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Abstract. For a locally compact group G and p € (1,00), we define and study the
Beurling-Figa-Talamanca—Herz algebras A, (G, w). For p = 2 and abelian G, these are pre-
cisely the Beurling algebras on the dual group G. For p = 2 and compact G, our approach
subsumes an earlier one by H. H. Lee and E. Samei. The key to our approach is not to
define Beurling algebras through weights, i.e., possibly unbounded continuous functions,
but rather through their inverses, which are bounded continuous functions. We prove that
a locally compact group G is amenable if and only if one—and, equivalently, every—
Beurling-Figa-Talamanca—Herz algebra A,(G,w) has a bounded approximate identity.

Introduction. A weight on a locally compact group G is a measurable,
locally integrable function w : G — [1,00) such that

(1) wzy) Sw(@)w(y) (z,y €G).
The corresponding Beurling algebra ([R=Stl, Definition 3.7.2]) is defined as
LYG,w) = {f € LYG) : wf € LY(G)}.

It is a subalgebra of L'(G) and a Banach algebra in its own right with
respect to the norm || - ||, given by ||f|lw := ||wf]|]1 for f € LY(G,w). There
is no loss of generality if we suppose that w is continuous ([R=Stl, Theorem
3.7.5]). Beurling algebras have been objects of study in abstract harmonic
analysis for a long time, especially for abelian G (see [Kan| and [R=St], for
instance).

If G is abelian with dual group G, then the Fourier transform is an iso-
metric isomorphism between L!(G) and the Fourier algebra A(G) of G.
Consequently, if w is any weight on G, then L'(G,w) is isomorphic to

a subalgebra of A(G). In [Eym 1], P. Eymard defined the Fourier algebra
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A(G) for general, not necessarily abelian, locally compact groups G. This
brings up the natural question if there is a way to define certain subal-
gebras of A(G) which, for abelian G, correspond to the Beurling algebras
on LY(G).

In [L=S], H. H. Lee and E. Samei introduced the notion of a Beurling—
Fourier algebra. If G is a locally compact group and w: G — [1,00) is a
weight, then multiplication with w defines a closed, densely defined operator
on L?(@), which is bounded if and only if w is bounded, i.e., L}(G,w) is triv-
ial. Consequently, Lee and Samei define what they call a weight on the dual
of G as a closed, densely defined operator on L?(G) affiliated with the group
von Neumann algebra VN(G). The resulting theory of Beurling—Fourier al-
gebras is particularly tractable for what Lee and Samei call central weights
on the duals of compact groups. Independently, these weights and their cor-
responding Beurling—Fourier algebras were also introduced and investigated
by J. Ludwig, L. Turowska, and the third-named author ([L=S-TJ).

The approach in [L=S=T] is restricted to compact groups, and both in
[L=S] and [L-S-TJ, it is unclear if the given definitions of a Beurling—Fourier
algebra can be extended beyond the L?-context to define weighted variants
of the Figa-Talamanca—Herz algebras (see [Eym 2], [F-T], [Her 1], [Her 2],
and [Spe]). In the present note, we propose a different approach to Beurling—
Fourier algebras with the following features:

e if G is a locally compact abelian group with dual group G, then the
Beurling—Fourier algebras correspond—via the Fourier transform—to
the Beurling algebras on G;

e at least for compact G, our approach subsumes the one from [L=5]
(and thus of [L=S-TJ);

e the definitions extend effortlessly from the L2-framework to a general
LP-context with p € (1,00), which enables us to define Beurling—Figa-
Talamanca—Herz algebras.

The key idea is to not attempt to define a “dual” notion of weight,
but rather that of the inverse of a weight. This approach enables us to
define Beurling-Fourier algebras without any reference to the theory of von
Neumann algebras, on which [L=5| relies heavily, so that it can be adapted
to an LP-context.

For the resulting Beurling—Figa-Talamanca—Herz algebras, we obtain an
extension of the Leptin—Herz theorem, which characterizes the amenable
locally compact groups through the existence of bounded approximate iden-
tities in their Figa-Talamanca—Herz algebras: a locally compact group is
amenable if and only if one—or, equivalently, every—of its Beurling—Figa-
Talamanca—Herz algebras has a bounded approximate identity.
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1. Beurling algebras through inverses of weights. We shall sup-
pose throughout that all weights are continuous: by [R=Stl Theorem 3.7.5],
this is no limitation if one is only interested in the corresponding Beurling
algebras.

