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Trace inequalities for fractional integrals
in grand Lebesgue spaces

by

VAKHTANG KOKILASHVILI and ALEXANDER MESKHI (Tbilisi)

Abstract. Criteria guaranteeing the trace inequality for integral transforms of vari-
ous types with fractional order in (generalized) grand Lebesgue spaces defined, generally
speaking, on quasi-metric measure spaces are established. In particular, we derive neces-
sary and sufficient conditions on a measure v governing the boundedness for fractional
maximal and potential operators defined on quasi-metric measure spaces from LP?(X, )
to Lq)’qe/p(X, v) (trace inequality), where 1 < p < g < 0o, 8 > 0 and p satisfies the dou-
bling condition in X. The results are new even for Euclidean spaces. For example, from
our general results D. Adams-type necessary and sufficient conditions guaranteeing the
trace inequality for fractional maximal functions and potentials defined on so-called s-sets
in R™ follow. Trace inequalities for one-sided potentials, strong fractional maximal func-
tions and potentials with product kernels, fractional maximal functions and potentials
defined on the half-space are also proved in terms of Adams-type criteria. Finally, we
remark that a Fefferman—Stein-type inequality for Hardy—Littlewood maximal functions
and Calderén-Zygmund singular integrals holds in grand Lebesgue spaces.

Introduction. The theory of grand Lebesgue spaces introduced by
T. Iwaniec and C. Sbordone [I1] is one of the intensively developing di-
rections of modern analysis. These spaces find applications in various fields,
for example, in integrability problems of the Jacobian under minimal hy-
potheses (see [11] for the details).

Structural properties of grand Lebesgue spaces were studied in [6], [2].

In [7] the authors proved that for the boundedness of the Hardy—Littlewood

maximal operator in weighted grand Lebesgue spaces Lﬁ,) it is necessary and

sufficient that the weight w belongs to the Muckenhoupt class A,. The same
phenomenon was noticed by the present authors [15] for the Hilbert trans-
form. We refer to [14], [13], [20] for one-weight results regarding maximal
and singular integrals of various type in these spaces. In [17] the author stud-
ied the boundedness of the fractional integral operator in weighted grand
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Lebesgue spaces from the one-weight viewpoint. That result, for example,
gives the Sobolev inequality for fractional integrals in grand Lebesgue spaces.

Recall that two-weight characterizations for fractional maximal functions
and fractional integrals in the classical Lebesgue spaces defined on quasi-
metric measure spaces have already been known (see, e.g., [12] and references
cited therein).

Our aim is to establish criteria for the trace inequality for fractional
maximal functions and potentials in grand Lebesgue spaces defined, gener-
ally speaking, on quasi-metric measure spaces. The conditions derived are
of Adams [I] type. It should be stressed that the results are new even for
Euclidean spaces.

The paper is organized as follows. In Section 1 we give the definition,
some properties and motivations of (generalized) grand Lebesgue spaces. In
Section 2 we prove a general theorem regarding a two-weight (two-measure)
inequality for linear operators in grand Lebesgue spaces defined on quasi-
metric measure spaces. In Section 3, based on the general result, we derive
Adams-type necessary and sufficient conditions governing the trace inequal-
ities for fractional maximal functions and integrals defined on spaces of ho-
mogeneous type and, as particular cases, formulate the corresponding results
for Fuclidean spaces. Section 4 is devoted to the same problem for one-sided
potentials, while in Section 5 we establish trace inequality criteria for strong
fractional maximal functions and potentials with product kernels. In Sec-
tion 6 we derive Carleson-type necessary and sufficient conditions guaran-
teeing the trace inequality for fractional maximal functions and potentials
defined on the half-space. In Section 7 we remark that Fefferman—Stein-type
inequalities hold for grand Lebesgue spaces.

1. Preliminaries. Let X := (X,d, u) be a topological space with a
complete measure p such that the space of compactly supported continuous
functions is dense in L'(X,u) and there exists a nonnegative real-valued
function (quasi-metric) d on X x X satisfying:

(i) d(z,y) =0 if and only if x = y;
(ii) there exists a constant a; > 0 such that d(z,y) < ai(d(z,z) +
d(z,y)) for all z,y,z € X;
(iii) there exists a constant ag > 0 such that d(x,y) < apd(y,x) for all
z,y € X.

