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Product of operators and numerical range preserving maps
by
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To Professor Miroslav Fiedler on the occasion of his 80th birthday

Abstract. Let V be the C*-algebra B(H) of bounded linear operators acting on the
Hilbert space H, or the Jordan algebra S(H) of self-adjoint operators in B(H). For a fixed
sequence (%1,...,%4m) With 41,...,4m € {1,...,k}, define a product of A1,..., Ay € V by
Ay ®---x Ay = Ay -+ Ay, . This includes the usual product A; % ---% A = Ay --- Ay and
the Jordan triple product A *+ B = ABA as special cases. Denote the numerical range of
A€V by W(A) = {(Az,z) : © € H, (z,x) = 1}. If there is a unitary operator U and a
scalar p satisfying 4™ = 1 such that ¢ : V — V has the form

A pU AU or A pU*A'U,
then ¢ is surjective and satisfies
W(Ay % x Ap) = W(d(A1) % - xp(Ag)) forall Ay,...,Ar € V.

It is shown that the converse is true under the assumption that one of the terms in
(41, ..,%m) is different from all other terms. In the finite-dimensional case, the converse
can be proved without the surjectivity assumption on ¢. An example is given to show that
the assumption on (i1,...,%,) is necessary.

1. Introduction. Let H be a Hilbert space having dimension at least 2.
Denote by B(H) the C*-algebra of bounded linear operators acting on H,
and S(H) the Jordan algebra of self-adjoint operators in B(H). If H has
dimension n < oo, then B(H) is identified with the algebra M, of n x n
complex matrices and S(H) is identified with the set S,, of n X n complex
Hermitian matrices. Define the numerical range of A € B(H) by

W(A) ={(Ax,z) :x € H, (z,z) = 1}.
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Let U € B(H) be a unitary operator, and define a mapping ¢ on B(H) or
S(H) by
A= U*AU or A~ U*A',

where A? is the transpose of A with respect to a fixed orthonormal basis.
(We will always use this interpretation of A in our discussion.) Then ¢ is a
bijective linear map preserving the numerical range, i.e., W(¢(A)) = W(A)
for all A.

There has been considerable interest in studying the converse of the
above statement. Pellegrini [8] obtained an interesting result on numerical
range preserving maps on a general C*-algebra, which implies that a sur-
jective linear map ¢ : B(H) — B(H) preserving the numerical range must
be of the above form. Furthermore, by the result in [7], the same conclusion
also holds for linear maps ¢ acting on S(H). In [6], the author showed that
additive preservers of the numerical range of matrices must be linear and
have the standard form A — U*AU or A — U*A'U. In [2], it was shown
that a multiplicative map ¢ : M,, — M, satisfies W (¢(A)) = W(A) for all
A € M, if and only if ¢ has the form A — U*AU for some unitary matrix
U € M,. In [5], the authors replaced the condition that “¢ is multiplicative
and preserves the numerical range” on the surjective map ¢ : B(H) — B(H)
by the condition that “W(AB) = W(¢(A)¢p(B)) for all A, B”, and showed
that such a map has the form A — +U*AU for some unitary operator
U € B(H). They also showed that a surjective map ¢ : B(H) — B(H) sat-
isfies W(ABA) = W(¢(A)p(B)p(A)) for all A, B € B(H) if and only if ¢ has
the form A — pU* AU or A — pU* A*U for some unitary operator U € B(H)
and p € C with g3 = 1. Similar results for mappings on S(H) were also ob-
tained. Recently, Gau and Li [3] obtained a similar result for surjective maps
¢ :V — V, where V= B(H) or S(H), preserving the numerical range of
the Jordan product, i.e., W(AB + BA) = W(¢p(A)p(B) + ¢(B)p(A)) for all
A, B € V. Specifically, they showed that such a map must be of the form
A +U*AU or A — +U*A'U for some unitary operator U € B(H). More-
over, the surjectivity assumption can be removed in the finite-dimensional
case.

