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Sharp maximal functions associated with approximations of
the identity in spaces of homogeneous type and applications

by

JOSE MARIA MARTELL (Madrid)

Abstract. In the context of the spaces of homogeneous type, given a family of op-
erators that look like approximations of the identity, new sharp maximal functions are
considered. We prove a good-\ inequality for Muckenhoupt weights, which leads to an
analog of the Fefferman—Stein estimate for the classical sharp maximal function. As a
consequence, we establish weighted norm estimates for certain singular integrals, defined
on irregular domains, with Hérmander conditions replaced by some estimates which do
not involve the regularity of the kernel. We apply these results to prove the bounded-
ness of holomorphic functional calculi on Lebesgue spaces with Muckenhoupt weights. In
particular, some applications are given to second order elliptic operators with different
boundary conditions.

1. Introduction. Let us consider a space of homogeneous type (X, d, )
which is a set X endowed with a distance d and a non-negative Borel measure
w on X such that the doubling condition

(1) u(B(z,2r)) < Cu(B(z,r)) < oo

holds for all x € X and r > 0, where B(z,r) = {y € X : d(z,y) < r}.
A more general definition and further studies of these spaces can be found
in [CW], [MS1], [MS2].

Throughout this paper we will use the following notation: for every
ball B, xp and rp are respectively its center and its radius, that is, B =
B(zp,rp). Given A > 0, we will write AB for the A-dilated ball, which is
the ball with the same center as B and with radius r\g = Arg. By L{j(X),
1 < p < oo, we denote the set of functions in LP(X) with bounded support.

If C' is the smallest constant for which the measure u satisfies the dou-
bling condition (1), then D = log, C' is called the doubling order of p and
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we have

u(B) B b ~

(2) — < Cu<_> for all balls B C B C X.

u(B) "B

In particular, it follows that u(AB) < C,APu(B) for every ball B and for

every A > 1. Moreover, there exist ¢, > 1 and 0 < N < D such that

N
3 O (R )

uniformly on z, y € X and r > 0. In fact, this estimate with N = D is a
trivial consequence of (2) and the triangular inequality for the distance d.
But, in general, N could be smaller. This is, for example, the case of the
Lebesgue measure on R? or the case of Lie groups with polynomial growth,
where (3) holds with NV = 0. On the other hand, let us point out that the
doubling condition implies that X" is bounded if and only if p(X) < co.

We consider the following “approximations of the identity” which previ-
ously appeared in [DM].

DEFINITION 1.1. A family of operators {D; : ¢ > 0} is said to be an
“approzimation of the identity” if, for every ¢ > 0, D, is represented by the
kernel a;(x,y), which is a measurable function defined on X x X, in the
following sense: for every f € LP(X), p > 1,

Dif(x) = | ar(z,y) f(y) dp(y),

X
and the following condition holds:

1
|6Lt(l‘,y)‘ < ht(ZC,y) =

By (@,

(r,y) e X x X, t >0,

where m is a positive fixed constant and s is a positive, bounded, decreasing
function satisfying

(4) lim rP*75(r™) =0,

for some ¥ > N (recall that N is the power appearing in (3) and D is the
doubling order of u).

The idea is that the kernels are controlled by positive decreasing radial
functions which decay to 0 at infinity fast enough. Some examples of these
functions h; are given by Gaussian or Poisson kernels. Associated with an
“approximation of the identity” we next define a new sharp maximal func-
tion.

DEFINITION 1.2. Given f € LP(X) for some p > 1, we define the sharp
mazimal function associated with the “approximation of the identity” {D; :
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t> 0} as

My () = sup 5 | 1(0) = Doy ()| du),
v B

where tp = rj.

In comparison with the classical Fefferman—Stein sharp maximal func-
tion M*, we see that instead of subtracting from f its average on every ball,
we subtract Dy, f. We will show that in case D;1 =1 a.e., our sharp maxi-

mal function Mg) is pointwise smaller than M?# but they are not comparable
in general.

After some preliminaries, in Section 3 we state some properties of MﬂD.
In Section 4 we prove a good-A inequality for this new sharp maximal func-
tion and the Hardy—Littlewood maximal operator M. This estimate implies
that M is controlled by ./\/l%) in the LP(w) norm for 0 < p < oo and for
every Muckenhoupt weight w in the class Ay (see the definition in the
next section). That is, we obtain an analog of the classical inequality of
Fefferman—Stein in [FS] (for the weighted case see also [CF]) for this new
sharp maximal function. In Section 5 we apply this result to some singular
integrals introduced in [DM]. For these operators the classical Hormander
type inequalities are replaced by some conditions that involve the “approx-
imations of the identity” defined above. The advantage is that there is no
regularity assumption, and this fact allows us to consider operators defined
on non-smooth domains (see Section 6). We prove that such an operator T
is of strong type (p,p), 1 < p < oo, with respect to w € A,. Here, the key is
the control of M by MﬂD obtained with the good-\ inequality plus the fact
that

ME(TF) () < C(M(|fI°) ()Y

holds for every 1 < s < oco. Let us point out the analogy between this es-
timate and the one holding for classical Calderén-Zygmund operators (see
[GR, Chapter II, Theorem 5.20] for instance). For p = 1, by means of the
Calder6n—Zygmund decomposition, we deduce that T is of weak type (1,1)
with respect to weights in A;. In Section 7 we consider holomorphic func-
tional calculi of elliptic operators, proving that they satisfy weighted esti-
mates for Muckenhoupt weights. As a consequence, weighted estimates are
studied for some second order elliptic operators with different boundary
conditions.

The results contained in this paper are part of the author’s Ph.D. thesis,
written under the supervision of Prof. J. Garcia-Cuerva (see [Mar]). The
study of weighted estimates for the class of operators considered here was
motivated by [DM], where the unweighted case is treated. During the prepa-
ration of this paper, I became aware of the paper [DY], where the authors
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prove weighted LP estimates of a different kind for holomorphic functional
calculi of linear elliptic operators. They consider two weights, one on each
side, and study conditions on the weight on one side which guarantee the
existence of another weight on the other side. Their approach is based on
the technique, already used in [GM] and [GR], of proving vector-valued in-
equalities for those operators.

The author would like to thank Prof. J. Garcia-Cuerva for his encourage-
ment, guidance, and for many useful discussions about the material of this
article. The author would like to express his gratitude to Prof. S. Hofmann
for his comments and suggestions.

2. Preliminaries. The Hardy-Littlewood maximal function is defined
by

Mf(x) = sup S y)| dp(y
Bz W B

We will also consider the centered version of this maximal operator, denoted
by M€, where the supremum is only taken over all balls centered at x. By
the doubling condition, these maximal operators satisfy

(5) MCf(x) < Mf(2) < Cu2P M ().
Note that h; in Definition 1.1 might be non-symmetric, however just by
using (3),

1 1
u(B(z, /™))" (B(y, tt/m))

where s; is a new function satisfying the same properties as s with some
¥ > 0 and hy(z,y) is symmetric. We also have

he(2,y) < cmin { }smd(w, W)™ = (e, y),

Ot <\ h(zy)dp(z) <€ and O < { u(y,2) dp(a) < C
X X

uniformly on y € X, t > 0. On the other hand, as in [DR, p. 97], it is verified
(6)  |Def() < iht<m, (W)l dply) < )SKM:U, I W)l duly) < OM{ (),
for every f € LP(X), 1 < p < co. We also point out that

(7)) V@) f @) dp@) < § by, 2)| f(2)] du(z) < CMF(y),

X X

where we have used the symmetry Et(az,y). In both cases, these estimates
are uniform on ¢ > 0.
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We consider Muckenhoupt weights. Given 1 < p < oo, a weight w belongs
to A, if, for every ball B C &, it verifies

) (i V@) (g S du(w)>p_1 <c

B B
The class A; is defined by letting p — 1, that is,
1
A (— wmd,ua:)wl g < C,
(A1) M(B); (2) dp(z) |[[w™" || oo (m)

where the constant C' does not depend on the ball B. Finally, A, is the
union of the A, classes, 1 < p < oo. These classes, in the Euclidean setting,
were introduced by Muckenhoupt in [Muc] and further developed in [CF].
About Muckenhoupt weights in spaces of homogeneous type the reader is
referred to [ST].