We assume that the balls B(z,r) := {y € X : d(z,y) < r} are mea-
surable and 0 < p(B(z,7)) < oo for all x € X and r > 0; and that for
every neighborhood V' of z € X, there exists r > 0 such that B(x,r) C V.
Throughout the paper we also suppose that p{x} = 0.
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We call the triple (X, d, u) a quasi-metric measure space. If p satisfies the
doubling condition pu(B(xz,2r)) < cu(B(x,r)), where the positive constant
¢ is independent of z € X and r > 0, then (X,d,u) is called a space of
homogeneous type (SHT). For the definition, examples and properties of
SHTs, see, e.g., [21], [3], [4].

Let 1 < p < 0o and let ¢ be a continuous positive function on (0,p — 1)
satisfying the condition lim,_,o4 @(z) = 0. The generalized grand Lebesgue
spaces LP»%?() (X, 1) is the class of those f : X — R for which the norm

1/(p—e)
| 1£(@)P~= du( ))
X

Fll o) <
1 f poreer (x,p) = 0<€<p )

is finite.

If o(z) = 2%, where 6 is a positive number, then we denote LP)#0) (X, )
by LV (X, p).

It turns out that in the theory of PDEs the generalized grand Lebesgue
spaces are an appropriate setting for existence and uniqueness problems, and
also regularity problems, for various nonlinear differential equations. The
space LP)? (defined on domains in R") for arbitrary positive § was intro-
duced in [I0], where the authors studied the nonhomogeneous n-harmonic
equation div A(z, Vu) = p. If § = 1, then LP?(X, ) coincides with the
Iwaniec—Sbordone space, which we denote by L) (X, p).

The classical Lebesgue space defined with respect to the measure p on
X will be denoted by LP(X, ), where 1 < p < oo. It is easy to check that
whenever 0 < ¢ < p—1 and 6; < 05 the following continuous embeddings
hold:

LP(X, ) = LN (X, ) = LPO2 (X, ) — LP75(X, p).

Let 1 < p < o0,0 < a< 1/pand q be the Hardy-Littlewood—Sobolev
exponent, i.e., ¢ = 1_pap. It is known (see [I7], [I8]) that the potential
operator

1
(Jof)(x) = Smdt, e 01,

is bounded from LP)91([0,1]) to L9%2([0,1]) if 62 > ¢f;/p. However, this
boundedness fails if 6y < g6 /p.

Finally we point out that constants (often different in the same series of
inequalities) will generally be denoted by ¢ or C. The expression f(x) =~ g(x)
means that ¢ f(x) < g(x) < eaf(x), where the positive constants ¢; and ¢y
do not depend on z.

2. General result. To formulate the main result of this section we need
to introduce some definitions.
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DEFINITION 2.1. Let 1 < p < ¢ < oo. Suppose that M, ,(X,Y) is
a class of pairs (u,v) of finite measures, where (X,d, u) and (Y, p,v) are
quasi-metric measure spaces. We say that a linear operator 7' belongs to
the class B(M, 4(X,Y)) if T' is bounded from LP(X, p1) to L(Y,v) for every
(H? V) S MP,q(Xa Y)

DEFINITION 2.2. Let 1 < p < g < oo. We say that a class M, ;(X,Y)
of couples (u,v) of finite measures, where (X, d, ) and (Y, p,v) are quasi-
metric measure spaces, is allowable if there exist numbers g9 € (0, —1) and

no € (0,p — 1) such that (p,v) € My o(X,Y) = (i, v) € Mp_py q—c0 (X, Y).

If X =Y, then we denote M, ,(X,Y) by M, ,(X).

Let 1 < r < co. We denote by P, the class of all continuous functions
¢ : 0,7 —1) — (0, 00) satisfying lim,_,o ¢(x) = 0.

To formulate the main result of this section we need to introduce some
auxiliary functions. Let 1 < p < ¢ < oo and let g9 and 7 satisfy the
conditions 0 <eg < qg—1,0<ny <p—1. Let

n) = ngeo(p — o)
" no(g —e0)(p—n) +neo(p — mo)’
(2.1) U (z) = B(g(x)) oo,

where @ € P,. Observe that g,¥ € P, and g(ny) = ¢o.
Our general theorem reads as follows:

THEOREM 2.3. Let 1 < p < ¢ < oo and let M, 4(X,Y) be an allowable
class of pairs of finite measures with the constants g and ny. Assume that