If G is a locally compact group and w : G — [1,00) is a weight, then w
is bounded if and only if L'(G,w) = L'(G) with an equivalent norm, i.e.,
unless L'(G,w) is trivial, the multiplication operator induced by w on L?(G)
is unbounded. The inverse of w—with respect to pointwise multiplication—
however, is bounded on G, i.e., the corresponding multiplication operator
on L?(G) is bounded and thus lies in the multiplier algebra of Co(G), the
C*-algebra of all continuous functions on G vanishing at infinity (represented
on L?(G) as multiplication operators).

For a locally compact group G, we denote by Cp(G) the C*-algebra of all
bounded continuous functions on G. We note the following:

ProproOSITION 1.1. Let G be a locally compact group. Then the following
are equivalent for non-negative o € Cp(G) with ||af|oo < 1:

(i) there is a weight w : G — [1,00) such that @ = w™};

(ii) (a) the map
(2) Co(G) = Co(G),  fralf,

has dense range;
(b) there is 2 € L>®(G x G) with ||2]|cc <1 such that

3) a(@)aly) = a(zy)Az,y) (2, € G).
Moreover, if w is as in (i), then
LY(G,w)={af : f € LY(G)}
and
lafllo = 1I£ll (f € LY(G)).
Proof. (i)=-(ii): Set
_wlzy)
w()w(y)
From (]}, it is immediate that 2 € C,(G x G) C L™®(G x G) with ||£2]|es < 1,
and by definition, (3]) holds. Hence, (a) is satisfied. To see that (b) holds, note
that {af : f € Co(G)} is a self-adjoint subalgebra of Cy(G) that strongly sep-
arates the points of G; it is therefore dense in Cy(G) by the Stone—Weierstrafl
theorem.
(ii)=-(i): From (b), it is immediate that a(z) # 0 for all z € G. Hence,
we can define w := a~!. As |lalec < 1, it is clear that w(G) C [1,00).
From (a), it follows that w satisfies ().
The “moreover” part is obvious.

2(x,y) = (z,y € G).
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The bottom line of Proposition is that Beurling algebras can be
defined without any reference to a weight—a possibly unbounded continuous
function—but rather through the inverses of weights, which are bounded
continuous functions, i.e., multipliers of Cy(G).

To adapt the notion of the inverse of a weight to the context of Fourier al-
gebras, we introduce the notion of a Hopf-von Neumann algebra (see [E-J]).
As is customary, we write ® for the tensor product of von Neumann algebras.

DEFINITION 1.2. A Hopf-von Neumann algebra is a pair (M, ") where
M is a von Neumann algebra and I' : M — M ® M is a co-multiplication,
i.e., a normal, faithful, unital *-homomorphism such that

(I'®id)ol'=(d® ') oT.

Whenever (M, I") is a Hopf-von Neumann algebra, the unique predual
M, of M becomes a Banach algebra with respect to the product * defined
via

(4) <f*g7x> :<f®g,FiL‘> (f,gGM*,.ZCEM)-

If M, is equipped with its canonical operator space structure (see [E-R] for
background on the theory of operator spaces), then defines not only a
contractive, but completely contractive bilinear map, thus turning M, into
a completely contractive Banach algebra (see [E=R) p. 308]).

EXAMPLE. Let G be alocally compact group, and M = L*°(G)—so that
M, = LY(Q) and L®(G)RL>®(G) = L*>®°(G x G)—and define I' : L>°(G) —
L>*(G x @) through

(I'¢)(x,y) == p(zy) (¢ € L7(G), 2,y € G).
It is easy to check that the product on L!(G) in the sense of (4 is just the
ordinary convolution product on L!(G).

The first part of Proposition [I.I] can thus be rephrased as:

COROLLARY 1.3. Let G be a locally compact group. Then the following
are equivalent for non-negative o € Cp(GQ) with ||afjoc < 1:

(i) there is a weight w : G — [1,00) such that a = w™1;

(ii) (a) the map

(5) Co(G) = Co(G),  [fralf,
has dense range;
(b) there is 2 € L®(G x G) with ||2]|cc < 1 such that

a®a=(Ia)f2.
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2. Weight inverses and Beurling—Fourier algebras. Let G be a
locally compact group, and let A : G — B(L?*(G)) be the left regular repre-
sentation of G on L*(G), i.e.,

A@)O)(y) :=E@"y) (€€ L*(G), 2,y € G).
Through integration, A “extends” to a *-representation of the group algebra
LY(G); we use the symbol \ for it as well. We define
weak™

@) = LA and  VN(G) == AZIG)"
the reduced group C*-algebra and the group von Neumann algebra of G,
respectively. The Fourier algebra A(G) of G is the predual of VN(G) (see
[Eym 1]).
We introduce a co-multiplication
I': VN(G) = VN(G)® VN(G) = VN(G x G),

thus turning A(G) into a completely contractive Banach algebra. To this
end, define W € B(L*(G x G)) via

(WE)(z,y) ==&z, zy) (€€ L*(G xG), z,y €G).

