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Semisimple extensions of irrational rotations
by

MARIUSZ LEMANCZYK (Torun), MiEczyseaw K. MENTZEN (Torun)
and HiTosHI NAKADA (Yokohama)

Abstract. We show that semisimple actions of l.c.s.c. Abelian groups and cocycles
with values in such groups can be used to build new examples of semisimple automorphisms
(Z-actions) which are relatively weakly mixing extensions of irrational rotations.

Introduction. It is an important problem in ergodic theory to study
classes of automorphisms with a “given” set of self-joinings (see [24]). His-
torically, such an approach was first presented in [20] by D. Rudolph, where
automorphisms with a minimal structure of self-joinings (called MSJ) were
shown to exist. A generalization of this notion appeared in [25] and then in
[9]. In these two articles the notion of 2-fold simplicity was introduced and
studied. An ergodic automorphism is called 2-fold simple if its only ergodic
self-joinings are either graphs or the product measure. A further generaliza-
tion was proposed in [8], where the notion of semisimplicity was introduced.
An ergodic automorphism is said to be semisimple if for each of its ergodic
self-joinings the automorphism corresponding to the self-joining is relatively
weakly mixing with respect to both marginal o-algebras. As proved in [8],
such automorphisms have still strong ergodic properties, and in particular
the structure of their factors can be easily described. Based on some earlier
results of J.-P. Thouvenot, it was already remarked in [8] that some Gaussian
automorphisms are semisimple (Gaussian automorphisms are never 2-fold
simple). In [16], F. Parreau, J.-P. Thouvenot and the first author developed
a far reaching study of Gaussian automorphisms with a minimal (in the
category of Gaussian automorphisms) set of self-joinings. All such Gaussian
systems turn out to be semisimple.

Almost all historical examples of automorphisms presented above are
weakly mixing. In fact, the only exception are ergodic rotations which are
2-fold simple but not weakly mixing. More precisely, the MSJ property im-
plies weak mixing, while in the class of 2-fold simple automorphisms we have:
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either such an automorphism is weakly mixing or it is a rotation. In the class
of semisimple automorphisms, there has been the question of whether the
existence of a discrete part in the spectrum forces a decomposition into a
direct product of the form “discrete spectrum automorphism x weakly mix-
ing automorphism”. The question is natural because, as noticed in [8], an
ergodic distal automorphism is semisimple if and only if it is a rotation.
Actually more is true: if an ergodic automorphism is semisimple then it is
relatively weakly mixing over its Kronecker factor (see Section 1.2).

In this article we will construct semisimple weakly mixing extensions of
irrational rotations answering the above question. The main idea of the con-
struction comes from papers by D. Rudolph and E. Glasner and B. Weiss [7].
Roughly, we fix a simple (or even semisimple) action of an Abelian l.c.s.c.
group which will serve as fibre automorphisms of a skew product whose
base is an irrational rotation. Under some assumptions on the relevant fibre
cocycle, the skew product turns out to be semisimple (it cannot be 2-fold
simple). In order to see that we have constructed a completely new class
(in particular, no aforementioned direct product decomposition exists) of
semisimple automorphisms we use some recent results from [14]: the class
we will consider is disjoint in the sense of Furstenberg from all weakly mix-
ing automorphisms, on the other hand the automorphisms from this class
are relatively weakly mixing extensions of the base irrational rotation.

A slightly technical part of our paper is to show the existence of some
cocycles over irrational rotations, taking values in Abelian l.c.s.c. groups and
having strong ergodic properties (see Section 3). Here, we consider two well
known examples of cocycles (one real-valued and the other integer-valued)
over the rotation by an irrational a;, where a has bounded partial quotients.

A part of this work was done during the visit of the third author at
Nicolaus Copernicus University in Torun in April 2000.

The authors would like to thank Francois Parreau for fruitful discussions
on the subject.

1. Preliminaries

1.1. Z-action cocycles taking values in Abelian l.c.s.c. groups. Assume
that (X, B, 1) is a standard probability space and T : (X, B, u) — (X, B, )
is an ergodic automorphism. Let G be an Abelian locally compact second
countable (l.c.s.c.) group. Assume moreover that ¢ : X — G is a cocycle.
More precisely, this means that ¢ is measurable and the formula

o) +@(Tx)+ ...+ (T ) ifn>0,
eM(z)=<{0 if n=0,
—(p(T"z) + ...+ (T 1)) itn <0,
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defines a cocycle for the Z-action given by n — T™ (n € Z). We will say
that ¢ is ergodic if the corresponding cylinder flow
T, : (X xG,BeB(G),n®@mg) — (X xG,B®B(G), p®@meg),

Ty(z,9) = (Tz,p(x) + g),

is ergodic. Here B(G) denotes the o-algebra of Borel subsets of G and mg

stands for an (infinite whenever G is not compact) Haar measure on B(G). As

follows from [22], ergodicity of ¢ is “controlled” by the group E(y) of essen-

tial values of . More precisely, let G = G'U{oo} be the one-point compact-

ification of G (if G is compact then G = G). We define g € E(yp) if for each

open neighbourhood U > g in G, for each A € B of positive measure, there

exists N € Z such that u(ANT~N AN[eN) € U]) > 0. Then we put E(yp) :=

E(p) N G. It turns out ([22]) that E(y) is a closed subgroup of G and:

(i) ¢ is ergodic iff E(¢) = G,

(ii) ¢ is a coboundary (i.e. p(x) = f(x) — f(Tx) for a measurable map
f:X — Q) iff E(p) ={0}.

We say that two cocycles ¢, : X — G are cohomologous if ¢ — ¢ is
a coboundary. In this case E(p) = E(¢). Given a cocycle ¢ : X — G, let
¢*: X — G/E(p) be the corresponding quotient cocycle.

LEMMA 1 ([22]). E(¢*) ={0}. =

Following [22], we say that the cocycle ¢ is regular if E(¢*) = {0}. Then
¢ is cohomologous to a cocycle ¥ : X — E(p) and the latter is ergodic as a
cocycle with values in the closed subgroup E(p) (see [22]).

In particular, if E(yp) is cocompact then ¢ is regular and as a direct
consequence we find that all cocycles taking values in compact groups are
regular.

The following proposition appeared in [17].

PROPOSITION 1. Let T be ergodic. Assume that G, H are Abelian l.c.s.c.
groups and let m : G — H be a continuous group homomorphism. If ¢ :
X — G s a cocycle, then

m(E(p)) C E(o ).
Moreover, n(E(p)) = E(m o @) whenever ¢ is reqular. m
Given T : (X,B,u) — (X,B,u) and ¢ : X — G we denote by @.pu
the image of u on G via ¢. Recall also that an increasing sequence (gy,) of

integers is called a rigidity time for T if T9 — Id weakly. We will make use
of the following essential value criterion.

PROPOSITION 2 ([17]). Assume that T is ergodic and let o : X — G be a
cocycle with values in an Abelian l.c.s.c. group G. Let (gn) be a rigidity time
for T. Suppose that (p\%)),p — v weakly on G. Then supp(v) C E(y).
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1.2. Self-joinings of ergodic automorphisms. Let (X, B, 1) be a standard
probability space. We denote by Aut(X,B,u) the group of all measure-
preserving automorphisms of (X, B, u). Let T € Aut(X, B, u) be ergodic.
By the centralizer C(T') of T we mean the subgroup {S € Aut(X,B,pu) :
ST = TS}. Any T-invariant sub-o-algebra A of B is called a factor of
T (more precisely the corresponding factor is the quotient action of T
on (X/A, A, pn)). If there is no ambiguity on 7', we shall also say that B
(or T') has A as its factor or that B is an extension of A, which we denote
by B — A. The maximal factor of 7' with discrete spectrum (which does
exist) is called the Kronecker factor of T.

