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Operator-valued version of conditionally free product
by

WoJCIECH MEOTKOWSKI (Wroctaw)

Abstract. We present an operator-valued version of the conditionally free product
of states and measures, which in the scalar case was studied by Bozejko, Leinert and
Speicher. The related combinatorics and limit theorems are provided.

1. Introduction. The concept of free probability has been developed
since the pioneering work of Voiculescu [V]. In this theory a probability space
is a unital complex *-algebra A, elements of which are viewed as random
variables, endowed with a state ¢ which plays the role of the expectation.
Having a family (A;, ¢;);es of such probability spaces we can define another
one, (A, ¢), where A is the unital free product *;c;.4; and ¢ is a state defined
by the property that ¢(a;...a,) = 0 whenever a1 € A, ,...,am € A, ,
i1 # ... # iy and ¢, (a1) = ... = ¢, (@) = 0. In this situation one
says that the family {A;};c; of subalgebras is free in the probability space
(A, ¢). This notion leads naturally to that of free convolution of probability
measures on the real line. Speicher [S2, S3| has provided a combinatorial
description of this theory by using the lattice of noncrossing partitions.

Later on Bozejko, Leinert and Speicher [BS, BLS] investigated prob-
ability spaces A endowed with a pair (¢,%) of states. Having a family
(A;, di, i)icr of such spaces they were able to construct a probability space
(A, ¢,¢) such that A = xcrA; and Y(ag...am) = 0, d(ar...apm) =
¢ir(a1) ... @i, (am) whenever a1 € Aiy,...,am € A, i1 # ... F# im,
Vi, (a1) = ... = ¥, (am) = 0 (conditional freeness of the family {A;}icr
in (A, ¢,1)). This led them to the notion of free convolution of pairs of
probability measures on R.

Here we are going to extend this theory to the situation when ¢ is allowed
to be an operator-valued state, i.e. when ¢ is of the form ¢(a) = Pym(a)|n,,
where Hy is a fixed Hilbert space, 7 is a *-representation of A in a Hilbert
space H D Ho and Py is the orthonormal projection of H onto Hg, so that
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14 W. Milotkowski

¢ is a completely positive function A — B(Hp). We introduce this notion
in order to study conditionally free convolution of operator-valued measures
(see for example the papers of Bisgaard [Bi] and Schmiidgen [Sm] and the
references given there). In particular we extend the boolean convolution of
measures, studied by Speicher and Woroudi [SW], to operator-valued mea-
sures. Note that neither the classical nor the free convolution of probabil-
ity measures admits such an operator-valued version. It is also posible to
consider spaces with more than two states (see [M2]) but then the related
product of states and measures is no longer associative and for this reason
the methods presented here are not applicable.

It is confusing that the term “operator-valued free probability” appears
also in literature with a different meaning (see [S3, Sh]). There a probability
space is a triple (B, A, ¢), where A is a unital algebra, B is its subalgebra with
1 € B, and ¢ : A — B satisfies: ¢(b) = b for b € B, and ¢(biabz) = bi1¢(a)bs
for a € A, b1,bs € B, ie. ¢ is a B-functional. The distribution of an el-
ement a € A is a B-functional v, defined on the algebra B(X) generated
freely by B and an indeterminate X such that v,(P(X)) := ¢(P(a)) for
P(X) € B(X). The natural objects to study in this setup are amalgamated
free products.

The paper is organized as follows. First we study the notions of a mo-
ment pair and a cumulant pair of functions on a fixed linear subspace A° of
a unital algebra A, with 1 € A%, which are analogous to those of moment
and cumulant functions discussed by Speicher [S2, S3]. In Proposition 1 we
show that these two notions are in one-to-one correspondence. The differ-
ence compared with the case studied by Speicher is that dealing with pairs
one has to distinguish between inner and outer blocks of noncrossing par-
titions. Although these notions appeared in [BLS]|, they were not studied
systematically there. Here we provide more details and adapt this to the
situation when the first functions in the pairs are operator-valued ones.

Then we apply our results to triples of the form (A, ®,v), where A is a
unital algebra over a field K, ¢ : A — K is a linear functional satisfying
(1) =1 and @ is a linear function A — B, where B is a fixed algebra over
K with a unit 1, satisfying &(1) = 1. For a family {(A, ®,¢)};cs of such
triples we construct another one, (A, ®,1), which satisfies:

1) A = xier A,
2) Ylar...am) = 0 and P(ay...an) = D (a1)...9;, (an) whenever
al E.Ail,..., (075 E.Az‘m, 11 ##Zm and 1/)1'1(@1) ::T/sz(am):()

We show in Proposition 2 that this construction is associative.