I:B(L*(G)) = B(L*(G x @), T W HTa1)W,
is a co-multiplication, satisfying
I\(z) = \z) @ M) (z€q);

it follows that I'VN(G) € VN(G x G). Let the product on A(G) induced
by I' be denoted by %. Given f,g € A(G) and x € G, we have

(f g, Mx)) = (f ®@ g, T'Nx)) = (f ® g, Mz) @ Mz)) = f(z)g(z),
i.e., % is pointwise multiplication.
Whenever M is a von Neumann algebra, its predual M, is an M-bimo-
dule in a canonical manner:

<xayf> :<$yaf>:<yafx> (fGM*,ﬂ’J,yGM)
Also, if A is a C*-algebra, we write M (A) for its multiplier algebra.
With an eye on Corollary we define:

DEFINITION 2.1. Let G be a locally compact group G. A weight inverse
is an element w—! of M(C(G)) with ||w™!|| < 1 such that the following are
satisfied:

Then

(a) the maps
(6) CHG) = CHG), x+ aw !,
and
(7) CHG) = CHG), z—w iz,

have dense range;
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(b) there is 2 € VN(G x G) with ||£2]] <1 such that
wlewl=TwhHa.
The corresponding Beurling—Fourier algebra is defined as
AG,w) = {w™f: f e AG)}.

REMARKS. 1. We have not defined what w is: the w in A(G,w) is thus
purely symbolic. However, a simple Hahn—-Banach argument shows that
w™l: L?(G) — L?(G) is injective with dense range (as is (w™!)*). We
can thus define w : w1L?(G) — L*(G) as the inverse of w™! : L}(G) —
w™rL2(G). Tt is immediate ([Yos, Proposition I1.6.2]) that w is closable and
thus extends to a closed (necessarily densely defined) operator on L?(G).

2. If w™! is self-adjoint, then it is sufficient that one of @ or have
dense range.

At first glance, it may seem bewildering that we do not require weight
inverses to be positive elements of M(C}(G)). The reason for this is that we
are interested in later extending Definition to an LP-context for general
p € (1,00), where there is no suitable notion of positivity available. Still,
not requiring in Definition that w™! be positive does not yield any more
Beurling—Fourier algebras, as the next proposition shows:

PROPOSITION 2.2. Let G be a locally compact group, and let w™' €
M(CH@)) be a weight inverse. Then |(w™1)*| € M(C}(Q)) is also a weight
inverse such that the corresponding Beurling—Fourier algebra coincides with
A(G,w).

Proof. Due to Definition [2.1[a), the sets {zw™' : z € C}(G)} and
{w™lz : x € CXG)} are dense in CF(G), as are {z(w™!)* : x € CXG)}
and {(w™H)*z : 2 € CHG)}.

Let (w™')* = u|(w™!)*| be the polar decomposition of (w™!)*. Then

{zl@™)* 2 e GHG} D {al(w™) (W™ : 2 € CH(G)}
= {(zw™ )W) 1z e CG(G)}
is dense in C(G), as is—by an analogous argument—{|(w™1)*|z : = €
CH(G)}, ie.,
CrG) = CJ(G), > a|(w™)],
and
CrG) = CJ(G),  a [(w ™) e,
each have dense range.
As we remarked after Definition (w™H* is injective with dense range.

Consequently, the partial isometry u must be unitary; note also that u €
VN(G) ([Tak, Proposition 11.3.14]). Let £2 be as in Definition 2.1(b). Then
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we have
(W el ) =@ ow ) uou) = Lw)2ueu)
= (D)@ )" D) 2(u ).
As ||(ﬁu)Q(uA® u)|| = [|92] < 1, it follows that |(w™!)*| satisfies Definition

(b) with (I'u)2(u @ u) en lieu of 2.
Finally, note that

AG,w)={w f: fe AG)} = {wluf: f € AG)}
= {l(w™H*If: f € A(G)},

so that the Beurling-Fourier algebras corresponding to w™! and |(w™1)*|
coincide. m

For abelian groups and positive weight inverses, the Beurling—Fourier
algebras in the sense of Definition are in perfect duality with the classical
Beurling algebras, as we shall now see.