Let T; : (X;, Bi, pi) — (Xi, Bi, i), i = 1, 2, be two automorphisms (of
probability standard spaces). We denote by J(717,7%) the set of all joinings
of them. More precisely, A € J(T1,T5) if A is a 11 x Ty-invariant probability
measure on (X1 x Xo, B; ® By) whose marginals are equal to p;. We should
emphasize that by a joining we will also mean the corresponding automor-
phism 77 x T on (X7 x Xy, B; ® B2, \) and the notation (77 x T5, \) will
often appear. The subset J¢(11,T») of ergodic joinings consists of those A
for which (71 x T, A) is ergodic. If each T; is ergodic then J¢(T3,T») is
the set of extremal points of J(T1,T5) and the ergodic decomposition of
each joining consists of elements of J¢(T1,75). In case Th = Tp = T we
speak about self-joinings and use the notation J(7T'), J¢(T'). In this case,
if A C B is a factor of 7' then we denote by J(T,A) (resp. J°(T,A)) the
set of self-joinings (resp. ergodic self-joinings) of the factor action of T" on
(X/A, A, ).

Ift7T: (X,B,u) — (X,B,u) is an ergodic automorphism, then to each
S € C(T) we associate the graph self-joining us given by

(1) ps(Ax B)=u(ANS™'B) for each A,B € B.

Clearly, pg is ergodic. If S = Id then instead of puyq we will also write Ax.
Following [9], we say that T is 2-fold simple if each ergodic self-joining of T is
either a graph or equals u® p. If T is 2-fold simple and C(T) = {T" : i € Z}
then T has the 2-fold minimal self-joining (MSJ) property. If A is a factor
of T then the relative product over A is the self-joining y® 4 p in J(T') given
by

(2) n®au(AxB)= | E(AJA)E(B|A)du for cach A, B € B.
X/A

This self-joining need not be ergodic. We say that an automorphism T is
relatively weakly mizing over A, or that B — A is relatively weakly mizing,
if u®4p € J(T). The relative product is a particular case of the following
construction. Assume that A € J(T,.A), that is, A is a self-joining of a factor
A of T. Then the self-joining Nof T given by
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MAxB)= | EAA)@)E(BIA)(H) dNT.7) (A BeB)
X/AxX/A
is called the relatively independent extension of A.

In the case of two automorphisms 7; : (X;, B;, pi) — (X, Bi, i), i = 1,2,
easy extensions of formulas (1) and (2) allow us to define joinings between T
and Ty when an isomorphism S : (X1, By, pu1,Th) — (Xa, B2, 2, Ta) is given,
or, more generally, when there is an isomorphism between a non-trivial factor
of T1 and a factor of T (in the latter case we say that T and Ty have a
common factor).

A notion complementary to weak mixing is distality (see [26] for the
definition). Given a factor A C B there exists exactly one factor A such that
AcCAc B, B — A is relatively weakly mixing and A — A s distal (see
[26] or [4, Th. 6.17 and the final remark on page 139]). The decomposition
B — A — Ais called the Furstenberg-Zimmer decomposition of B — A.
It follows that, given a factor A, there exists a smallest factor A O A such
that T is relatively weakly mixing over A. If A is trivial, then A = D is the
maximal distal factor of T

Following [8], we say that an ergodic automorphism 7' is semisimple if for
each ergodic A € J°(T) the extension (B ® B,\) — (B x X, \) is relatively
weakly mixing (clearly, (B x X,\) can be identified with (B, u)). It has
been noticed in [8] that an ergodic distal automorphism is semisimple iff
it is isomorphic to a rotation. Moreover, if T is semisimple and B — A is
relatively weakly mixing then A is also semisimple ([8]). It follows that if T" is
semisimple and D stands for its maximal distal factor then D is semisimple
because B — D is relatively weakly mixing. We have shown the following.

ProprosITION 3. If T is semisimple then it is a relatively weakly mizing
extension of its Kronecker factor. m

Two automorphisms T; : (X5, B;, pi) — (Xi, Bi, pi), i = 1,2, are said to
be disjoint if J(T1,T2) = {1 ® pa} ([3]). We will then write 71 L Tb.

1.3. Actions of Abelian locally compact second countable groups. Assume
that G is an Abelian l.c.s.c. group and let G = {R4}4cc be a Borel action of
this group on a Borel space (Y,C) (we always suppose that such a space is
standard, that is, up to isomorphism, Y is a Polish space, while C stands for
the o-algebra of Borel sets), meaning that the map G XY 3 (g,y) — Rgy €
Y is measurable. If now v is a probability measure invariant under the action
of G then the notions defined in the previous section for Z-actions can be
extended to corresponding notions for actions of G on (Y, C,v) (see also [9]).
We say that G is mildly mizing if it has no non-trivial rigid factors, that is,
whenever for A € C there exists (g,) C G, gn, — 00 and v(Ry,, AA A) — 0
(n — 00), then v(A) =0 or 1 (see [23], also [5], [14], [15]).



36 M. Lemanczyk et al.

Some of our results will require the use of Gaussian actions. We refer to
[2] for a general theory of Gaussian Z-actions. It is easily generalized to the
case of actions of Abelian l.c.s.c. groups. In [16], Gaussian systems whose
ergodic self-joinings remain Gaussian (GAG) are studied. In particular, all
Gaussian systems with simple spectrum are GAG. It follows from [16] that
the GAG systems are semisimple.

1.4. Rokhlin cocycle extensions. Assume that T : (X, B, u) — (X, B, )
is an ergodic automorphism. Let G = {R,}4ecc be an action of G on (Y, C, v),
where G is Abelian l.c.s.c. Assume that ¢ : X — G is a cocycle. We define

T,g: (X xY,BRC,uov) = (X xY,BRC,uev),
TCP,Q (.’13, y) = (T.’L’, R(p(w) (y))

We call T, g a Rokhlin cocycle extension of T'. We will make use of some
recent results from [14].

PROPOSITION 4 ([14]). If G is ergodic and ¢ is ergodic, then Ty g is
ergodic. w

PROPOSITION 5 ([14]). (i) If G is mildly mizing and T, g is ergodic,
then the extension T, g — T is relatively weakly mizing.

(ii) If G is weakly mizing, T, g is ergodic and the mazimal spectral type
of G satisfies the group property then the extension T, g — T is relatively
weakly mizing. In particular, the assertion holds whenever the action G is
Gaussian. =

We will also make use of the following relative unique ergodicity result
for Rokhlin cocycle extensions.

PROPOSITION 6 ([14]). Assume that ¢ is ergodic and G is a Borel action
on (Y,C). Suppose that o is an ergodic T, g-invariant measure (on B ® C)
whose projection on B equals . Then o = pu @ V', where V' is G-invariant
and ergodic. =

The following disjointness result has recently been proved by F. Parreau
and the first author.

THEOREM 1 ([15]). Suppose that W is an ergodic automorphism. If
T LW, p: X — G is ergodic and the action G is mildly mizing, then
Tog Ll W.m

1.5. Irrational rotations. By the circle we mean T = [0, 1) with addition
mod 1. Given ¢t € R we denote by {t} its fractional part. Given an irrational
a let [0 : aj,ag,...] denote the continued fraction expansion of « (see e.g.
[10]). We say that « has bounded partial quotients if the sequence (ay,) is
bounded. We denote by (g,) the sequence of denominators of «, that is,
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g0 =1,q1 = a1 and ¢p41 = Ant1q@n + Gn-1, 7 > 2. We will make use of the
following result of C. Kraaikamp and P. Liardet (see also [13]).

