniformly convex Banach spaces with a 1-
symmetric basis. Given a uniformly convex Banach space E with a 1-
unconditional and spreading basis {e,},, we shall inductively construct a
sequence { Xy}, of Banach spaces with the following properties:

(i) X is uniformly convex and has a 1-symmetric basis for all £ € N.

(ii) Xj is 4, -saturated, where {7y} is a strictly increasing sequence of
positive reals.

(iii) Xj and E are totally incomparable for all & € N.

(iv) Any spreading model admitted by Xji1 is either equivalent to a
spreading sequence in X, or equivalent to a spreading sequence in
Xgy1, for all kK € N.

(v) The basis of E is equivalent to a spreading model of X; and the
basis of X, is equivalent to a spreading model of Xy for all £ € N.

By Proposition find gg > 1 such that ¢, does not embed into E for
any r > qo, choose 1 > qg and define X; = E™ to be the space provided by
that proposition. Assume that for some k € N we have chosen real numbers
qo <11 < --- <1 and spaces Xi,..., X satisfying the desired conditions.
Apply once more Proposition to the space X}, which has a 1-symmetric
basis, find ¢ > 1 such that £, does not embed into X}, for any r» > ¢, choose
i1 > max{gy,r;} and define Xy 1 = X,**' to be the space provided by
the same proposition.

The construction is complete and properties (i) to (v) are clearly satisfied.

LEMMA 5.4. The sequence {Xy}x satisfies the following additional con-
ditions: for every k € N, k > 2, and for every 1 < i < k, if {én}n is an
i-iterated spreading model of Xy, then there exists k —i < m < k such that
[{én}n] is isomorphic to a subspace of X,,.
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Proof. If k =2, then ¢ = 1 and the desired result follows from property
(iv).

Assume now that the statement holds for some k > 2 and let {z,}, be
an i-iterated spreading model of Xy 1 for some 1 < i < k+ 1. If [{x,},] is
isomorphic to a subspace of X1, then the statement is true for m = k + 1.
If it is not, assume {{x%}n}ézl is the sequence of spreading models leading
to {zn}n, ie. {zL}, is a spreading model of Xy . If for 1 < j < 4, Ej is

the space generated by {#,},,, then {a7""

Set jo = min{j : £} is not isomorphic to any subspace of Xj1}. Then
if jo > 1, we see that Ej,_; is isomorphic to a subspace of X} and, by
property (iv), Ej, is isomorphic to a subspace of Xj. If jo = 1, then again by
property (iv), Ej, is isomorphic to a subspace of X},. In either case, {z}} is
equivalent to an 7 — jg-iterated spreading model of X}. Since i — jo < k, by
the inductive assumption there is k +1—14¢ < k — i+ jog < m < k such that
[{xn }n] is isomorphic to a subspace of X,;,. m

}n is a spreading model of E; and

COROLLARY 5.5. The family {SM'(X},) k_| is strictly increasing for all
k e N.

Proof. Let k € N and 1 < i < k. It is always true that SM'(X},) C
SM{:_l(Xk) and towards a contradiction assume that the inclusion is not
proper.

Consider first the case ¢+ < k — 1. Then X, admits an ¢ + 1-iterated
spreading model equivalent to the basis of Xj_; 1. Since we assume that
SM (X)) = SM,(Xy), the basis of Xj_;_; is an i-iterated spreading
model of Xj and, by Lemma [5.4 there is k — i < m < k such that
Xk—i—1 is isomorphic to a subspace of X,,. Recall that by property (ii),
the space Xj_;_1 is ¢, _, ,-saturated and the space X,, is /,  -saturated.
Since rg_;_1 < rm, this is obviously not possible.

If on the other hand ¢ = k, then X} admits an ¢ + 1-iterated spreading
model equivalent to the basis of F. Arguing as previously, we conclude that
the basis of E is not an i-iterated spreading model of Xj. m

Proof of Theorem[1] If {ey }r is 1-unconditional, then the sequence { X} }
is the desired one. This is an immediate consequence of properties (i) to (v)
and Lemma [5.4]

If {e, }», is not unconditional, it must be singular. Apply Lemmal5.1] and,
keeping in mind that by the way the d,, are chosen, d, € F for all n € N,
apply the previous case for {d,, },.

By Lemma X1 isomorphically admits {e,}, as a spreading model.
Thus X}, isomorphically admits {e, }, as a k-iterated spreading model. Also,
E is isomorphic to [{d, },] and the space generated by an i-iterated spreading
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model of X}, for ¢ < k is isomorphic to a subspace of X, for k —¢ <m < k.
Since the spaces X,,, F are totally incomparable, the result follows. =

The methods employed here make heavy use of the nice properties of
uniformly convex spaces. Therefore, although our result applies to ¢, spaces,
1 < p < 00, it remains unknown whether a similar result can be stated for
Co and fl.
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