T € B(Mpq(X,Y)) N B(Mp—ngq—c0(X,Y)).
Then T is bounded from LPYC) (X, 1) to LD*O(Y, v) for (u, v) € My, (X, Y),
where ¥ and @ are related by (2.1).
Proof. We use the interpolation argument applied in [14]. Let (u,v) €
My ¢(X,Y). Choose € € (g9,q — 1). It is obvious that =2 > 1. Hence,
Holder’s inequality yields

1

(22) T lpeeivay < (§ITS @10 du(@)) ™ u(y) T
Y
because (%)/ = g:zg.
e—€0 q—1—¢co

Further, since eg < & < ¢ — 1, we have 0 < =) =s) < a—eo

Consequently, by applying (2.2) we find that
(2.3) T flla-= vy < CIT fllpa-co(vpy, € € (€0,q— 1),

where the positive constant C depends only on v, ¢ and &g.
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By assumption,

1T fllacye) < ellfllerxys  1T9l La<0(vy < collgllLr—no(x s

where the positive constant ¢ (resp. ¢g) does not depend on f (resp. g).
Using now the Riesz—Thorin theorem we conclude that 7' is bounded
from LP~"(X, ) to L17¢(Y,v), where
1 _ t +1—t, 1 _ t +1—t’ te(0,1).
p—n pP—"N p q—¢ g—¢o q
Moreover,

(2'4) HTHLP*W(X,M)—M‘I*&(Y,V) < |’TH},;€X7H)_>Lq(Y7V)HTHtLp—no(X,“)%Lq—so(Y,y)'
For given @ € P,, we construct ¥ by (2.1). First observe that (2.3) yields

1
sup  P(e) = | Tl pa—e(vp)
ep<e<q—1

_1 _1 __1
SC’@(EO)Q—EOHTf||Lq750(Y’V)( sup @(a)qfa>§15(50) —

go<e<qg—1

1
< C sup 915(8)‘1’5”Tf”L‘1*8(Y,V)'
0<e<eg

Hence, (2.4) implies that

1
1Tl Loec vy <C sup D(e)i==||T fl| La—e (v
0<e<eo

_1
< C sup P(g0) P~ | fllr-nx ) < Clfllmworxp-
0<n<mno

3. Fractional maximal functions and potentials. In this section
we are interested in the fractional integral operator

B f)
(Tof)(x) = )S( w(B(x,d(z,y

DS du(y), 0O0<a<l.

The fractional maximal function related to Ty, is given by
1
Myf)(x) =sup —————\ | f(y)|du(y), O0<a<l,
(Mo f)(x) BamM(B)la]SB‘ W)l du(y)

where the supremum is taken over all balls B C X containing .
The following pointwise inequality is obvious:

(Taf)(z) = Ca(Maf)(z), f=0.

Throughout the paper for 1 < p < ¢ < oo and 0 < o < 1/p we shall use
the notation

(3.1) Apga=q(l/p—a).
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Also, let D be the function defined by
q—c¢

(32) DE) =p- g

g€ (0,q—1].

It is easy to see that the inverse of D on (0, () where &g is sufficiently small
is given by
By = g~ 0D nae
—a(p—mn)
It is clear that
lim D(e) = lim B(n) =0

e—0 n—0

and
(3.3) D(e)~e, e—0.

Let us recall an Adams-type [I] trace theorem for fractional integrals. We
formulate the result for spaces of homogeneous type (see [§] or [4, Ch. 6]).

THEOREM A. Let 1 < p < ¢ < 00 and 0 < a < 1/p. Suppose that
(X,d,pn) is an SHT and v is another measure on X. Then the operator
Ty, is bounded from LP(X,u) to LL(X,v) if and only if there is a positive
constant C such that for all balls B in X,

(3.4) v(B) < Cp(B)*ree.

DEFINITION 3.1. Let 1 < p < ¢ < oo and 0 < a < 1/p. We say that a

pair (u,v) of finite measures defined on X belongs to the class Mpvq(X) if
condition (3.4) holds.

PROPOSITION A. Let (X,d,pu) be an SHT. Let 1 < p < q < 0o and
0 < a < 1/p. Suppose that v is another finite measure on X. Assume that

lim inf v(B)u(B)Aee 0.

Jfﬁfﬂo”( )u(B) #
Then the operator My, (and consequently Ty, is not bounded from LP)%1 (X, )
to L992(X ) for 0 < 6y < qb1/p.