THEOREM 2 ([12]). If a has bounded partial quotients, then:

(i) for each real B & Qo+ Q the set of accumulation points (in T) of
({qn}) is infinite;

(ii) for each real B ¢ Zoa + Z there exists 0 < ¢ < 1 in the set of
accumulation points (in T) of ({gnfB}).

The following well known result follows from the classical Koksma in-
equality (e.g. [11]) and elementary properties of denominators of a.

PROPOSITION 7. If Tx = z+a (x € T), f : T — R has bounded

variation and \; f(t)dt = 0 then |f\n)(t)| < 2Var(f) for each t € T and
eachn>1. m

1.6. Description of closed subgroups of R%. Closed subgroups of R" are
described in [19, Chapter II]. In particular, if E C R? is a closed subgroup
then it has one of the following forms:

(a) E = {nt@ + mty : n,m € Z}, where v, 7 € R?,

(b) E = {tv': t € R} where ¥ € R?,

(c) E = {t0h + kb : t € R, k € Z}, where 1,7, € R?\ {(0,0)},
(d) E =R%

Note that subgroups of the form (c) (and also (a), (d)) are cocompact.

2. Self-joinings of Rokhlin cocycles extensions
for regular cocycles

2.1. Invariant measures for subactions of a product action. Let G =
{Rg}gcc be a weakly mixing action of G on (Y,C,v), where G is Abelian
l.c.s.c. Given a closed subgroup H C G x G satisfying

(3) m(H) = G = my(H),

where 7;(g1,92) = gi, © = 1,2, we denote by M(Y x Y,C ® C; H) the set
of all probability measures ¢ on C ® C which are Ry, x Rgy,-invariant for all
(91,92) € H and satisfy o(C xY) = p(Y x C) = v(C) for all C € C. If
0e MY xY,C®C;H) and

0={0,dP(v)

denotes the H-ergodic decomposition of o, then v(-) = { oy (- xY") dP(7) and
in view of (3), for P-a.e. 7, 0,(- x Y') is G-invariant. Since v is an extremal
point in the simplex of all G-invariant measures, o, € M(Y xY,C®C; H)
for P-a.e. 7. It easily follows that M(Y xY,C®C; H) is a simplex whose set
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of extremal points coincides with M¢(Y x Y,C ® C; H), the set of ergodic
members of M(Y xY,C®C; H).

The role of our assumption of the G-action G = {R,}4ecc being weakly
mixing is easily seen in the following.

PROPOSITION 8. An ergodic G-action is weakly mizing iff for each
subgroup H C G x G satisfying (3), the corresponding H-action H on
(Y xY,v®v) is still ergodic.

Proof. Only the “only if” part requires a proof. Let p : G x G — H be

the dual homomorphism corresponding to the natural embedding of H in
G x G. Define

I=H"={(m,7)€GxG:(n,7)(H) =1}
In view of (3),
(4) rn@Gx{1})=rn{1} x @) ={1,1)}.

The maximal spectral type of the product action G X G equals T ® 7, where
7 stands for the maximal spectral type of G. Since G is weakly mixing,
T = &g + T, where 7. is a continuous measure on GG and 7. is the maximal
spectral type of the unitary action of G on the space LZ(Y,C,v) of zero mean
functions. Now, the maximal spectral type of the product action G x G on
LAY x Y,C®C,v®v) equals

S0 RTe+Te ® 09 + Te @ Te.

Since the maximal spectral type of H on any G X G-invariant subspace of
L?(Y xY,C®C,v ® v) is the image via p of the maximal spectral type of
G x G on that space, all we need to show is that the measures

P«(00 ®7c),  Pu(Te ® o), PulTe @ Tc)
are singular with respect to dg. However, directly from (4) it follows that for
each v € G,
I'n(Gx{y)=rn{y}xG) has at most one element.

Now, if ¢ is any finite Borel measure on @, then

pu(re ® 0)({0}) = (e @ 0)(I') = g (' N (G x {7})) do(v) =0,

G
so the result follows easily. m
The following proposition describes the simplex M(Y x Y,C ® C; H) in
some cases.

PROPOSITION 9. (i) M(Y XY, C®C;G x G) ={vov}.
(i) M(Y xY,C®C; H) = {v ® v} whenever H is cocompact.
(iii) M(Y xY,C®C; Ag) = J(G).
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Proof. (i) This is a standard argument using spectral disjointness of the
trivial identity G-action and any ergodic G-action.
(ii) Assume that gg € M®(Y xY,C®C; H). Then for each (g1, 92) € GXG,

(Rg, X Rg,)00 € M(Y xY,C®C; H).
We put

(5) o= | (Rgy xRg)e0d((91,92)H).
(GxG)/H

Then ¢ is a well defined G x G-invariant measure, and therefore by (i),

0 = v ® v. We regard the decomposition (5) as a decomposition of an

‘H-invariant measure v ® v which by Proposition 8 is H-ergodic. Since in

this decomposition all measures are in M(Y x Y,C x C; H), by extremality,

(Rg, % Rg,)«00 is one and the same measure a.e. and therefore o = v ® v.
(iii) This is just the definition of J(G). m

2.2. Self-joinings for regular cocycles. Assume that T : (X,B,u) —
(X,B, ) is an ergodic automorphism and let ¢ : X — G be a cocycle.
Throughout we suppose that the G-action G = {R,}4ecc is weakly mixing.
Assume that H is a closed subgroup of G. Furthermore, assume that 1 :
X — H is a cocycle cohomologous to ¢, i.e. for some measurable f : X — G,
po=f—foT+1. Then

(6) T,.g and Ty are relatively isomorphic,

that is, there exists an isomorphism which is the identity on B x Y. Indeed,
the map X XY > (z,y) — (2, Ryp)(y)) € X X Y establishes a relative
isomorphism.

Given A € J°(T') denote by J(T,g;A) the set of self-joinings of T, ¢
whose restriction to B ® B equals A. Given a cocycle ¢ : X — G and
A € J¢(T), consider the cocycle ¢ x ¢ = (p X )\, where

(o x @) (21, 22) = (p(21), p(22)) (€ G X G).

It is considered as a cocycle for the Z-action given by (T' x T, \). Let Hy C
G x G be the group of essential values of (¢ x )y (i.e. Hx = E((p X ©)r)).
Denote by H ) the action corresponding to the H)y-subaction of the product
G x G-action {Rg, X Rg, }g,.g:€G-

THEOREM 3. Let ¢ : X — G be an ergodic cocycle. Assume that \ €
J(T) and that (@ X )y is reqular. Then there exists a measurable function

f=(fi,fo) : X x X — G x G (defined A-a.e.) such that the map As given
by
X xY x X xY 3 (z1,y1,22,¥2)

= (a:l?m??Rﬁ(m,xz) X sz(m,xz)(ylvy?)) EX XX XY XY
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establishes an affine isomorphism of J(T,g; \) and
AQMY XY, CRC;Hy) ={A®p:0e M(Y XY, C®C; Hy)}.
More precisely, there exists an ergodic cocycle © : X x X — H)y for
(T x T, \) such that for each A € J(Tpg5 A), Ay establishes an isomorphism
of (Tpg xT, g, \) and (T x T)oHy A ® 0), where A® 0 = (Ay)«(N).
Proof. Slnce (p X @)y is regular, there exists a measurable function f :

X x X — G x G and an ergodic cocycle © : X x X — H) (both maps are
defined A-a.e.) such that

(o x ©)(x1,22) = f(21,22) — f(T21,T22) + O(21,22) A-a.e.
It then follows from Proposition 1 and the fact that ¢ is ergodic that H)y
has dense projections. B B
Assume that A € J(T, g; A). If we denote by A the image of A via the
map Ay then clearly the commutation relation

Ap(Tpg x Tpg) = (T x T)eom, Af

gives rise to a measure-theoretic isomorphism of the systems (T, g x T, g, X)
and ((T" x T)@,HA,Xl). However © is ergodic and the projection of A; on
X x X equals A, so by the relative unique ergodicity property (Proposition 6)
we have A\; = A ® p, where g is ‘H y-invariant and ergodic.

