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Position dependent random maps in one
and higher dimensions

by

WAEL BAHSOUN (Victoria) and PAWEE GORA (Montreal)

Abstract. A random map is a discrete-time dynamical system in which one of a
number of transformations is randomly selected and applied on each iteration of the
process. We study random maps with position dependent probabilities on the interval
and on a bounded domain of R™. Sufficient conditions for the existence of an absolutely
continuous invariant measure for a random map with position dependent probabilities on
the interval and on a bounded domain of R™ are the main results.

1. Introduction. Let 7, ..., 7x be a collection of transformations from
X to X. Usually, the random map T is defined by choosing 73 with constant
probability pg, pr > 0, Zle pr = 1. The ergodic theory of such dynamical
systems was studied in [9] and in [8] (see also [7]).

There is a rich literature on random maps with position dependent prob-

abilities with 71, ..., 7x being continuous contracting transformations (see
[10]).
In this paper, we deal with piecewise monotone transformations 7, ..., 7

and position dependent probabilities pi(x), k = 1,..., K, where pg(z) > 0,
25:1 pr(z) = 1, i.e., the py’s are functions of position. We point out that
studying such dynamical systems was begun in [5], where sufficient conditions
for the existence of an absolutely continuous invariant measure were given.
The conditions in [5] are applicable only when 71, ..., 7x are C? expanding
transformations (see [5] for details). In this paper, we prove the existence
of an absolutely continuous invariant measure for a random map 7" on |[a, ]
under milder conditions (see Section 4, Conditions (A) and (B)). Moreover,
we prove the existence of an absolutely continuous invariant measure for a
random map 7" on a bounded domain of R™ (see Section 6, Condition (C)).
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The paper is organized in the following way: In Section 2, following the
ideas of [5], we formulate the definition of a random map 7" with position de-
pendent probabilities and introduce its Perron—Frobenius operator. In Sec-
tion 3, we prove some properties of the Perron—Frobenius operator of T'.
In Section 4, we prove the existence of an absolutely continuous invariant
measure for 7" on [a, b]. In Section 5, we give an example of a random map
T which does not satisfy the conditions of [5]; yet, it preserves an absolutely
continuous invariant measure under conditions (A) and (B). In Section 6,
we prove the existence of an absolutely continuous invariant measure for T’
on a bounded domain of R™. In Section 7, we give an example of a random
map in R™ that preserves an absolutely continuous invariant measure.

2. Preliminaries. Let (X,®B,)\) be a measure space, where X\ is an
underlying measure. Let 7, : X — X, k£ = 1,..., K, be piecewise one-
to-one, non-singular transformations on a common partition P of X: P =
{h,.... 14} and 74,; = 7%|r,, i = 1,...,¢q, k = 1,..., K (P can be found
by considering finer partitions). We define the transition function for the
random map T = {71,...7x;p1(x),...,pKr(z)} as follows:

Zpk 2)xa(i(x)),

where A is any measurable set and {py ()}, is a set of position dependent
measurable probabilities, i.e., Zszl pr(z) =1, pr(x) > 0 for any x € X, and
X4 denotes the characteristic function of the set A. We define T'(z) = 74 ()
with probability py(x) and TV (z) = 7, 0Ty, - - 07k, (¥) with probability
Dieny (T, @ 0Tky (@) Pl (Tl 5 © - -0 Thy () - - - Piey (). The transition
function P induces an operator P, on measures on (X, B) defined by

K
Pot(A) = [P(a, A) du(z) = 3 | pr(@)va(mi (@) du(e)
N k=1 c .
=2 S =22 | m@duia).
k:lT 1 k=1 1=1 Tkz(A)

We say that the measure p is T-invariant iff Py = p, i.e.,
pwA)=>" | pe@)du(x), AcB.
F=lrola)

If  has density f with respect to A, then P,u also has a density which
we denote by Prf. By change of variables, we obtain
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K q
[ Pri@ar@) =33 | pule)f(z) di(x)
A k=1 i=1 T;Z,il(A)
N 1 1 1
= T, x)f(T 7d)\x,
>SS 5y )

where Jj, ; is the Jacobian of 75 ; with respect to A. Since this holds for any
measurable set A we obtain an a.e. equality

1
(Prf)(= Pr (T QT (T ilx)i,XT ) ()
;; k K, J/ﬁi(Tk,il) % (1i)

or
PTf Z PTk Pkf

where P;, is the Perron-Frobenius operator corresponding to the transfor-
mation 7 (see [1] for details). We call Pr the Perron—Frobenius operator of
the random map 7. It is main tool in this paper, with very useful properties.

3. Properties of the Perron—Frobenius operator of T. The prop-
erties of Pp resemble the properties of the classical Perron—Frobenius oper-
ator of a single transformation.