Next, assuming that K = C and that B is endowed with a norm, we
study the limit theorems providing operator-valued versions of the central
limit theorem and of the Poisson distribution (cf. [S1, BS, BLS]).
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In Section 6 we prove that the conditionally free product (A,®, 1) =
x;c1(Aqi, @i, 10;) preserves complete positivity of the states @ and . The
construction of the related pair of representations is adapted from [M1]
where it was studied for the group case (see also [B1, B2, B3]).

Finally we discuss conditionally free convolution on the class M(H) x M,
where M (resp. M(H)) denotes the class of all (resp. all operator-valued)
compactly supported probability measures on R. As a consequence we obtain
a binary associative and commutative operation W on M (H) which extends
the boolean convolution on M introduced by Speicher and Woroudi [SW].
We show in particular that if E (resp. F') is the spectral measure of a
selfadjoint operator A (resp. B) then EW F is the spectral measure of A+ B.

2. Preliminaries. By a partition of a set S we mean a family 7 of
nonempty, pairwise disjoint subsets of S (called blocks) such that | Jm = S.
The corresponding equivalence relation on S will be denoted by ~.

A partition 7 of {1,...,m} is called noncrossing if 1 <k<p<l<qg<m,
k,leV em pge W € wimplies V = W. The class of all noncrossing
partitions of {1,...,m} will be denoted by NC(m). A block V' € m € NC(m)
is said to be inner if there is another block W € 7 and elements p,q € W
such that p < k < ¢ for every k € V. Otherwise V is called outer. The
family of all inner (resp. outer) blocks of a noncrossing partition 7 will be
denoted by 7; (resp. 7,). Having a product of the form []y .. f(V) we will
assume that the factors are in the same order as the blocks in 7.

For m € NC(m) and 1 < p < m we define 7(p = p + 1) as the partition
o € NC(m — 1) which results from 7 by identifying p and p + 1 and joining
the blocks containing them, if they are different (see Remark 3.2.2 in [S3]).

In other words, if for a block U = {ky,...,ks} with k; < ... <k, <p<
kri1 < ... < ks, we define U(p) := {k1,...,kr,kry1 — 1,..., ks — 1} then
o =7(p =p+1) consists of blocks U(p) with p,p+1 & U € 7 and the block
U'(p) uU"(p), where p e U’ € mand p+ 1 € U"” € 7 (possibly U’ = U").
Note that if 7 is noncrossing then so is m(p = p + 1).

For a sequence a = (a1,...,a,) and a set V. = {kq,...,ks} of inte-
gers with 1 < ky < ... < ks < m, we define the subsequence a(V) =
(a1,...,am)(V) := (ag,,...,ar,) and the product [[, oy ar := ag, ... ax,.

3. Moment and cumulant pairs of functions. The notions of mo-
ment and cumulant functions were introduced by Speicher [S3, Definition
3.2.1] as a tool to calculate expressions of the form ¢(ay...a.), where
¢ = *;c1¢; is the free product state on a free product algebra A = *;c5.A;
and a1 € A;,..., aym € A;, . Our aim is to extend them to moment and
cumulant pairs in order to deal with the conditionally free product pair of

states (¢, 1) = x;cr(di, ;).
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Throughout this section 4 will be a fixed unital algebra over a field K
and A° will denote a linear subspace of A with 1 € A°. In our applications
A® will be either the whole A or the linear span lin{A4; : i € I} in the free
product *;c7.A4;. Also, B will be a fixed algebra over K with a unit 1. We
will assume that f, F,r, R are functions

f,r:Uon...oneK, F,R:UAOX...XAOHB
—— —
m=1

m=1

m times m times

such that f, F,r, R restricted to A% x ... x A% (m times) are m-linear for
every m.

DEFINITION. The pair (F, f) will be called a moment pair of functions
on A%if f(1) =1, F(1) =1 and

flat, ... ap_1,ap0p11,Apt2, ..., Qm)
= flar,...,ap—1,0p, Qpy1,0p12, ..., 0m),
Fai,...,0p—1,0p0p41,0p42, ..., 0m)
=F(ai,...,ap—1,0p,0ps1,0ps2, ..., 0m)
whenever 1 <p <m, a1,...,an,apa,41 € A°.