Furthermore, the maps

XxY> (xzvyz) (-’Ez,Rfl(rl rg)(yl)) € X xY,

i = 1,2, have the property that (s;)«(p ® v) = p ® v. It follows that the
projections of p on Y are equal to v and therefore p € M¢(Y xY,C®C; Hy).
Since for each p € M(Y xY,C ® C; Hy), (/1]?1)*()\ ® o) € J(Tpg:A), the
result follows. m

REMARK 1. The above proof tells us that the isomorphism Ay of
(Tpg x Tpg,A) and ((T' x T)om,, (Af)«(N)) is “relative” over T, g in the
sense that

ABeCe{0,X xY}) =B {0, X}oCx{0,Y}

and the action of ((T" x T)en,, (Af)*(X)) restricted to B® {0, X} ® C ®
{0,Y} is isomorphic to T, ¢. It follows that the relative properties of the
two automorphisms over T, g are the same.

We will now study some particular cases of A in which (¢ x ¢), is indeed
regular.

COROLLARY 1 (relative self-joinings). If ¢ : X — G is ergodic then the
map Ao : (x1,y1,%2,y2) — (T1,T2,Y1,Y2) gives rise to an affine isomorphism

of J°(T,g;Ax) and Ax ® J(G).
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Proof. We have Ha, = Ag, f = (0,0), and (¢ X ¢)a, is regular. It
follows that the map Ay is the identity, and we apply Theorem 3. =

The above corollary allows us to give the list of relative factors of T, g,
that is, all factors that contain B x Y. The result below generalizes the well
known compact group extension case.

COROLLARY 2. Assume that ¢ : X — G is ergodic. Let B XY C Ac
B&C be a factor of T, g. Then there exists D C C which is a G-factor and

A=B®D.
Proof. Tt follows from Corollary 1 that
(mev)@z(pev)= | (4").(Ax o) dP(o).
Je(G)

Therefore, this relative product is invariant under Idx x Ry x Idx x Ry,
g € G, which means that A is invariant for the action {Idx x Ry} 4ec- Since
BxY C ./T, we obtain a measurable family {Q, },ex of partitions of Y such
that {{z} x Q. }zex generates A. Let C, C C denote the o-algebra generated
by Q.. Since Ais Idx x Rg-invariant, C, is a G-factor for p-a.e. z € X. But
A is also T g-invariant, so R,(;)Qz = Qrs for a.e. 2 € X and therefore the

map x +— L?(C,) is T-invariant. Since the map x — E(-|C;) is measurable,
Q). = const for a.a. x € X and the result follows. m

COROLLARY 3 (relative simplicity). If G is additionally 2-fold simple,
then T, g is relatively 2-fold simple, that is, the only ergodic self-joining of
T, that projects onto Ax is either a graph or the relatively independent
extension of Ax.

Proof. Assume that \ € J(Tpg: Ax). If X is not the relative prod-
uct, then A\ = (A;1)«(Ax ® vw), where W € C(G). Then clearly A =
(L@ V)iaxw. =

We will now consider a more general situation of an ergodic self-joining
of T,, ¢ whose projection on X x X equals pug for some S € C(T'). Denote
by M(T,xz05,6xg) the set of all probability Ty, x405,6xg-invariant measures
on B® C ® C whose restrictions to B®C ® {0,Y} and to B {0,Y} ®C
equal p v (here p x poS: X - G X G, (pxpolS)(z)=(p(x),p(Sx))).
Then the map A given by

X XY xX XY 3 (z,y1,5%,52) — (x,y1,42) € X XY xY

establishes an affine isomorphism of J(Ty, g; ps) and M(Tyxp0s,6xg)- More
precisely, for each A € J(T, g; ps),

A establishes an isomorphism of (T, g % Tis g, \) and (Tpxpos,6xG, Ax(N)).
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Moreover, this isomorphism is the identity on the first two coordinates, so
it is relative with respect to T, g. Therefore, in what follows we will identify
J(Tp,g; ps) with M(Tpxpos,6x6)-

Assume now that additionally ¢ x w0 S : X — G x G is regular. By
replacing J(Ty g; p1s) by M(Tpxp05,6xg) in Theorem 3, we obtain the fol-
lowing.

PROPOSITION 10. Assume that ¢ : X — G is ergodic, S € C(T) and
ex@poS: X — GxG is regular, say

(byp08) = fo(TxT)—~f+6,
where © : X — H,,. Let Xe M(Typxpos,gxg)- Then

(i) X is ergodic iff (/lf)*(X) is ergodic;
(ii) A is a one-point extension of Ty, (that is, X is a graph) iff (Af)*(X)
is a one-point extension of T, g;
(i) A=p@vevif (A).(\) = us @ v © v;
(iv) (Typg % T%g,X) — T, g is relatively weakly mizing iff so is

(T xT)om,s (Af)x(A) = Tpg. =

REMARK 2. Note that if S = T* then the cocycle (¢ X ¢),4 is regular.
Indeed, in that case (¢ X @), is cohomologous to (¢ x ), since clearly
¢ o T* is T-cohomologous to ¢ (@ o T* = ¢ 4+ p*) o T — (k). See the next
section for examples of T" and ¢ for which ¢ x ¢ 0 S is regular for each

Sec(T).
We will also need the following.

LEMMA 2. Assume that G is weakly mizing and ¢ is ergodic. Let D C C
be a G-factor. Then T, g is relatively weakly mizing over B® D if and only
if G is a relatively weakly mizing action over D.

Proof. First notice that directly from the definition of conditional ex-
pectation, if D C C then

(n®v) @ep (1@ V) = (A5 )«(Ax © v @D V).

It follows that the relative product T, g Xggp T, g over the T, g-factor

B ® D is isomorphic to TQOX‘Pv{RgXRg}geG‘C@DC’ where o X p : X — G x G,

(o x @) (z) = (p(z), p(2))-

Since (p,p) : X — Ag is ergodic, T‘PX@:{RgXRg}geGk@DC is ergodic if
and only if the diagonal Ag-action on C @p C is ergodic itself (see Proposi-
tion 4). =
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3. Cocycles over irrational rotations. In this section we put X =
T =[0,1) and consider an irrational rotation Tz = z 4+ o (mod 1) on X. By
1 we denote Lebesgue measure on T. Throughout this section « is assumed
to have bounded partial quotients.

3.1. A real-valued ergodic cocycle ¢ for which ¢ X @ o S is reqular for
each S € C(T). We will consider the real cocycle p(z) = {z} — 1/2.
Let (gn) be the sequence of denominators of «. Assume that § € [0,1)
and that
[ —c (cel0,1)).

Consider the sequence (1) of probability measures on R? defined by
v == ((p x 9 08) ), 1 = (plT) x pl#) 0 §), p,
where Sz =z + [ (mod 1). Since
(Va,y €10,1))  [p\%)(2) — ol (y)| < 4 Varp = 4

and {, ¢ du = 0, we have Im (¢ x o0S) () C [—4,4] x [—4, 4]. It follows that
we can select a subsequence of () which converges weakly to a probability
measure v (which is also concentrated on the above square). No harm arises
if we assume that v, — v.

