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Weak Baire measurability of the balls in a Banah spaebyJosé Rodríguez (Valenia)Abstrat. Let X be a Banah spae. The property (⋆) �the unit ball of X belongsto Baire(X, weak)� holds whenever the unit ball of X∗ is weak∗-separable; on the otherhand, it is also known that the validity of (⋆) ensures that X∗ is weak∗-separable. In thispaper we use suitable renormings of ℓ∞(N) and the Johnson�Lindenstrauss spaes to showthat (⋆) lies stritly between the weak∗-separability of X∗ and that of its unit ball. As anappliation, we provide a negative answer to a question raised by K. Musiaª.1. Introdution. There are several σ-algebras on a Banah spae X,like the Borel σ-algebras assoiated to the weak (w) and norm topologies,as well as the Baire σ-algebra Baire(X, w) assoiated to w. G. A. Edgar [2℄showed that Baire(X, w) is exatly the smallest σ-algebra on X for whiheah element of X∗ (the topologial dual of X) is measurable. In general, wehave
Baire(X, w) ⊂ Borel(X, w) ⊂ Borel(X, norm).Although this hain ollapses for separable X, some of these inlusions maybe strit beyond the separable ase (see [2℄, [3℄ and [15℄).Let ‖·‖ be an equivalent norm on X and denote by ‖·‖∗ the orrespondingequivalent norm on X∗. Clearly, the unit ball B(X, ‖·‖) = {x ∈ X : ‖x‖ ≤ 1}belongs to Baire(X, w) provided that B(X∗, ‖ ·‖∗) is separable for the weak∗(w∗) topology (equivalently, (X, ‖ · ‖) is isometri to a subspae of ℓ∞(N)),beause in this ase

B(X, ‖ · ‖) =
⋂

x∗∈D

{x ∈ X : |x∗(x)| ≤ 1}for any ountable w∗-dense set D ⊂ B(X∗, ‖ · ‖∗). On the other hand,it is known (f. [10, Theorem 1.5.3℄) that the statement �B(X, ‖ · ‖) ∈2000 Mathematis Subjet Classi�ation: 28A05, 28B05, 46B20, 46G10.Key words and phrases: Banah spae, weak∗-separability, Baire σ-algebra, salarmeasurability, Pettis integral.This researh was partially supported by MEC (Spain) and FEDER, projetMTM2005-08379, and Fundaión Sénea (Spain), projet 00690/PI/04.[169℄ © Instytut Matematyzny PAN, 2008



170 J. Rodríguez
Baire(X, w)� (equivalent to saying that the mapping ‖ · ‖ : X → Ris Baire(X, w)-measurable) implies that X∗ is w∗-separable. In general,the w∗-separability of X∗ is not su�ient to ensure the w∗-separability of
B(X∗, ‖ · ‖∗) (see the next paragraph), so it is natural to ask whether thestatement �B(X, ‖ · ‖) ∈ Baire(X, w)� is equivalent to the w∗-separabilityof B(X∗, ‖ · ‖∗) or that of X∗. We stress that the weak Baire measurabilityof the norm has important onsequenes in vetor integration (see [6℄, [13℄and [14℄).The aim of this paper is to disuss the question above. We use some ideasof G. A. Edgar (from [3℄ and [16℄) to onstrut suitable equivalent norms onthe following Banah spaes with w∗-separable dual: ℓ∞(N) and the Johnson�Lindenstrauss spaes JL0 and JL2 [11℄ (see Setion 2 for the de�nitions). Inthis way, for eah of these spaes X we �nd an equivalent norm ‖ · ‖ suhthat B(X, ‖·‖) does not belong to Baire(X, w) (Theorem 2.3). This improvesthe well known fat that eah of these spaes admits an equivalent normwhose dual unit ball is not w∗-separable; see [5℄ (and [4, Theorem 12.58 andExerise 12.40℄) for ℓ∞(N) and JL0, and [11℄ for JL2 (in fat, no norm onthis spae has w∗-separable dual unit ball). Inidentally, the proof of The-orem 2.3 provides an example of an X-valued Pettis integrable funtion ffor whih there is no salarly equivalent X-valued funtion g suh that themapping ‖g(·)‖ is measurable (Corollary 2.4). This answers negatively aquestion posed by K. Musiaª [12, Problem 4℄. Finally, the previous onstru-tions also allow us to show that there is an equivalent norm ‖ · ‖ on ℓ∞(N)suh that B(ℓ∞(N), ‖ · ‖) belongs to Baire(ℓ∞(N), w) but B(ℓ∞(N)∗, ‖ · ‖∗) isnot w∗-separable (Theorem 2.9).For all unexplained terminology and notation we refer the reader to ourstandard referenes [4℄, [12℄ and [16℄. The ardinality of the ontinuum isdenoted by c and the �rst unountable ordinal by ω1. Let X be a Banahspae. Given x∗ ∈ X∗ and x ∈ X, we write either x∗(x) or 〈x∗, x〉 to denotethe evaluation of x∗ at x. We say that a funtion f : Ω → X de�ned on aomplete probability spae (Ω, Σ, µ) is(i) salarly measurable if the omposition 〈x∗, f〉 is Σ-measurable forevery x∗ ∈ X∗ (equivalently, f is Σ-Baire(X, w)-measurable);(ii) Pettis integrable if 〈x∗, f〉 is µ-integrable for every x∗ ∈ X∗ and foreah E ∈ Σ there is xE ∈ X suh that TE〈x∗, f〉 dµ = 〈x∗, xE〉 forevery x∗ ∈ X∗.Two funtions f, g : Ω → X are said to be salarly equivalent if foreah x∗ ∈ X∗ we have 〈x∗, f〉 = 〈x∗, g〉 µ-a.e. (the null set depends on x∗).Reall that X has the property (C) of Corson if every family of onvex losedsubsets of X with empty intersetion ontains a ountable subfamily withempty intersetion.