If G is a locally compact abelian group with dual group é, we always
suppose that Haar measures on G and G are scaled such that the Fourier
inversion formula ([Rud, 1.5.1, Theorem]|) holds. In this case, there is a
unique unitary P : L2(G) — L?(G)—the Plancherel transform—that co-
incides with the Fourier transform F : LY(G) — A(G) on LY(G) N L2(G).
By F and 75, we denote the Fourier and Plancherel transforms, respectively,
arising from G. Also, if G is any locally compact group and if ¢ € L>(G), we
denote the corresponding multiplication operator on L?(G) by M, (slightly
abusing notation, we shall often write ¢ instead of My). Finally, if G is a
locally compact group, and ¢ : G — C is any function, we define functions
6, &, and ¢ on G by letting

O(x) = ¢(x), dx) =), dx)=¢"") (zeq)
The following lemma is known by all likelihood, but for lack of a suitable
reference, we give a proof:

LEMMA 2.3. Let G be a locally compact abelian group with dual group G.
Then

(8) NP =Mz, (f € LNG)).
Proof. Let f,€ € Ll(G) N L?(G). Then
PAS)E) = F(f =€) = (Ff)(PE).
It follows that
(9) PAf)P" = Mry  (f € LN(G)).

Let V € B(L?*(G)) be the unitary operator given by V¢ := £ for € €
L2(G). Tt is routinely checked that P* = VP. Replacing the roles of G
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and é, from @ we obtain
PAS)P = VPAS)PV = VMg,V = Mzpv  (f € LY(G)),
which proves . n

LEMMA 2.4. Let G be a locally compact abelian group with dual group G,
and let F : LY(G) — A(G) be the Fourier transform. Then F* : VN(G) —
L>(G) is a *-isomorphism that maps C}(G) onto Co(G) and satisfies

(10) (FF@F Yol =ToF"

Proof. Since F is an isomorphism of Banach algebras and since the mul-
tiplication in L'(G) and A(QG) arises from I" and I', respectively, it is clear
that ( . holds.

To tell the Hilbert space inner product of L?(G) apart from a Banach
space duality (-,-), we write (-|-). Let f,g € L'(G), and let £,n € L*(G) be
such that g = £7; we have

(g, F* (A = &m, FHAS)) = (F(Em), AS))

= (P& P, AS)) = (A(F)PEIPn) = (P*A(f)PE | )
<M(ff v&|m) by Lemma
=

9:(Ff)")-

It follows that
(11) FNf) = PAf)P = (Ff)".

From the first equality, it is immediate that /™ is a *-homomorphism. The
second equality shows that F* maps the algebra A(LY(@)), which is dense
in C}(G), onto a dense subalgebra of Co(G). m

PROPOSITION 2.5. Let G be a locally compact abelian group with dual
group G, and let F : LY (G) — A(G) be the Fourier transform. Then:

(i) a continuous function w : G — [1,00) is a weight if and only if
(@)~ = (F*)"Yw™1) is a positive weight inverse, in which case
F(LHG,w)) = A(G,@);

(ii) if w™' € M(C*(Q)) is a positive weight inverse, then (F*w™ 1)~ is
a weight on G.

Proof. As F* is a *-isomorphism mapping C;f((?) onto Cy(G), it is clear
that F* and its inverse respect positivity and map the closed unit balls of
M(C*(@)) and Cy(G) onto each other.

Let w be a weight on G. Then o := (©)7! is a non—negative function in
the unit ball of Cy(G) satlsfymg Corollary [1.3(ii)(a). From Lemma we
conclude that (©)~! := (F*)7!(a) satisfies Deﬁmtlon ie., is a Welght
inverse.
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Conversely, if w™! € M(C*(G)) is a positive weight inverse, then o :=
F*w~! is a non-negative function in the unit ball of Cy(G) satisfying Corol-
lary (ii), so that (F*w™1)~! is a weight by that corollary.

Let w : G — [1,00) be a weight, and let (©)~! be defined as in (i). To
see that F(LY(G,w)) = A(G, &), first note that

(F)Tlo=PMsP* (¢ € L™(G))
by (11). Let f € L'(G). Choose &, € L*(G) such that f = &j. Then

Flw™'f) = Flw'en) = P(My16) * Py
= (PMy+P*)PE) x Py = (F) " (w ) (FS). »
We now give examples of weight inverses in the sense of Definition

ExampPLES. 1. Let G be a locally compact abelian group with dual
group G, and let F : Ll(G) — A(G) denote the Fourier transform. By
Proposition () (@)™t = (F) N w™ ) is a weight inverse for every Welght
w:G — [1,00), and F(Ll( w)) = A(G,w) holds. By Proposition ii),
every weight inverse in M(C*(G‘)) arises in this fashion.