LEMMA 3.1. Pr has the following properties:
(i) Pr is linear;
(ii) Pr is non-negative; i.e., f > 0= Ppf > 0;
(iii) Prf = f < pu=f-Xis T-invariant;
(v) ||Prfllr < || fll1, where || - ||1 denotes the L' norm;
(v) Pror = Pgo Pr. In particular, PY f = Prn f.

Proof. The proofs of (i)—(iv) are analogous to those for a single transfor-
mation. For the proof of (v), let T"and R be two random maps corresponding
to {71,...,7k;pP1,...,px} and {(1,...,Cr;r1, ..., 7L} respectively. We de-
fine {7x}X | and {¢;}{, on a common partition P. We have

Pu(Prf) = PR(ijfk (i)

= > > Py(riPr(pif))

L
=1 k=1
L
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4. The existence of an absolutely continuous invariant measure
on [a,b]. Let (I,B,\) be a measure space, where A is normalized Lebesgue
measure on I = [a,b]. Let 7, : [ — I, k = 1,..., K, be piecewise one-to-
one and differentiable, non-singular transformations on a partition P of I:
P =A{hL,...,1;} and 7,; = 1|1, ¢ = 1,...,¢q, k = 1,..., K. Denote by
V(-) the standard one-dimensional variation of a function, and by BV (I)
the space of functions of bounded variation on I equipped with the norm
[-lsv =V({)+ 1

Let gx(x) = pr(z)/|7.(z)], k = 1,..., K. We assume the following con-
ditions:

CONDITION (A). S0 gr(z) <a<1,zel.

ConDITION (B). ¢, € BV(I), k=1,..., K.

Under the above conditions our goal is to prove
(4.1) ViPpf < AVif + B| flh

for some n > 1, where 0 < A < 1 and B > 0. The inequality (4.1) guarantees
the existence of a T-invariant measure absolutely continuous with respect
to Lebesgue measure and the quasi-compactness of the operator Pr with all
the consequences of this fact (see [1]). We will need a number of lemmas:

LEMMA 4.1. Let f € BV(I). Suppose 7 : I — J is differentiable and
() # 0,z €1. Set ¢ =771 and let g(x) = p(z)/|7'(z)| € BV(I). Then

Vi(f(9)g(9) < (Vif + Sup Vg + Sup 9)-

Proof. First, note that we have dropped all the k,7 indices to simplify
the notation. The proof follows in the same way as in Lemma 3 of [9]. =

LEMMA 4.2. Let T satisfy conditions (A) and (B). Then for any f €
BV(I),
ViPrf < AVif + BJfll,



Position dependent random maps 275

where
K K

A= B=2 |
30+ max kZ_:Vngn Ba +51H<1?<quz_l‘/f,gk,

with B = maxlgigq()\(li))_l.
Proof. First, we will refine the partition P to satisfy an additional con-
dition. Let n > 0 be such that Zﬁ(zl(gk(w) + ) < a whenever |g;| < 7,

k=1,...,K. Since g, k =1,..., K, are of bounded variation we can find
a finite partition K such that for any £k =1,..., K,

lgx(z) — gr(y)| <7

for z, y in the same element of XC. Without loss of generality, we can assume
that our original partition is the join P Vv K. Then

max E su kT
1§z‘<q IE?Q

We have V[(PTf) VI(Zk:l P (prf)). We will estimate this variation.
Letqblm—ﬁ“,k—l LK,i=1,...,q. We have

K K ¢
(42) Vi ( Z Py, (Pkf)> =V ( Z Z T (Dk,i) 9k (Dr.i) X, ))
k=1 k=1 i=1
K q
<O @i grlai-a)| + | £(ai)] lgr(ai)]]
k=1 1=1
K g
+ Z Z Vrk [f(¢k z)gk(¢k z)]
k=1 i=1

First, we estimate the first sum on the right hand side of (4.2):
K g
(4.3) > UF i) g(aimn)] + 1 f (i)l llgx(ai)]

k=1 1=1

Zi: {\f(ai—l)!(i::!gk(ai_l)\) + | f(ai) (Z!gk ai )}

1
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(1 (@i-1)| + 1 (@)]))
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We now estimate the second term on the right hand side of (4.2). Using
Lemma 4. 1 we obtain

(4.4) Z Z [ (@, 91 (Dr.i)]

k=1 i=1

q
> (v, f =+ sup ) (Vi g + sup gi)

Mx

k=1 1=1 I
1 K
; <2V1 I+B SZ fd)\) ( Igagxq;(‘/]igk + Slllipgk)>

< @Vif + 811 max vagk +a).

Thus, using (4.3) and (4.4), we obtain

K K
ViPrf < <3a + fﬁ?é‘q; Vh!]k) Vif+ <2ﬂa + ﬂlrg%kz_l VL‘Qk) £l =

In the following two lemmas we show that the constants a as well as
maxi<i<q . le V1,91 decrease when we consider higher iterations 7" instead
of T. The constant 3 obviously increases, but this is not important.