Proof. Suppose the contrary: M, is bounded from LP/%1(X,p) to
L992(X, v). For a ball B C X we choose 113 so that

1 1

sup (' u(B))7=1 = (njg pu(B))>75 .
0<n<p—1
Now we claim that (see also [17] for X = [0, 1] and du = dx)
(3.5) lim np =0.

w(B)—0
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Suppose that there is a sequence {B,,} of balls and a positive number A
such that pu(By,) — 0 and np, > A > 0 for all n € N. Pick a ball B,,; so that

0
H(Bu) " (= 1) _ oy

e
It is easy to see that for z € [A\/2,p — 1],
1/6 1/6
(Bu)' "z p(Bu) (=) mr e
e e

Hence, calculating the derivative of F(z) = (2% u(By,))"Y®=*) we see that
F'(x) < 0 for x € [A/2,p — 1]. Consequently, np, < A. Equality (3.5) is
proved.

Further, assume that p(B) is small and choose ep so that

1 _ Ap7q7a —
P—NMB 4q—E€B
Observe that since np — 0, we have eg — 0. By taking f = xp, we see that
0 - —
HfHLP),Gl (X,0) < C’I?Bl/(p nB)lu(B)l/(p 7IB)7

where the positive constant C' does not depend on B. On the other hand,
there is a positive constant ¢ independent of B such that

||MafHLq)v92 X > CE%/(q_aB)I/(B)l/(q_aB)N(B)a.
Consequently, the boundedness of M, yields
(3.6) V(B)M(B)(a—l/(p—nB))(q—EB)[5]9;/(!1—63)77;91/@—713)]11—63 <C.

Observe now that (3.3) implies
6%/(4—55)77;91/(17—773) ~ D(EB)62/((1_63)77;01/(17_773)
0o aby 01

Ap,q,a(p—np)  Ap,q,a pP—nB
B

for small eg. If np tends to 0, then the exponent of the latter expression
converges to

Oz¢92 92 91
i + R

Apga  PApga P

which is negative due to the condition 0y < g6 /p. Hence, the lim inf of the

left-hand side of (3.6) is equal to +00 as np — 0. =

)

This statement gives us the motivation to investigate the boundedness of
fractional maximal functions and potentials from LP91 (X, 1) to L9%2 (Y, v),
where 1 < p < ¢ < oo and 6y > by /p. Since LDW/P(X v) — LIDP2(Y, 1)
for O > g61/p, it is enough to consider the case 02 = ¢b1/p.

Our main result in this section is the following statement:
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THEOREM 3.2. Let 1 < p < q < oo and let 0 < a < 1/p. Suppose that
(X,d,p) is an SHT and v is another finite measure on X. Let 8 > 0. Then
the following conditions are equivalent:

(i) the operator Ty, is bounded from LP(X, ) to L999/P(X v);
(ii) the operator M, is bounded from LP2?(X, u) to L99/P(X v);
(iii) condition (3.4) holds.

To prove the main theorem, introduce the function
D(e) := D(g)rantala=—)
where Ay, o and D are defined by (3.1) and (3.2) respectively.
By using (3.3) we see that
(3.7) D(e) ~ 9P

Proof of Theorem [3.2 First of all notice that if S, is T, or M, then
the boundedness of S, from LP?(X, i) to L9/P(X,v) is equivalent to the
inequality

(3-8) ||Saf||Lq>,B(-)(X7V) < CHfHLP)s"(X,,u)v
where

(3.9) D(z) := D(z%).

Indeed, it is enough to notice that (3.7) implies

(3.10) D(z) ~ 2%/, z—0.

(iii)=(i): Observe that for a given g with 0 < g9 < ¢ — 1, there is
no € (0,p — 1) such that (u,v) € Mpo(X) = (11, V) € Mp_nyq—20(X). In
fact, ng is chosen so that
(3.11) Ap g0 = Ap—nog—eo.0-

Hence, the class ]’\\/fp’q(X ) is allowable in the sense of Definition By

Theorem A we have T, € B(]’\\/.f/nq(X)) N B(Mp—no,q—so (X)). Observe also
that

1 _ Ap7q,a — 1 _ Ap,q,a
D q P—To g—E¢o
Assuming
(P —1m)Apga 0
g =q—— "=, P)=z
1—a(p—mn)

in Theorem we have the desired conclusion. It is easy to see that in this
case ¥(z) = D(x).