The pair (R,r) will be called a cumulant pair of functions on A° if
r(1) =1, R(1) =1,

(la)  7(a1,...,Gp—1,0pGps1,Apt2, ..., Q)
=7r(a1, .., Qpy Apt1s -y m) F (a1, ... ap)r(apit, -5 am)
P
—I-Zr(ak,...,ap)r(al,...,ak,l,apﬂ,...,am)
k=2
m—1
+ Z T(Apt1s -y @p)T(Q1, oy Apy Gty -y Qi)
k=p+1
and
(Ib)  R(ai,...,0p—1,0p0p41,0pt2,-- -, 0m)
=R(ai,...,ap,apt1,.-,0m) + R(a1,...,ap)R(aps1, ..., am)

P
+ Zr(ak, coap)R(ar, .. ak—1,Qpt1, .. Q)
k=2

m—1
+ Z r(apt1s.--ak)R(ar, ..., ap, Qgs1, .. Q)
k=p+1

whenever 1 <p <m, ai1,...,an,apa,41 € A°.
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Note that the right hand sides are sums over all noncrossing partitions o
of {1,...,m} such that o(p = p+ 1) is the one-block partition {{1,2,...,
m—1}}. In (1b) we put R if the corresponding block of o is outer. In partic-
ular r(ajas) = r(ay, az) +r(ar)r(az) and R(ajas) = R(ay,a2)+ R(a1)R(az)
if a1, a0, a1a9 € A°.

A single function f (resp. r) is said to be a moment (resp. cumulant)
function on A° if (f,f) (resp. (r,7)) is a moment (resp. cumulant) pair

on AY.
ExampLES. 1) If A° is a subalgebra of A then
flar,...,am) = f(ar...ay) and F(ay,...,am) = F(a1...am).

2) Assume that r(ay, ..., an) = 0 whenever m > 2. Then r is a cumulant
function if and only if the map a +— r(a) satisfies r(a1a2) = r(ay)r(az)
whenever a1, as,a1as € Ap. In view of the next proposition, such a cumulant
function corresponds to the moment function given by f(ay,as,...,an) =
r(a1)r(az)...r(am).

3) If r = 0 then R becomes a boolean cumulant (see [SW, M2]).

We now show that these two notions are in one-to-one correspondence.
Note that the first statement is contained in [S2, S3].

PROPOSITION 1. Suppose that the pairs (F, f) and (R,r) of functions
are related by

flaz,..am) = Y [ rl(ar,...;am)(V)),
7€NC(m) Ver
and
Flay,...,am)= Y [] rllar,- .-, am)(V)) T R((a1, ... am)(V)),
TeENC(m) Vem; Ven,

where the order of factors in the product [[ . R((a1,...,a,)(V)) corre-
sponds to that of the outer blocks in w. Then

(a) f is a moment function if and only if r is a cumulant function.
(b) (F, f) is a moment pair if and only if (R,r) is a cumulant pair.

Proof. Puta = (a1,...,ay)anda, = (a1,...,apapt1, - - ., Q). First ob-
serve that if (R, r) is a cumulant pair, 1 <p <m, a1,...,am, apaps1 € A°,
o € NC(m — 1) then

(2a) [[r@®)y="> I[r@wv)

Beo TeNC(m) Ver
m(p=p+1)=0c

and
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2b)  ]] r@ax(B) J] R(a(B))
Beo; Beo,
= > Il r@wv) II r@wv)).

TeNC(m) Vem Vem,
m(p=p+1)=0

Therefore
F(a,)= > ][ r@®) [[ Ray,(B))

ceNC(m—1) Beo; Beoo

= > > 1I rav) I r@v)

ceNC(m—1) =weNC(m) Vem Ven,
n(p=p+1)=0c

= Y I r@v) [ RaWv)) = F@),
TeNC(m) Vem; Ven,

and similarly for f, so that (F, f) is a moment pair.
On the other hand, if (F, f) is a moment pair then R(1) = F(1) =1 and
for ai,as, aras € A,
R(alag) = F(alag) = F(al, ag) = R(al, ag) + R(al)R(ag)
and similarly r(aija2) = r(a1)r(az), so (1) holds for m = 2. Assume that
m > 3 and that (1) is true for all & < m. Then (2) holds for all ¢ €
NC(m—-1)\{{1,...,m—1}}soif 1 <p<m,ay,...,am,apap+1 € A° then

R(a,) = F(ap) — Z H r(ay(B)) H R(ay(B))

ceNC(m—1) Beo; Beo,
lo|>1
=F@)- ) > I r@v) I1 Ra@v))
ceNC(m—1) weNC(m) Vem Ver,

lo|>1 m(p=p+1)=0

=F@ - > I r@wv) I] r@w)

TeNC(m) Vem Vem,
|7 (p=p+1)|>1

= > ]I r@v) IT ra@wv),

TeNC(m) Vem Vers
|7 (p=p+1)|=1

which is the right hand side of (1b). The same works for 7, so our proof is
complete. m

EXAMPLE. If » = 0 then the formula for ' becomes

F(ai,...,am) = Z H R((ai,...,am)(V)),

TeENC(m) Ver
ﬂ'iim
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which can be inverted ([SW, M2]) to
Ray,...,am)= > (D" T] Fl(as, ..., am)(V)).