For w € A and for every measurable set E C X we use the standard
notation w(E) = |, w(x) du(x). Moreover, if 0 < p < oo, then LP(X,w) =
LP(X,wdp). In some parts of this work, we will be working in 2 C X. In
that case, LP({2) = LP(£2, 1) and, for w € A (X), we will write LP(£2, w) =
LP (2, wdp). When we consider w € Ay (X), we mean that w is a Mucken-
houpt weight with respect to the whole space X and not with respect to 2.
We will simply use the notation w € A, omitting X, when it is clear from
the context.

The following result contains the Calderén—Zygmund decomposition on
spaces of homogeneous type.

THEOREM 2.1 ([CW]). Let f>0, f e Li(X), and X> || f|| 11 a) (u(X)) 7.
Then there exists a family of balls {B;} such that:

(i) f(z) < CX for p-a.e. x € X\ |, B;.

() 5 g Fy) du(y) < CA.

(i) S0 (B < § 1) duty).
; X

7
(iv) There exists an integer M > 1, independent of f and X\, such that
every point in X belongs to at most M of these balls.

REMARK 2.2. The following properties are contained in the proof of the
previous result:

(i) There exists some constant Cy, which only depends on the space,
such that
Ey={zeX: Mf(x)>XCx} =B
i

(ii) There exists 9 > 1, independent of f and A, such that (g9 B;)\Ey # 0.
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3. A new sharp maximal function. In what follows {D; : ¢t > 0} will
be an “approximation of the identity”. We will use the following notation: if
B is a ball, tg = rf. We are going to study some properties of the maximal
operator MﬁD (see Definition 1.2).

Let us recall that the Fefferman—Stein sharp maximal function is defined
as

1
M f(z) = sup s ; f(y) — fBl du(y),

where fp stands for the p-average of f over B.

PROPOSITION 3.1. Let {Dy:t >0} be an “approximation of the identity”
such that for every t > 0, Dy1 =1 a.e. or, what is the same, for every t > 0,

S ai(z,y)du(y) =1  for almost all x € X.

X
Then, for every function f € LP(X), p > 1, and x € X we have

(8) Mo, f(x) < CMEf(x).
However, the converse inequality does not hold in general.

REMARK 3.2. If the kernels of Dy, t > 0, have bounded support, then
the previous inequality is still true for locally integrable functions since the
operators D; act over them.

REMARK 3.3. The condition D;1 = 1 a.e. is necessary for (8). This is
obtained by taking f(x) = 1. Then (8) implies that /\/lﬁDf = 0 and thus, for
every t > 0, D;1 = 1 outside of a zero measure set.

Proof of Proposition 3.1. We fix f € LP(X) (p > 1), o € X and a ball
B > xg. Then

;{§5£|f«w~—1%3fcw|ducw
[ § en (e £(2) = F )| dpaly) dpa()
BX
) L d) )+ 3 )] Auly) du()
B 2B b=t B 2k+1B\2k B
=1+1I.

We estimate I. By (3) we have u(B) < 2N¢,u(B(x,rg)) since = € B.
Moreover, for y € 2B we get

_ s(d(z,y)mt5") 5(0) ¢ ¢
o) = By #Brs)) © p(B) © HCB)
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where in the first inequality we have used the fact that s is decreasing. In
this way, we obtain:

C
O) 1< gy ) @)~ 1) du(y) du() < CAME (o),

B2B
since 9 € B C 2B. Regarding II, if z € B and y € 2B\ 2*B then
d(z,y) > 2¢"'rp and, just as before,
s(d(z, my.—m s(9(k—1)m S Q(k—l)m 2(k+1)D
huprs9) = SAEDTTE") 5@ QDb
1(B(z,7p)) n(B) n(25+1B)

where we used (2). Thus,

1< 03 ) s | 10 = )] d(s) dia).

k=1 B 2k+1p

We estimate each term as follows:

1
BB ; %SIB F(2) = )] dply) du(x)
1
: W2k§13 100 = Fosl o)+ 57 | 160) = sl d)
< Mﬁf (o) +— S — fldp(z) + | fB — foB| + ... + | forg — forir ]
B

< CMF f (o) (k +1).
Therefore, by (4) we have

o0
IT < CM f(x0) y (K + 1)2"Ps(2070™) < CME f(a9).
k=1
Next we are going to show why the converse inequality does not hold in
general. To do that we consider R with the Lebesgue measure dx and the
“approximation of the identity” {D; : ¢ > 0} given by the kernels

1

at(m7y) = |(y _ tl/m,y + tl/m)| X(y—tl/m,y+t1/m)(‘r)
1
S

As we observed in Remark 3.2, since the supports of these kernels are
bounded sets, the operators D; act over locally integrable functions. Let
us take the function f(x) = x. Then, for every t > 0, D;f(x) = = and thus
MﬁDf(m) = 0. On the other hand, M*f(z) = oo, and it is clear that M?*

and /\/lﬁD are not comparable. m



120 J. M. Martell

Next, we are going to show some properties of our sharp maximal func-
tion MﬁD to be used later.

LEMMA 3.4. For 1 < p < oo and f € LP(X), it follows that for every

T E X,
D < ¢
IDef ()] < w(B(x, t1/m))L/p 1w e)-

Proof. The case p = 1 works because s is a bounded function. For p = oo,
the properties of h; yield

IDef (@) < N[ fllee ey § e, y) duay) < Ol fl| oo )
X

Finally, if 1 < p < 0o, we combine Holder’s inequality and the former ideas
to get

DA < 1y § e )"
X

g ( § )t du))

X

C
p(B(x,t1/m))

<151 <
= W (B, t17my) e "

1/p'
< £ llzegay 7 (§ P ) dut))
X

LEMMA 3.5. Consider f € LP(X) for somep > 1, a ball B and x € B.
Then there exists C > 0 (independent of f, B, x) such that

1
(B ]Sg |Dty f(y)| du(y) < CMf(2).

Proof. First of all,
| Dt (fxaB)(y)| < sup hig(y, 2)pu(4B)Mf(z),

2€4B

since z € B C 4B. By [DR, Proposition 2.5], for v > 0, there exist C,0 > 1
such that

sSup ht(yv Z) < C inf h@t(ya Z)7
2€B(zp,r) z€B(zp,T)

provided r™ < vt. We take v = 4™, r =4rg and t = tgp = rf, to get

sup i, (y, 2)u(4B) < C | inf hor, (y, 2) du(€)
z€4B 1B z€4B

< C S h@tB(yvg) d,U,(f) < Cv
X
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independently of 0, tg, y. We have eventually obtained

ﬁ [ 16 (£xa8) )| duly) < CMf(2).

B
On the other hand, we use (5) and (6) to observe

1 1
—— \ [Dts (fx@aB)e) (W) du(y) < C —— \ M (fxup)<) () du(y).
M(B);‘ i (fX@Bye) (W) du(y) M(B); (fx@B)e)(y) du(y)
For y € B and 0 < r < 3rp we have B(y,r) C 4B. But, if r > 3rp then
z € B(y,r). These facts yield M°(fxp)(y) < Mf(x) for every y € B
and hence

ﬁ §1Des (Fxame) @)l duly) < CMf(2).
B

We complete the proof by collecting the estimates obtained. =

COROLLARY 3.6. If f € LP(X) for some 1 < p < oo, then MﬁDf(a:) <
CMf(z).