We will now show in what kind of subsets of R? the support of v is
contained. To this end note that

—1
o) () = guz + % o — q?" + M(xz), where M(x) € Z.

It follows that ©lan) (z+6) = o) (2) + ¢, B+ M(z+3)—M(z) ifx + 5 < 1,
while o) ({z + 8}) = ¢ (2) + (¢u8 — gu) + M({x + B}) — M(x) if
1<x+p0<2.

Consider now the image of the measure (np(q”k) x @lan) o ) via

F:RxR—-T, F(z,y = e2miy—2)
that is, we send vy to the circle. But Flo(¢ x¢oS) (@) (2) = 2™4ni 8| whence
F,uy is the Dirac measure concentrated at e2™°. Since v, — v weakly,
F.v,, — F,v (since all these measures are concent}"ated on a bounded subset
of Rz). Since Fyuyy, = (562m‘anﬁ and e2min, B e?™¢ we have F,v = Og2mic. It
follows that
supp v C {(z,y) € R?: 2= — 2™} — {(z ) e R? .y —z — c € Z}.

LEMMA 3. If « has bounded partial quotients, then the cocycle ¢ X po S
is ergodic for each (B € [0,1) satisfying f ¢ Qa + Q.

Proof. In view of Proposition 2, supp(r) C E(¢ x ¢ o .S). It follows from
[17] that each accumulation point of the sequence (((9%)), 1) is an absolutely

continuous measure (more precisely, it is a measure whose image via exp is
Lebesgue measure on the circle). Thus the support of v which is contained
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in the union of lines of the form y = x — ¢ — k (with parameter k € Z) has
“absolutely continuous” projections on both coordinates.

Due to Theorem 2(i), if @ has bounded partial quotients then for each
B ¢ Qa + Q, the set of accumulation points of the sequence ({g,3}) is
infinite.

Since the projections of v are absolutely continuous and the number of
¢ € [0,1) under consideration is infinite, F(p X ¢ 0 .S) cannot be of the form
(a)—(c) (see 1.6). It follows that E(p x ¢ oS) = R? and thus ¢ x po S is
ergodic. m

LEMMA 4. If « has bounded partial quotients and § € (Qa+Q)\(Za+7Z)
then E(p x ¢ o S) is cocompact. More precisely, if = (u/v)a+ s/w, then

E(pxpoS)={(tt+k/M):teR, kelZ},
where M divides vw. In particular, ¢ X @ oS is a regular cocycle.

Proof. Tt follows from Theorem 2(ii) that there exists ¢ € (0,1) and a
subsequence (gy, ) such that {g,, 3} — c. As in the proof of Lemma 3, we
deduce that there are uncountably many essential values of ¢ X ¢ 0 .S in the
union of the straight lines y = x — ¢ — k (k as before is an integer-valued
parameter). It follows directly that the group E(¢ x ¢ o S) is either of the
form (c) or (d), hence cocompact. In particular, ¢ x ¢ o S is regular.

Let w:R? = R, w(s,t) =t —s. Clearly w(p x ¢ o S)(x) = ¢(Sz) — o(z).
Since ¢ x @ o S is regular, w(E(¢ X p05)) = E(w(p x po S)).

Let 7 € E(m(p x o .5)). By taking open intervals in the definition of an
essential value we easily see that there exists a sequence x; € T, k£ > 1, and
a rigidity time (ng)g>1 such that (™) (Szy) — (™) (2) — r. Equivalently,
ng + N(zg) — 7, where N(xg) € Z, k > 1. Since § = (u/v)a + s/w, we
get (u/v)ngo + l/w — r. But (ng)r>1 is a rigidity time, so {niza} — 0.
Therefore r = ﬁ € L7Z. Thus E(po S — ¢) = (1/M)Z for some M which
divides vw. This implies

E(pxg@oS)={(t,t+k/M):teR, keZ}

(recall that we have already noticed that E(¢ x ¢ o S) is cocompact and it
is not discrete). m

LEMMA 5. For each o and 8 € Za the cocycle p x poS is cohomologous
to p X @. In particular, it is reqular.

Proof. For each n € Z, we simply have ¢ x poT" —px p =0x o™ oT
— 0 x @™ The cocycle ¢ x ¢ is ergodic as a cocycle taking values in the
subgroup Ag = {(¢,t) : t € R} since ¢ is ergodic. =

Collecting the results contained in Lemmas 3-5 we have proved the fol-
lowing.
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THEOREM 4. If a has bounded partial quotients and (3 € [0,1) then
© X p oS is a regular cocycle. Moreover, for each S € C(T), E(p x ¢ 0 S)
18 not discrete and it is either cocompact or equals Ar. m

3.2. An integer-valued ergodic cocycle ¢ for which ¢ X ¢ o S is reqular
for each S € C(T). In this subsection we will prove that there are cocycles
@ : X — Z over irrational rotations such that:

(A) ¢ is ergodic,

(B) (WS eC(T) pxpoS:X —ZxZis regular,

(C) (VS elC(T) pxpoS: X —7ZxZis NOT ergodic.

Let G = {(m,n) € Z? : m — nis even}. Then:

e (G is a subgroup of Z2,
e (G has index 2 in Z?; in particular, G is cocompact,
e (G is generated by {(1,1), (1,—1)},
e Ay C G.
Let 0.1/2)
1, z€[0,1/2),
X = 7, =
piX =2, plo) {—1, ze[1/2,1).
The ergodicity of ¢ has been shown in [1].

For each 5 € [0,1), Im(¢ x ¢ 0 S) C G, where Sx = x + 3; therefore
X @oS: X — Z xZ cannot be ergodic (E(¢ X 90 S5) C G).

THEOREM 5. There exists an uncountable set X C [0,1) of irrational
numbers such that for each o € X, ¢ x @ o S is reqular for each S € C(T)
and:

E(pxpoS)=G VB8&ZaU{l/2},
E(pxpoS)=A4z Vpe€ Za,
E(px@oS)=Ay if 3=1/2, where Ay ={(n,—n):n e Z}.
The proof of Theorem 5 will be done in several steps. First of all we

define the set Y.
A number « is in X if the following conditions are satisfied:
(i) « is irrational with bounded partial quotients;
(ii) |o — pn/qn] < 1/(3¢2) for each n > 1;
(iii) ¢y, is odd for each n > ng;
(iv) infinitely many of the p,’s are odd, and infinitely many are even.
It is clear that X' is uncountable.

Fix a € X¥. Assume that 3 € [0,1), Sx = = + (3. Suppose that (g, ) is a
subsequence of the sequence of denominators of a for which

{gn,B} = ¢ with0<e<1.
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We have

r
G, <ﬁ — q—k> — ¢, where 71y = [gn,[].
nk

Hence for € > 0 (¢ < ¢) and k large enough,

(c—e) < f— 15 < (c4e)—,

or equivalently (see Figure 1)

Be <r—k+(c—e)i,r—k+(c+s)i>.

_ L
(c—¢) T
-~
I | [ ] ].... |
I I [ T 1 1
0 Tk \ re+1 1
qn n
A » 3 belongs to this interval I
1
(c+e)g-

Fig. 1

CASE I: 0 < ¢ < 1/2. We assume additionally

7) ny, are even for k > kg

) 0<d0<1/2—c¢,

) 5 <1/6.