TENC(m) Ver
m=0

The following lemma will allow us to apply these notions to the unital
free product of algebras.

LEMMA 1. Assume that (R,r) is a cumulant pair.

(a) If m > 2, a1,...,anm € A° and a, =1 for some p, with 1 < p < m,
then R(ai,...,am) =0 and r(a1,...,an,)=0.

(b) Suppose that m > 2, a1,...,0m,b1,..., by € A° and a; — by, .
am — by, € K1. Then R(ay,...,am) = R(b1,...,bm) and r(ay,...,am)
T‘(bl,... ,bm)

Proof. For m = 2 we have
R(a) = R(al) = R(a,1) + R(a)R(1) = R(a,1) + R(a)

so R(a,1) = 0. Similarly R(1,a) = 0 and the same is true for r.
If the assertion holds for all k& < m then by definition

. ey

R(ai,...,lap,...,am)=R(a1,...,1,ap,...,am)+r(L)R(a1,...,ap,...,am)
(r(1) = 1 should be replaced by R(1) = 1 if p = 1), and similarly for r,
which concludes the proof of the first part. The second assertion is an easy
consequence of the first one. m

LEMMA 2. Suppose that functions f and r are related as in Proposi-
tion 1, 0 = {By,...,B,} =7, for some m € NC(m), B=B1U...UB, =
{kg,kl,...,ks}, l=ky<ki1<...<ks=m. Then

S
Z H r((alv s ,am)(V)) = H f(akt—1+17 Ay 142y -+ a’kt_l)'
TeNC(m) Vem t=1
To=0
Proof. This is a consequence of the fact that {m € NC(m) : 7, = 0} is
precisely the class of partitions of the form o Un! U...U 7%, where 7 is a
noncrossing partition of the interval {k;—1 + 1,kt—1 +2,...,kt —1}. m

4. Free product of pairs of functions. Here we will work with a
family {A;};c; of unital algebras over K. Assume that for every i € I we
are given linear functions @; : A; — B, ¢; : A; — K such that ¢;(1) =1
and 1;(1) = 1. We define a moment pair

Fi(ah’ . '7aTYL) = gpi(al .- -am)7 fi(ah .. '7aTYL) = w’i(al .. ‘am)

on A; and take the corresponding cumulant pair (R;,7;).
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Now define A to be the unital free product A = *;c7.A; and put A° =
lin{A; : ¢ € I} (note that in [S2, S3, BLS] the symbol “lin” is missing). We
define

R(ay,...,am) = ZRi(ail, conal), r(ar, .. am) = Zri(a’i, coab),
iel icl

if ap, = s al, ai, € A;, and all but finitely many of the summands are 0.

Note that if a = 7, c;a’ = 37,0, a',b' € A; then b = a’ + o'l for

some o' € K satisfying ) ., a; = 0. Therefore, in view of Lemma 1b, the

functions R and r are well defined and one can see immediately

LEMMA 3. Suppose that a1 € A;,...,am € A;and i, # i; for some
1<k<l<m. Then R(ai,...,am) =0 and r(ay,...,an,)=0. =

Now we can see that (R, r) is a cumulant pair on A% Indeed, if a1, . . ., am,
apQpy1 € AP then, by the last lemma, we may assume that aq,...,a, € A;
for some i € I (otherwise we have 0 on both sides of (1)) and use the fact
that (R;,r;) is a cumulant pair on A;. Denote by (F, f) the related moment
pair.

LEMMA 4. Suppose a1 € A ,...,am € A; ., b1 € Aj,...,b, € Aj, and
ay...am =0by...b,. Then F(ay,...,am) = F(b1,...,by) and f(a1,...,am)
= f(b1,...,bn).

Proof. By multiplicativity we can assume that iy # ... # i, J1 # ...
% jnpand a1,...,0m,b1,...,b, # K1. Thenay ...a,, = by ...b, implies that
m =mn and by = azaq,...,byn = apa, for some ay, ..., q, € K satisfying
Qi ...Qm = 1, which ends the proof. m

The last lemma allows us to define linear functions ¢ and ¥ on A =
x;crA; by putting

D(ay...am)=F(ar,...,am), WY(a1...apn) = f(ar,...,am)

whenever a; € A;,,...,anm € A;,, for some iq,..., 0, € I.
THEOREM 1. Assume that a1 € Ajj,...,am€A;, , m>1i1%#... Fin
and Vi, (a1) = ... =5, (am) = 0. Then

Y(ay...am) =0 and P(ay...am) =P (a1)...P;, (am).