4. A good-)\ inequality. In this section we prove a good-\ inequal-
ity for ./\/lﬁD and M which allows us to obtain an analog of the classical
Fefferman—Stein estimate (see [FS] and [CF]) for our new sharp maximal
function. For the genesis of the good-A inequalities the reader is referred to
[BG]. This Fefferman—Stein type estimate for /\/luD says that for every Ay
weight w and for every 0 < p < oo, MﬂD controls M in the LP(w) norm.
In the particular case of the “approximations of the identity” considered in

Proposition 3.1, the inequality that we are going to get improves the one in
[F'S] and [CF].
PROPOSITION 4.1. Take A > 0, f € Ly(X) and a ball By such that there

exists xg € By with Mf(xg) < A. Then, for every 0 < n < 1, we can find
~v > 0 (independent of A, By, f, o) in such a way that

plx € By : Mf(z) > AN, MY f(x) < yA} < nu(Bo),
where A > 1 is a fized constant which only depends on the space and the “ap-

prozimation of the identity” {Dy : t > 0}. Furthermore, for every w € A,
there exist Cy,m > 0 (which only depend on w) such that

w{z € By : Mf(x) > A, MﬁD (x) < yA} < Cyn"w(Bo).
Proof. Let us observe that the second part arises as a consequence of
the first one, since it is well known (see [ST] for instance) that for every
w € Ay, there exist Cy,,r > 0 such that

w(E) u(E)\"
—— L < Cpl ==£ it 11 B E CB.
w(B) = C (M(B) or every ba and every E C
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Taking F = {x € By : M f(x) > AM, /\/lﬁDf(a:) < yA} and B = By, we can
use the estimate for p in order to obtain w(E) < Cyn"w(By).
We only work with the unweighted case. Take ¥ > 0 and
E={x e By: Mf(x) > A\, M’ f(x) <FA}.

Assume that we have zg € E (otherwise, there is nothing to prove). By (5),
for x € E we have A\ < MCf(z), where A = (C,2P)71A4 > 1 is to be
chosen later. Then there exists B(z,r;) such that

1 ~
W(B(z,12)) B(ISM) |f ()l du(y) > AX.

Since A > 1, necessarily zo ¢ B(x,ry), which implies r, < 2rp, and
B(x,ry) C 4By. Hence

_ 1
A< B(xg’m [f W)l duly) < M(fxap,) (@),

and M(fxap,)(x) > A\ for every x € E. Take tg = (16rp,)™ = ti6B,-
We are going to show that there exist Cy (depending on the space and
{Dy : t > 0}, but not on tg) such that M((Dy, f)xan,)(z) < CoA for every
x € E. To do this we use the ideas of Lemma 3.5. As there, we observe that

|Dio (fx168,) (YY) < CM[f(zg) < CA

and

(10) M(Dyy(fX16B,)x4B,) (%) < CA.
On the other hand, if y € 4By, then

| Di (FX1680)2) )] < Cu2” ME(fX(1650)<) (4)

1
< C#2D sup

rs12rg By, 7)) S | f (W)X (16B0)e (¥) dpy)

B(y.r)

< C 2P M f(w0) < CL2P A
Observe that in the first inequality we used (5) and (6); for the second we
took into account that the integral vanishes for every r < 12rp, because

B(y,r) C 16By; and the third one holds since z¢ € B(y,r) for all r > 12rp,.
Then

M( D, (fX(16Bo)e ) X4B,)(T) < CA.

This estimate and (10) provide M((Dy, f)xaB,)(z) < CoA, where Cj is a
constant that only depends on the space and the “approximation of the
identity” {D; : t > 0}. Thereby, we have proved that for all x € F,

M(fxap,)(x) > AN and  M((Dy, f)xan,)(x) < CoA.
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Choose A = Co+1>1.1If x € E, we have

(Co + DA < M(fxap,)(x) < M((f = Diof)xaBo) () + M((Dyo f)xaB,) (@)
< M((f = Dty f)xaBo) () + CoA,

and so M((f — Dy, f)xaB,)(x) > A. This proves that

EC {:L’ € By : M((f - Dtof)X4Bo)(x) > )‘}

and by weak type (1, 1) inequality for the Hardy—Littlewood maximal func-
tion:

p(B) < S V1F) — Dio () xasa () dily) < S p(16B0) Moy f ()
X

< Cyu(By),

since to = ti6B,, T € E C Bp and /\/lﬁDf(xE) < AA. Let us point out
that this estimate holds for every 7 > 0. In this way, given 0 < n < 1, we
take 7 such that v = n/C (which is clearly independent of A\, By, f, o). The
inequality above for this value v turns out to be the one we indeed want to
get. m

Now we can prove the analog of the classical Fefferman—Stein inequality.
For the moment, we state the result just for locally integrable functions.
Afterwards, we will extend it to a wider class of functions.

THEOREM 4.2. Let 0 < p < 0o and w € Ax. For every f € Ly(X) with
Mf e LP(X,w) it follows that:

1) IMfllerw < CHM%fHLp(X,w) if X is unbounded.
(i1) Ml o) < ClIMSFlloeew) + Cllfllprxy if X is bounded.

We point out that the assumption M f € LP(X,w) guarantees that the
left-hand sides of these inequalities are finite.

Proof. Set Ey = {x € X : Mf(z) > A\}. Note that in the notation of the
Calderén—Zygmund decomposition (Theorem 2.1), E\ = Eyc,- Fix 7 =
Cx || fll 1 () (1(X))~1—if X is unbounded, then 7 = 0—and let us consider
A > 7. We can perform the Calderén—Zygmund decomposition: there exists
a collection {B;} of balls such that E\ = U; Bi. We write B; = 0B; where
gg > 1 is the constant that appears in Remark 2.2(ii). Then, there exists
i; € B; \ E,, that is, Mf(z;) < A Let us use Proposition 4.1: there are
Cw,r > 0 (which only depend on w) and A > 1 (which depends on X,
{D; : t > 0}) such that, if 0 <7 < 1 (to be chosen later), we can find v > 0
(independent of A, f, El) in such a way that

w{z € B; : Mf(z) > A\, M% (z) < AN} < Coun™w(By).
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Set Uy = {x € X : Mf(x) > A\, ./\/lﬁDf(:r) < yA} and so Uy C E, =
U; Bi € |, Bi since A > 1. Then, for any A > 7,

(11)  w(Uy) < Zw{x € B; : Mf(z) > A\, ./\/lﬁDf(m) <A}

< Cwnrzw(B)
< Cu}n Cuw JE0 Z < CnTM'LU(UB ) = CUTW(E/\)

—an{mEX./\/lf( ) > A},

where we used the fact that A, weights are doubling measures, M is the
constant in (iv) of Theorem 2.1, and C' is a constant that only depends on
the space and the weight.

We first handle the case where X is unbounded. Then 7 = 0 and the
previous inequality holds for every A > 0. Because of the fact that 0 < p
< 00, and by (11), one can prove that

oo

IMENG oy = A7 § DX Mw{e € X - Mf(z) > AN} d
0

< AP [ prt (w(U,\) twl{ze X Myf(z) > w}) d\
0

< (CH+ DAY ML (2 0 + IIMDfHLp X )"

Observe that both terms are finite since by hypothesm Mf e LP(X,w) and
by Corollary 3.6, MﬁD f also belongs to this space. Let us choose 1 such that
(C+1)APn" = 1/2 (it is clear that 0 < 7 < 1 and that n only depends on X,
w and {D; : t > 0}). The former inequality turns out to be

HMfHLp Xw) HM fHLI7 (Xw)*

When X is bounded we have X = B(aco, ro) and, since w € LL (X) (be-
cause w € Ay ) it follows that w(X) < co. Now we can only use Calderén—
Zygmund decomposition and (11) for A > 7. Thereby,

IMING .y = AP | AP o{w € X2 Mf(z) > AN} dA
0

:Ap(g...dwrogo...dA)

AP
< APTPW () + AP (C 4 DI IMI ey + 25 IMB Py
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where the estimate for the first term is trivial and for the second one we
employ (11) as in the former case. Use the fact that each term is finite, take
n such that AP(C' 4+ 1)n" = 1/2, and plug the value of 7 into the inequality
above to get

1M Lo w) < CIM Fll o) + CT = CIME fll o) + ClLF L1

Now we can extend the previous result to a wider class of functions. The
only interesting case is when X is unbounded because otherwise the set of
functions that belong to some L?(X) is just L}(X) = L{(X).