LEMMA 4.3. Let T be a random map which satisfies condition (A). Then,
forxel,

(4'5) Z pw(x) < an

well,. . K}N 1Tl

where Ty (x) = Tiy 0Ty, 0+ -0 Tky () and pu(z) = pry (T, ©- - -0 Ty () -
Din_y (Tky_o © - 0Tk, (X)) - - piy () define the random map TN,
Proof. We have

TN(x) =Ty ©Thky_1 0" 9Tk (33)

with probability
Pry (Tk?N—l O+ 0Tk (7)) 'pk’N—1(77<3N—2 O+ 0Tk (z)) - Pk ().
The maps defining TV may be indexed by w € {1,..., K}V. Set
Tw(x) = Tky ©Thy_1 © 777 9Tk ($)a
where w = (ki,...,kn), and
pw(a;) = Pky (Tkal O OTk (l’)) 'pkN—l(TkN—2 O O0Tk (m)) © Pk (CU)
Then

Top(®) = Thy (T © - 0 Thy (@) Thy (Thyp © - 0 Ty () -+ 7, ().
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Suppose that T satisfies condition (A). We will prove (4.5) using induction
on N. For N =1, we have

Pw ()
> ome .,
U
by condition (A). Assume (4.5) is true for N — 1. Then

Puw(T) _ (1))
2 T3 ()] _w Z Z! IT’ Tk(fﬁ))\

wef{l,..,K}N W wef{l,...,K}N-1 k=1
pw(i(z)) ) N-1 N
| <a- =a.
(Zr )( {12}]“ To(mly)) =~ 0~ "

LEMMA 4.4. Let gy, = pw/|T,,|, where T,y and py, are defined in Lem-
ma 4.3 and w € {1,..., K}". Define

K
Wi = max E Vi,ge, W, = max E Vigw,
1§Z§qk 1 Jep®) c
= w

where P is the common monotonicity partition for all T,,. Then, for all
n>1,
W, < na™ Wy,

where « is defined in condition (A).

Proof. We prove the lemma by induction on n. For n = 1 the assertion
is true by definition of W,. Assume that it is true for n, i.e.,

W, < na™ 1Wy.
Let J € P and 2y < 1 < --- < 7 be a sequence of points in J. Then

-1 -1
S lgw@i) —gu@) =Y D gwl(@ji) — gul®))]

w j=0 J=0 we{l,...,K}ntl

Z Z Z|gw Tk 117]+1 gk(%ﬂ) gm(Tk(ﬂfj))gk(ijﬂ

{ " 7K}n k 1

-1
<> > Z\gm(ﬁs(wjﬂ))gk(%jﬂ) = 9w (Te(@j41)) 9k (z;)|

j=0we{l,.. . K}n k=1

-1 K
)Y D lgw(me(ii)gr(ws) — gu(me(a;))gn(x))|

Jj=0we{l,...,K}" k=1
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P_ﬂx

ge(mir) =gkl Y gwlmi(ii)

=0 k=1 we{l,... K}

+ > awlz) Y lgw(m(win) — gw(Tr()))|
=

7=0 k=1 we{l,...,K}"

K
<a” . Z \gk(zj41) — gr(zj)]

—|—0zz Z |gm(7‘k(ffj+1)) —gm(Tk(afj)N

j=0we{1,...,K}"
< "Wy + aW, < a"Wi +na"Wi = (n+ 1)a"Wi.
We used condition (A) and Lemma 4.3. =

THEOREM 4.5. Let T' be a random map which satisfies conditions (A)
and (B). Then T preserves a measure which is absolutely continuous with

respect to Lebesgue measure. The operator Pr is quasi-compact on BV (I)
(see [1]).

Proof. Let N be such that Ay = 3aN + Wy < 1. Then, by Lemma 4.3,

Z gu(x) <o, zel
we{l,...,.K}V

We refine the partition P®Y) as in the proof of Lemma 4.2, to have

ma)]% E sSup gy < CYN.
JeP
€ we{l,...,K}V 7

Then, by Lemma 4.2, we get

1P fllev < Anlfllsv + Bullfll1,

where By = By (20 +Wy), By = max jcpny (A(J)) L. The theorem follows
by the standard technique (see [1]). =

REMARK 4.6. It is enough to assume that condition (A) is satisfied for
some iterate T™ m > 1.

REMARK 4.7. The number of absolutely continuous invariant measures
for random maps has been studied in [4]. The proof of [4], which uses graph
theoretic methods, goes through analogously in our case, i.e., when T is a
random map with position dependent probabilities.
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5. Example. We present an example of a random map 7' which does
not satisfy the conditions of [5], yet it preserves an absolutely continuous
invariant measure under conditions (A) and (B).