2. In [L=S], H. H. Lee and E. Samei define Beurling—Fourier algebras
using an explicit definition of a weight on the dual of a locally compact
group G ([L=S, Definition 2.4]). A weight in their sense is a closed, densely
defined, positive operator w on L?(G) affiliated with VN(G) and satisfying
various conditions. In particular, they require:

(i) w has a bounded inverse w™! € VN(G); R
(i) (Iw)(w t®w™t) <1 (for the definition of 'w, see [L=9]);
(iii) {zw™!: 2 € VN(G)} is weak* dense in VN(G).

By multiplying w, if necessary, with a positive scalar, there is also no loss of
generality to suppose that [|w™!| < 1.

Suppose that G is compact, so that
(12) Cr(G)™ = VN(G) = M(Cr(G)),
and let w be a weight on the dual of G in the sense of [L=S| Definition 2.4].
We claim that w™! is a weight inverse in the sense of Definition First
of all, note that w™! € M(C?(G)) by . Since the weak* topology of
VN(G) restricted to C¥(G) is the weak topology, we deduce that {zw™!
x € C¥(G)} is norm dense in C(G); as w™! is positive, {w™lz : z € CX(G)}
is also norm dense in C*(G). Finally, set 2 := (I'w)(w™ ' @ w™1), so that

wlowl=Jw H(lw(w'ew!) =Tw 0.
It follows that the central weights discussed in [L=S|, Subsection 2.2] as

well as the weights introduced in [L=S=TJ, Section 3] all yield weight inverses
in the sense of Definition 2.1]
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So far, we have used the term “Beurling—Fourier algebras” without show-
ing that they are indeed algebras.

For the next theorem note that, if G is a locally compact group and
w™l e M(C}(@)) is a weight inverse, then @ has a dense range, so that its
adjoint is injective, as is the restriction

(13) AG) = A@Q), fewlf,
to A(G).

THEOREM 2.6. Let G be a locally compact group, and let w=! € M(C*(G))
be a weight inverse. Then A(G,w) is a dense subalgebra of A(G). Moreover,
if A(G,w) is equipped with the unique operator space structure turning the
bijection

AG) = AG,w), frw i,

mto a complete isometry, then it is a completely contractive Banach algebra.

We refrain from giving a proof here because we will prove a more general
result in the context of Figa-Talamanca—Herz algebras (see Theorem
below).

3. Beurling—Figa-Talamanca—Herz algebras. Let G once again be
a locally compact group, let p € (1,00), and let A\, : G — B(LP(G)) be the
left regular representation of G on LP(G), meaning

Mp(2)O)(y) = E(@7ly) (€ € LP(G), 2,y € G);
we also write A, for the representation of L'(G) on LP(G) obtained through
integration. We define
weak™®

PF,(G) = M@ and  PM,(G) := A, (L(G) ",

the p-pseudofunctions and the p-pseudomeasures on G, respectively; we also
define

M(PF,(Q)) := {z € PM,(G) :
2PF,(G) C PF,(G) and PF,(G)z C PF,(G)}.

The p-pseudomeasures form a weak* closed subspace of the dual Banach
space B(LP(G)) and thus have a canonical predual, the Figa-Talamanca—
Herz algebra A,(G).

For what follows, we require the theory of p-operator spaces, which is
outlined in [Daw], for instance.

There is a p-completely contractive, weak* continuous map I’ » : PM,(G)
— PM,,(G x G) with

Lpdp(a) = Ap(a) @ Np(z) (2 € G);
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there also exists a canonical, weak® continuous, p-complete contraction 6 :
PM,(G x G) — (Ay(G)&,A,(G))* such that the preadjoint (61}).
Ap(G)®pAH(G) — Ap(G) is pointwise multiplication (here, &, stands for
the projective tensor product of p-operator spaces; see [Daw]| for the defini-
tion).

As A(G) is a completely contractive VN(G)-bimodule, A,(G) is a p-com-
pletely contractive PM,,(G)-bimodule. We can thus extend Definition

DEFINITION 3.1. Let G be a locally compact group G, and let p € (1, 00).
A weight inverse is an element w™! of M(PF,(G)) with [|w™!|| < 1 such that
the following are satisfied:

(a) the maps
(14) PF,(G) — PF,(G), x> 2w !,
and
(15) PF,(G) — PF,(G), z~— w 'x,
have dense range;
(b) there is £2 € PM,(G x G) with ||£2|| < 1 such that
wlew = (whHe.
The corresponding Beurling—Figa- Talamanca—Herz algebra is defined as
Ay(Gw) == {w™f: fe A,(G)}).

We have a canonical extension of Theorem to Beurling-Figa-Tala-
manca—Herz algebras:

THEOREM 3.2. Let G be a locally compact group, let p € (1,00), and let
w™l € M(PF,(G)) be a weight inverse. Then A,(G,w) is a dense subalgebra
of A,(G). Moreover, if Ap(G,w) is equipped with the unique p-operator space
structure turning the bijection

(16) Ap(G) = Ap(G,w), [ w

into a complete isometry, then it is a p-completely contractive Banach al-
gebra.