COROLLARY 4.3. Assume that X is unbounded. Let 0 < p < 0o, w € Ao
and f € L1(X) for some 1< q<oo. If Mf e LP(X,w), then

[ (MF@)Pu() du(z) < C [ (M £()Pu(z) du().
X X
Proof. Take such a function f. By Corollary 3.6, /\/lﬁD (x) <CMf(z) €

LP(X,w) and the right-hand side of the inequality we want to prove is
finite as well. Since X’ is unbounded p(X) = oo and standard computations
show that w(X) = oo for w € A. Let us take 29 € X and we are going
to prove that for all z € X, M(fXB(wy,r)c)(¥) — 0 as R — oo. Let us
observe that M(fXp(xy,r)c)() decreases as R increases because X p(z,r)c
does and the previous limit always exists. Assume that we find x; € X such
that this limit is Cop > 0. In particular, M(fXxp(zo,r)c)(z1) > Co for every
R > 0. For z € X, we define R(z) = max{d(z1,x0),d(z,z0)} + 1 and so
z,x1 € B(xg, R(x)). If R > 4R(x),

M(fXB(wo,R)e)(71)

1
<C2P sup ——— FO) xBar e (1) duly
" 23R M(B(fUl,T))B(mSl T)’ W)X B0, R) (¥) dp(y)
< Cu2° M(fXB(ao,r)) (%),

because if r < 3R(z), then B(z1,r) C B(zo, R) and the integral vanishes.
On the other hand, the last inequality holds because = € B(xg, R(x)) C
B(zy,r). Then, for R > 4R(x), we have

Co < M(fXBaor)e)(@1) < CL2P M(fXB(agr)e) () < Cu2P M f(2),

and so

C p
M @)Pute) dn(o) > (g ) () =,
pe 1
which contradicts M f € LP(X,w). So, for all x € X, M(fX B(z,r)c)(x) — 0
as R — o0o0. On the other hand, since Mf € LP(X,w), the dominated con-
vergence theorem shows that that || M(fXB(ze,re)e) | Lr(x,w) — 0 as R — oc.
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Then, for any ¢ > 0, there exists Ry > 0 such that [[M(fXB(zo,Re)e) |7 (2,w)
< €. In this way,

[IMFllLr(xw) <€+ IMUXBo,R)) L (20)-

Since f € LY(X), ¢ > 1, it follows that fXxp(ze,Rr,) € L{(X). On the other
hand, M(fXB(zo,re)) € LP(X,w), because M f belongs to the same space.
We can now use Theorem 4.2 to prove that

IM(FX B0 o) o) < ClIMS(FXB(2o.R0)) | L0 (2 20)
< CHMﬁDfHLP(X,w) +CHMuD(fXB(xo,Ro)C)||LP(X,w)'
Because of the fact that fxp(z,,r,)c € LI(X), Corollary 3.6 leads to

M (FXBao.ro)) | Loy < CIMFX B0y )|l Lo () < Ce

By collecting all these estimates and by using the fact that € can be taken
arbitrarily small we get the desired estimate. m

5. Weighted norm inequalities for singular integral operators
with non-smooth kernels. The operators we are going to consider hence-
forth were introduced in [DM]. They are defined in the following way:

(a) T is a bounded linear operator on L?(X) with kernel K(x,y) such
that for f € LF(X),

Tf(x)= S K(z,y)f(y)du(y) for p-almost every = ¢ supp f.
X
(b) There exists an “approximation of the identity” {A; : ¢ > 0} such
that T'A; has associated kernel k;(x,y) and there exist ¢, ca > 0 so that

S | K (z,y) — ke(z,y)| du(z) < co forall y € X.
d(z,y)>citt/m
(c) There exists an “approximation of the identity” {D; : ¢ > 0} such
that D;T" has kernel K(z,y) which satisfies
1
p(B(z, t1/m))

(c2) |Ki(z,y) — K(z,y)| < c4

(cl) |Ki(z,y)| < eq when d(z,y) < cstt/m
1 toz/m

w(B(x, d(x,y))) d(z,y)*

when d(z,y) > cst!/™,

for some c3, ¢4, > 0 (in fact, without loss of generality in what follows we
will assume that c3 = 1).
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We assume that T is an operator satisfying (a), (b) and (c¢). The maximal
operator T} is the supremum of the truncated integrals, namely,

Tof(e) =swp|Tf @) =sup| | K(w9)f(y)duly)|

d(z,y)>e

REMARK 5.1. In [DM], it is proved that if 7" satisfies (a) and (b), then
it is of weak type (1,1) and of strong type (p,p) for 1 < p < 2. In addition,
if (c) is also assumed, then 7 is bounded on LP(X), 1 < p < oo. Fur-
thermore, [DM, Theorem 3] says that T is a bounded operator on LP(X),
1 < p < 00. Indeed, implicitly in the proof we can find the following Cotlar
type inequality:

(12) T f(x) KCM(Tf)(z)+ CMf(z).

Then the boundedness of T" and M provides the corresponding estimates
for T,.

REMARK 5.2. In comparison with the classical Calderén—Zygmund op-
erators, the Héormander conditions are replaced by (b) and (c¢) which involve
the “approximations of the identity”. Let us note that there is no regular-
ity assumption on the space variables. In fact, Duong and McIntosh prove
that, for suitable “approximations of the identity”, conditions (b) and (c)
are weaker than the usual imposed to Calderén—Zygmund operators. The
reader is referred to [DM] for more details.

5.1. Weighted strong type inequalities. The goal of this section is to
prove that the operators we are working with satisfy weighted strong type
inequalities. The main tool will be the Fefferman—Stein type inequality for
MuD obtained before.

THEOREM 5.3. Let 1 <p < oo and w € Ap,. If T is an operator satis-
fying (a), (b) and (c), then T is bounded on LP(X, w).

For the proof of this result, most of the work is already done. We are going
to show that MﬁD(T f) is pointwise controlled by the Hardy-Littlewood max-
imal function with some power strictly bigger than 1. Let us point out that
./\/(ﬁD is the ad hoc operator for this property and it plays the same role as the
Fefferman—Stein sharp maximal function with respect to Calderon—Zygmund
operators. Then Theorem 4.2, Corollary 4.3, and a technical lemma will al-
low us to obtain the weighted norm estimates.

PROPOSITION 5.4. Let 1 < s < oo and f € LP(X). If T is an operator
as above then

ME(T f)(w) < CM(|fI*)(2)"*.
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Proof. Let us note that, if f € LF(X), then f € LP(X) for every 1 <
p < oo and M(|f]*) makes sense. Moreover, because of the boundedness
of T' obtained in [DM] (see Remark 5.1), it follows that T'f € LP(X) for
1 <p<ooand MﬂD(T f) also makes sense. For every ball B 5 z, we split f
as f = fi+ fo = fxeB + fx@p)e Since 1 < s < oo, T' is bounded on L*(X)
and

1 oy 1/s . .
m;lel(y)!du(y) < C(M( 5 ) V1AW duly )> < CM(|f]*) ()

because x € B C 2B. On the other hand, (6) and the boundedness of M on
L*(X) provide in the same manner

gwm TR dn(y) < €5 § IMIT ) )] i)

B
< CM(If1) @),

Let us see what happens with fo. We know that this function is boundedly
supported, because f € L§°(X) is, and the support is contained in (2B)°.

Let y € B. If z € (2B)¢, then d(z,y) > rp = tjlg/m. By (c2), we obtain
T f2(y) — Di (T f2)(v)]
< V1K 2) = Kip(y,2)] 1 f(2) | du(2)

d(z,y)>t1/m
s 1 r% ; ;
=02 5 W(Bly. d(y.2))) Gy, ) A HE)

k=0 2krp<d(z,y)<2ktirg

<C22ka W S |f(z)|dﬂ(z)

d(z,y)<2ktlrg
< CMf(z),

since z € B C B(y,2"1rg). Then, as s > 1,

55 VITRw) = Dy (T duy) < CMI(w) < COMUS) @)
B

To complete the proof we just need to paste these three estimates. m

Before proving the weighted norm inequalities we need a technical lemma
to be proved later. We see, for good functions f, that T'f belongs to LP (X, w).
That is, we obtain an a priori estimate which says that the left-hand side of
the weighted inequality is finite. This fact will allow us to use Theorem 4.2
and Corollary 4.3.
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LEMMA 5.5. Let 1 < p < oo, w € Ay and f € LF(X). Then Tf €
LP(X,w).