Choose ¢ satisfying 0 < ¢’ < (1/2 — ¢) — 0 and then £ < ¢ so that
1 /1 ,

For each k large enough (k > k; and k; will be specified by the argument
below) define

(

(for such ny we have a > py,, /qn, ). We fix 6 such that
(8

(9

; 1 1 1 .
A = [—,—+5—>, i=0,1,... qn, — 1.
dni,  9ny, dny,

For each j = 0,1,...,qn, — 1, we have j/(3¢2,) < 1/(3qn,), so in view of

(9), the interval TjA](j)
. . . . s s 1 1
(10 is contained in an interval [a, T2 @)
and the map {0,1,...,¢,, —1}3j+—s€{0,1,...,qn, —1}is 1-1

(see Figure 2).
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A g

(@ i 4(®)
Al T A
Fig. 2
In view of (8), the interval SAS) is contained in an interval [qi, qi
"k "k
1.1 :
5 a) (Figure 3).
s 1 1
oy T2 Ty
i itl 5 S+1
Any, ang, dny, ang,
ISR G S BUNTE
AY / 5AY \
o tle—9ar ay Hlete)an+ogs
Fig. 3

For each j =0,1,..., ¢y, — 1, the interval TjSA,(f)

. . . . L L L
(11 { is contained in an interval [an o+ an)
and the map {0,1,...,¢,,—1}3j—1t€{0,1,...,qn,—1}is 1-1.

For each i € {0,1,...,qpn, — 1}, define

(i) =j & TISAY c |z~ 5 — 5+

[\
[\
<
S
I
[\S]
N | =
= |
3 =
I
~~

(note that since gy, is odd, the last interval equals [r'/qn, , ("+1)/qn, ), where
r" = gn, —1/2). By (11), the function by, is well defined on {0,1, ..., ¢, —1}
with values in {0,1,...,qpn, — 1}. In fact,

(12) by is a bijection.

Indeed, if j = by (i1) = bx(i2), then the intervals TjSA,(jl) and TjSA,(fQ) are
both contained in an interval of length 1/g,, ; it follows that A](jl) and A;ZQ)
are contained in an interval of length 1/gy, , which is an obvious contradic-
tion.

We say that i € {0,1,...,qn, — 1} is good if 0 < by (i) < 38'qp,. In view
of (12),
(13) #{i=0,1,...,qn, —1:1is good} > &gy, .
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We will show that if
(14) i is good, = € A,(f) = () (2), o) (z + B)) = (1,1).

Indeed, (@) (z) = 1 follows directly from (10) (and this is true for each
i=0,1,...,qn, —1). We have
. 1 1 1
T O+ p)e |z —=- ,54—5-—)
and the distance between T%()(z + 3) and & — 1. i is estimated by (see
Figure 3)
1 1 bi(4)

11 1
(cte) —4+0—+ o5 <(cte+d+d)—<5-—
dny, In, 345, Tni, 2 oy

(by our choice of ¢, for k large enough), so ©(4)(z + () = 1.
It follows from (13) and (14) that
plr € [0,1) : () (2), ") (@ + B)) = (1,1)} > 66
for each k sufficiently large, so
(15) (1,1) e E(p x po S).

We now show that (1,—1) € E(p x ¢ o .S). We have assumed that a has
bounded partial quotients, so for some C' > 0,
Pn

1
a——| > —=
|~ Cq}
for all n > 1. Since (ii) holds, for some subsequence (gn,, ) we have

1

FaY
l—oo D

P,

2
Ty, |

anl

where D > 3. But the ny,’s are still even, so without loss of generality, we
simply assume that

Pn 1
1 2 1o — Do —.
Fix
1 11
17 0<d’ <min(<,>—=,—].
(17) <0 < mm (2’2 D’ D

Let 0 < e < ¢§”/100. For k sufficiently large and i = 0,1,...,qp, — 1 put

B(i)—[i+<1 1)1 8" i+<1 1)1 51)
k Gny, 2 D)agn, Gn G, 2 D)agn  n,

(see Figure 4). In view of (16), gn, (o — pn,./Gn,) < (1/D + €)(1/qn,) for
each k large enough, so we have: for each j = 0,1,...,¢q,, — 1, for the
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1 1 1
€ Ty T D Ty,
™ 411
[ . \ / Any, 2 qn, \
: Cop0 /
i k i+l
Gny, -~ g
1
<9 Qny,
Fig. 4
interval TV B\,
(18) (10) holds.

The interval SB,(:) is contained in an interval [5/qp,,5/qn, + 1/qn,) and for
each j =0,1,...,q,, — 1, for the interval TjSB,(:),
(19) (11) holds.
It follows that the formula
. . . i 1 1 1 1 1 1

ca(i)=7 & T]SB,(C)C 5—5@,54-5@)
defines a bijection ¢ : {0,1,...,¢n, — 1} — {0,1,...,¢n, — 1}. Notice that
in view of (17), STq”k_lB,(j) is contained in an interval [u/qp,, (u+1)/qn,).
In fact it is contained in the right half of that interval and more precisely,
using (16), the distance of STq"k_lB,(:) from ﬁ +1- i is at least £ - qi

"k

(for k large enough)—see Figure 5. It now follows from (16) that the interval

(5+%)q71k
| B, | \
] )
-
S%'qik
ST, 1
> 5 o
-~

Fig. 5. T~ 1 shifts B,(j) close to i’ /qn,, + (1/2) - (1/qn, ), while S shifts Tq"k—lB](:) into
the right half of [u/qn,, (u+ 1)/qn,)-

ST _jB,(j) is contained in the right half of [u;/qn,, (u; + 1)/gn, ) whenever

1
j(a _ P_> Lo
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and thus (using (ii)), for all j € {0,1,...,¢pn, — 1} satisfying
0 < <cgn,-
We say that ¢ € {0,1,...,qn, —1}1s good if cx (1) = qn, —7 With 0 < j < cqp, -
The number of good i’s is at least cqp, .
It follows from (18), (19) and the above discussion that

pla € [0,1) : () (), 1) (2 + B)) = (1,-1)} > (8" — &),
so (1,-1) € E(p x po5).
In order to conclude case I we have to consider the situation when ny is
odd for all £ large enough. First put

i 7 1 1 1 7 1 1
C}gl): _+_,__51_7_+_._>
dny, 2 ny, dni  dny 2 qny,

(see Figure 6). By considerations similar to those used before, it follows that

1 1 1
Top T2 Guy,
| | | )
| ] )
S
T3
chik

A g

Fig. 6
(1,—1) € E(p x po S). If we put

; ) 1 1 ) 1
Dl(;) = L—1—(1—6—5)——(52—,L—1—(1—c—5) —>
Qny, Qny, Adny  Any, Any,
then similar arguments show that (—1,—1) € E(¢ X ¢ 0 .S) (see Figure 7).

Case II: 1/2 < ¢ < 1. We replace 3 by —f (that is, S by S~!) and by
case I we obtain

(20) (1,1),(1,-1) € E(p x po S71)

because {gn,(—5)} — —c (and —¢c = 1—1¢, 0 < 1 —¢ < 1/2). In fact, to
obtain (20) we have

((p xpoSTHlm)) pu— v
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(c4¢e)
Tnp,

1
%2 7, .
s 1
€
Tnp

Fig. 7

L
N2

and v{(1,—1)} > 0. In other words, there exists a £ > 0 such that for k
large enough,
(3Y% C [0,1), n(Ye) Z 0)(Vae € Vi) () (2), o) (57 12)) = (1, -1).
Put Y/ := S~'Y}. For z € Y}, we have
(@) = 1, Q) (Sa) =1

for all k large enough. It follows that for any limit measure v/ of the
distributions ((¢ x ¢ 0 $)@)),u we have /{(—1,1)} > & and therefore
(—=1,1) € E(p x ¢ o S). We show similarly that (1,1) € E(p X ¢ 0 5), so
finally E(p x ¢ 0 5) =G.