Since the implication (i)=-(ii) is obvious, it remains to show (ii)=-(iii).
It suffices to see that (3.4) holds for all balls B having sufficiently small
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measure u(B). Let f = xp, where B C X is a ball. Then

I llmocxy < C s /@ Du(B)H0= = Coff 071 ()00,
0<n<p—1
where the positive constant C' does not depend on B. Recall that ng — 0 as
w(B) — 0 (see (3.5)). Thus, np is small for sufficiently small x(B). Choose
ep so that
1 Apga

p—nB q—¢B

Hence,
HMaf”Lq%f’(‘)(X,y) > CD(EB>1/((]_83)V(B)l/(q—‘EB)lu(B)a.
Taking into account (3.8) for S, = M,, we find that
V(B)1/(q_5B)M(B)aE(EB)1/(‘1_5B)77;9/(17_773)#(3)_1/(1’_773) <C.
Observe now that (3.10) implies
5(53)1/(11—53) ~ 5‘951/17@*63) ~ D(eB)aG—i-Ap,q,a/(q—eB) _ n%/(l’*ﬁB)‘
Finally,
v(B) < Cp(B)Y/ P—ms)=e)a=<s) — ¢y (B)Arac, u

REMARK 3.3. It is easy to see that if the operator T, is bounded from
LY (X, 1) to L999/P(X | 1), where 1 is a finite measure on X, then v is also
finite on X. Indeed, taking f =1 on X we see that

| Tafll Lo a0/p(X 1) = Co ililg 1 (€q9/py(X))1/(!I—s) _ C(Ege/py(X))l/(Q—eo)_

On the other hand,

0/(p—n) _ 0/ (®=m0)

[ f ooy = N Mo

<n<p—1
Taking these estimates into account and using the boundedness of T,, we
conclude that v(X) < co.

Let us now formulate the main result of this section for particular cases.
Let I" be a bounded s-set of R™ (0 < s <n) in the sense that there is a
Borel measure p on R™ such that

(i) suppp = I’;
(ii) there are positive constants ¢; and ¢y such that for all € I" and all
€ (0,diam I"),
(3.12) ar® < u(l(z,r)) < cor?,

where I'(x,r) := B(xz,r)NI" and B(x,r) is the ball in R with center
x and radius 7.
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It is known (see |22, Theorem 3.4]) that x is equivalent to the restriction
of the Hausdorff s-measure Hg to I'; we shall identify p with H|r.

For example, connected rectifiable regular curves with respect to the
arc-length measure satisfy condition (3.12) for s = 1.

Let 0 < v < s, and let M{ and Tf be the fractional maximal and
potential operators given by

(M g)(z) = sup %S(F(x,lr))lv/s F(S )\g(y)! dMs(y), z€lT,
@@ =] 20 ), eer
r

It is easy to see that Theorem implies the following statement:
COROLLARY 3.4. Let 1 <p < q< oo and let 0 <~y < s/p. Suppose that

v is another finite measure on I'. Let 6 > 0. Then the following conditions
are equivalent:
(i) the operator TWF is bounded from LP)YY(I',H,) to L999/P(Tv);
(ii) the operator M{ is bounded from LP)Y(I',H,) to LY9/P(Tv);
(i) sup,~q V(I (x,7))ri0=/P) < oo.
If I' = 2 is a bounded domain in R™ and (3.12) is satisfied for s = n (in
this case p is a Lebesgue measure on 2), then we have the next statement:

COROLLARY 3.5. Let 1 <p < g < oo and let 0 <y < n/p. Suppose that
v is a finite measure on (2. Let 6 > 0. Then the following conditions are
equivalent:

(i) the operator Tf is bounded from LP)?(02,dx) to LD1/P(0Q, v);

(ii) the operator MWQ is bounded from LP)?(02,dx) to LD1/P(0Q, v);

iii) sup,<qv(D(x,r rd=n/P) < oo, where D(z,r) := B(x,r)N 0.
r>0

4. One-sided potentials. In this section, for 0 < a < 1, we discuss
the trace inequality for one-sided potentials

(Raf)() = | gy,

|
0
1
W)@ =D g wepn
A

Let us recall the notation
0<a<1/p(see (3.1)).
The following statement is taken from [4, pp. 131-132].

paa =q(1/p—a)for 1 < p < g < oo and
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THEOREM B. Let 1 < p < q < oo and let 0 < o < 1/p. Suppose that v
is a measure on [0,1]. Then the following statements are equivalent:

(i) the operator R, is bounded from LP(]0,1]) to Li(]0,1],v);
(ii) the operator Wy, is bounded from LP([0,1]) to Li([0,1],v);
(iii) there is a positive constant C such that for all a € [0,1] and h €
[0, min{a,1 —a}],