Proof of Theorem 5.8. It is enough to prove the desired estimate for
f € L§°(X), since this space is densely contained in LP(X,w). For w € A,
there exists s > 1 such that w € A,,, with p/s > 1. On the other hand,
f € LYX) for ¢ > 1 and the estimates on T' ensure that T'f € L4(X) for
1 < ¢ < 00. By Lebesgue’s differentiation theorem T'f(z) < M(Tf)(x) for
p-almost every x € X.

Let us consider first the case where X is unbounded. Lemma 5.5 says
that Tf € LP(X,w). Since w € A, we see that M is bounded on LP(X,w)
and consequently M(T'f) also belongs to this space. We use these facts,
Corollary 4.3 and Proposition 5.4 with our choice of s to obtain

VITf (@) [Pw(e) dpu(z) < S( (Tf)(@))Pw(x) du(z)

X
(Mo (Tf) (@) w(z) dp(x)

)
X
< O JM(If1) @) w() du(a)
X
!

IN

C Y [f(@)[Pw(z) dp(z).

In the last inequality we used the fact that M is bounded on LP/* (X, w)
since w € A, /; and p/s > 1.

When & is a bounded set we proceed as follows. Since T'f € L(X) for
q > 1 and pu(X) < oo, it follows that Tf € L*(X). Moreover, since the space
is bounded, in particular the support of T'f is also a bounded set. Apply
Lemma 5.5 to get T'f € LP(X,w), and hence M(T f) belongs to this space.
As before, we can use Theorem 4.2 and Proposition 5.4 to obtain

1T F Loy < IMT Dl o) < CIMEGT Dl o) + CITF 2y
< Clfllzexw) + CIT fllox)
For the second term, Holder’s inequality with s > 1 and the boundedness of

T in L*(X) yield |Tfllz1x) < (&) YTl Loy < CllfllLs(x)- We again
apply Hoélder’s inequality with exponent » = p/s > 1 to observe that

1l < (§ 17@Pwi) dp) " (§ wle) = du) "
X X

Asw € A, = Ay, we know that w'™"" € A,. In particular w'™" €
Ll

loc (&) and then the second factor of the previous inequality is finite (let us
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recall that X' is bounded). To finish, it is enough to collect all the estimates
obtained. =

For the proof of Lemma 5.5 we will use the following:

REMARK 5.6. Let 1 < ¢ < oo and w € A,. Then, for any g € X and
R > 0, we have

o0

1
Z S mw(w) du(x) < 0.

k=0 2k R<d(x,z0)<2k+t1R
We prove this fact in a very easy way. Take g = X p(s,r)- Since w € Ay,
§ (Mg(2))tw(z) du(z) < C | |g(2)|w(@) du(z) = Cw(B(xo, R)) < oc.
x X

For k= 0,1,... and x € X such that 2*R < d(x,z0) < 2¥T'R, we observe
that B(zo, R) C B(x,2*"2R) and thus

1(B(xo, R))
p(B(z,2"R))’

1
Mg(x) > (B(z, 2" 1°R)) B(m,QX’“Jr?R) l9(y)| du(y) =

o > [ (Mg(@) (@) du(z) > 3 i (Mg())? w(z) dya(z)

X k=0 2k R<d(z,z0)<2*+1R

> CZ S ;M(SC) du(z).

kR))a
k=0 2kRSd(Z‘,CE0)<2k+1R M(B(x, 2 R))

Proof of Lemma 5.5. We know that supp f C B(xg, R) for some xzy € X
and R > 0. Reverse Holder’s inequality (see [ST]) provides € > 0 such that

L w T It+e T 1/(1+6) L w T X
(M(B)i (@) du(e)) < oy Lo o)

holds for every ball B. By Hoélder’s inequality with 1 + €, we obtain
(13) VT @) Pw(z) du(z)

B(z0,2R) ™ 1/(14e
< | w@) = du(a) IITfII P+ (
L x)
B(z0,2R)

w(B(z0,2R) ¢
> 'u( (ZL‘ ’QR))e/(lJrs) Lr(1+e) (x)

< 00,
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because f € LP(X) and T is bounded on LPU+9)(X) (see [DM] or Re-
mark 5.1). Take ¢, = (2" R)™ and it follows that

VT @)Pw(e) du(z)

B(z0,2R)°
= i T () Pwo(x) dps()
k=12k R<d(z,z0)<2*t1R
<G> i ITf(z) — Dy, T (2)[Pw(z) du(x)

k=1 2k R<d(x,z0)<2*+1R

o0

+ | Dy T (@) () dp(x) )

k=1 2k R<d(z,r0)<2kt1R
— Cy(I + 11,

For the first term, if 2R < d(z,70) < 2¥7'R and y € B(zo, R), we have
d(z,y) > t,lc/m. Then (c2) provides

I Tf(z) = Dy Tf()]

a/m
1 t
<C , d
<C VB T WO
d(z,y)>t;,
— 1 1
Z— T | ()| dp(y)
7=0 27« .f 2]+1t )) 2Jt1/m<d(1‘ y)<23+1t1/m
< CMf(z),
since v > 0. As w € A, we have
I<cy, | (M () w(z) dp(z)
k=1 2k R<d(x,x0)<2k+1R
< O [ (Mf(@)Pw(z) du()
X

< O\ |f(@)Pw(z) du(z) < C|fIfw(ryw(B(o, R)) < oc.
X

Let us estimate 1. First, we use again the openness property of the Mucken-
houpt classes, and the fact that there exists 1 < s < oo such that w € A/,
with p/s > 1. Since f € LF(X), we have f € L*(X) and consequently

Tf e L*(X). We use Lemma 3.4 to obtain
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= 1
<oty (o) du(a)
( =12k R<d(x,x0)<2F+1R (B, tllc/ ))p/s

x)

k

S 1

<O ey D | - —w(z) dp(r) < oo
Wi 2 R<d(z,20) <2k +1 R u(B(z, 2°R))/

because of Remark 5.6 with ¢ = p/s. Thus we have shown that outside of
B(zg,2R) the integral is also finite. m

COROLLARY 5.7. If T is an operator satisfying (a), (b), and (c) then
T is bounded on LP(X,w) for 1 <p < oo and w € A,.

Proof. Use the Cotlar type inequality (12) proved in [DM], Theorem 5.3,
and the boundedness of M on LP(X,w) forw € A,, 1 <p <oo. m

5.2. Weighted weak type (1,1) inequality. By means of the Calderén—
Zygmund decomposition and the strong type estimates we have just proved,
we can now obtain the corresponding weak type (1,1) inequality for A;
weights.

THEOREM 5.8. Let T be an operator satisfying (a) and (c). Assume
that, instead of (b), T satisfies the following stronger condition:

(b)! There exists an “approzimation of the identity” {A: : t > 0} such
that T A; has associated kernel ki(x,y) and there are some c1,ca, 3 > 0 such
that

1 tB/m

K y) = k(@ y)l < 2 Zrpr —m =) dmg)?

for z,y € X with d(z,y) > cit*/™.
Then, for every w € Ay, T maps L*(X,w) into LY>°(X, w).

REMARK 5.9. Hypothesis (b)’ implies that if g € LL (X), then

loc

| K@) = k(@ y)] lg(2)| dp(z) < CMg(y)  for any y € X.
d(z,y)>c tt/m

In particular, by taking g(z) = 1, it follows that (b)’ implies (b).
The idea consists in decomposing the integral into dyadic annuli:

| K (z,y) — ki(2,9)| |g()| du(z)
d(z,y)>citt/m

o
1 1
<0y o | l9(x)| dp()
— 9kB kp +1/m
=0 u(B(Z% 2 Clt )) 2kclt1/m§d(:c,y)<2k+101t1/m

< CMg(y).
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Proof of Theorem 5.8. We know that w € A; C A, for every 1 < p < 0o
and, by the remark above, T satisfies the hypotheses of Theorem 5.3. Then T’
is bounded on LP(X,w). On the other hand, it is enough to prove the desired
inequality for f € L§(X). If A > || f[| 11 () (#(X)) ™!, by Theorem 2.1, we can
perform the Calderé6n—Zygmund decomposition (for |f|) and so there exists
a collection of balls {B;} such that {x € X : Mf(z) > A\Cx} =, Bi. As
in [CW] we decompose f as f=g+b=g+ >, b;, where

o) = fareny, o+ 3 (g § S0 du) o o),

B;

0(0) = F@)ese) ~ (s § T2 au) o (o)
i) g,

XB;(x)

oi(a) = =20\ b,

22 XB;(x)
Let us note that by (iv) of Theorem 2.1, in each of the series above there
are at most M non-zero terms. This result and Remark 2.2 produce the
following:

(A) If x € B;, then M1 < g;(x) < 1. Moreover, Z 0i(x) = XU, B: (x).

i

(B) |g(z)] < CA for p-almost all x € X.