Weak Baire measurability of the balls in a Banah spae 1712. The results. In order to reall the de�nition of the Johnson�Linden-strauss spaes [11℄ we need to introdue the following notation:
• Tn := {0, 1}n for every n ∈ N;
• T :=

⋃∞
n=1 Tn;

• K := {0, 1}N;
• u|n := (ui)

n
i=1 ∈ Tn for every u = (ui)

∞
i=1 ∈ K and every n ∈ N;

• Bu := {u|n : n ∈ N} ⊂ T for every u ∈ K.Note that T is in�nite ountable and that (i) eah Bu is in�nite; (ii) Bu∩Bu′is �nite whenever u 6= u′; and (iii) the family {Bu : u ∈ K} has ardinality c.The existene of a family of subsets of N satisfying (i)�(iii) was �rst provedby Sierpi«ski (f. [4, Lemma 5.16℄). We isolate this fat for future referene.Lemma 2.1. Let A be an in�nite ountable set. Then there is a family
{Aγ : γ < c} of in�nite subsets of A suh that Aγ ∩ Aγ′ is �nite whenever
γ 6= γ′.As usual, for eah A ⊂ T we write χA ∈ ℓ∞(T ) to denote the hara-teristi funtion of A. Let U0 be the linear span of c0(T ) ∪ {χBu

: u ∈ K}in ℓ∞(T ). Any x ∈ U0 an be written in a unique way as x = y+
∑p

i=1 aiχBui
,where y ∈ c0(T ), {u1, . . . , up} ⊂ K and ai ∈ R for all 1 ≤ i ≤ p. For suhan x, set

‖x‖JL2
:= max

{

‖x‖∞,
(

p
∑

i=1

|ai|
2
)1/2}

.

(U0, ‖ · ‖JL2
) is a normed spae whose ompletion will be denoted by

(JL2, ‖ · ‖JL2
); this is the Banah spae U studied in [11, Example 1℄. On theother hand, the losure JL0 of U0 in ℓ∞(T ) is a Banah spae when equippedwith ‖·‖∞; this spae was disussed in [11, Example 2℄. Our notation for theJohnson�Lindenstrauss spaes omes from [17℄, where the reader an �nd alot of information on the role played by these spaes in Banah spae theory.In the proofs of Theorems 2.3 and 2.9 we will use the following norm in-trodued by Edgar in his example [16, Example 3-3-5℄ (f. [12, Example 3.4℄)of a salarly bounded funtion whih is not salarly equivalent to a boundedfuntion.Definition 2.2. For eah u ∈ K, onsider the seminorm ‖ ·‖u on ℓ∞(T )given by

‖x‖u := lim sup
n→∞

|xu|n|, x ∈ ℓ∞(T ).Let a : K → [1,∞) be a bounded funtion. De�ne
‖x‖a := max{‖x‖∞, sup

u∈K
a(u)‖x‖u}, x ∈ ℓ∞(T ).Clearly, ‖ · ‖a is an equivalent norm on ℓ∞(T ).