Proof. We proceed by induction on m. For m = 1 the assertion is obvi-
ous. Suppose it holds for all £ < m and write

Y(ay...am) = Z Hr((al,...,am)(V)),

TeENC(m) Venr

Blar...am)= Y [] rl(ar,-.;am)(V)) T R((as, ... am)(V)).

TeNC(m) Vem Vemn,
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By Lemma 2 and by induction we can take in these sums only partitions
satisfying m; = (), i.e. partitions for which all blocks are intervals. But if V'
is an interval with |V| > 1 then, by Lemma 3, r((a1,...,a,)(V)) = 0 and
R((a1,...,am)(V)) = 0. Therefore we are left with 7 = {{1},...,{m}},
which gives the assertion. m

The function % is called the unital free product of the functions v; and
denoted by *;c11; (see [V, VDN]). Hence we will call the pair (®, 1) of func-
tions on A = *;c1.A; the unital free product of the pairs (®;,1;) and denote it
by *;c1(Pi, ;). The next proposition says that this operation is associative,
which is not the case when we have more than two states (see [M2]).

PROPOSITION 2. Assume that I = .. ;1; is a partition of I. Then

jeJd
sjes (*ier, (@i, ¥i)) = *ier(Pi, i)

Proof. Set (9),v%) = *ier, (i, i) and (',¢') = *jes(P}, ;). Take
ar € Ajy, ... am € A, with iy # ... # iy and ¥y, (a1) = ... = ¥, (am)
= 0. Then for some 0 = k(0) < k(1) < ... < k(s) = m we have ij_1)41,
ik(t71)+27- . wik(t) €l;,,1<t<s,and j; # ... # js. Put

t = Qk(t—1)+10k(t—1)42 - - - Ak(t)-
Then we have % (b;) = 0 and

=

@;t (bt) = éik(t—l)—}—l (ak(t 1)+1)¢ik(t 1)+2 (ak(t—1)+2) .- '¢ik(t) (ak(t))'
This in turn implies ¢'(ay ... am) = ¢¥'(by...bs) = 0 and &' (a;...an) =
P'(by...bs) =P (b1)... D5 (bs ) =, (al) .®; (@), which concludes the
proof. m

The following two propositions can help us evaluate ®(a; ... a,).
PROPOSITION 3. Assume that a1 € Ai,,...,am € A;,, and that for
some 1 < p < m the sets {i1,...,i,} and {ipy1,...,0m} are disjoint. Then
D(ay...am) =P(ar...ap)P(apt1 ... am).

Proof. In view of Lemma 3 we can calculate @(ag . .. ay,,) using only 7’s of
the form 7 = nln?, where 7! € NC({1,...,p}), 72 e NC({p+1,...,m}). m

PROPOSITION 4. Suppose that a1 € A;,...,am € A;,  and that for
some k we have i & {i1,...,ik—1,0k+1,---,im}. Then

D(ay...am) =i (ap)P(a1...ax_10k+1 - .- am,)
+P(ay...ax—1)[Pi, (ar) — Vi, (ax)1] P(ak41 - .. am)-
More generally, if the sets {ip,ipy1,...,5q} and {i1,...,lp—1,9g41, - %m}
are disjoint for some 1 < p < q < m then
D(ay...am)=v(ap...aq)P(ar...ap_1Gg41...an)
+P(ay...ap—1)[P(ap...aq) —P(ap...aq)1] P(ags1 ... am).
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Proof. Assume first that ;, (ax) =0 and put r(V):=r((a1,...,an)(V)),
R(V):=R((a1,-..,am)(V)). Since R(V) = 0 and r(V') = 0 for every V with
{k} c V and |V| > 1, and moreover r({k}) = 0, we have

Bar...am)= Y. [[ V) I] ROV)

TeENC(m) Vem; Ven,
= Y (II*™ II B")@(a)
TeNC{1,....k—1} Vem Vemn,

ceNC{k+1,...,m}
(I r» I rv))
Weo; Veo,
=d(ay...a5-1)Pi, (ar)P(ak41 - .. am).
Applying this to the general case we have
D(ay...ap—1(ar — Vi, (ar)l)ags1 ... am)
=®(ay...a5-1)[Pi, (ar) — Vi, (ar)1] P(ags1 - - am),

which proves the first assertion. Combining this with Proposition 2 we get
the second assertion. m

5. Limit theorems. In this section we assume that A is a fixed com-
plex unital algebra with linear functions @ : A — B, ¢ : A — C, where B is
a complex algebra with a unit 1 and with a norm || - ||, satisfying ¢(1) =1
and (1) = 1, and that (R,r) is the related cumulant pair on .A. Define
(%T, 5, zZ) = %;en(A, @, 7). For a € A, i € N, we denote by (a,i) the embed-
ding of a into the ith factor A of A. For example (a1,7) - (az,1) = (aias,i).
The following results generalise those presented in [S1], [BS] and [BLS].