(C) suppb; C B; and (B S |bi(z)| du(x) < CA.

7

Then
w{z € X :|Tf(x)| > N}

< w{x € X [Tg(x)| > %} +w{x € X : [Th(z)] > %}

Since w € A; C Ay, it follows that T is a bounded operator on L?(X,w).
Then (B) yields

(14) w{x € X |Tyg(z)| > %}

> Q

§ lg(@)Pw(@) du(z) < - | lg(@)w(z) du(z)
X X

A
XlaQ

(e + § lg@l(@) du())
UiBi

IN
> Q

< < Iz w)s

> Q

where for the latter estimate we have used the fact that w € A; and (A):
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| lotolute) dnte) <3 S e EB)) d() < O F 112 -
U, Bi Bi

Let us show what to do Wlth Tb. Set t; = rBi and write
=Y bi(x) =Y (Aubi(x) + (bi(w) — Abi(x))).
i i
We want to split this series in two terms, so we need to study its convergence.
By using the ideas of [DM, Theorem 1], and by (C), it follows that

|Apbi(2)| < sup by, (z,y) | [biy)] duly) < CAu(Bi) inf hgy,(z,y)
yeB; B; yeB;

< CA X hot, (2, &) x B, (§) du(§).
X
If 0 <wue LP(X) for some p > 1, it can be shown that

(15) 5 (th )|)u(@) du(w) < CMA | Mu(y)xy, 5, (v) duly),

X
where we have used (7) and Theorem 2.1. If we take u € L?*(X) with
llullz2(xy = 1, then

S(ZlAt ))u(@) du(@) < CAIMul 200 Ixy, 5,12y

< CAPF1 5 ey,

by Theorem 2.1(iii). By taking the supremum over all these functions u, it
follows that . | A¢,b; \ € LQ(X ) and ), Ay, b; is a Cauchy series in this space.

It follows that >_,(b; — Ay, b;) also converges in L2(X). Since T is continuous
T (bi — Ayby)) = Z T(b; — Ag,b;) in L?(X) and consequently,
(16) T(D0 = A0)) @)] < Y10 — Acbi) @)

for p-almost every x € X. Then it is clear that
A A
w{x € X :|Tb(z)| > 5} < w{x eX: ‘T(ZAM,)(:U)‘ > Z}
A
+ w{m € X ’T(Z(bi - Atibi))(:c)‘ > Z}'

i

We again use the fact that 7' is bounded on L?(w):
A
w{x eX: ‘T(ZAtzbl)(m)’ > Z}
4 C
4 U o s S St
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We consider 0 < u € Lg°(X) with [ul[z2(x) = 1. We apply (15) to u - w'/?
(which belongs to L?(X), since w is a locally integrable function) and we

get
(3 140b@)] - w(@)2)u(e) due)
X 7

< OM |\ M(u-w'?)(y)xy, 5 (¥) duly)
X

< ON[M(u- wl/z)HLQ(X,w—l)HXUiB¢HL2(X,w)-
Remark 2.2(i) and the fact that w € A; imply

C

Moreover, since w € Aj, we have w € Ay and thus w™! € Ay, which implies
that M is bounded on L?(X,w™!). Consequently,

§ (D 140bi@)] - w(@)?)u(e) du(z) < OISy )
X i

for every 0 < u € L§°(X) with [[u[[2(xy = 1. By taking the supremum over
all these functions we eventually get

9 wfeexsr(San)o|> 3} Sl

On the other hand, set B; = (1 + ¢1)B; where ¢; is the constant in (b)’.
Then, by using (16) and the fact that w € A; is a doubling measure we
obtain

w{:n eX: ‘T(Z(bl —Atibi))(:v)‘ > %}

(2

< w(UEi) +w{$ ¢ Uéi : ’T(Z(bi —Atibi))(a:)\ > %}

<O wB)+ 1Y | T~ Ab)@) () dute).
i i X\B
For the first term we use Theorem 2.1 and, as we did in (17), we obtain
(19) Y w(B) = | xm(@)w()dulz)
i X i

C
< Mo(UB) < S 17w v
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On the other hand, by Remark 5.9 with g = w € L{ (X),

loc
V170 = Aubi) (@) |w(x) dpu(z)
X\B;

(T = T Ap,)bi(x)[w(x) dp(z)

o

X\

C

IN

[i(y)] | K (2, y) = ke, (@, y)|w(z) dp(z) duly)

@ d(x,y)cht;/m

[bi(y) | Muw(y) du(y) < C | [bi(y)|w(y) duy)
i B;

[f (W)|w(y) dp(y) + CAw(Bi),

<C

<C

Tee— Wee—m Weem

where we used the fact that w € A; and Theorem 2.1. In this way, by (iv)
of Theorem 2.1 and (19),

YoV 1T - Ay (@) w(@) du()
i xX\B;
<Oy N 1 Wlw(y) du(y) + CA Y w(Bi) < CIlf o (xw),
i B; i
which allows us to get

wloe s (0= 400)@)] > 1} < § 1l

i

For every A > || fl 11(x)(1(X)) ™", this estimate, (14), and (18) lead to

C
w{r € X : |Tf(x)] > A} < By [PAIVEYERmE

If X is unbounded, the proof is complete because the former inequality
holds for every A > 0. Otherwise, we have to consider what happens for
0<A< ||fHL1(X)(u(X))_1. Since X is bounded we can write X = B(xo, 7).
Then, as w € A;, we conclude

w{r e X |Tf(z)| > A} <w(X) <

>
ey
=
&
L
=
)

C
<5 121 (2 0) ®

6. Singular integral operators on irregular domains. In what
follows, {2 will be a measurable subset of the space of homogeneous type
(X,d, ). It is well known that under certain regularity assumptions on (2,
for instance Lipschitz boundary, {2 with the restriction of p is itself a space
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of homogeneous type. Thus, the previous results can be applied directly to
get boundedness of singular operators with Muckenhoupt weights defined in
(2. However, there are interesting problems where the natural domains are
not smooth, for example open subsets of the Euclidean space R%. This is the
case of boundary value problems for partial differential equations. In those
problems, the restriction of the measure might fail to satisfy the doubling
property and therefore {2 would not be a space of homogeneous type.

We are interested in dealing with weighted norm estimates in those con-
texts. As pointed out in [DM], one can extend the singular operators de-
fined in {2 to the space X. Since there is no assumption on the regular-
ity of the kernels in the space variables, the extension of the kernel still
satisfies similar conditions. Given 7', a bounded linear operator on LP({2),
1 < p < o0, the extension of T' to X is defined as Tf(x) =T(fxa)(®)xo(x)
for f € LP(X). Then T is bounded on LP(£2) if and only if T is bounded
on LP(X). In a similar way, there is an equivalence between weak type es-
timates. If K is the kernel of T', then the associated kernel of T is given by
K(z,y) = K(z,y)xaxo(z,y). As observed in [DM], it is easy to see that a
Hoérmander condition for K would not necessarily imply such a condition
for K because this kernel is even discontinuous. Nevertheless, since the con-
ditions assumed on the kernels do not involve their regularity, they imply
similar properties of the kernels of the extended operators.

