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On Gaussian Brunn—Minkowski inequalities
by

FRANCK BARTHE and NOLWEN HUET (Toulouse)

Abstract. We are interested in Gaussian versions of the classical Brunn—Minkowski
inequality. We prove in a streamlined way a semigroup version of the Ehrhard inequality
for m Borel or convex sets based on a previous work by Borell. Our method also yields
semigroup proofs of the geometric Brascamp—Lieb inequality and of its reverse form, which
follow exactly the same lines.

1. Introduction. In this paper, we are interested in Gaussian ver-
sions of the classical Brunn—Minkowski inequality on the Lebesgue mea-
sure of sum-sets (see e.g. [19, 20]). On R™ with its canonical Euclidean
structure ({-,-),| -|) we consider the standard Gaussian measure v, (dx) =
(27) "% exp(—|z|?/2) dz, x € R™. Given o, € R and sets A, B C R", we
recall that their Minkowski combination is defined by

aA+ B ={aa+ pb: (a,b) € A x B}.

Using symmetrization techniques, Ehrhard [15] proved a sharp lower bound
on the Gaussian measure of a convex combination of convex sets: if a, 3 > 0
satisfy a« + 6 =1 and if A, B C R™ are convex, then

o 1o (A + BB) > ad o n(A) + J n(B),

where @ is the cumulative distribution function of ~;. This inequality be-
comes an equality when A and B are parallel half-spaces or the same convex
set. Latata [17] showed that the inequality remains valid when A is convex
and B is an arbitrary Borel set. In the remarkable paper [9], Borell was
able to remove the remaining convexity assumption. He actually derived a
functional version of the inequality (in the spirit of the Prékopa—Leindler
inequality) by a wonderful interpolation technique based on the heat equa-
tion. In a series of papers, Borell extended the inequality to more general
combinations:
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THEOREM (Borell [11]). Let oy, ..., an > 0. The inequality

(1) P Lon, (Z%‘Az‘> Z @@t oy, (4)
holds for all Borel sets Ay, ..., An in ]R” if and only if

Z%’Zl and V7, aj—Zaigl.
i i#j
Moreover, (1) holds for all convex sets Ay, ..., Ay in R™ if and only if

Zai > 1.

Borell established the case m = 2 for Borel sets in [10] thanks to his
semigroup argument. His proof in [11] of the general case relies on a tricky
and somewhat complicated induction. Observe that a linear combination of
Borel sets need not be a Borel set; however, it is analytic or Suslin, hence
universally measurable (see e.g. [16]).

In this note we give a slight extension of the above statement (the referee
pointed out that it can actually be deduced from Borell’s theorem, thanks to
the Sudakov—Tsirelson inequality 1o, (tA) > td Loy, (A), valid for t > 1
and A convex. The latter is also a corollary of Borell’s general inequality.)
More importantly, we propose a streamlined version of the semigroup argu-
ment for m functions directly, which allows us to take advantage of convexity
type assumptions. This better understanding of the semigroup technique also
allows us to study more general situations. The main result is stated next. It
involves the heat semigroup, for which we recall the definition: given a Borel
non-negative function f on R" its evolute at time ¢ > 0 is the function P, f
given by

Pif(x) = | f(x + Vty) wm(dy) = B(f(z + Br))

where B is an n-dimensional Brownian motion. By convention co—oo = —o0
so that inequalities like (1), or the one introduced in the next theorem, make
sense.

THEOREM 1. Let Ioony C {1,...,m} and aq,...,am, > 0. The following
assertions are equivalent:

(i) The parameter o = (aq, ..., Q) satisfies
(2) Zaz >1 and Vj ¢ Leony, aj — Zaz <1
i#j
(ii) For all Borel sets Ay, ..., Am in R™ such that A; is convex when
i € ICOI]V?

’Y(Z aiAz’> > Z ;@' o y(Ay).
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(iii) For all Borel functions h, fi,..., fm from R™ to [0,1] such that
&1 o f; is concave when i € Ioony, if

Vai,...,xm € RY, d71o h(Z ai:m) Zal Lo f; (),
then Z
_1<Shdfy) > ZQZ@_IG f; d’y).

(iv) For all Borel functions h, f1,..., fm from R™ to [0,1] such that
&1 o f; is concave when i € Ioony, if

Vo, ..., xm € R?, @71 oh<2aifci> Zal Lo f; (),

then for all t > 0,
Vri,...,zm € R", @_IOPth<ZOéiﬂfi) Zaz o Pf; (4).

REMARK. Condition (2) can be rephrased as

Zai > max(1, max{20; —1: j & Iconv})-

Actually, the condition will come up in our argument in the following geo-
metric form: there exist vectors uq, ..., u, € R™ such that |u;| <1 for all
i € Icony, |ui| =1 for all ¢ & Ioony, and | > ayu,| = 1.

In the next section we show that the condition on « implies the fourth
(and formally strongest) assumption in the above theorem, when restricted
to smooth enough functions. The third section completes the proof of the
theorem. In the final section we discuss related problems.