It is interesting that all the results mentioned in the preceding paragraph
illustrate that under some mild assumptions, a numerical range preserving
map ¢ is a C*-isomorphism on B(H) or a Jordan isomorphism on S(H) up
to a scalar multiple. Following this line of study, we consider a product of
matrices involving k matrices with k& > 2 which includes the usual product
Ay *x---x A = Ay - -+ Ag, and the Jordan triple product A« B = ABA. We
prove the following result.

THEOREM 1.1. Let (F, V)= (C,B(H)) or (R,S(H)). Fiz a positive in-
teger k and a finite sequence (i1, ..., 4n) such that {i1,...,in} ={1,...,k}
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and there is an i, not equal to is for all other s. For Aq,..., A, € V, let
A x Ay =A; - A

A surjective map ¢ : V. — V satisfies

(1.1)  W(o(Ay)*---*xp(Ag)) =W (A1 x---x A) forall Ay,..., Ay €V

if and only if there exist a unitary operator U € B(H) and a scalar p € F
with p™ =1 such that one of the following conditions holds:

(a) ¢ has the form A w— pU*AU.

(b) r=(m+1)/2, (i1,...,%m) = (im,...,91), and ¢ has the form A —
pU* AU .

(C) V = SQ, (ir+1, NN ,im,il, ce ,’L'r_l) == (ir—ly “e ,il,’im, e ,’L'r_;,_l) and
¢ has the form A pU*A'U.

Lo -

Here A' denotes the transpose of A with respect to a certain orthonormal
basis of H. Furthermore, if the dimension of H is finite, then the surjectivity
assumption on ¢ can be removed.

Note that the assumption that there is i, & {i1,... % —1, %415+, m}
is necessary. For example, if A x B = ABBA, then mappings ¢ satisfying
W (p(A)x¢(B)) = W(AxB) may not have nice structure. For instance, ¢ can
send all involutions, i.e., those operators X € B(H) such that X? = Iy, to
a fixed involution, and ¢(X) = X for other X.

For the usual product Ay % --- % Ay, = A;--- A and the Jordan triple
product AxB = ABA, Hou and Di [5] have also obtained the result for B(H)
in Theorem 1.1 with the surjectivity assumption. Our result is stronger when
H is finite-dimensional.

It turns out that Theorem 1.1 can be deduced from the following special
case.

THEOREM 1.2. Let (F,V) = (C,B(H)) or (R,S(H)). Suppose r, s and
m are nonnegative integers such that m — 1 =r + s > 0. A surjective map

¢ : V — 'V satisfies
(1.2) W(p(A) ¢(B)p(A)°) = W(A"BA®)  forall A,BeV

if and only if there exist a unitary operator U € B(H) and a scalar p € F
with ™ =1 such that one of the following conditions holds:

(a) ¢ has the form Aw— pU*AU.
(b) 7 = s and ¢ has the form A pU*A'U.
(c) V =S5 and ¢ has the form A — uU*A'U.
Here A' denotes the transpose of A with respect to a certain orthonormal

basis of H. Furthermore, if the dimension of H is finite, then the surjectivity
assumption on ¢ can be removed.
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We present some auxiliary results in Section 2, and the proofs of the
theorems in Section 3.

2. Auxiliary results. For any x,y € H, denote by xy* the rank one
operator (xy*)z = (z,y)x for all z € H. Then for any operator A € B(H)
with finite rank, A can be written as x1y] + - - - + xy;, for some z;,y; € H.
Define the trace of A by

tr(A) = (z1,91) + - + (Tk, Yi)-

If H is finite-dimensional, tr(A) is equivalent to the usual matrix trace, i.e.,
the sum of all diagonal entries of the matrix A. For each positive integer m,
let

R™ = {pxz* : p € Fand x € H with (z,z2) =1=p"}.
Note that R! is the set of Hermitian rank one idempotents, and for all
m>1R'CR™.

PROPOSITION 2.1. Let V = B(H) or S(H) andF = C or R accordingly.
Suppose m is a positive integer with m > 1, and ¢ : V — V is a map
satisfying
(2.1)  tr(p(A)™ 1p(B)) =tr(A™'B)  forall A€ R™ and B€ V.

If H 1is finite-dimensional, then ¢ is an invertible F-linear map. If H is

infinite-dimensional and ¢(R'™) = R™, then ¢ is F-linear.