Proof. To show that A,(G,w) is dense in A,(G), let x € PM,(G) be
such that (f,z) = 0 for f € A,(G,w), i.e., (w™lf x) = (fiaw™ ) =0for f €
Ap(G). Tt follows that zw ™! = 0. As has dense range in PF),(G), the set
{w™ly : y € PM,(G)} is weak* dense in PM,(G), so that 2 PM,(G) = {0}.
Since PM,,(G) is unital, we conclude that z = 0, so that A,(G,w) is dense
in A,(G) by the Hahn-Banach theorem.
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To see that A,(G,w) is multiplicatively closed, let f,g € A,(G), let
x € PMp(G), and note that

(W' Hw g e) = (' @w )(f®g),00)
(w “D0u(f ® 9), [p)
(Fpw )09 (F®9), )
020.(f ® g), Ip(aw™))
(1)(20.(f © 9)), 2™

W (1)« (26:(f © ), z),

{
{
{
=
{
=

ie.,

(17) (W N lg) =0 (1) (20.(f ® 9)) € Ap(G,w).
Hence, A,(G,w) is a subalgebra of A,(G).

Since 0., (f'p)*, and
Ap(GxG)— A,(GxG), Fw~ (2F,

are p-complete contractions, so is their composition, and it follows from
that A,(G,w) is a p-completely contractive Banach algebra. =

If G is a locally compact group and w is a weight on G, then L'(G,w) =
L'(G) with equivalent norms if and only if w is bounded, which is trivially
satisfied for compact G. In view of the duality between L!'- and Fourier
algebras, one should expect a similar result for Beurling—Fourier algebras
which should always be true on discrete groups. Indeed, this holds even for
Beurling-Figa-Talamanca—Herz algebras:

PROPOSITION 3.3. Let G be a locally compact group, and let w™! €
M(PF,(G)) be a weight inverse. Then the following are equivalent:

(i) the inclusion map from A,(G,w) into Ap(G) is surjective;
(ii) the inclusion map from A,(G,w) into A,(G) is surjective and has
a p-completely bounded inverse;
(iii) w™?t s left invertible in PM,(G).

If G is discrete, then w™! is automatically invertible in M(PF,(G)), so that
(i)—(iii) hold.

Proof. (iii)=-(ii)=(i) hold trivially.
(i)=(iii). The composition of with the canonical inclusion of
Ap(G,w) into A,(G) is

Ay(G) — AyG), fwlf
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If this map is bijective, then so is
PM,(G) = PM,(G), =z aw '

As PM,,(G) is unital, w™! must be left invertible in PM,(G).

If G is discrete, then PF,(G) is unital, so that M(PF,(G)) = PF,(G).
From the density of the ranges of and in PF,(G) it is clear that the
left ideals {zw™! : 2 € PF,(G)} and {w™ 'z : z € PF,(G)} are both dense
in PF,(G) and thus, by basic Banach algebra theory, in all of PF,(G). It
follows that w™! is invertible in PF,(G). =

REMARK. Suppose that p = 2 and that w™! € M(C*(G)) is a weight
inverse such that is surjective (and thus, automatically, bijective). As
(w™H* = u|(w™)*| with u € VN(G) unitary—see the proof of Proposi-
tion 2.2}—it follows that

AG) = AG), e (WIS,
is also bijective. Hence, |(w™1)*| is left invertible in VN(G) and, being self-
adjoint, actually invertible. This entails that (w™1)* is invertible in VN(G)

and thus in M(C}(G)). In the p = 2 situation, we thus have the equivalence
of:

(i) the inclusion map from A(G,w) into A(G) is surjective;
(ii) the inclusion map from A(G,w) into A(G) is surjective and has a
completely bounded inverse;

(iii) w™! is invertible in M(C*(Q)).

4. A weighted Leptin—Herz theorem. It is well known that, for any
locally compact group G and any weight w : G — [1,00), the Beurling
algebra L'(G,w) has a bounded approximate identity (JR=St, Proposition
3.7.7]). On the other hand, H. Leptin proved in [Lep| that a locally compact
group G is amenable if and only if A(G) has a bounded approximate identity.
This result was subsequently extended in to Figa-Talamanca—Herz algebras
in [Her 2] by C. Herz, who claimed this extension to be folklore.

In this section, we prove a weighted version of the Leptin—Herz theorem:
a locally compact group G is amenable if and only if, for all p € (1,00) and
all weight inverses w™! € M(PF,(G)), the algebra A,(G,w) has a bounded
approximate identity.