Before going further, let us introduce some notation.

e We consider functions depending on a time variable ¢t and a space
variable x. The time derivative is denoted by 9y, while the gradient,
Hessian, and Laplacian in x are denoted by V., Hess;, and A,; we
omit the index z when there is no ambiguity.

e The unit Euclidean (closed) ball and sphere of R? are denoted respec-
tively by B? and S¢ 1.

e For A C RY, we set A° = A + eB? The notation AS means (4;)c.

e The transposed matrix of the matrix A is denoted by A*.

2. Functional and semigroup approach. As already mentioned, we
follow Borell’s semigroup approach to the Gaussian Brunn—Minkowski in-
equalities (see [9] and [10]): for parameters « satisfying (2), the plan is to
show the functional version of the inequality (Theorem 1(iii)) by means of the
heat semigroup. Note that (iv) implies (iii) by choosing ¢ = 1 and z; = 0 in
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the last inequality of (iv). So our aim is to establish (iv). More precisely, given
Borel functions h, f1,..., fim from R™ to (0,1), we define C on [0, T] x (R™)™
by

Clt) = Cltan,..,wm) = 84 o Bh(Y auws) - Z @@ o P fi(z;).

Since Pyf = f the assumption
(3) Va; e R", & lo h(z ozi;vi) Eal o fi(x;)

translates as C(0,-) > 0. Our task is to prove
C(0,:) >0 = vt>0,C(t-) >0.

2.1. Preliminaries. When the functions h and f; are smooth enough,
the time evolution of P;h and P, f; is described by the heat equation. This
yields a differential equation satisfied by C. Our problem boils down to de-
termining whether this evolution equation preserves non-negative functions.
This is clearly related to the maximum principle for parabolic equations (see
e.g. [13]). We will use the following lemma.

LEMMA 1. Assume that C is twice differentiable. If

Hess(C) >0

C<o0
and if for some T > 0,

o : S
(5) 1|1951T1—}&f(0§1?£T0(x’ t)) >0,

then
c(0,:)>0 = Vte[0,T], C(t,-) > 0.

Proof. Fore > 0, set C.(t,x) = C(t,z)+et on [0, T]x (R™)™. If C; < 0 at
some point, then C; reaches its minimum at a point (to, zg) where VC = 0,
Hess(C) > 0, C < 0, and 9,C+¢ < 0 (= 01if tg < T). By the hypotheses, this
implies 0;C > 0, which contradicts 0;C < —e. So for all € > 0 and T > 0,
C. is non-negative on [0, 7] x (R™)™, thus C is non-negative everywhere. m

Property (5) is true under mild assumptions on h and f; which are related
to the initial condition C'(0,-) > 0 in the large:

LEMMA 2. If there exist ay,...,a., € R such that

o limsup,_ fi(z) < P(a;),
e h> @(ZZ aiai),
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then for all T > 0,
hmlnf( 1nfTC(:1;,t)) > 0.

|z]—00 \0<t<
Proof. Let § > 0. By continuity of #~!, there exists ¢ > 0 such that
N (D(a;) +2¢) < ai +6/ ) ay.
Let r > 0 be such that 7, (rB™) =1 —e. Then, for 0 <t < T,
Pifi(zi) = | filmi+ Vi) mdy)+ | filwi+VEy) wm(dy)
rBn (rBne

<(l—¢) sup fitesupf;
xi—i-r\/iIB"

< sup fi+e<®P(a;)+2 for |z;| large enough.
zi+rV/T B

Moreover, P.h > &(> " aya;) so for |z| large enough and for 0 < ¢t < T, we
have C(t,x) > —d. As § > 0 was arbitrary, the proof is complete. m

Checking property (4) of Lemma 1 requires the following lemma:

LEMMA 3. Let d > 2 and «aq,...,qn > 0. Let k be an integer with
0<k<mand

@ (ST X B TE SRy, () o [ ai
)

Then the image of  is the interval
J = [max({O} U {aj —Zai 1< < k}),Zai]
i#j i

Proof. As ¢ is continuous on a compact connected set, we have Im(yp) =
[min ¢, max ¢]. Plainly | > a;v;| < > ay, with equality if v1 = -+ = v, is
a unit vector. So max¢ = >, a;. For all j < k, since |vj| = 1, the triangle

inequality gives
> ajlv| = Y ailoil > a5 =) .

‘ E Uy
i

i#] i#]
Hence Im(yp) C J and these two intervals have the same upper bound. Next
we deal with the lower bound. Let us consider a point (v, ..., v,) where ¢

achieves its minimum, and differentiate:
For j < k, v; lies in the unit sphere. Applying the Lagrange multipliers
theorem to p? with respect to v; gives a real number A; such that

(6) Oéj Z ;U = )\jUj.

For j > k, the jth variable lives in BY. If |v;| < 1 the minimum is achieved
at an interior point and the full gradient of ¢? with respect to the jth variable
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is zero. Hence ), a;v; = 0. On the other hand, if at the minimum point,
lvj| = 1, differentiating in the jth variable only along the unit sphere gives
again the existence of A; € R such that (6) is satisfied.

Eventually, we face two cases:

CASE 1: Y «a;v; = 0 and min¢ = 0. In this case, the triangle inequality
gives 0 = | >° ayvi| > aj — >, ,; a; whenever j < k.