Proof. Suppose H is finite-dimensional. We use an argument similar to
that in the proof of Proposition 1.1 in [1]. Let V = M,, or S,. For every
X = (z45) € V, let Rx be the n? row vector

Rx = (Z11,. -y T1ny X205+ -y X2y« o+ y Tly e -+ Tn)s
and C'x the n? column vector
Cx = (11,91« , Tp1, T12, o+ T2y ooy Tlns e ooy L)'
Then we deduce from (2.1) that for all A € R™ and B € V,
(22)  Ryayn—1Cyp) = tr(¢(A)" '¢(B)) = tr(A™ ' B) = Rym—1Cp.
Note that we can choose Aj,...,A,2 in R™ such that {AT‘l, .. .,Aan_l
forms a basis for V. Let A and Ay be n? x n? matrices having rows
RA';n—l, cee, RAZLQ_1 and Ry, ym-1,. .., R¢(An2)m_1, respectively. By (2.2),
AyCyp)y = ACp forall Be V.

Now take a basis {B1,...,B,2} in V and let 2 and (2, be the n? x n? ma-
trices having columns Cp,,..., CBn2 and Cy(p,),---,Cy(B_,), respectively.
Then Ayf24 = AS2. Note that both A and {2 are invertible, hence so is Ag.
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Therefore, for any B € V,
C¢(B) = qulACB.

Hence, ¢ is invertible and F-linear.

Next, suppose H is infinite-dimensional and ¢(R"™) = R™. Take any
X,Y € V. For any x € H with (z,z) = 1, since R! C R™ = ¢(R™), there
is A € R™ such that ¢(A4) = xz*. Then ¢(A)™ ! = z2* and

(6(X +Y)a,x) = tr(za"$(X + 1)) = tr(d(4)" ' $(X + V)
= tr(A™ 1(X—|—Y)) = tr(A™ 1 X) + tr(A™ 1Y)
— tr($(A)1H(X)) + tr($(A) (V)
— (9(X)z,2) + ($(Y )z, ).

Since this is true for all unit vectors x € H, it follows that ¢(X +Y) =
#(X)+ ¢(Y). Similarly, we can show that ¢(AX) = Ap(X) for all A € F and
XeV.n

It is well known that if A € My then W(A) is an elliptical disk with
the eigenvalues of A as foci. Moreover, if A € B(H) is unitarily similar to
Ay @ Ay then W(A) is the convex hull of W(A;) U W (Asz). In particular, if
A has rank one, then A is unitarily similar to C' @ 0, where C has a matrix
representation (“ b) hence W(A) = W(C) is an elliptical disk with 0 as a
focus. These facts are used in the proof of the following lemma, which is an
extension of a result in [5].

LEMMA 2.2. Let r and s be two nonnegative integers with r+s > 0. For
any B € B(H), B has rank one if and only if for all A € B(H), W (A" BA?)
is an elliptical disk with zero as one of the foci.

Proof. Let B € B(H). If B is rank one, then so is A"BA®. Therefore
W(A"BA?) is an elliptical disk with 0 as a focus by the discussion before
the lemma.

Conversely, suppose B has rank at least 2. Then there exist z,y € H
such that { Bz, By} is an orthonormal set. Let C' = z(Bx)* — y(By)*. Then
BC = Bz(Bz)* — By(By)* has numerical range [—1,1]. Suppose r = 0.
Since C' has rank two, it has an operator matrix of the form Cy @ 0, where
C1 € My, with 2 < k < 4, with respect to an orthonormal basis of H. Let D
have operator matrix diag(1, ..., k)®0 with respect to the same basis. Then
C + vD has operator matrix (C; + vDq) & 0, where Dy = diag(1,...,k).
Except for finitely many v € R, C; + vD; has distinct eigenvalues so that
there is A, satisfying A} = C' +vD, and W(BA;) = W(BC + vBD). By
[4, Problem 220], the mapping v +— Closure(W (BC + vBD)) is continuous.
Since W (BC) = [—1, 1], there is a sufficiently small v > 0 such that W (BA;)
is not an elliptical disk with 0 as a focus. If s = 0, we can fix an orthonormal
basis of H, and apply the above argument to B! to show that there exists
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A such that W(A"B) = W(B'(A")") is not an elliptical disk with 0 as a
focus.