172 J. RodríguezWe write (K, ΣK , µK) to denote the omplete probability spae obtainedby ompleting the usual produt probability measure on Borel(K). Reallthat this measure spae is isomorphi to [0, 1] equipped with the Lebesguemeasure on the σ-algebra of all Lebesgue measurable sets (f. [8, 254K℄).Theorem 2.3. Let X be either ℓ∞(N), JL0 or JL2. Then X∗ is w∗-separable and there is an equivalent norm ‖ · ‖ on X suh that B(X, ‖ · ‖)does not belong to Baire(X, w).Proof. The �rst assertion is obvious for ℓ∞(T ) and its losed sub-spae JL0. The w∗-separability of JL∗
2 was proved in [11, Example 1℄.Now �x a bounded non-ΣK-measurable funtion a : K → [1,∞).First ase: JL2. The identity mapping on U0 an be extended to a on-tinuous linear mapping S : JL2 → JL0. Note that the formula

‖z‖ := ‖z‖JL2
+ ‖S(z)‖a, z ∈ JL2,de�nes an equivalent norm on JL2. On the other hand, Edgar showed in theproof of [3, Proposition 5.12()℄ that the funtion

φ : K → JL2, φ(u) := χBu
,is salarly measurable, i.e. ΣK-Baire(JL2, w)-measurable. For eah u ∈ K wehave ‖χBu

‖a = a(u), hene ‖φ(u)‖ = 1+a(u). Sine a is not ΣK-measurable,the mapping ‖ · ‖ : JL2 → R annot be Baire(JL2, w)-measurable.Seond ase: JL0 and ℓ∞(T ). Clearly, the omposition S ◦φ : K → JL0 isalso salarly measurable, i.e. ΣK-Baire(JL0, w)-measurable, and ‖(S◦φ)(u)‖a

= a(u) for every u ∈ K. It follows that the restrition of ‖ · ‖a to JL0 is not
Baire(JL0, w)-measurable. Finally, sine

Baire(JL0, w) = {C ∩ JL0 : C ∈ Baire(ℓ∞(T ), w)},we infer that ‖ · ‖a is not Baire(ℓ∞(T ), w)-measurable. The proof is om-plete.Let (Ω, Σ, µ) be a omplete probability spae and (X, ‖ · ‖) a Banahspae. Musiaª posed in [12, Problem 4℄ the following question. Is it truethat for eah Pettis integrable funtion f : Ω → X there is a funtion
g : Ω → X suh that f and g are salarly equivalent and the mapping ‖g(·)‖is Σ-measurable? Naturally, the answer is a�rmative if (X, w) is measureompat (e.g. Lindelöf), sine in this ase every salarly measurable X-valuedfuntion is salarly equivalent to a strongly measurable one [2℄. The follow-ing orollary provides a negative answer to Musiaª's question even for spaeswith property (C) (like JL0 and JL2, f. [17, Setion 2℄).



Weak Baire measurability of the balls in a Banah spae 173Corollary 2.4. Let X be either ℓ∞(N), JL0 or JL2. Then there existan equivalent norm ‖ · ‖ on X and a Pettis integrable funtion f : K → Xfor whih there is no funtion g : K → X suh that f and g are salarlyequivalent and the mapping ‖g(·)‖ is ΣK-measurable.Proof. We �rst deal with JL2. Let f := φ be the funtion onsidered inthe proof of Theorem 2.3. Sine JL2 has property (C) and f is bounded andsalarly measurable, we an apply [16, Theorem 5-2-2℄ to onlude that f isPettis integrable. As shown in the proof of Theorem 2.3, there is an equivalentnorm ‖ ·‖ on JL2 suh that the mapping ‖f(·)‖ is not ΣK-measurable. Now,if a funtion g : K → JL2 is salarly equivalent to f , the w∗-separabilityof JL∗
2 ensures that f = g µK-a.e., and therefore ‖g(·)‖ is not ΣK-measurableeither.The proof for JL0 and ℓ∞(T ) is similar, with the use of the Pettis inte-grable funtion f := S ◦ φ.Remark 2.5. A. S. Granero et al. [9℄ have shown that any Banahspae X without property (C) admits an equivalent norm ‖ · ‖ suh that

B(X∗, ‖ · ‖∗) is not w∗-separable (see [1℄ for related results). In general, thefailure of property (C) does not ensure the existene of an equivalent norm
‖ · ‖ suh that B(X, ‖ · ‖) 6∈ Baire(X, w). For instane, ℓ1(ω1) fails to haveproperty (C) [3℄ and

Baire(ℓ1(ω1), w) = Borel(ℓ1(ω1), norm),aording to a theorem of D. H. Fremlin [7℄.In Proposition 2.8 below we study the w∗-separability of B(ℓ∞(T )∗, ‖·‖∗a)in terms of a. To this end we need a ouple of lemmas. The �rst one followseasily from the �lifting property� of ℓ1(N) (f. [4, Proposition 5.10℄). As usual,we write
c0(T )⊥ := {x∗ ∈ ℓ∞(T )∗ : 〈x∗, x〉 = 0 for every x ∈ c0(T )}.Lemma 2.6. There is a deomposition ℓ∞(T )∗ = Y ⊕ c0(T )⊥, where Yis isomorphi to ℓ1(T ). The isomorphism Θ : ℓ1(T ) → Y is given by