CASE 2: the v;’s are collinear unit vectors and there exists a partition
St US_={1,...,m} and a unit vector v such that

min ¢ = ’ZaiU—Zaiv = Zai —Zai > 0.
Sy S_ Sy S_

Assume that S} contains two indices j and . Let e; and es be two orthonor-
mal vectors of R? and denote by R(6) the rotation of angle # in the plane
Vect(eq, e2). The length of the vector a;R(0)e1 + aye; is a decreasing and
continuous function of € [0, 7]. Denote by U(#) the rotation in Vect(ey, e3)
which maps this vector to |a;R(6)e1 + ayeq|er. Then

a]U(H)R(H)el + agU(G)el + Z o;e1 — Zaiel = )\(9)61,
Se\{5.¢} S-
where A(0) = 3> g o — > g @ = miny > 0 and A is continuous and
decreasing in € € [0,7]. This contradicts the minimality of minp. So S

contains a single index j and
min ¢ = )ajU—Zozw =aj — Zai > 0.
i#] i#]
Note that necessarily 7 < k, otherwise one could get a shorter vector by
replacing v; = v by (1 — €)v. Moreover, the condition a; — >, .. c; > 0
ensures that o; > oy for £ # j. This implies that for £ # j,

ag—Zaigag—aj <0<aj—Zaz~.
£l i#j
So min ¢ = max({0} U{a; — >, ;1 1 < j < k}) as claimed.

2.2. Semigroup proof for smooth functions. We deal with smooth func-
tions first, in order to ensure that P;f; and Pih satisfy the heat equation.
This restrictive assumption will be removed in Section 3 where the proof of
Theorem 1 is completed.

THEOREM 2. Let f;, i = 1,...,m, and h be twice continuously differ-
entiable functions from R™ to (0,1) satisfying the hypotheses of Lemma 2.
Assume moreover that for f = f; or h,

Vit >0,VeeR", |Vf(z+ \/Ey)le_‘yF/Z — 0.

[y|—o0
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Let aq, ..., ap be positive real numbers such that
Zaz >1 and Vj, aj — Zaz <1.
i#j
If

Vo, eR®, d7lo h(Z aiafi> Z a;d o fi(zi),
then
Vt>0,Vz; eR?, @ lo Bh(Z aia:i> ZO" o P fi(x;).

Proof. Let us recall that C' is defined by

Ct,x) =C(t,x1,...,Tm) = H(t,Zaixz) Zaz (t, ;)
where we have set
H(t,y) =® Yo Ph(y) and Fi(t,y) =o' o Pfi(y).

In what follows, we omit the variables and write H for H (t, > aixi) and F;
instead of Fj(t,xz;). With this simplified notation,

C=H-) ak,
Ve, C =0a;(VH — VE;),
V2, V3, C = ajaj Hess(H) — 0550 Hess(F).
Moreover, one can use the property of the heat kernel to derive a differential
equation for F; and H. Indeed, for any f satisfying the hypotheses of the
theorem, we can perform an integration by parts to obtain
WP f = 3APf.

Then we set F' = &~ o P;f and use the identity (1/&'(z)) = x/®'(z) to
show

O P f AP f
F: =
% P (F)  28(F)
VRS
Y=y
2
AF — AP, f L F VP f|

P'(F) (@'(F))*
We put all this together to get
OHF = L(AF — F|VEF|?)
and to deduce the following differential equation for C":

9C =3(S+7P)
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where the second order part is
S=AH-> o, AF;
and the terms of lower order are
P = —(H|VH|2 -y aiFZ-\VFZ-F).

We will conclude the proof using Lemma 1. So we need to check condition (4).
First we note that P is non-negative when VC = 0 and C < 0, regardless
of a. Indeed, VC = 0 implies that VF; = VH for all i. So P = —|VH|*C
which is non-negative if C' < 0.

It remains to deal with the second order part. It is enough to express &
as EC for some elliptic operator &, since then Hess(C') > 0 implies S > 0.
Such a second order operator can be written as £ = V*AV where A is a
symmetric nm X nm matrix. Moreover, £ is elliptic if and only if A is positive
semidefinite. In view of the structure of the problem, it is natural to look for
matrices of the following block form:

A=B®I, = (bijln)i<ij<m

where I, is the identity n x n matrix and B is a positive semidefinite matrix

of size m. Writing x; = (z1,...,%in), we have
ce= ]zjlb 7 (Z O ka:cj 5 ) = ijZl bij (i AH — b joi AF,)

= <O[7 Ba)AH — Z bi,iaiAFi‘
i=1
Hence there exists an elliptic operator € of the above form such that £EC =
S = AH — Y ", o; AF; if there exists a positive semidefinite matrix B of
size m such that

(o, Ba) = (e1,Bej) = -+ = (e, Beyy) =1

where (e;); is the canonical basis of R™. Now a positive semidefinite matrix
B can be decomposed into B = V*V where V is a square matrix of size m.