Now, suppose that rs > 0. Let Hy be the subspace of H spanned by
{z,y, Bx, By}, which has dimension p € {2,3,4}. Suppose By € M, is the
compression of B on Hy. Then By = PU for some positive semidefinite
P € S, with rank at least 2, and a unitary matrix U € M,. Let V € M,
be a unitary matrix such that V*UV is in diagonal form. Then V*PV is
positive semidefinite with rank at least 2. Note that the 2x 2 principal minors
of V*PV are nonnegative, and their sum is the 2-elementary symmetric
function of the eigenvalues of V* PV, which is positive. So, at least one 2 x 2
principal minor of V* PV is nonzero. Since V*ByV is the product of V*PV
and the diagonal unitary matrix VUV, the 2 x 2 principal minors of V*ByV
are unit multiples of those of V* PV It follows that at least one 2x2 principal
minor of V*ByV is nonzero. Hence, there exists a two-dimensional subspace
H, of Hy such that the compression B; of B on Hj is invertible. Suppose
{u,v} is an orthonormal basis of H; such that By = auu® + buv* + cov*.
Then det(By) = ac # 0. Let A = auu* + Bvv* so that o’ "$a = 1 and
f"t5c = —1. Then A" BA® = wu* — vv* + o' 3°buv* and W(A"BA®) is an
elliptical disk with foci 1,—1. m

Note that the analog of the above result for V.= S(H) does not hold
if H has dimension at least 3. For example, if Ax B = ABA and B =
uu* + vv* for some orthonormal set {u,v} in H, then W(ABA) is always a
line segment with 0 as an end point. To prove our main theorems, we need
a characterization of elements in R™ when V = S(H).

LEMMA 2.3. Let r, s and m be nonnegative integers such that m —1 =
r+ s> 0. Suppose X € S(H) is such that W(X™) = [0,1]. Then X € R™
if and only if the following holds:

(t) ForanyY € S(H) satisfying W(Y™) =[0,1] = W(X"Y X?), we have

(Z e S(H):W(Z™) =[0,1], Y'ZY* = 05}
C{ZeSH):W(Z™) =[0,1], X"ZX* = 0g}.

Proof. Since W(X™) = [0,1], X has an eigenvalue y satisfying ™ =1
with a unit eigenvector uw. Assume that X # puu*. Then X = [u] @ Xo
on H = span{u} @ {u}*, where X3 is nonzero. Let Y = [u] @ Oguyt- Then
W(Y™) = [0,1] = W(X"YX?). Note that the operator Z = [0] © Ij,3.
satisfies W (Z™) = [0,1] and Y"ZY* = 0 but X" ZX* = [0] @ X35! # 0g.

Conversely, suppose X = puu* on H = span{u} @ {u}*. For any Y €
S(H) satisfying W(Y™) = [0,1] = W(X"Y X?®), we have Y = [u] ® Y1 and
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<a z{)
7 —
21 Lo

on span{u} @ {u}* satisfying W (Z™) = [0,1] and Y"ZY* = 0. If rs > 0
then @« = 0; if rs = 0 then @ = 0 and z; = 0. In both cases, we see that
X' ZX®*=0g.n

W(Y{") C [0, 1]. Suppose

3. Proofs of the main theorems
3.1. Proof of Theorem 1.2. We need the following lemma.

LEMMA 3.1. Let V =M, or Sy, and let ¢ : V — V be a map satisfying
(1.2). Then

(3.1) P(R™) CR™.

Proof. Each matrix A € R™ can be written as pU*FE11U for some uni-
tary matrix U and p € F with ™ = 1. It suffices to prove that ¢(E11) € R™.
For the other cases, we may replace the map ¢ by the map A — ¢(uU*AU).

We first consider the case when V. = S,,. Fori = 1,...,n, let F; = ¢(Ej;).
Since E;E;; E, = 0y, for all i # j, we have

W(F{ F;F}) = W(ELEj; Ej;) = W(0,) = {0}
It follows that F F;F} = 0, for all 7 # j.