〈Θ(z), x〉 =
∑

u|n∈T

zu|nxu|n, z ∈ ℓ1(T ), x ∈ ℓ∞(T ),

and the projetion P : ℓ∞(T )∗ → Y is given by
P (x∗) = Θ((x∗(χ{u|n}))u|n∈T ), x∗ ∈ ℓ∞(T )∗.Let a : K → [1,∞) be a bounded funtion. If ℓ∞(T )∗ is equipped with ‖ · ‖∗aand ℓ1(T ) is equipped with its anonial norm ‖ · ‖ℓ1(T ), then Θ, Θ−1 and Peah have norm 1.



174 J. RodríguezThe seond lemma isolates a property used by J. Hagler in his example(f. [16, Example 3-2-4℄ or [12, Example 3.3℄) of a salarly measurable fun-tion whih is not salarly equivalent to a strongly measurable one. The orig-inal proof for the family {Bu : u ∈ K} an be extended straightforwardly tothis more general ase.Lemma 2.7. Let {Ci : i ∈ I} be a family of subsets of T suh that Ci∩Ci′is �nite whenever i 6= i′. Let x∗ ∈ c0(T )⊥. Then the set {i ∈ I : x∗(χCi
) 6= 0}is ountable.Proposition 2.8. Let a : K → [1,∞) be a bounded funtion. The fol-lowing statements are equivalent :(i) B(ℓ∞(T )∗, ‖ · ‖∗a) is w∗-separable.(ii) a(u) = 1 for every u ∈ K.Proof. Clearly, (ii) implies that ‖ · ‖a = ‖ · ‖∞, so it only remains toprove (i)⇒(ii). Suppose that (ii) fails, that is, there is u ∈ K suh that

a(u) > 1. Take any ountable set D ⊂ B(ℓ∞(T )∗, ‖ · ‖∗a). Sine Bu is in�niteountable, we an �nd a family {Aγ : γ < c} of in�nite subsets of Bu suhthat Aγ ∩Aγ′ is �nite whenever γ 6= γ′ (Lemma 2.1). With the notations ofLemma 2.6, for eah x∗ ∈ D we an write x∗ = P (x∗) + (x∗ −P (x∗)), where
x∗ − P (x∗) ∈ c0(T )⊥, P (x∗) ∈ Y and ‖P (x∗)‖∗a ≤ 1. Sine D is ountable,we an apply Lemma 2.7 to �nd γ < c suh that x∗(χAγ

) = P (x∗)(χAγ
) forevery x∗ ∈ D. By the de�nition of P , we have

P (x∗)(χAγ
) =

∑

u|n∈Aγ

x∗(χ{u|n}).

On the other hand, sine Θ−1 has norm 1, we get
∑

v|n∈T

|x∗(χ{v|n})| = ‖Θ−1(P (x∗))‖ℓ1(T ) ≤ 1.

It follows that |x∗(χAγ
)| ≤ 1 for every x∗ ∈ D. Sine Aγ ⊂ Bu is in�nite, weonlude that

‖χAγ
‖a = a(u) > 1 ≥ sup

x∗∈D
|x∗(χAγ

)|.Therefore, D is not w∗-dense in B(ℓ∞(T )∗, ‖ · ‖∗a). This shows that the ball
B(ℓ∞(T )∗, ‖ · ‖∗a) is not w∗-separable.Theorem 2.9. There is an equivalent norm ‖ · ‖ on ℓ∞(N) suh that :(i) B(ℓ∞(N), ‖ · ‖) belongs to Baire(ℓ∞(N), w).(ii) B(ℓ∞(N)∗, ‖ · ‖∗) is not w∗-separable.



Weak Baire measurability of the balls in a Banah spae 175Proof. Fix a bounded funtion a : K → [1,∞) suh that a−1((1,∞))is ountable and non-empty. Then B(ℓ∞(T )∗, ‖ · ‖∗a) is not w∗-separable, byProposition 2.8. On the other hand, note that for eah u ∈ K the mapping
‖ · ‖u : ℓ∞(T ) → R, ‖x‖u = lim sup

n→∞
|xu|n| = inf

k∈N

sup
n≥k

|xu|n|,is Baire(ℓ∞(T ), w)-measurable. Sine
‖x‖a = max{‖x‖∞, sup

u∈a−1((1,∞))

a(u)‖x‖u}, x ∈ ℓ∞(T ),it follows that ‖ · ‖a is Baire(ℓ∞(T ), w)-measurable, as required.Aknowledgements. The author wishes to express his gratitude toSusumu Okada for suggesting the problem onsidered in this paper.
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