CASE III: ¢ = 1/2. It is clear that the method described in case I (and
case II) gives (1,—1) € E(p x ¢ 0 5).

CASE IV: ¢ = 0. In this case one shows (by the method of I and II) that
(1,1) e E(p x po 5).

ConNcLusioN oF (I)—(IV):

(21) { If ¢ # 0,1/2 belongs to the set of accumulation points
of the sequence A, (3) ={{¢.0} : n > 1} then E(p x p 0 S) =G,
in particular

(22) if 3¢ Qa+ Q, then E(p X po S) =G

(indeed, in this case the sequence A, () has infinitely many limit points).
Furthermore,

(23) { if {0,1/2} is contained in the set of limit points of A, (5),
then E(p x poS) =G.

CAse V: 8 = 1/2. In this case, po S = —¢ (Sx = x + 1/2) and
Im(p X poS) C Az, and since 1/2 belongs to the set of accumulation
points of A, (B) (in view of (iii)), (1,—1) € E(p x ¢ 0.5), 80 p X ¢ o S is
ergodic as a cocycle taking values in Ay
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CASE VI: 8 = 1/2!, 1 > 2 (also 8 = i/2! with i odd). Because of (iii),
gn = 2¢, + 1 and _
gn 1
qnf3 = o1 + o

Since the set of accumulation points of {{g,/2!"'} : n > ng} is contained in
{i/2t=1: i=0,1,...,271 — 1},

(24) (3c¢#0,1/2) cbelongs to the set of accumulation points of A, (5),
so by (21), E(¢ x 0 S) =G.

CasE VIL: 8 = u/v, v # 2\, It follows that v = 2w, where w > 3 is
odd. The set of accumulation points of A,(3) is contained in {i/(2'w) :
i=0,1,...,2 — 1}. But w cannot divide all denominators ¢,, n > ng,

because two consecutive denominators are relatively prime. Thus (24) also
holds.

Casg VIIL: 8= (1/2)a, 1 > 2 (and 8 = (1/2Y)a 4+ 1/2). First note that

1 1
— 2 3q,’

a  pn
2l 2l

_ Gn

Pn
_7 —

dn -
an

so the set of accumulation points of A, () is the same as that of {p, /2" :
n > 1} and we are in the situation of case VI by (iv).

Case IX: g = (u/v)a with u,v relatively prime, v # 2!, [ > 1 (and
B = (u/v)a + 1/2). This reduces to the study of the set of accumulation
points of {p, - u/v :n > 1} and a reasoning as in case VII applies.

CASEX: # = a/2 (and 8 = «/2+1/2). In this case, we consider {p,-1/2 :
n > 1} (and {(pn + qn) - 1/2 : n > 1}) and due to (iv), both 0 and 1/2 are
in the set of accumulation points of A,((); then we apply (23).

If none of the above cases holds, then it remains to consider the following;:
CaAsE XI: # = (u/v)a + s/v, where
o (u,v,s) =1,
ol <u,s <,
o v > 3.
We study the set of accumulation points of
{w ‘n> 1}

[

which is contained in {i/v : i = 0,1,...,v — 1}. If the only accumulation
points are 0 or 1/2, then

(AN)(VYn > N)(3kn, € Z) 2upn + 2sq, = knv.
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Hence for n > N we have
v ko, _ DPn Gn 2u
Fny1 P+l Gn+l 2s

det[pn qn]zlor—l.
Pn+1  Gn+1

(o) ()= (32)
Dn+1  Gnt1 kn+1 2s )

Pn qn
Pn+1 gn+1 )
so we obtain a contradiction. Hence (24) must hold in this case.

The proof of Theorem 5 is complete.

where

It follows that

Since ( s integer-valued, v divides 2u and 2s. However, v > 3,

4. Semisimple automorphisms. In this section, we return to a gen-
eral study of automorphisms of the form T, g.

We prove a theorem giving rise to new classes of semisimple automor-
phisms.

THEOREM 6. Let G = {Rgy}q4eq be a mildly mizing action of G. Assume
that T is an irrational rotation and ¢ : X — G is an ergodic cocycle such
that for each S € C(T), the cocycle p x po S : X — G x G is regular.
Assume moreover that for each S € C(T'), E(¢ x @0 S) is either cocompact
or equal to Ag.

(i) If G is 2-fold simple then each ergodic self-joining of T, g is either
a graph or the relatively independent extension of a graph joining of T.
Moreover T, g is semisimple.

(ii) If G is semisimple then T, g is semisimple.

Proof. (i) Take X € J¢(Ty,g). Hence, for some S € C(T), X is an exten-
sion of pug and therefore (see the discussion before Proposition 10) we can
assume that \ € M (Tpxp05,6%G)-

Assume first that ¢ x po S is ergodic as a G2-cocycle. The corresponding
G x G-action {Rg, X Ry,}g, gocc is uniquely ergodic in the sense of Propo-
sition 9(i). By Theorem 3 and Proposition 10(iii), A= pRvu. In view of
Proposition 10(iv), it remains to show that the extension

(Toxgos,gxg: A) = Tog
is relatively weakly mixing. But if we put W =T, g and consider the cocycle
poSaspoS: X xY — G (that is, as a cocycle for W) then Ti,xp05,6x6
and W,esg are relatively isomorphic (over the common factor 7, g) and
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moreover Wos5g is relatively weakly mixing over the base W because the
G-action is mildly mixing and Wg,g is ergodic (see Proposition 5(i)).

Consider now a more general case: F(¢ x¢oS) = H is a proper subgroup
of G x G. Then the extension

(T¢X¢os,gxg, HROV V) — Leg
is relatively weakly mixing iff so is
(T@,'Hﬂu U V) — 1p,G,

where © is an ergodic cocycle with values in H cohomologous to ¢ x ¢ o S.

Suppose additionally that H is cocompact. Then, in the sense of Propo-
sition 9(ii), the corresponding H-action is still uniquely ergodic. Hence A=
p ®v @ v and therefore the same argument as in the previous case shows
that (Tyxpos,6xg, A) is relatively weakly mixing over T, g.

It remains to consider the case H = Ag. It follows that A= JT0)
(recall that we still identify A with an element of M®(T,xp05,6xg)), Where
0 € J°(G). Since G is 2-fold simple, either g is the product measure or it is a
graph measure. If p = v ® v then we are in the situation already considered.
Otherwise p is a graph and by Proposition 10(ii), so must be A

(ii) The proof is along the same lines as the one of (i) except the case of
H = Ag. We have to show that the extension

(T@,Agnu ® Q) - TO,{(RngQ)QGG}

is relatively weakly mixing. As usual we consider T, g as a factor of the
system Tg (R, R,),cc} “Sitting” on the first two coordinates (as a o-algebra
it is equal to B®C x Y'). By considering @, D = C x Y and p, we are in the
situation of Lemma 2. Because G is semisimple and ¢ € J¢(G), (C®C, o) is
relatively weakly mixing over D, whence (Txp05,6xG5 X) is relatively weakly
mixing over T, g and the result follows. =

REMARK 3. It is now easy to describe the smallest natural family (in the
sense of [8]) of semisimple automorphisms arising from Theorem 6. Indeed,
such a family consists of all factors of T}, g relative to which T, g is weakly
mixing. First of all, note that T is a maximal distal factor of T, g. It follows
that if A is a factor relative to which T, g is weakly mixing then A contains
the “first coordinate”. We then apply Corollary 2. We find that factors of
T, g relative to which T, g is weakly mixing are of the form B&D, where D is
a G-factor. If D is non-trivial then it is determined by a compact subgroup K
of C({Rg}gec) ([9]); consequently, B® D is determined by {Id} x K, which
is a compact subgroup of C(7T, ), and it follows that T, g is not relatively
weakly mixing over B ® D unless D = C. We have shown that the smallest
natural family equals {7, T, g}.
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5. Final remarks. The examples of semisimple automorphisms given
by Theorem 6 are weakly mixing extensions of rotations and each such
example is disjoint from any weakly mixing automorphism (see Proposition 5
and Theorem 1). There are Gaussian actions which are mildly mixing and
semisimple (see [16]). By looking at the proof of Theorem 6, it is clear that
the mild mixing assumption can be replaced by being Gaussian semisimple.