We claim that F;F; = F;F; = 0, for all ¢ # j. If the claim holds, then
there are a1, ...,a, € R and a unitary matrix V' such that F; = o;V*E; V.
Furthermore, as W(F") = W(EI) = [0,1], a* = 1. Therefore, ¢p(E11) =
Fi = a1 V*E1V € R™ and the result follows.

When m is odd, as W(¢(1,)™) = W(I') = {1}, we have ¢(I,) = I.
Then for any i = 1,...,n,

W(E;) = W(o(In) ¢(Eii)¢(In)°) = WL, Ex ;) = W(Ei) = [0,1].
Thus, F; is positive semidefinite. Now for any i # j, as F] F;F = 0,, we
deduce that F;F; = FjF; = 0,,.

When m is even, since W (¢(I,)™) = {1}, the eigenvalues of ¢(I,,) can be
either 1 or —1 only. Write ¢(I,,) = V*(I, & —1,;)V for some unitary matrix
V' and nonnegative integers p and ¢ such that p + ¢ = n. Then for any
1=1,...,n,

W(o(In) (Ei)o(1n)*) = WL, Eul;) = W(Eiq) = [0,1].
Since one of r and s is odd while the other one must be even, either
o(Ip)F; or Fy¢(I,) is positive semidefinite. In both cases, we conclude that
F; = V*(P; @ —Q;)V for some positive semidefinite matrices P; € H, and
Q; € Hy. Since F] F;F? = 0,, we have P P;P’ = 0, and Q;Q;Q; = 04 for
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all ¢ # j. Then we conclude that P;P; = P;P; = 0, and Q;Q; = Q;Q; = 04
and hence F;F; = FjF; = 0y,

So, our claim is proved and the lemma follows if V = 5,,.

Next, we turn to the case when V = M,,. We divide the proof into a
sequence of assertions.

ASSERTION 1. Let D=diag(0, "2, ... ) with 0<fy<---<0, <7/m.
Then
¢(D) = V(0] T)V

for some unitary matriz V€ M, and invertible upper triangular matriz
TeM,_;.

Proof. Note that D™ has n distinct eigenvalues and W (D™) is a polygon
with n vertices including zero. Since W (¢(D)™) = W (D™), it follows that
¢(D)™ has n distinct eigenvalues, including one zero eigenvalue. Then so
has ¢(D). Therefore, we may write

w0 -v (0 %)

for some x € C" !, a unitary matrix V and an upper triangular matrix
T € M, such that all eigenvalues of T" are nonzero. Then T is invertible.
Since W (¢p(D)™) is a polygon with n vertices, ¢(D)" is a normal matrix.
Note that an upper triangular matrix is normal if and only if it is diagonal.

Observe that
0 x*Tmfl
DY"=V* V.
sorm=vi(o )

It follows that x = 0 as T' is invertible, i.e., ¢(D) = V*([0] @ T)V. The proof
of the assertion is complete.

ASSERTION 2. The inclusion (3.1) holds if rs = 0.

Proof. Suppose r = 0. Then, as E11D° = 0,, where D is the matrix
defined in Assertion 1, ¢(E11)¢(D)* = 0,. It follows that only the first
column of V*¢(FE11)V is nonzero, where V' is the unitary matrix defined in
Assertion 1. Hence, ¢(E1) is a rank one matrix. Note that W (¢(E11)™) =
W(ET}) = [0,1], and since a rank one matrix A € M,, satisfies W(A™) =
[0,1] if and only if A € R™, we conclude that ¢(FE11) € R™. The proof for
s = 0 is similar. Thus, our assertion is true.