We are going to use the following notation: B¥ and B denote respec-
tively balls in X and (2. The “approximations of the identity” {D; : ¢t > 0}
in this context are given by

Dif(z) = S ar(z,y)f(y)duly), f € LP(£2) for some p > 1.

x
The kernels are assumed to satisfy |a¢(z,y)| < he(z,y) for every z,y € £2,
where h¢(x,y) is defined in X x X" as
1

(20) ht(xvy) - ,U,(BX({L’,tl/m))
Again, m is a positive constant and s is a positive, bounded, decreasing
function satisfying (4). The hypotheses on the operators are:

(a)n T is a bounded linear operator from L?(2) to L?(§2) with kernel
K such that, for every f € L§°(12),

Tf(x)= S K(z,y)f(y)du(y) for p-almost all x & supp f.
X
(b), There exists an “approximation of the identity”{A; : ¢ > 0} such

that T'A; has associated kernel ki (z,y) and there are ¢1,co > 0 such that

S | K (z,y) — ke(z,y)| du(z) < co  for all y € 2.
d(z,y)>citt/m

s(d(z,y)™t71).
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(¢)o There exists an “approximation of the identity” {D; : ¢ > 0} such
that D,T has kernel K;(x,y) and, for some constants cs, cq, o > 0,

1
(€D 1Kl )| < 1

(2)o [Kelz,y) = K(z, )| < e4 7

for 2,y € 2 with d(z,y) < est'/™,

1 ta/m

(BY(z,d(z,y))) d(x,y)*
for 2,y € 2 with d(z,y) > c3t'/™.

In [DM] it is proved that if T satisfies (a) and (b)g, then it is of weak
type (1,1) in {2 and bounded on LP({2) for 1 < p < 2. Assuming additionally
(¢)gn, the authors obtain the complete range 1 < p < oo and the fact that
the associated maximal operator 7T} is also continuous on LP(£2),1 < p < oo.
The way of proving these estimates is based on extending all the operators
involved to X. That is, they consider 7', A; and D; and they prove that
(a)a, (b)o and (c)q imply that T satisfies (a), (b) and (c). Then they just
apply the obtained results in X to get the desired estimates.

By using those ideas, we can now state that these operators also sat-
isfy weighted norm inequalities. We just need to apply Theorem 5.3, Corol-
lary 5.7, and Theorem 5.8 to the extended operator T to find that T and T
satisfy weighted estimates for Muckenhoupt weights defined in X. We use
the notation A,(X) to make it clear that the Muckenhoupt weights are
considered in the whole space X.

THEOREM 6.1. Let T' be an operator satisfying (a),, (b), and (c),.
(i) If we Ay(X), 1 <p < oo, then T and T, are bounded on LP(£2,w).
(ii) Replace (b), by the following stronger condition:

(b)f, There exists an “approzimation of the identity” {A; : t > 0}
such that the operators T Ay have associated kernels ki(x,y) and there exist
c1,c9, 8 >0 such that

1 tB/m
(BX(y,d(z,y))) d(z,y)’

|K(.T,y) - kt(m7y)’ < e m

for all z,y € 2 with d(z,y) > cit*/™.
Then, for every w € Ay(X), T maps L*(£2,w) into L1>°(2,w).

7. Holomorphic functional calculi of elliptic operators. We are
going to review some of the necessary background. For a complete account
the reader is referred to [ADM] or also to [DM]. Given 0 and v with 0 <
0 < v <7 we define

So = {¢ € C: |arg(()] < 6} U{0}.
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and its interior is denoted by Sg . Let H(SY) be the space of holomorphic
functions defined in SY. We are going to consider the following subspaces of
H(SY):

H>(S9) = {f€H(SD) : | fllo <00}, where ||floo=sup{|f({)|: ¢ € SI},
w(S)) ={y e H(S)):3s >0, [(Q)] < CI¢IP(1+ [¢[*)71,
F(S)) ={feH(S)):3s>0, [f(Q <CUCI™ + <)}

It is clear that W(S9) ¢ H>(SY) c F(S9). A closed operator L in some
Banach space A is said to be of type 6, 0 < 6 < m, if its spectrum o (L) C Sy
and for every v > 6, there exists C, such that

I(L—¢cD™ <Gl ¢S,

By the Hille-Yosida theorem, such an operator with § < 7 /2 is the generator
of a bounded holomorphic semigroup e~*% in the sector SO with v = 7/2—4.

Let us assume that L is a one-one operator of type 6 with dense domain
and dense range on A. We can define a holomorphic calculus in the following
way: if ¢ € ¥(SY), then

1 -1
w(L) = 5=V (L= DT (Q) de,
gl
where, for § < 1 < v, v is the contour {¢ = re*™ : r > 0} parameter-
ized clockwise around Sp. This integral is absolutely convergent in L(A).
Moreover, by the Cauchy theorem this definition does not depend on the
contour, that is, is independent of the choice of n € (0, v). If f € F(SY) with

£ < C(I¢]F +I¢I7F) for ¢ € S, we take

0= ()

Then ¢, f € ¥(S9) and ¢ (L) is one-one. In this way, the operator (fv)(L)
is bounded and ¢(L)~! is a closed operator in A. Then we define f(L) =
G(L) T (f)(L).

A very useful result about holomorphic functional calculi is the following
convergence lemma obtained by McIntosh in [Mcl]; for a proof the reader is
also referred to [ADM, Theorem D].

LeMMmA 7.1 ([Mcl]). Let 0 < 6 < v < w. Let L be an operator of
type 6 which is one-one with dense domain and range on A. Let {f,} be a
uniformly bounded net in H>(S9) which converges to f € H*(SY) uniformly
on compact subsets of SO, such that {f.(L)} is a uniformly bounded net
in L(A). Then f(L) € L(A), fo(L)u — f(L)u for all uw € A, and ||f(L)]| <
sup [lfa (D).
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Coming back to our setting, let us suppose that {2 is a measurable subset
of a space of homogeneous type (X,d,u). Let L be an operator of type
6 < m/2 on L?(f2) so that —L generates a holomorphic semigroup e~ *%,
larg(z)| < m/2 — 0.

THEOREM 7.2 ([DM, Theorem 6]). Assume the following conditions:

(a) The holomorphic semigroup e~ **, |arg(z)| < m/2 — 0, is represented
by the kernels a,(x,y) which satisfy, for all v > 0, an estimate

|az($7y)| < Cl/h|z|(m7y) Jor z,y € £2 and ]arg(z)| < 7'['/2 - v

where hy is defined on X x X as in (20).

(b) The operator L has a bounded functional calculus in L?(§2). That is,
for any v>0 and f € H>®(SY), the operator f(L) satisfies £ (D)2 (2)—r2(02)
< Cu[flloo-

Then the operator L has a bounded functional calculus in LP(§2),
1 < p < oo, that is, for all f € H*(SY), we have ||f(L)||rr(2)—rr(2) <
Cpullflloc- When p = 1, the operator f(L) is of weak type (1,1). Further-
more, if we define T = f(L), then the maximal truncated operator T, is

bounded on LP(£2) for all p, 1 < p < co.

The proof of this result goes as follows. First, the authors consider the
case T = f(L) with f € ¥(SY), v > 6. For such an operator, (a)g, (b) and
(¢c)p are obtained by taking as “approximations of the identity” A; = Dy
= e~ ', Then McIntosh’s convergence lemma (Lemma 7.1 above) allows
them to extend the result to H>(S9).

Taking into account that proof and the fact that the required conditions
for the weighted inequalities are the same as those assumed in [DM], we can
state the following result just by using Theorem 6.1. Let us note that in
part (ii) we added a stronger condition (b)f, which can be checked easily:
the commutation property of the functional calculus and the fact that A; =
D; = et yield Ky = k;. Moreover, by (3), we see that (B~ (y,d(z,v)))
and p(B*(x,d(z,y))) are comparable and hence (b), arises from (c2)g by
taking 0 = a.

THEOREM 7.3. Under the conditions of the previous theorem, for any
1 <p<ooand w e Ay(X), the operator L has a bounded holomorphic
functional calculus in LP(£2,w). That is, if v > 0 and f € H>®(SY), then

||f(L)||LP(Q,w)—>LP(Q,w) < Cp,w,l/HfHoo'

Furthermore, when p = 1, f(L) is bounded from L'(§2,w) to LY*°(§2,w) for
every w € A1(X). In addition, if we write T = f(L), then T, is bounded
from LP(2,w) to LP(£2,w) for any 1 < p < oo and w € A,(X).
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We are going to present some applications for this result. We work with
some operators taken from [AE] which correspond to second order elliptic
operators with different boundary conditions. In what follows, our setting
will be R? with the Euclidean distance and the Lebesgue measure. Besides,
{2 will be an open subset of this space of homogeneous type. For 1 < p < oo,
the Sobolev space W1P(§2) consists of all functions in LP(§2) with first order
distributional partial derivatives in the same space. As usual, when p = 2,
we write H!(£2) instead of W12(£2). Finally, H{ (£2) is the closure in H*(£2)
of C§°(12).