Letting vy, ..., v, € R™ be the columns of V', we can translate the latter into
conditions on the vectors v;. Actually, we are looking for vectors vy,..., vy,
€ R™ with

Z (67X ¥}
By Lemma 3 for k = m, this is possible exactly when « satisfies the claimed
condition:
Zai >1 and Vj, ozj—Zozi <l =
i#]
The following corollary will be useful in the next section.

oa] =+ = Jom| =
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COROLLARY 1. Let f be a function on R™ taking values in (0,1) and
vanishing at infinity, i.e. limy . f(z) = 0. Assume also that

Vi >0,Vz € R, |Vf(x+Viy)le W2 —— o,

ly|—o0

If &1 o f is concave, then =1 o P,f is concave for all t > 0.

Proof. Let 0 < ¢ < 1 and «o; > 0 with > «a; = 1. Choosing h = ¢ +
(1—¢)f > fand f; = f for i > 1, one can check that the latter theorem
applies. Hence for all £ > 0 and z; € R",

P loP(e4+(1—e)f (Zalxl) Z% Lo P f(x).

Letting € go to 0, we conclude by monotone convergence that @~ o P, f is
concave. m

2.3. &~ -concave functions. When some of the f;’s are $~!-concave, the
conditions on the parameters can be relaxed. Such functions allow one to ap-
proximate characteristic functions of convex sets, as we will see in Section 3.

THEOREM 3. Let Icony C {1,...,m}. Let fi, i = 1,...,m, and h be
twice continuously differentiable functions from R™ to (0,1) satisfying the
hypotheses of Lemma 2. Assume also that for f = f; or h,

Vt>0,Vz €R", |Vf(z+Viy)le /2 ——o.

ly|—o0

Assume moreover that @' o f; is concave and decreasing to —oo at infinity
for all i € Ieony.

Let o, ..., ay be positive numbers satisfying
ZO” >1 and Vj ¢ Iony, 0 — Zal <1
i#£]
If
Vo, e R, &7 lo h(z aixi) Zal Lo f; (),
i
then

Vt >0, Vz; €R", &7'o Pm(Z ozz-zw;) Z@z "o P fi(w:).
)

Proof. As in the proof of Theorem 2, we try to apply Lemma 1 to the
equation satisfied by C":
oC(t,x) = %(S +P).

We have already shown that P is non-negative when VC' = 0 and C < 0,
for any aq,...,q,;,. We would like to prove that the conditions on « in the
theorem imply that S is non-negative whenever Hess(C) > 0.
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By Corollary 1, for all ¢ € I.ony the function Fj; is concave, hence AF; < 0.

So we are done if we can write
S=EC— )  NAF
/[:GICOY]V

for some elliptic operator £ and some A; > 0. As in the proof of the previous
theorem, we are looking for operators of the form & = V*AV with A =
B® I, = (bjjIn)1<i,j<m Where B is a symmetric positive semidefinite m x m
matrix. Hence our task is to find B > 0 and \; > 0 such that A; = 0 when
i ¢ Icony and

AH — ZazAFZ = <OL, Ba}AH — Z(b“az + )\I)AF'Z

When ¢ € I.ony, we can find A; > 0 such that bj;c; + A; = a; whenever
bi; < 1. Consequently, the problem reduces to finding a positive semidefinite
m X m matrix B such that

<€iaBei> <1, Vi€ leow,
=1,

<67L7 Bez) Vi §Z Iconw
(a, Ba) = 1,
where (e;); is the canonical basis of R™. Equivalently, do there exist vy, . .., vy,

€ R™ such that
|'Ui‘ < 1, Vi € IconVa
’Ui‘ =1, Vi ¢ Teonvs
| E OéiUi| =17

We conclude with Lemma 3. =

3. Back to sets. This section explains how to complete the proof of The-
orem 1. The main issue is to get rid of the smoothness assumptions made
so far. A key point is that the conditions on « do not depend on the dimen-
sion n. The plan of the argument is summed up in the next figure, where we
are referring to the assertions of Theorem 1, and “(iv) for smooth functions”
means assertion (iv) (of Theorem 1) restricted to functions satisfying all the
assumptions of the first paragraph of Theorem 3:

(i) = (iv) for smooth functions = (i) = (iv) = (iii) = (i).
Note that “(iv)=-(iii)” is obvious, whereas “(i) = (iv) for smooth functions”

was established in Theorem 3. Next we prove the remaining implications.

“(iv) for smooth functions = (ii)”: Fix an arbitrary a. Let Aj,..., A,
be Borel sets in R™ with A; convex when i € I.ony. By inner regularity of
the measure, we can assume that they are compact. Let € > 0 and b > a be
fixed. Then:



Gaussian Brunn—Minkowski inequalities 293

e For i ¢ I.ony: there exists a smooth function f; such that f; = &(b) on
A, fi =P(a) off A7, and 0 < P(a) < f; < P(b) < 1

o For i € I.ony: there exists a smooth function f; such that F; = &~ 1o f;
is concave, F; = b on A;, F; < a off A5, and F; < b on R".
For instance, take a point x; in A; and define the gauge of Af/ ® with
respect to x; by

1
o(x) = inf{)\ >0:x; + 3 (z — ) € Af/3},

We know that p is convex since A; is convex (see for instance [20]).
Then set

Fy(a) = b+ c(1 - max(o(x), 1))

where ¢ > 0 is chosen large enough to ensure that F; < a off A;
Now, we can take a smooth function g with compact support small
enough and of integral 1, such that f; = @(F; * g) is a smooth &~!-
concave function satisfying the required conditions.

e For h: set
= max X:OzluZ and by = Za,

u;=aorb

uF#(b,...,b)
Again, we can choose a smooth function h such that h = &(bg) on
Yoo AS b= P(ag) off (D] a;AS)%, and 0 < @(ag) < h < D(by) < 1.