ASSERTION 3. Suppose rs > 0. For any nonzero

*
A:(a v )eMn,
z Op—1
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a w* I
=V* Vv
¢(<Z 0n—1>> (y On—l)

for some a € C and x,y € C"™, where V is the unitary matriz defined in
Assertion 1. Furthermore, if A™ # 0, is Hermitian, then x = Sy for some
nonzero 3 € C.

we have

Proof. Let D be the matrix defined in Assertion 1. Since D" AD?® = 0,
it follows that ¢(D)"¢(A)p(D)* = 0,,. Thus

#(A) :v*( @7 )V
Yy Onfl

for some o € C and x,y € C"~!, where V is defined in Assertion 1. If A™ # 0
is Hermitian, W(¢(A)™) = W(A™) C R. Hence, ¢(A)™ is Hermitian as well.
Clearly, if = or y is the zero vector, say x = 0, then a # 0 as A™ # 0,.
Therefore, y must also be zero. Thus the assertion holds.

Now we assume that both x and y are nonzero vectors. By induction, we
have

*

H(A) :V*<ak+1 wr )V forallk=1,2,...,
agy Qap—1Yyx

where the sequence {ay} satisfies a1 = aap +x*yar_1 with ag =0, a; =1

and ag = a.

It is impossible to have both a,, and a,,_1 equal to zero, since then
am+1 = 0, and hence ¢(A)™ = 0,. Then W(A™) = W(¢p(A)™) = {0},
which contradicts our assumption that A™ =# 0,,. Thus, a,, or a,,—1 must
be nonzero. In both cases, as A™ is Hermitian, we must have x = [y for
some nonzero 3 € C. The proof of our assertion is complete.

ASSERTION 4. The inclusion (3.1) holds if rs > 0.

Proof. Fori =1,...,n, let H; = %(Eh + Ej1). Then H]" is Hermitian
and H™ # 0,,. By Assertion 3, we write

ottty =ve (2 )

Zi On—l

for some a4, 3; € C and z € C*! with 3; # 0. Denote by Z; the n x 2
matrix ([1) Z?) and by K; the 2 x 2 matrix (¢ %) Then

¢(Hi):v*[<(1) 0)(? ﬁ)(é g)]V:V*ZiKiZZ-*V.
Zi Z;
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Observe that for any distinct ¢ < j, H H;H} = 0,. Setting R;; = Z7 Z;, we
have

(32)  On = ¢(H:) ¢(H;)o(H;)®
= V*Z; (KiRi)" ™ K; [Ri; Kj Rjj] K; (R K;)* ™ Z}V.
Next we claim that for any 1 <i < j <n,
zizj=a; =0 and z; #0 whenever z # 0.

To see this, suppose z; # 0. Then the n x 2 matrix Z; has rank 2 and hence
the 2 x 2 matrix Z;Z; is invertible. Also both K; and K are invertible. Then
(3.2) holds only when

L0\ (o ﬁj)(l 0 )
— (23 2))K;(Z72;) = 0,
(0 Z?Zj)( 1 0 0 Z*Zi (z ]) ]( j Z) 2

J

Thus, 3252 = 2{z; = a;j = 0. Finally, since W(¢(H;)™) = W(H]") # {0},
we have z; # 0.

Now we must have z; = 0. Otherwise, a; = 27z; = 0 and z; # 0 for
all j = 2,...,n. We can then further deduce that z]z; = 0 for all i # j.
Thus, we have n nonzero orthogonal vectors z1, ..., %, in C"~!, which is
impossible. Therefore, z; = 0 and hence a; # 0. Finally, as W (¢(H1)™) =
W(Hlm) = [0, 1], we have O(T =1. So gf)(Ell) = gb(Hl) = o V*EV e R™
and the result follows. The proof of our assertion is complete.

Combining the assertions, we get the result for V.= M,,. n

Proof of Theorem 1.2. First, consider the sufficiency part. If (a) or (b)
holds, then clearly ¢ satisfies (1.2). Suppose (c¢) holds. Then for any A, B
€ 5o, there is a unitary V' € My such that V*AV = D is a real diagonal
matrix, and V*BV = (C is a real symmetric matrix. Thus,

$(A"BA®) = W (D"CD?) = W(D'CD?)
= W((D")"CY(D")*) = W(p(A) ¢(B)p(A)°*).
Next we turn to the necessity. Suppose V.= B(H) or S(H). Assume that

¢ : V — V satisfies (1.2), and that ¢ is surjective if H is infinite-dimensional.
We divide the proof into several steps.