As A,(G,w) is dense in Ay(G) with the inclusion being (p-completely)
contractive, any bounded approximate identity for A, (G, w) is automatically
an approximate identity for A,(G), thus forcing G to be amenable. If one
tries to adapt the proof in the unweighted case—via Fglner type conditions—
difficulties show up immediately: in general, the functions in A,(G,w) with
compact support need not be dense in A4,(G,w). We thus pursue a different
route, which is inspired by the theory of Kac algebras (see [E=S]).
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DEFINITION 4.1. Let G be a locally compact group, and let p € [1,00).
We call a net (£4)q of non-negative norm one functions in L?(G) a (P,)-net
if

sup [|Ap(2)€a = &allp = 0

zeK

for a compact K C G.

REMARK. The choice of terminology in Definition [4.1]is, of course, due to
property (Pp) introduced by H. Reiter (see [R=St], Definition 8.3.1]). A locally
compact group G is amenable if and only if it has property (P,) for one—
and, equivalently, for all—p € [1,00) ([Pie, Theorem 6.14]), i.e., there is a
(Pp)-net in LP(G).

For any p € (1,00), the (Pp,)-nets are defined in terms of an asymptotic
invariance property. For the proof of our weighted Leptin—Herz theorem, we
require three more such properties, which we formulate as three lemmas.

LEMMA 4.2. Let G be an amenable locally compact group, and let p €
(1,00). Then:

(i) the augmentation character 1 € L°°(G) on LY(G) extends uniquely
to a multiplicative linear functional on M(PF,(G));
(ii) for any (Pp)-net (&4)q in LP(G), we have

(18) [2€0 = (2, éally = 0 (z € M(PF,(G))).

Proof. 1t follows from [Cow, Theorem 5] that 1 extends (necessarily
uniquely) to PF,(G) as a (necessarily multiplicative) bounded linear func-
tional. Fix a € PF,(G) with (a,1) = 1, and define

¢: M(PF,(G)) - C, 2z (za,l).

Clearly, ¢ is a continuous functional extending 1. To see that ¢ is multi-
plicative, let (eq)o be a bounded approximate identity for L!(G), so that
(Ap(€a))a is a bounded approximate identity for PF,(G). We obtain for
z,y € M(PF,(Q)):

(ey, 8) = (zya, 1) = lim (x\(eq)ya, 1) = lim (zA(e0), 1) {ya, 1)
= lim (zA(ea)a, 1) (ya, 1) = (za, 1) (ya, 1) = (z, &) {y. ).

It is obvious that ¢ is the only multiplicative extension of 1 from PF,(G)
to M(PF,(G)) (for the sake of simplicity, we will also denote this extension
by 1). This proves (i).

For the proof of (ii), first note that (18) holds for = € \,(L*(G)): this
is due to the fact the the functions with compact support are dense in
LY(G). Due to the norm density of A\(L'(G)) in PF,(G), we obtain
for + € PF,(G) as well. Finally, let + € M(PF,(G)) be arbitrary. Fix
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a € PF,(G) with (a,1) =1, so that ||ay — &u ||, — 0 and thus
260 — za&allp — 0.
As (za,1) = (x,1), we obtain
260 — (2, 1)éallp < [l26a — zadallp + [[ag — (za, 1)&allp — 0. =

Let p € (1,00) be arbitrary. As in the case p = 2, we define W), €
B(LP(G x G)) by letting

(WPE)(xay) = E(l‘,ﬂ?y) (5 € LP(G X G)7 T,y € G)’

As in that case, we have

(19) L =W, (z®1)W, (z€PM,(GxG)).
Observe also that, if ¢ € (1,00) is dual to p, i.e.,, 1/p+1/q =1, then
(20) Wy =W, and (W, )" =W,.

LEMMA 4.3. Let G be a locally compact group, let p € (1,00), and let
(€a)a be a (Pp)-net in LP(G). Then

(21) [Wp(n® &) —n®@&llp =0 (n€ LP(G))
and
(22) W, " (n®@ &) —n@&ll =0 (nelP(@)).

Proof. If n has compact support, is immediate from Definition
the general case follows by the usual density argument. Clearly, follows

from . n

LEMMA 4.4. Let G be a locally compact group, let p,q € (1,00) be dual to
each other, let w=t € M(PF,(Q)), let 2 € PM,(G x G) be as in Definition
3.1(b), and let (£4)q be a (Py)-net in LY(G). Then

(23) 12" ® &a) =n® (W) Eallg = 0 (1€ LP(G)).
Proof. By Definition [3.1(b) and (19)), we have
wlew ! =TwH=W, (w e )W,
Through taking adjoints—taking into account—we obtain
(24) (@) @ (@) = W (W) @ )W,
As (€a)a is a (P;)-net, we deduce from Lemma [4.3| that
12 WH (W™ @ DWe(n @ &) = 2°(w™) 0 @ &a)llg = 0.