From these definitions, the functions h and f; are “smooth” and satisfy

Vo, eR?, &7 lo h<Zaixi> Zaz o fi(x;).

By our hypothesis, the inequality remains valid with P;h and P, f; for all
t > 0. Choosing t =1 and z; = 0 yields

-1 (Shd%) >3 a0 (S f; d%).

By construction, the functions f; and h actually depend on the parameters
a,b,e (but we decided not to use the heavy notation h(“’b’g)). Fixing ¢ > 0
and b, it is easily seen that

liminf f; > @(b)14, and limsuph < @(bo)1(ya;a2)es

a——00 K

a——00

25/3

where 1 4, is the characteristic function of A;. Hence, using Fatou’s lemma
twice, we get

o~ (2 %((Z%AE) )= D ™ (@(b)a(40).

Next we let b, and consequently by, go to +oo. Finally, the compactness of
the sets easily yields (5, (> A 1/ k)l/ k = S~ a;A;. Therefore we get, as
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expected,

45_10%(20@141') Zaz Loy (4).

“(ii) (in R™1) = (iv) (in R™)”. Here we assume that (ii) of Theorem 1
is valid for all Borel sets in R"*! and we derive (iv) for functions defined
on R™.

For any Borel function f on R™ taking values in [0, 1], ¢ > 0, and x € R™,
we define

By ={(u,y) :u<® o flz+Viy)} CR xR
Then
7n+1(B§c’x) = P f(x).

Let h, f1,..., fn be Borel functions on R™ with values in [0,1] such that
&1 o f; is concave when i € I.ony. Assume that

Vo, e R, &7 lo h(Z%‘«%‘) Za, o fi(x;).

Then for (u;,y;) in Bt’f", we get

Zazuz<zaz sz wz+\[yz)<¢ (Zaz('xz"i_\/iyz))a
which means that

Z o; B tgcZ - Bt Zalxl

The same argument shows that Bt f’ is convex if @1 o f is concave. Thus,

the result for sets in R™*! implies that

OPt (Zazxz) > o~ 0'7n+1<zaz t:m) Zaz oPtf'L xz)

“(iii)=(1)": We will prove the contraposed assertion: if the conditions on
a; are violated, then there exist Borel functions h and f; such that &' o f;
is concave for i € I.ony and the relation @1 o h(>- cyzy) > S @ 1o fi(x;)

holds for all z;, but
“((hay) <Y aw (i)

Let f:R™ — (0,1) be an even Borel function such that

1 1
£(0) > 3 Sfd’y < 3 and F =& !o fis concave.

For instance, we may take f(z) = (1 — |ax|?) for a large enough. Note that
for 0 <t <1,

(7) F(tx) > tF(xz)+ (1 —t)F(0) > tF(z).
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Assume first that ) a; < 1. Then by concavity and the latter bound, we
get, for all x;,

o)) B ()
> ZaiF(ml Zaz o f(s).
However, since 1 > 3 ay and &=1({ f dv) < 0, we have
—1<§fd~y) < Zai@*(gfdy).

Assume now that there exists j ¢ Icony such that o; — Z#j a; > 1. Then
using (7) and concavity again, we obtain, for all z;,

2 () (v
> F<ozjacj — Zaixi) + Z%F(Jﬂz)

1#] 1#]
Let g=1—f.Since —F = ¢ lof=0d"to(l—f)=dlogand fis even
we may rewrite the last inequality as
o 1o g<ajxj + Z ai(—xi)> > a;P g(z;) + Z a;id tof (—x;).
7] 7]
However, since &~ !({gdy) = —=07'({ fdy) > 0 and a; — Doz i > 1, we

also have
ot (Sgd’y) < o;P (Sgd’y) Zal (Sfdfy).

Therefore the proof is complete.

4. Further remarks

4.1. Brascamp-Lieb type inequalities. In |7, 8], Borell already used his
semigroup approach to derive variants of the Prékopa—Leindler inequality.
The latter is a functional counterpart to the Brunn—Minkowski inequality for
the Lebesgue measure and reads as follows: if A € (0,1) and f,g,h : R® — R*
are Borel functions such that for all x,y € R",

h(hz + (1= N)y) = f()*g(y)'
then {h > ([ f)*({g)!~* where the integrals are with respect to Lebesgue’s
measure. Borell actually showed the following stronger fact: for all ¢ > 0 and
all z,y € R™,

Ph(Az + (1= N)y) > Pif(z) Pg(y)' .
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Setting H(t,-) = log Pth and defining F,G similarly, it is proved that
C(t,z,y) == H(t, \xz+(1-N)y)—AF(t,x)+(1-N)G(t,y) satisfies a positivity-
preserving evolution equation. The argument is simpler than for Ehrhard’s
inequality since the evolution equation for individual functions is simpler:
20,H = AH + |VH|?.