(4.1) v([a,a+ h)) < ChArae;
(iv) there is a positive constant C such that for all a € [0,1] and h €
[0, min{a, 1 — a}],
(4.2) v([a — h,a)) < Ch#rae,

Our result is the following statement:

THEOREM 4.1. Let 1 < p < g < 00 and let 0 < a < 1/p. Suppose that
v is a finite measure on [0,1]. Let @ > 0. Then the following conditions are
equivalent:

(i) the operator Ry is bounded from LP)?([0,1]) to L9-94/P([0,1],v);
(ii) the operator Wy is bounded from LP)?([0,1]) to L999/P([0,1],v);
(iii) there is a positive constant C such that for all x € [0,1] and h €

[0, min{a, 1 — a}] condition (4.1) holds.
(iv) there is a positive constant C such that for all a € [0,1] and h €
[0,min{a, 1 — a}] condition (4.2) holds.

Proof. The implications (iii)=(i) and (iv)=-(ii) follow from Theorems
B and because condition (4.1) (resp. (4.2)) defines an allowable class
(see Definition of pairs of measures (dz,v), where dx is the Lebesgue
measure. In fact, €9 and g are chosen so that equality (3.11) holds. Assuming
that ®(z) = 2, we see that ¥(z) = D(z), where D is given by (3.9).
Relation (3.10) completes the proof of these implications (see also the proof
of Theorem for the details).

Let us see that (i)=-(iii). As in the proof of Theorem it is enough to
show that the inequality

(43) 1Ra 1l o500 0110y < Ol lzmrogon

implies (4.1). Taking f = X[q—p,q) in (4.3), where h is a small positive num-
ber, and arguing as in the proof of Theorem we derive the desired im-
plication. Analogously, we obtain (ii)=-(iii) by choosing f = X4 q4n) in the
inequality

”Waf||Lq),5(~)([071]7,/) < CHfHLP)ﬂ([O,l])?

where h is sufficiently small. Theorem B yields the equivalence of (iii)
and (iv). m
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5. Strong fractional maximal functions and potentials with
product kernels. Let Ry := Iy x Jy be a bounded rectangle in R?. For
0 < a, B < 1, define the following operators on Ry:

1
(Mapf)(z,y) = sup 5073 |f(z,y)| dz dy,
P IxJ>3(z,y) ’I|1 a|J|1 A ISXSJ
where the supremum is taken over all rectangles I x J C Ry containing
(z,y), and

ft,7)

dtdr.
=t ely =7 T

(Inpf) (@) = ||

IoXJo

If o = 3, then M, g and I, g are denoted by M, , and I, , respectively.

Let us recall the definition of the well-known Muckhenhoupt Ao, class
with respect to a single variable (see, e.g., [16], p. 182]).

DEFINITION 5.1. Let Ry = Iy x Jy be a rectangle in R?. We say that
an integrable a.e. positive function (weight) u defined on Ry belongs to the
class Ao (lp) with respect to the first variable uniformly in the second one

(u € Ag)(lo)) if there are positive constants ¢ and § such that

D - (i)

for all y € Jy, all intervals I C Iy and all measurable sets E C I. The class

Agé)(,]o) is defined analogously.

In what follows, the space L9Y(Y,v) for v absolutely continuous, dv =
u(z)dz, will be denoted by L9Y(Y, ).

TueOREM C ([I6, Section 4.5]). Let Ry = Iy x Jo be a rectangle in R?.
Let 1 < p < qg<ooandlet0 < a,f < 1/p. Suppose that v is a weight
function on Ry. Then the following statements are equivalent:

(i) My is bounded from LP(Ry) to LY(Ro,v);

(ii) there is a positive constant C' such that for all rectangles I x J C Ry,
(5.1) [} v(@.y) dedy < C|1ja0/r=0)| gja0/2=5),

IxJ

THEOREM D ([16, Section 4.5]). Let Ry = Iy x Jo be a rectangle in R?.
Let1<p<g<ooand0 < a,p < 1/p. Suppose that v € Ag)(IO)UAg%)(JO).
Then the following statements are equivalent:

(i) Iap is bounded from LP(Ry) to LY(Ro,v);

(ii) condition (5.1) holds.