STEP 1. We show that ¢(R™) = R™ and ¢ is linear. Suppose H is
finite-dimensional with no surjectivity assumption on ¢. By Lemma 3.1,
d(R™) C R™. Suppose H is infinite-dimensional. For V. = S(H), we have
d(R™) = R™ by Lemma 2.3 and the surjectivity of ¢. For V.= B(H), by
Lemma 2.2 and the surjectivity of ¢, we see that ¢ maps the set of rank
one operators onto itself; since a rank one operator A € B(H) satisfies

W(A™) = [0,1] if and only if A € R™, we also have ¢(R"™) = R™.
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Now, for any A € R™ and B € V, both A"BA® and ¢(A)"¢(B)p(A)*
have rank at most one. As a result, W(A"BA?®) is an elliptical disk with
foci tr(A"BA®) and 0, and W(¢p(A)"¢(B)p(A)*) is an elliptical disk with
foci tr(¢p(A)"¢(B)¢p(A)?*) and 0. Since W(A"BA®*) = W(¢(A)"¢(B)p(A)?),
we conclude that
(3.3)  tr(A"B) = tr(A"BA%) = tr(6(A)"¢(B)p(A)*) = tr(p(A) ¢(B))

for all A € R™ and B € V. By Proposition 2.1, ¢ is linear. Moreover, if
H is finite-dimensional, ¢ is invertible. Indeed, ¢! also satisfies (1.2), and
hence (3.1) and (3.3). So, ¢(R™) = R™.

STEP 2. We show that ¢(Ig) = puly with ™ = 1. For any € H with

(r,z) = 1, there are y € H and p € F with (y,y) = 4™ = 1 such that
o(pyy*) = xx*. Then by (3.3),

(6T, ) = tr(aa*o(Ii)) = tr((ex")""6(7i)) =

= tr((uyy )™ Im) = u™ (y,y) = p
It follows that W(¢(Ig)) C {u=' : y™ = 1} = {u : p™ = 1}. By the
convexity of numerical range, W (¢(Ix)) is a singleton set. Thus, ¢(Iy) =
ulg for some p™ = 1.

tr(o(pyy™)™ o(I1n))

STEP 3. We show that ¢ has the asserted form. Using the result in
Step 2, and replacing ¢ by the map A — p~t¢(A), we have ¢(Iy) = Ig.
Furthermore,

W(G(A)) = W(S(Tn) $(A)6(In)") = W(I5Aly) = W(A) forall A€ V.

Since ¢ is linear, by the results in [7, 8] the map ¢ has the form
A—U*AU or A~ U*A'U

for some unitary operator W € B(H).

STEP 4. It remains to show that r = s when V # S, and ¢ has the form

A U*A'U. For any A,B€V,
W(ATBAT) = W((A') B'(A")) = W(U*(A') B'(A')°D)
= W(¢(A) ¢(B)p(A)%) = W(A"BA®).

For V = B(H),let {u,v} be an orthonormal set in H, A = uu*4uv*+vv*

and B = vv*. Then
W(suv™ 4+ vv*) = W(A*BA") = W(A"BA®) = W (ruw™ 4+ vv™).

Thus, r = s and the result follows.

Now consider V. = S(H), where H has dimension at least 3. Suppose

r # s. Without loss of generality, we assume that r > s. Let A, B € S(H)
be such that

A7 =D®0 and A°BA*=EaO,



180 C. K. Li and N. S. Sze

where
1

D = diag(3,2,1) and E = 1

—1

— O
O =

with respect to a suitable orthonormal basis. Then
W(DE & 0) =W (A"BA®) = W(A°BA") =W(ED &0)
=W(DE&0)=W(DE&O).
Therefore, W(DE & 0) is symmetric about the real axis. But this is impos-
sible as the eigenvalues of DE — ED are 2i, (v/3 — 1)i/2 and (—/3 — 1)i/2.
Hence {Imz : z € W(DE © 0,_3)} = [(—V/3 — 1)/2,2] so that the two

horizontal support lines of W(DE & 0) are {z : Imz = 2} and {z : Imz =
(—v/3 —1)/2}, which is a contradiction. Therefore, we must have r = s.

The proof of our theorem is complete.