The Brascamp—Lieb inequality [12, 18] is a powerful extension of Holder’s
inequality. The so-called reverse Brascamp—Lieb inequality, first proved in
[2, 3], appears as an extension of the Prékopa—Leindler inequality. In [4], it
was noted that Borell’s semigroup method could be used to derive the geo-
metric reverse Brascamp—Lieb inequality for functions of one variable. This
observation was also motivated by a proof of the Brascamp—Lieb inequalities
based on semigroup techniques (Carlen, Lieb and Loss [14] for functions of
one variable, and Bennett, Carbery, Christ and Tao |6] for general functions).

In this subsection, we take advantage of our streamlined presentation of
Borell’s method, and quickly reprove the reverse Brascamp—Lieb inequality
in geometric form, but for functions of several variables. More surprisingly, we
will recover the geometric Brascamp—Lieb inequality from inequalities which
are preserved by the heat flow. The result is not new (the inequality for the
law of the semigroup appears in the preprint [5]), but it is interesting to have
semigroup proofs of the direct and reverse inequalities which follow exactly
the same lines. Recall that the transportation argument of [3| provided the
direct and reverse inequalities simultaneously.

The setting of the geometric inequalities is as follows: for ¢ = 1,...,m
let ¢; > 0 and let B; : RY — R™ be linear maps such that B; B = I, and

m
(8) ZCZB:(BZ = IN.

i=1
These hypotheses were put forward by Ball in connection with volume es-
timates in convex geometry [1]. Note that B} is an isometric embedding
of R™ into RY and that B! B; is the orthogonal projection from RY to
E; = Im(B}). The Brascamp-Lieb inequality asserts that for all Borel func-
tions f; : R — R™T,

m m ci
V T fi(Biw)e da < H< | fi) :
RN i=1 i=1 R™
The reverse inequality ensures that
« m m m ci
S sup{H filxy)¥ : xy € R™, ZciB;‘:xi = x} dr > H( S fi> ,
RN i=1 i=1 i=1 R™i

where S* is the outer integral.
Following [4], we will deduce the latter from the following result.
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THEOREM 4. Ifh: RN = RT and f; : R — R satisfy

Va; € R™, (ZczB :L“Z) 2 f( i)

||::]3

then
e, n($anie) 2

The reverse inequality is obtained as t — 400 since for f on R%, P, f(z)
is equivalent to (27rt)*d/ 2 S]Rd f. To see this, note that

Ptfz‘(wi)ci-

||’:|3

r— 2
P = 2rt) 7 | fyexn( 5 ) o
Rd

Note also that taking traces in the decomposition of the identity map yields

Zi Cing = N
In order to recover the Brascamp—Lieb inequality, we will show the fol-
lowing theorem.

THEOREM 5. Ifh: RN — RT and f; : R® — RT satisfy
Vo e RN, h(z) <[] fi(Biz)*

then
vz € RY,  Ph(z) < HPtfi(Bﬂ?)cz

Again, the limit as t — 400 yields the Brascamp—Lieb inequality when
choosing h(z) = [[i%, fi(Bixz)%. We sketch the proofs of the above two
statements, omitting the truncation arguments needed to ensure (5).

Proof of Theorem 4. Set H(t,-) = log P;h(-) and Fj(t,-) = log P.f;(-). As
said above, the functions H and F; satisfy the equation 20,U = AU +|VU 2.
For (t,z1,...,Tm) € RT x R™ x -+ x R set

m m
Ct,xy,...,zm) = H(t, Z cifoZ) — Z ciFi(t, x;).
i=1 i=1
By hypothesis C(0, -) > 0 and we want to prove that C(¢, -) is non-negative as
well. As before, we are done if we can show that the three conditions C < 0,
VC = 0, and Hess(C) > 0 imply that 9;C > 0. Actually, the condition
C <0 is not used in the following argument. Omitting variables, we have

20,0 = (AH - > GAF) + (IVHP - Zcini\?) = S+P.
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Straightforward calculations give
Vz,C =¢;BiVH — ¢;VF;,
Hessy, o, (C) = cic; B, Hess(H)B;-‘ — 0 jc; Hess(F}).
Note that the decomposition (8) implies that for all v € RV,

= <U, ZCzBZ*BzU> = Z Ci’Bﬂ}’Q.

Hence, if VC = 0, the above calculation gives VF; = B;VH. Consequently
‘VH‘Q = ZC,’BZVH‘Z = ZCZ’VFZ‘Q SoVC=0=P=0.
Next, we deal with the second order term. Using (8) again we obtain

AH = Tr(Hess(H)) = Tr ((Z cz-BZ‘Bz) Hess(H) ( Z CJ'B;BJ'))

= ZTr *(cic; B; Hess(H)B}) B;).