THEOREM 2. Let m > 1 be a fized integer and assume that for every

N € N elements a1 n,a2,N, -, 0m,Nn € A are given. Assume that for every
nonempty subset V.C {1,...,m} the limits

Jim N-@( 11 ak7N> =Q(V),  lim N-w( 11 ak,N) =q(V)
—00 P —00 rev
exist. Set
Sk,n = (ag,n, 1)+ (ax,n,2) + ...+ (ag,n, N).
Then
Jim &(S1xSan--Sev) = Y [ e I @)
TeENC(m) Vem; Vem,

and

]\}EHWJ(SI,NSQ,N"'S”%N): Z Hq(V).

TeNC(m) Ver
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Proof. By induction on m and by Proposition 1 we see that if ) #V C
{1,...,m} then

ngnooN . R((CLLN, ey amvN)(V)) = Q(V),
lim N-r((a1,n,---samn)(V)) =q(V).

N—o0
Now consider
B(SIN ... SmN) = > ®((a1,n,i(1) ... (am,n,i(m))).
i(1),....i(m)e{1,..,N}
For a sequence i = (i(1),...,i(m)) € {1,...,N}"™ we define a partition
7 =n(i) of {1,...,m} by k X [ iff i(k) = i(I). Note that if 7(i) = 7(j) ;== 7
then
((ar,x5,i(1)) - (., i(m))) = (a5, (1)) - (A v, 5 ().

Denoting this common value by ®(; N) we note that if || = p then there
are exactly A(p, N) := N(N —1)...(N —p+1) sequences i € {1,...,N}™
with 7 (i) = 7. Hence

B(Sin - ZA 7|, N)®(r; N),

where the sum is taken over all partitions 7 of {1,...,m}. For fixed = we
have
®(m; N)
= Y. ] rCan,--amn)(B) T R(arn, - amn)(B)),
ceNC(m) Be€oi Beo,
o<m

where o0 < 7™ means that o is a subpartition of m, i.e. every block of ¢ is a
subset of a block of 7. Note that every summand is a product of |o| factors.
Therefore

|
Jim A(ix, V)@ N) = [T av) T @v
Vemn; Ven,
if m is noncrossing, and the limit is 0 otherwise. The same proof works
for . m

Denote by NCy(m) the class of all partitions # € NC(m) satisfying
|V | = 2 for every block V' € 7. Of course if m is odd then NCy(m) is empty
and a sum over m € NCy(m) equals 0.

COROLLARY 1 (Conditionally free central limit theorem). Let aq,...,apn,
€ A with ®(ar) =0, Y(ag) =0 for 1 <k <m and set

Sin = \/LN (am, 1) + ..+ (ap, N)].
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Then, for m even,

]\}1_120 DP(SiN...OmN) = E H Y(agay) H b(agar)
TENC2(m) Vem Ven,
V={k,l},k<l V={k,l},k<l

and

i D(S1N - Smon) = Z H Y(ara),

TENCy(m) Ven
V={k,l},k<l

and both limits are 0 if m is odd.

Proof. Putting ag ny = (l/m)ak we have ®(ar,n) = 0, Y(ag,n) =0,
N-@(ap na;n) = Plarar), N-y(ar,na;n) = Y(ara;) and for V C {1,...,m}
with ’V‘ Z 3, th—»oo ng(HkEV ak,N) =0and th—»oo N@/}(erv ak,N)
=0.=m

REMARK. Assume that B is the algebra B(’Ho) of bounded linear op-
erators on a Hilbert space Ho, a; = ... = a, = a, and ®(a?) = A2,

0 < A € B(Ho), ¥(a?) = 32, 3 > 0. We know from [BLS] that for a > 0 the
unique probability measure v, 3 on R satisfying

Stm dVa,ﬁ(t) _ Z a2|7l'0|/62‘77i‘
7r€NC2(m)

for every m is given by

I/aﬁ—C( )( Q/W—l-(; 2/\/(12—62)4-%175,
1 a? — 232 £ 232 9
clof) =4 32— A=Y
O otherwise
note that [BLS] erroneously had “1” instead of “1”),
4 2

-~ 1 a?\/4p2 — 2
dVa,s = X[-28,25] (t) o ot — (a2 — 32)12 dt.

where

For fixed «, 8 > 0 and for a continuous function f : R — R, define

C(fia,p) =Ci(f; o, B)+ Ca(f; 0, B),

where
1a?— 232 2 2

it =y e (¢ (ﬁ) (7)) v
1Y 452 — 12

Cg(f;@,ﬁ):% S f(t)a4_(a25_5§)t2 dt.