In view of , this yields in the case where n € (w™1)*L(G); the
general case follows from the fact that (w™1)*L%(G) is dense in LY(G). m

For our next result, the technical heart of our argument, recall the notion
of a weak approzimate identity of a Banach algebra A: this a net (ey)q in A
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such that
ae, —a and eqa—a (a€A)

in the weak topology of A (see, for instance, [B=D| Definition 11.3]).

PROPOSITION 4.5. Let G be a locally compact group, let (§u)aca be a
(Py)-net in LY(Q), let p,q € (1,00) be dual to each other, and let the net
(éa)aca in Ap(G) be defined by

ea(r) = (\p(2)E/P, %) (z € G, a€h).
Then, if w=t € M(PF,(Q)) is a weight inverse, the net (w1, 1) tw™ley)aca
in Ay(G,w) is a weak approzimate identity for Ay(G,w).

Proof. Tt is clear that ((w™1, 1) tw™les)aeca is bounded in A,(G,w).
Also note that

(W lea)(@) = Mp(a)w 167,67 (z € G acAh).

Let f € A,(G). Without loss of generality, suppose that there exist
n € LP(G) and ¢ € LY(G) with (w™!n,¢) = 1 such that f(x) = (\(2)n,¢)
for x € GG; this means that

(W™ ) (2) = (p(x)w™'n,C)
for x € G.
There is a canonical complete isomorphism x : PM,(G) — A,(G,w)*,
given by
(W f,h(2)) = (fie)  (z € PM(G)).
Fix z € PM,(G).
From the proof of Theorem we see that for a € A,

(25) (W' f){w

D™ w ™ e, 5(2))

— (WL 1) T ) (20, © ea), 1(a)

= (WL 1) H20.(f ® eq), [ )

= (W™ 1) " HO0.(f ® ea), (7))

= (W L 1) THO(f ® ea), W, (2 ® 1)W,02)

— (L)@ LW @ @ )W @ YP))

= (W, 1) THRW, @ @ DW,(C @ E/), (n® €XP)).

As (€a)aca is a (Pp)-net, (fa q)aeA is a (P,)-net. From Lemmas andm7

we conclude that

QW (2" @ DW(C @ &) — 2" ¢ @ (W) Eallg = 0
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and thus
(€W, z @ DWpR(n @ &/P)) — (@ &/, an @ w 1EY/P)
= (W, (2" @ DW,(( @ &/) — 2" @ (1) & n ® EY/P) = 0.
Together with , this yields
(26)
lim{(w ™! (w1 e m(@)) — (T 1) THE® 6 an @ wTEYP) = 0.

On the other hand, as (£,)aca is a (P1)-net, ({Cl/p)aeA is a (Pp)-net, so
that

™ e — (W™ D&l — 0
by Lemma [4.2[(ii) and thus

(27) (@& an®wTe/?) = (fa)ed ) wTE)?)
= (fia)w™ 1) = (W fos(@)(w ™ 1),
Combined, and yield
ligl((w_lf)@_l, D~ twle, — £, k(x)) = 0.
As € PM,(G) was arbitrary, this completes the proof. =
Summing everything up, we obtain:
THEOREM 4.6. The following are equivalent for a locally compact group G :

(i) G is amenable;

(ii) for every pe(1,00) and for every weight inverse w=! € M(PF,(G)),
the Beurling—Figa- Talamanca—Herz algebra A,(G,w) has a bounded
approzimate identity;

(iii) there are p € (1,00) and a weight inverse w=' € M(PF,(Q))
such that the Beurling-Figa-Talamanca—Herz algebra Ap(G,w) has
a bounded approrimate identity

Proof. (i)=(ii): Let p € (1,00), and let w=! € M(PF,(G)) be a weight
inverse. As G is amenable, it has Reiter’s property (P;) ([Pie, Proposition
6.12]), i.e., there is a (P )-net in L'(G). By Proposition this means that
Ap(G,w) has a weak bounded approximate identity. By a standard Banach
algebra result (see [B=D| Proposition 11.4], for example), this means that
A, (G, w) already has a bounded approximate identity.

(ii)=>(iii) is trivial.

(iii)=-(i): As we remarked at the beginning of this section, the existence
of a bounded approximate identity for A,(G,w) already implies the existence
of one for A,(G). By the unweighted Leptin-Herz theorem ([Pie, Theorem
10.4]), this means that G is amenable. m
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