We are going to consider second order elliptic operators with the follow-
ing boundary conditions (for more details see [AE]):

(A) Dirichlet boundary conditions. Let a;; € Wh°°(§2) be real functions
for 4,5 = 1,...,d; let bj,c; € Wh(£2), i = 1,...,d (complex) and let
co € L*(£2). We consider the sesquilinear form a : H(2) x H}(22) — C
defined by

d d d
a(u,v) = Z S aijDiuD_jv + Z S b; Djuv + Z S ciuD;v + S Coum.
ij=10 i=1 0 i=1 0 Q
Suppose that there exists § > 0 such that the following ellipticity condition

holds:
d

(21) D aij(@)6&; > 6> for all £ € RY and almost all z € £2.

ij=1
Then A is the operator associated with a and generates a semigroup
(e7)s>0.

(B) General boundary conditions. We consider operators as before but
now the coercive form is defined in a certain domain V x V. Some conditions
are imposed on this domain in order to obtain Gaussian estimates for the
kernel of the semigroup. Now, all functions are real-valued, so we only work
in the real field. Assume that V satisfies:

(i) V is a closed subset of H(£2) and H}(2) C V.

(ii) V has the L'-H' extension property, that is, there exists a continuous
linear operator £ : V. — H 1(Rd), called an extension operator, such that
(Ep)ln = forall p € V, and

||590HL1(R‘1) < CHQDHLl(Q) for all Y e VN LI(Q).

For instance, if V = H&(Q), this operator extends functions on {2 by 0 on
R?\ 2 (see [AE] for more examples).

(iii) If v € V then |v|, min{|v|,1} € V.

(iv) If v € V, u € H'(2) with |u| < v, then v € V (V is an ideal in
HY(2)).
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Let us consider the bilinear form a : V' x V — R given by

d d d

a(u,v) = Z S a;jDiuDjv + Z S b;D;uv + Z S cuD;v + S couv,

ij=10 i=10 i=10 0

and assume the ellipticity condition (21). Now, all coefficients are real-valued
and it is supposed that a;; € L>(2), b;,¢; € W12°(82), co € L>°(2). The
first order coefficients are required to satisfy:

(22) If v € V, then bjv,civ € H} () for alli = 1,...,d.

Under these hypotheses A is the operator associated to the coercive form a
and generates a positive semigroup (e~*4);sg. For example, if V = HE(92),
we are considering an elliptic operator with Dirichlet boundary conditions
and if b;, c; € WH°°(£2), then (22) holds. On the other hand, by taking V =
H'(£2) with 42 minimally smooth, the problem has Neumann boundary
conditions. In this case, (22) holds provided that b;,c; € VVO1 (2. I Q2 s
bounded, then b;,¢; € H}(§2) is a necessary condition for (22), since 1 € V.

(C) Robin boundary conditions. Again we work in the real field and
2 is a bounded open set in R¢ with Lipschitz boundary I' = 0£2. We
write dvy for the restriction of the Lebesgue measure to I'. There exists
a unique linear bounded operator tr: H'(£2) — L?(I',dy) such that tru =
u|p for all w € H'(£2) N C(£2). This operator is called the trace operator.
Assume that the domain V satisfies conditions (i)—(iv) above. We consider
the same form a defined in the previous example with domain V' x V. We
also assume (21), (22). Consider a bilinear form b: V' x V — R given by

b(u,v) = | B(2)(tru)(z)(trv) () dy (),

r

where 3 € L*(I") is a positive function. Let us consider the coercive form
q = a + b with domain V. Then A is the operator associated to ¢ and A
generates a positive semigroup (e 7*4);~¢. Let us note that Robin boundary
conditions coincide with Dirichlet boundary conditions if V = H}(£2) and
with Neumann boundary conditions if V = H!(£2) and 3 = 0.

We consider a second order elliptic operator A as in (A), (B) or (C). Let
(e7t)4>0 be the generated semigroup. As in [AE], there exist b,c > 0, v € R
such that (e7*4)ss0 is given by the kernels a; € L>®(f2 x £2) which satisfy
the following Gaussian estimate:

las(z,y)] < et 2Pyt vt o g e, (x,y) € 2 x 1.

In cases (B) and (C), the kernels also satisfy a;(z,y) > 0 for almost all
(z,y) € 2 x £2. We complexify the domain V' and the coercive form a in
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those cases. Set

i d
Ga_§—1nf{9>0 Zlaw 5153659 for all £ € C® and a.e. :EGQ}
7]

Note that 0, = 7/2 if (a;j)i; is a symmetric matrix for almost every = € (2.
Hence, e=*4 is a holomorphic semigroup in L?(£2) with holomorphy sector
which contains at least Sy . Moreover, let 6 € [0,6,) and let Ag € R be such
that

le™* A r2(a)—r2(2) < €™ for all z € Sp;

then, for all A > Ag, there exist b, ¢ > 0 such that the kernel of the semigroup
satisfies |a, (z,y)| < c|z|"¥2e Vvl A2l for almost all (z,y) € 2 x 2,
uniformly on z € Sy (see [AE, Theorem 5.6]).

THEOREM 7.4 ([AE, Theorem 5.9, Corollary 5.10]). Let us adopt the
notation and the hypotheses of examples (A), (B) or (C). Let /2 — 6, <
v <m/2 and Ao € R be such that

le™* o)~ r2() < € for all z € Sy /n,.

Then for all X > Ao, the operator A4+ I has a bounded holomorphic calculus
in LP(§2) for every 1 < p < oo. In particular,

(A + XD || o) r(2) < Ce”*!

uniformly for all s € R and 1 < p < oo. Moreover, for every f € H*(SY),
the operator f(A+ M) is of weak type (1,1).

The proof consists in showing that [a,(z,y)| < c|z|~#/2e - tle=vl’lz1"" for

z € 9, where @, is the kernel of the semigroup e~ (A+ADZ and then using
[AE, Theorem 5.7]. This result is known under the hypothesis that either
012 is a null set in R? or £2 = R?. In general, for £2 an arbitrary open set, the
authors point out that the proof in [DR] can be modified in order to cover
this case. On the other hand, this result arises from Theorem 7.2 proved
in [DM]. Let us remark that |a.(z,y)| < hy,(z,y) where, for ¢ > 0 and
(z,y) € R x RY,
1

B0

and s(r) = ce™”" is a positive, bounded, decreasing function. With respect to
the notation in (20), m = 2 and it is clear that (4) holds for every ¥ > 0. In
other words, we are under the assumptions of Theorem 7.2 with L = A+ \I.
As a consequence and simply by Theorem 7.3, we can prove weighted esti-
mates and that L has a bounded holomorphic calculus in weighted Lebesgue
spaces.

hi(z,y) = cft|Y2e Mo—vlPl™! = z -yt

—br
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COROLLARY 7.5. Let us adopt the notation and the hypotheses of exam-
ples (A), (B) or (C). Let /2 — 6, <v < 7m/2 and X\g € R be such that

le™ | L2(0)—r2() < €7 forall z € S5,
Then, for all A > Ao, we have:

(i) For any 1 < p < oo and w € A,(X), the operator A+ A has a
bounded holomorphic calculus in LP(§2,w), that is,

1f(A+ XD Lo(0,0)—Lr(2w) < Cpwpllflleo  for all f e H*(SD).

(ii) For any w € A1(X) and f € H*®(SY) the operator f(A+ \) is
bounded from L'(£2,w) to LY*°(2,w).

(iii) If we write T = f(A + M), where f € H>(S9), then T, maps
LP(£2,w) into LP(£2,w) for every 1 < p < oo and w € Ay(X).

By taking f(z) = 2% with s € R, T = (A + \I)* satisfies all these
estimates and, in particular, for 1 <p < oo, w € A,(X) and s € R,

(A + AD™|| Lo (2.00)— Lo (2) < Cel5l.
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