DEFINITION 5.2. Let Ry be a bounded rectangle in R?. We say that
a pair (dz,v(x)dx), where dz is the Lebesgue measure and v is a weight
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function on Ry, belongs to the class My, 4(Rp) (1 <p < g <o00,0<a<1/p)
if there is a positive constant C' such that for all rectangles R C Ry,

(5.2) Wo(a,y) dvdy < C|R[Apoe,
R
where A, ,  is defined by (3.1).

The main statements of this section are as follows:

THEOREM 5.3. Let Ry = Iy x Jy be a rectangle in R?. Let 1 < p < ¢ < 00
and 0 < o < 1/p. Suppose that 0 is a positive number. Assume that v is a
weight function on Rg. Then the following statements are equivalent:

(i) My,q is bounded from Lp)’a(Ro) to LQ)’qG/p(Rg,v);
(ii) there is a positive constant C' such that for all rectangles R C Ry,
condition (5.2) holds.

THEOREM 5.4. Let Ry = Igx Jy be a rectangle in R?. Let 1 < p < ¢ < 00

and 0 < a < 1/p. Suppose that v € AY (Io) U A(()%)(Jo). Then the following
statements are equivalent:

(1) In.a is bounded from LP)?(Ry) to L999/P(Ry, v);

(ii) condition (5.2) holds.

Proof of Theorem [5.3 Sufficiency is a direct consequence of Theorems
2.3/and C. Indeed, observe that if (dz, v(z)dx) € My, (Ro), then (dz, v(z)dz)
€ Mp_py,q—e0(Ro) for some positive numbers €9 and 79 (see also the proof
of Theorem [3.2] for the details).

Necessity. We show that (5.2) holds for all rectangles R C Ry having
sufficiently small Lebesgue measure |R|. Take f = xgr. Then

1f g o(ryy < C  sup n?/ = | R|1 (=) = 0771‘9%/(1’—’71%)|R‘1/(p—n3)7

0<n<p-1
where the positive constant C' does not depend on R. Observe that the
inequality similar to (3.5) also holds for rectangles R. Hence np is a small
positive number when |R| is small. Let us choose e so that
I Apga _
P—NrR 4q—ER

Hence,

_ ) ia—er)
||Ma,af||Lq),f)(4)(Yjv) > ¢D(eg)'/(@5R) (SSU(:L‘, y) dx dy) |R|“,
R

where D is defined by (3.9). Using the two-weight inequality for M, , we
obtain the desired result. =

The proof of Theorem [5.4] is similar to that of Theorem therefore it
is omitted.
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6. Potentials on the half-space. Let (X,d, ;) be an SHT with finite
measure p. We introduce the notation
X =X x[0,00), B:=Bx]0,2-radius(B)),

where B is a ball in X.
In this section, for 0 < a < 1, we establish trace inequality criteria for
the generalized potential operator

~

(Taf)(@,t) = | fy)u(Blx,d(z,y) + 1) duly), (z,t) € X,
X

in grand Lebesgue spaces.

Together with T,, we are interested in the appropriate fractional maximal
operator:

(Mo f)(x,t) = sup u(B)* | [£(y)| dp(y),
B

where the supremum is taken over all balls B C X containing = and of
radius greater than ¢/2.

For the following statement we refer to [9] (see also [4, Section 6.4]).

THEOREM E. Let 0 < a < 1/p and let 1 < p < q < oo. Then the
following statements are equivalent:
(i) T is bounded from LP(X, u) into Lq()? B);
(i) M, is bounded from LP(X,p) into LI(X, B);
(iii) there ezists a constant C' such that for all balls B C X,

(6.1) B(B) < Cu(B)*re,
where the constant A, 4.« is defined by (3.1).
Our result is the following statement:

THEOREM 6.1. Let 0 < a < 1/p and 1 < p < q < oo. Suppose that
B s a finite measure on B. Let 8 > 0. Then the following statements are
equivalent:

(i) Tn is bounded from LP)Y(X, p) into L9 Qq/p(

B);
(ii) Ma is bounded from LP)?(X, p) into L9Y/P(X B);
(iii) condition (6.1) holds.

~

Proof. The implication (i)=-(ii) follows from the pointwise inequality
My(2,t) < cTo(z,t), (z,t) € X.