If we consider extensions T, g of irrational rotations in which G = Z
and ¢ is given by Theorem 5 then one more assumption on {R"},cz has
to be added. This is caused by the fact that ANZ appears as the group of
essential values of ¢ x po S for some S € C(T). This gives rise to the study
of J(R,R™!). In order to obtain Theorem 6 it is sufficient to assume that
the Z-action R satisfies either

(i) R L R~ (see [8] for the case of MSJ), or
(ii) R is isomorphic to R~! (which is always the case whenever Gaussian
actions are considered).

In Theorem 3 we deal with self-joinings of order 2. It is clear however
that the same results hold for self-joinings of higher degrees. Given n > 2
denote by J, (T, g) the set of n-self-joinings of T, g. Then Corollary 1 yields
the following.

ProrosiTIiON 11. If ¢ : X — G is ergodic then the map

n..
AD . (x17y17$27y27- . -7xn;yn) = <x17$27' ey Ty Y1, Y2, - 7yn)

gives rise to an affine isomorphism of J,(T,g;Ax) and {Ax ® o
0€ Jn(G)}. u

In [9] the following problem has been formulated: Is it true that for each
ergodic zero entropy automorphism W : (Z,€,k) — (Z,€,k), if o € J3(W)
is pairwise independent then ¢ = K ® kK ® k7 (The problem is open in the
weakly mixing case.) An affirmative answer would imply that each 2-fold
mixing automorphism is 3-fold mixing (the latter being Rokhlin’s well known
open problem). We have been unable to answer del Junco-Rudolph’s ques-
tion. However, the method of the present paper yields a negative answer to
the relative version of their problem. Indeed, let T be an ergodic rotation,
w : X — Z an ergodic cocycle and R a Bernoulli automorphism. It is well
known that there exists ¢ € J§(R) which is pairwise independent but it is
not the product measure v ® v ® v. By the above proposition, (/1%);1(/1 ® 0)
is an ergodic element of J3(T),g) (here T, g(x,y) = (Tx, R?¥)(y))) which is
relatively pairwise independent, but is different from (A3);}(1® (v@vr®V)).
Moreover, T, g being disjoint from the class of weakly mixing transforma-
tions, the entropy of T, g equals zero and hence also the relative entropy of
T, g over T equals zero.



56

M. Lemanczyk et al.

References

J. Aaronson and M. Keane, The visits to zero of some deterministic random walks,
Proc. London Math. Soc. 44 (1982), 535-553.

I. P. Cornfeld, S. V. Fomin and Ya. G. Sinai, Ergodic Theory, Springer, New York,
1982.

H. Furstenberg, Disjointness in ergodic theory, minimal sets and diophantine ap-
prozimation, Math. Systems Theory 1 (1967), 1-49.

—, Recurrence in Ergodic Theory and Combinatorial Number Theory, Princeton
Univ. Press, Princeton 1981.

H. Furstenberg and B. Weiss, The finite multipliers of infinite ergodic transforma-
tions, in: Lecture Notes in Math. 688, Springer, 1978, 127-132.

E. Glasner, On the multipliers of W, Ergodic Theory Dynam. Systems 14 (1994),
129-140.

E. Glasner and B. Weiss, Processes disjoint from weak mizing, Trans. Amer. Math.
Soc. 316 (1989), 689-703.

A. del Junco, M. Lemanczyk and M. K. Mentzen, Semisimplicity, joinings and group
extensions, Studia Math. 112 (1995), 141-164.

A. del Junco and D. Rudolph, On ergodic actions whose self-joinings are graphs,
Ergodic Theory Dynam. Systems 7 (1987), 229-248.

A. Ya. Khinchin, Continued Fractions, Nauka, Moscow, 1978 (in Russian).

L. Kuipers and H. Niederreiter, Uniform Distribution of Sequences, Wiley, New
York, 1974.

C. Kraaikamp and P. Liardet, Good approzimation and continued fractions, Proc.
Amer. Math. Soc. 112 (1991), 303-309.

G. Larcher, A convergence problem connected with continued fractions, ibid. 103
(1988), 718-722.

M. Lemanczyk and E. Lesigne, Ergodicity of Rokhlin cocycles, J. Anal. Math. 85
(2001), 43-86.

M. Lemanczyk and F. Parreau, Rokhlin’s extensions and lifting disjointness, Ergodic
Theory Dynam. Systems, to appear.

M. Lemanczyk, F. Parreau and J.-P. Thouvenot, Gaussian automorphisms whose
ergodic self-joinings are Gaussian, Fund. Math. 164 (2000), 253-293.

M. Lemanczyk, F. Parreau and D. Volny, Ergodic properties of real cocycles and
pseudo-homogeneous Banach spaces, Trans. Amer. Math. Soc. 348 (1996), 4919-4938.
C. Moore and K. Schmidt, Coboundaries for non-singular actions and a problem of
H. Helson, Proc. London Math. Soc. 40 (1980), 443-475.

S. A. Morris, Pontryagin Duality and the Structure of Locally Compact Abelian
Groups, London Math. Soc. Lecture Note Ser. 29, Cambridge Univ. Press, 1977.
D. Rudolph, An example of a measure-preserving map with minimal self-joinings,
and applications, J. Anal. Math. 35 (1979), 97-122.

—, Z"™ and R™ cocycle extensions and complementary algebras, Ergodic Theory
Dynam. Systems 6 (1986), 583—-599.

K. Schmidt, Cocycles of Ergodic Transformation Groups, Lecture Notes in Math. 1,
Mac Millan Co. of India, 1977.

K. Schmidt and P. Walters, Mildly mixing actions of locally compact groups, Proc.
London Math. Soc. (3) 45 (1982), 506-518.

J.-P. Thouvenot, Some properties and applications of joinings in ergodic theory, in:
Ergodic Theory and its Connections with Harmonic Analysis (Alexandria, 1993),
Cambridge Univ. Press, 1995, 207-238.



Semisimple extensions of irrational rotations 57

[25] W. A. Veech, A criterion for a process to be prime, Monatsh. Math. 94 (1982),

335-341.

[26] R. Zimmer, Ergodic actions with generalized discrete spectrum, Illinois J. Math. 20

(1976), 555-588.

Faculty of Mathematics and Computer Science

Nicolaus Copernicus University

Chopina 12/18

87-100 Torun, Poland

E-mail: mlem@mat.uni.torun.pl
mentzen@mat.uni.torun.pl

Received October 25,

Department of Mathematics
Keio University

3-14-1, Hyoshi, Kohoku-ku
Yokohama 223-8522, Japan
E-mail: nakada@math.keio.ac.jp

2001 (4835)