3.2. Proof of Theorem 1.1. If (a) holds then ¢ clearly satisfies (1.1).
Suppose (b) holds. Then for any A, ..., Ax € V, we have

W (A1) % -+ - % ¢(Ap))
= W(p(Aiy) - d(Ai,,) = WU A, --- A} U) = W((A, -

=W(A4;, - Ai)=W(A;, - A;, ) = W(Aq %% Ap).

Suppose (c) holds. Note that X,Y € My have the same numerical range if
and only if the two matrices have the same eigenvalues and the same Frobe-
nius norm, equivalently, tr(X) = tr(Y), det(X) = det(Y) and tr(XX*) =
tr(YY™"). One readily checks that these conditions are satisfied for X =
Aps--xApand Y = ¢(A1) - - -xp(Ag) for any Aj,..., Ax € So if (c) holds.
So, condition (1.1) follows.

Next, we turn to the necessity. Applying Theorem 1.2 with A;. = B and
A;, = A for all other s # r, we conclude that there exist a unitary operator
U € B(H) and a scalar y € F with ™ = 1 such that one of the following
holds:

(a) A pU*AU for all A€ V.
(b) 7 = (m+1)/2 and ¢ has the form A — pU*A'U.
(c) V=85 and ¢ has the form A — pU*A'U.

e Ail )t)

It remains to prove (ir4i, ..., omy i1y« vy bp—1) = (Gpe1y . vy @1y @my - oy bpy1) if
(b) or (c) holds.

Evidently, the result holds for kK = 2 as we must have i1 = --- = i,_1 =
iyp4+1 = -+ = iy, in this case. Now we assume that k£ > 3. Then we have

W (A, - Ai,) = W(d(Aiy) - d(Ai,)) = W(U*AL -+ AL U)
=W(AL -~ AL ) =W (A, - Ay).

im
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By taking A;, = R, where R is a Hermitian rank one idempotent, and
considering the foci of the elliptical disks for the above numerical ranges, we
conclude that
tI‘(AiT_H tee AimAil < Ay _ R) == tI‘(Al'l tee Air—lRAir+l tee Alm)

= tr(A4y, - Ay RA;, -+ Ay)

= tr(di,_, - A Aiy, o Air+1R)-
Since R can be an arbitrary Hermitian rank one idempotent, by the fact
that X and Y are equal if tr(XR) = tr(YR) for all Hermitian rank one
idempotent R, we deduce that

(3.4) Ay Ay Ay - A

for all choices of Aq,..., A;.

We now use a similar argument to the one in the proof of [1, Theo-
rem 2.1]. We give the details for the sake of completeness. For simplicity, we
rename (ip41, .-, im,41,---,4r—1) as (J1,- - -, jm—1) and we have to show that
(jlv s 7jm—1) = (jm—lv s 7jl)' Suppose (jla s 7jm—l) ?é (jm—h s ’jl)‘
Let 1 < p < m/2 be the smallest integer such that j, # jmu—p. For any
A >0, let D = diag(\, 1) and S be some 2 x 2 symmetric matrix with posi-
tive entries. Fix a two-dimensional subspace Hy in H and take A; = D®I HE

and Aj;, =S @ IHlL for all other j; # j, on H = Hy ® Hi-. Then
Aj, - Aj, = (DNSIDBS™ . DI G ) @ Iy

i1 = Aipy o A A Ay

jm—p

for positive integers d;, s;. Note that

Mig;  \if; Miej  f;
D g :( e N, ) and SsiDdi:( e )
9i hi Xigi b

for some positive numbers e;, f;, gi, h;. We check that the (1,2) entry of
D% §51...D%S% is a polynomial of degree dy + --- + dq in A, while the
(1,2) entry of S%a D% ... S5 D% is a polynomial of degree dz + - - - + dg. So,
there is A > 0 such that
A - A :(DGhSSl...qugsq)@]Hll
#(Squdq"'Sledl)@IHf-:A "Ajp-

It follows that Aj, ---Aj; _, # Aj, . ---Aj, which is a contradiction. Hence,
(J1y- -5 Jm-1) = (Jm—-1,---,71) as asserted. m
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