The fact that (iii)=(i) follows from Theorems and E because in
this case the class of measure pairs (u, §) satisfying (6.1) is allowable (see
Definition[2.2). Arguing as in the proof of Theorem [3.2] we derive the desired
result.
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Let us see check (ii)=-(iii). For this it is enough to show that (6.1) holds
for all balls B with p(B) small. Take fp = xp. Then (MafB)(x, t) > u(B)*
for (x,t) € B. Now the result follows by substituting fp in the two-weight

inequality for ]\//.TQ and arguing as in the proof of Theorem the details
are omitted. =

Let I' be a bounded s-set in R™ and let Hs be an appropriate Hausdorff
s-measure on I (see Section 3 for the details). Let 0 < v < n.
Define

(ML f)(,t) = sup Ho (D)7 | | (y)| dHaly),
D

where the supremum is taken over all balls D C I" (recall that balls D in I
have the form B N I', where B is a ball in R™) containing x and of radius
greater than ¢/2. Also, let

(T )(st) = | F) (|2 =yl + )77 dHo(y).
r
COROLLARY 6.2. Let 0 <y < s/p and let 1 < p < g < co. Suppose that
s a finite measure on I'. Let 8 > 0. Then the following statements are
B fi g
equivalent:
(i) T\,{ is bounded from LP)(I, 1) into LD0YP (L, B);
(ii) ]/\/Z{ is bounded from LPM¢(T, 1) into L909/P(T", B);
(iii) there exists a constant C' such that for all balls D C I,
ﬁ(ﬁ) < Cp(D)1/P=7/9).

7. Remarks on the Fefferman—Stein-type inequality. Let us re-
call the well-known Fefferman—Stein [5] inequality for the Hardy—Littlewood
maximal operator

(Mf)(@) = sup,B|§|f< y)ldy, =eR".

THEOREM F. Let 1 < p < oco. Then there is a positive constant ¢ such
that for all f and all nonnegative locally integrable v,

| M) (@Po(e)de < c | |f(2)P(Mv)(z)de
Rn Rn
Further, let
(Kf)(@) = k(z,9)f(y) dy
RTL

be a Calderén—Zygmund singular operator. Then the following statement
holds (see [19]):
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THEOREM G. Let 1 < p < co. There is a positive constant ¢ such that
for all functions f and all nonnegative locally integrable v,

J (TH @) Po(@)de < [ ()P (MPFo) () de,
Rn Rn

where [p] is the largest integer less than or equal to p and MF is the kth
iterate of the operator M. Moreover, the exponent [p] + 1 is sharp.

Let 2 be a bounded domain in R™ and let us introduce the maximal
operator defined on {2,

1
MZg(x) =sup — | |g(y)ldy, w€Q,

where the supremum is taken over all balls B in R" containing x.
For a weight function V' on (2, set

V() = {V(m) ifx e (2,

0 otherwise.
PROPOSITION B. Let1 < p < 0o and 0 > 0. Suppose that {2 is a bounded
open set in R™. Then:

(i) there is a positive constant ¢ such that for all f and all nonnegative
integrable V' defined on (2,
k0]
M fll ooy < el fllmoomevy;
(i) there is a positive constant ¢ such that for all f and all nonnegative
integrable V defined on (2,
ITfll oo 0,v0) < cllfllLmoomim+1v,)-
Proof. (i) Let us extend f outside {2 by 0.

First observe that in the definition of M*’ the supremum can be taken
over all balls with |B| < a, where the constant a depends only on diam({2).
Further, Theorem F yields
9]
M fllizeave) < cllfllromevey)s
1M fll o< (@) < llfllLo—o(@m2vi)s

where ¢( is a small positive number, and the constant ¢ is independent of f
and V.
By using the Riesz—Thorin theorem we find that

IM fll o201y < Cllf lpo-eomavy, 0 <e < e,

where the positive constant C is independent of f, V' and e.
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Hence, since V' is integrable on {2 we have (see also the proof of Theorem

for the details)

1/(p—¢)
IMEF ooy <C sup (& [M? @)~V (@) dx)

0<e<eg

<0 swp (L] MV dy)

< Cll fllwroo,movy-
0<e<eo 0

(ii) First observe that
MP=EH Yo (1) < MPFYYG (), z e 0.

Hence, taking Theorem G into account we conclude that
||TfHLP(Q,VQ) < c||f||LP(Q,M[p]+1VQ)7

”TfHLP*so(ng) < C||f”LP*Eo(Q,M[p1+1VQ),
for all f and nonnegative integrable V' with support in (2. Using the same
interpolation arguments, we can conclude that

T fllo-<(2.va) < Cllf | o—= (0 mim1v4)
where the positive constant C' is independent of 0 < € < g9, f and V. Argu-
ing as in the case of the maximal operator we get the desired conclusion. =
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