—283
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Now taking the spectral resolution A = Sgo adE(a) of A we can describe
our operator-valued limit measure, which has moments

Jemdvapty = 3 pmlalie
TENCy (m)
by

o0

VF(t)dvas(t) = | C(f;a,08) dE(a).

0
COROLLARY 2 (Conditionally free Poisson limit theorem). Assume that
ai,as, ... € A with
lim N-®(ay...an) = A, lim N-¢(an...an) =0
N—oo N—_—— N—oo N—_——
S times s times
for every s with 1 < s < m. Then for
Sy = (aN,l) + ...+ (CLN,N)

we have

m @ _ il glmol
Jim &(Sy ... Sy) = > pimlalrel

m times ﬂENC(m)
‘m - ||
Jim $(Sy ... Sx) = > g
m times ﬂENC(m)

Proof. For every 0V C {1,...,m} we have ¢(V)=p and Q(V)=A. =

REMARK. As before, we can apply the formula provided in [BLS] to
find that, in the case of an operator 0 < A € B(H,) with spectral resolution
A= Sgo adE(a), the unique operator-valued probability measure on R with
moments

Stm drap(t) = Z ﬂ\ﬂilAhTo\

TeENC(m)
is given by
V f(®)drap =\ P(f;a,0)dE(a)
—0o0 0

where

P(fia,8) = Pi(f;a, 8) + Pa(fi o, B) + P3(f3 0, B),

Pi{f5a ) = 1o £0) - X0 (9,

Pa(fian ) = O L O B (20 =T ),
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X denotes the characteristic function of the set [0,max{0,3 — /G}] U
[6+ /B, 0), and

1 gm a/AB— (= (15 AP

P3(f;aaﬁ):_ f(t)
R E ()

dt.

6. Free product of pairs of representations. Let A be a complex
unital x-algebra. We will call a functional ) on A a state if ¢ is of the
form ¢(a) = (o(a)&, ) for a *-representation o of A in a Hilbert space K
and a unit vector £ € K. More generally, if Hg is a Hilbert space then an
operator-valued function @ : A — B(Hyp) will be called a state if @ is of
the form ®(a) = Pym(a)|,, where 7 is a *-representation of 4 in a Hilbert
space H O Hp and Py is the orthogonal projection from H onto Hg. In
particular the functions @ and ¥ are completely positive. We are going to
show that free product of pairs of states is a pair of states. For this purpose

we generalize Voiculescu’s construction of the free product representation
(see [V, VDN]).

THEOREM 3. Assume that for every i € I, ®; and v; are states on a
complex unital algebra A;. Then (®,1) = x;c1(P;,1;) is a pair of states on
A = *ier A;.

Proof. For i€l assume that v;(a) ={0;(a)&;, &) and @;(a) = Pir;(a)|r,,
a € A; where m; : A; — B(Ho @ H;), 0 : Ai — B(C§ @ K;) are x-
representations of A; and P is the orthogonal projection of Ho@®H,; onto Ho.
Now define

[eo]

HZHO@EB< EB Ici1®...®lci7n,l®H,;m).

m=1 iq,..., tm €1

For each ¢ € I we have the decomposition
H=(Ho®H;) D (CE b K;) @ H(i),

where

H(i) = é( B Kook, oH,)

m=1" iy, sim€l
i1 A Fim

Then we define a *-representation 7; of A; on H to act as m;(a) on Ho ® H;
and as 0;(a) ® Idy;) on (C& @ K;) ® H(i). Having 7; defined for each
i € I we define a representation m of A = #;c1.4; by putting m(a) =
i (a1) ... 7, (am) for a = ay...am, ap € Ai,, 91 # ... # im. Obviously, 7
is a x-representation of A. We are going to show that @(a) = Pym(a)|x, for
every a € A.
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Assume that a1 € A;y,...,am € Ai,, 11 # ... F iy and Yy, (1) = ... =
Vi, (am) = 0. The last condition implies that o, (ax)&;, € Ki, and one can
check by induction that for £ € H,,

m(ay...am)€ =P (a1)...9; (am)€
+ Z iy (a1)&i; @ ... @ 0y (ak—1)&ip_y
k=1

® (Id — Py*)mi, (an) @iy, (a41) - - - i, (am)E.

which implies that Pym(ay ... am)|x, = @iy, (a1) ... Pi, (am)-
Now we can repeat this construction replacing Hy by C1, H; by K; and
m; by 0; to obtain the x-representation o := *;cy0; corresponding to .