Also note that
Z Tr(Bj (6;,j¢; Hess(F;))Bj) = Z Tr(B; ¢; Hess(F;)B;)

= Zci TI'(HGSS B B* ZCZAFl?

since B; B = I,,;. Combining the former and the latter and denotlng by J;
the canonical embedding of R™ into R™ ™ " we see that

S=AH - ciAFZ- = > Tr(Bj Hessy, +,(C)B;)
ij

_ ZTr *(J; Hess(C)J; Tr<<ZJB> Hess(C)(ZJij>>

is non—negatlve when Hess(C') > 0. This is enough to conclude that C' re-
mains non-negative. m

Proof of Theorem 5. As before, we set H(t,-) = log P;h(-) and Fj(t,-) =
log P, fi(-). For (t,z) € RT x RV,

ZcZ (t, Bix) — H(t,x).

Omitting variables, C evolves accordlng to the equation

= (Y edr - Al) + (Y alVEP ~ |VH]P) =5 +P.

7

Next,
VC = Z ¢iBiVF; —VH, Hess(C Z ¢;B; Hess(F;)B; — Hess(H ).
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Taking traces in the latter equality and since B; B} = I,,; we obtain

AC = Zci Tr(Hess(F;)B;B;) — AH = ZciAE —AH =S.

Therefore the second order term is clearly elliptic.

It remains to check that VC = 0 implies that the first order term P is
non-negative. We will need the following easy consequence of the decompo-
sition (8): if z; € R™, ¢ =1,...,m, then

2 2

The proof is easy: set v =Y ¢; B x;. Then by Cauchy-Schwarz,

|v|2 = <v, chB::I:Z> = Zci<Biv,$i>
1/2 1/2
< (ZCz‘|BiU!2) (Zcz|$z\2)

But (8) ensures that |[v]? = 3 ¢;|B;v|? so after simplification we get the
claim. Finally, note that VC' = 0 means that VH = ) ¢;BfVF;. Hence
IVH|? < Y ¢;|VF;|?. In other words, P > 0. The proof is therefore com-
plete. »

REMARK. As explained in [6], general (non-geometric) Brascamp—Lieb
inequalities can be derived from the geometric form, via change of variables
and twisted products. The same methods apply to the reverse inequalities.

4.2. Looking for Gaussian Brascamp-Lieb inequalities. It is natural to
ask about Gaussian versions of the Brascamp-Lieb or inverse Brascamp-—
Lieb inequalities. For 0 < ¢ < m, take a non-zero real d;, a positive integer
n; < N, a linear surjective map L; : RY — R™_ and a Borel function f; on
R™ taking values in (0,1). Does the inequality

m
Vx € RN, Z di@_l o fl(LZCC) >0
i=0
upgrade for all t > 0 to

m
Vo eRY, ) did o Pifi(Liz) > 07

i=0
This general formulation allows negative d;’s and would encompass Gaussian
extensions of Theorem 4 or Theorem 5. It also enables a better understanding
of the essential properties in the semigroup argument. Note that from now
on, the index i goes from 0 to m, the function fy =: h playing a priori no
particular role any more.
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As before, for t > 0 and = € RY we define

Zd@ o Pifi(Liz) = ZdF (t, Liz).

1=0

We are interested in the conditions on the data (dz, L;)*, for which C(0,-)
> 0 implies C(¢,-) > 0 for all ¢ > 0. Assume that our functions are smooth
enough for the calculations to follow. We have

C=) d;F,
VC=> dL;VF,
Hess(C) = Z d; L] Hess(F;)L;

and thanks to the heat equation, C satisfies the differential equation 20,C =
S + P where

S§=) diAF;, and P=-> d|VE[’F,.
We require that
Hess(C) >0
vC =0 = P+8>0
Cc<o0
in order to apply Lemma 1 (the condition at infinity is satisfied, provided one

restricts to good enough functions f;; we omit the details). In other words,
if (d;, L;)[™, satisfy

inf (— 4|V F|2F, d; Tr(Hess(F} )>0,
s inf > dIVEPF + > d Te(Hess(F)) ) >
Sd; LEVEF;=0
Z diLf HeSS(Fi)LiZO

then C'(0,-) > 0 implies C(¢,-) > 0 for all ¢. Let us look for workable condi-
tions on (d;, L;);", which ensure that the latter infimum is non-negative.

Given i and (¢, z;), observe that for any X; € R, Y; € R™ and any n; xn;
symmetric matrix Z;, there exists a function f; such that F;(t,z;) = X;,
VF;(t,z;) =Y;, and Hess(F;)(t,x;) = Z;. Indeed, since

F; =07 (P fy),
VP, f;
P (F;)’

1
&(F)
prescribing the values of (Fj, VF;, Hess(F;)) boils down to prescribing the
values of (P, f;, VP, f;,Hess(P,f;)). Next, one can find a suitable polynomial

VEF, =

Hess(F;) = (Hess(P.f;) — " (F;)VF; - VE}),




Gaussian Brunn—Minkowski inequalities 301

fi of degree 2 satisfying these equations. At this stage, we do not see how
the initial condition C(0,-) = 3" d;®~!(f;) > 0 creates relationships between
the values of (F}, VF;, Hess( 7)) for different values of i. So it is natural to
bound the infimum from below as follows:
inf (= Y GIVEPE + Y diTr(Hess(F) )
Zé?FiSO Z i| VE| z+z i Tr(Hess(£5))