REMARK. It is natural to call the pair (7, o) the conditionally free prod-
uct of the pairs (m;,0;) and to write (m,0) := *;c(m;, 0;). Note that if A;
are C'*-algebras then the states @ and 1 can be extended to ones on the
unital C*-free product (see [VDN]).

7. Free convolution of pairs of measures. Let H be a fixed Hilbert
space and let B(H)y denote the class of all nonnegative bounded linear
operators on H. A function p defined on the Borel field B(R) and with
values in B(H) is said to be an operator-valued measure if for every £ € H
the map B(R) 3 E — (u(E)¢, &) is a measure (see [Sm]| for instance). We
call p a probability measure if ©(R) = Id, and we call u compactly supported
if for some compact set K C R we have u(F) = 0 whenever EN K = (). We
will denote by M(H) the set of all compactly supported operator-valued
probability measures p : B(R) — B(H)4. In particular we define 4y €
M(H) by putting Ag(E) = Id if 0 € E and Ay(E) = 0 otherwise. We
will denote by M the class of ordinary compactly supported probability
measures on R.

We define the moment sequence {(A(m),a(m))}2_, of a pair (u,v) €
M(H) x M by

A(m) = Sxm du(z), a(m)= S ™ dv(z)
R R

(note that the sequences A(m), a(m) uniquely determine the measures p, v;
see [Bi]). This, in turn, defines the cumulant sequence {(R(m),r(m))}5o_,
of (u,v) by the relations

am)=">_ J[r(vh, Am)y= > T[] (V) II R(VD,
TeNC(m) Ver TeNC(m) Vem; Ver,

where, as usual, the factors in the product [[i .. R(|V]) are in the same
order as the outer blocks of .
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THEOREM 4. Assume that {(Rr(m),r(m))}_; is the cumulant se-
quence of a pair (ug,vi) € M(H) x M for k € {1,2}. Then there exists a
unique pair (pu,v) € M(H)xM whose cumulant sequence {(R(m),r(m))}5o_,
satisfies

R(m) = Ri(m)+ Ra(m), r(m)=ri(m)+ra(m).

Proof. Take unital C*-algebras A;, As, states &y : A — B(H), ¢ :
Ar — C and elements X, = X} € Aj satisfying @,(X]") = Ar(m),
Y (X]") =ar(m) and take the C*-unital free product (A, ®,1)= (A1, P1, Y1)
% (Ag, @g,12). Let (Ry,7) and (R,7) denote the corresponding cumulant
pairs on A, and on A% = A; + Ay C A respectively, so that

Rk(Xk,...,Xk):Rk(m), Fk(Xk,...,Xk):Tk(m).
—_———— —_————

m times m times

By the definition of R, X7 + X5 € A and
R(X1+ Xa,..., X1+ X2) = Ri(m) + Ra(m),

m times
?(Xl + Xo,..., X1 + XQ) = rl(m) + TQ(m).

m times

Then (u,v) is the unique pair in M(H) x M satisfying

(X1 + X)) = 2™ du(z), (X1 +X2)™) = [ 2™ dv(z).
R R

Denote the pair (p,v) in the theorem by (u1,v1) ® (e, v2). Hence we get
a binary operation @ on M (H) x M which is associative and commutative,
with (Ap,dp) as the neutral element. It is easy to see that v is the free
convolution of 1 and v, in the sense of Voiculescu (cf. [S2, S3]).

Now for u € M(H), with the moment sequence A(m), we define its
boolean cumulant sequence ﬁm, m =1,2,..., by the following relations:

Amy= >[I r(v,

TeENC(m) Ver
mi=0

where the order of factors corresponds to that of blocks. Note that for the
pair (u,0p) the cumulant sequence is {(R(m),0)}2°_,. This leads to the
following

COROLLARY 3. Assume that for k € {1,2} we have the boolean cumulant
sequence Ry(m) of a measure py, € M(H). Then there exists a unique p €
M(H) whose boolean cumulant sequence R(m) satisfies R(m) = Ri(m) +
Ry(m). m
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Following [SW] we call the measure p the boolean convolution of uq and
w2 and denote it by g1 W pg. This binary operation on M(H) is associative
and commutative with Ag as the neutral element. It gains in interest in view
of the following

ExXAMPLE. Let E and F be the spectral measures of selfadjoint operators
A and B respectively. It is easy to see what are the moment sequences:

A(m) ={X"dE(\) =A™, B(m)=B"

and the cumulant sequences are:
~ A ifm=1, =~ B ifm=1,
R(m) = {0 otherwise, S(m) = {O otherwise.

This implies that F W F' is the spectral measure of the sum A + B.
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