S d LEVE;=0
> diL} Hess(F;)L; >0

> _inf = dViPXi+ _ inf > diTe(Z

T >diX;<0 S diLZiLi>0

S d;LYi=0

where X;, Y;, and Z; run respectively over R, R™ and the set of n; x n;
symmetric real matrices. The last quantity is non-negative if and only if
there exists a real number K such that

inf - 4|Yi]’X; > K
Zdlg(igo Z z‘ 1’ i = ,
S d; LTY;=0

inf d; Tr(Z;) >
. I

Taking Y; = 0 and Z; = 0 for all ¢ shows that K must be equal to 0. Hence
our new problem is to find sufficient conditions for (d;, L;) to satisfy

Zl > di|YiPX; > 0,
(9) 2

inf d; Tr(Z;) > 0
ZdiLljnZiLizoz  Tx(Z:)

We remark that this question is related to the formally stronger initial re-
quirement: (C' <0, VC =0) = P >0 and Hess(C) > 0= 8§ > 0.
Let us deal with the first inequality in (9). It can be rephrased as

> diX; <0
> dLY; =0

Reasoning for fixed Y;’s, and viewing the conditions on X; as equations of
half-spaces, we easily see that the latter implication is equivalent to

(10) Y ALY =0 = [Yolgn = = [Viulkrm-

This condition can be worked out a bit more. Let us assume (10) and define
L£:RXm — RN by

LYo, ... Ym) = d;LY;
If a = (ag,...,an) and b= (by,...,by) belong to ker £ then |a;|?, |b;|?, and
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by linearity |a; +b;|? are independent of 7. Expanding the square of the sum,
we deduce that (a;, b;) is independent of i and therefore equal to the average
over ¢ of these quantities. Hence for all 4, (m+1)(a;, b;) = (a,b). This means
that u; : ker L — R™ defined by u;(a) = v/m + 1l a; is an isometry. Since
a; = ui(ug *(ag)), we conclude that

ker £ = {(ag,u1(ug ' (ao)), - - -, um(ug (ag))) : ap € Tm(ug)}.

It is then clear that (10) is equivalent to the following: there exists a subspace
X C R™ and linear isometries R; : X — R™, ¢ > 1, such that

(11) ker £ = {(z, Riz,...,Rpx) : x € X}.

In order to establish the second inequality in (9), it is sufficient to find a
symmetric positive semidefinite N x N matrix A such that ) d; Tr(Z;) can
be expressed as

Tr (A Z diLfZiLi) = Z di TI'(LiAL;FZi).

As we require this identity for arbitrary matrices Z;, we can conclude that
A does the job if and only if for all 0 < i < m,

LiALY = I,,.

We may look for A in the form A = o*c for some N x N matrix o. For
0<¢<mand]1l<j<n,;, denote by uz € RY the columns of L7 . Rewriting
the above conditions in terms of o we may conclude that the second infimum
in (9) is non-negative provided there exists an N x N matrix o such that for
all 0 < ¢ < m the vectors (ou] );”:1 form an orthonormal system in RY. Note
that the first-order condition (11) requires that the linear relations between

the vectors ui should have a particular structure.

We have been able to find data (d;, L;) satisfying the above conditions,
but all of them could be reduced to the Borell theorem, using the rotation
invariance of the Gaussian measure and the fact that its marginals remain
Gaussian. To conclude this section let us briefly explain why the method
does not allow any new Gaussian improvement of Theorems 4 or 5.

Fori=1,...,m,let ¢; > 0 and B; : R” — R™ be linear surjective maps.
If we look for Gaussian versions of the Brascamp—Lieb inequality, we are led
to apply the previous reasoning to N =n, By = Iy, dg = —1, and for i > 1,
L; = B; and d; = ¢;. Now, with the above notation, (Yp,...,Yy,) € ker £ is
equivalent to Yy = Zgl ¢;B}Y;. Since this condition can be satisfied even
though |Y1]| # |Y2| we conclude that the first-order condition (11) is never
satisfied.
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Next, we are looking for inequalities of the reverse Brascamp-Lieb type.
Hence we choose N = ny + -+ ny, do = 1, Lo(z1,...,2m) = Y By,
and for ¢ > 1, d; = —¢; and Li(z1,...,2m) = x;. For z € R", Lj(z) =
(aBiz,...,cmBpx). For i > 1 and z; € R™, LY (x;) = (0,...,0,;,0,...,0)
where x; appears at the ith place. The condition (Yp,...,Y,,) € ker £, that
is, L§(Yo) = > ,5q L} (Y:), becomes

Vi=1,...,m, Y;=B}Y.

Hence ker £ = {(Yp, B1Yy,...,BnYo) : Yo € R"}. So (11) holds only if
the B;’s are isometries. This forces n; = n and up to an isometric change
of variables, we are back in the setting of the Gaussian Brunn—Minkowski
inequality.
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