EXAMPLE 5.1. Let T be a random map which is given by {71, 72; p1(z),
pa()}, where

2 for 0 <z <1/2,
T1(x) = pi(z

) = 2/3 for0<axz<1/2,
x forl/2<az<1,

o l1/3 for1/2<ax <1,

r+1/2 for0<xz<1/2, 1/3 for0<z<1/2,
7'2(.%')2 p2( ):

20 —1 forl1/2<x <1, 2/3 forl/2<x<1.

Then Zizl gr(x) = 2/3 < 1. Therefore, T satisfies conditions (A) and (B).
Consequently, by Theorem 4.5, 1" preserves an invariant measure abso-
lutely continuous with respect to Lebesgue measure. Notice that 7, 75 are
piecewise linear Markov maps defined on the same Markov partition P:
{[0,1/2],[1/2,1]}. For such maps the Perron—Frobenius operator reduces to
a matrix (see [1]). The corresponding matrices are:

Fn = <1é2 1?)’ P = (1(/)2 1}2)'

Their invariant densities are f; = [0,2] and f., = [2/3,4/3]. The Perron—
Frobenius operator of the random map T is given by

(2/3 0 )(1/2 1/2) <1/3 0 )( 0 1 ) <1/3 2/3)
Pr = + = .
0 1/3/\ 0 1 0 2/3/)\1/2 1/2 1/3 2/3

If the invariant density of T is f = [f1, f2], normalized by fi; + fo = 2 and
satisfying the equation fPr = f, then f; =2/3 and fy = 4/3.

6. The existence of an absolutely continuous invariant measure
in R™. Let S be a bounded region in R™ and \,, be Lebesgue measure on S.
Let 7, : S — S, k=1,..., K, be piecewise one-to-one and C?, non-singular
transformations on a partition P of S, P = {S1,...,S,} and 7%; = 7%ls,,
1 =1,...,q, k = 1,..., K. Suppose each S; is a bounded closed domain
having a piecewise C? boundary of finite (n — 1)-dimensional measure. We
assume that the faces of 0.5; meet at angles bounded uniformly away from O.
We will also assume that the probabilities py(z) are piecewise C! functions
on the partition P. Let D7, 1(z) be the derivative matrix of T ! at 7. We
assume:
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CoNDITION (C).

max Zpk D7 (@)l < o < 1.

Let sup,er, ,(s,) HDTI;i (z)|| =: ok, and sup,eg, pr(x) =: k. Using the

1y

smoothness of D7, ;’s and pi’s we can refine the partition P to satisfy

ConpITION (C').

K
Z max OkiTh; < 0 < 1.
— 1<i<

Under this condition, our goal is to prove the existence of an a.c.i.m. for
the random map 7' = {71,...,7k;Pp1, .- ., Pk }. The main tool of this section
is the multidimensional notion of variation defined using derivatives in the
distributional sense (see [3]):

V() = § DS =sup{ | Fdivig)dra: g = (g1, .,90) € CHR" R |,
R™ R™

where f € L;1(R"™) has bounded support, Df denotes the gradient of f
in the distributional sense, and Cé(R",R”) is the space of continuously
differentiable functions from R"™ into R™ having a compact support. We will
use the following property of variation which is derived from [3, Remark
2.14]: If f = 0 outside a closed domain A whose boundary is Lipschitz
continuous, f|4 is continuous, f|ing(a4) is C', then

V()= § IDfldx+ | [flde,
int(A) dA
where A\,_1 is the n — 1-dimensional measure on the boundary of A. In this
section we shall consider the Banach space (see [3, Remark 1.12])

BV(S) ={f € Li(5) : V(f) < oo},

with the norm || f|lgv = V(f) + || f|l1. We adapt the following two lemmas
from [6]. Their proofs are exactly the same as in [6].

LEMMA 6.1. Consider S; € P. Let x be a point in 0S; and y = 71i(x)
a point in O(7i(S;)). Let Jy; be the Jacobian of Ty|s, at x and J,gyi be the
Jacobian of T|ps, at x. Then

0
S

< Ok,i- ®
Ihi ’

Fix 1 < i < ¢q. Let Z denote the set of singular points of 05;. Let us
construct for any « € Z the largest cone with vertex at x and which lies
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completely in S;. Let (x) denote the vertex angle of this cone. Then define
B(S;) = min 0(x).
Since the faces of 05; meet at angles bounded away from 0, we have ((.S;)
> 0. Let «(S;) = 7/2 + 3(S;) and
a(S;) = |cos(a(S;))]-

Now we will construct a C" field of segments Ly, y € 95;, every L, being
a central ray of a regular cone contained in S;, with vertex angle at y greater
than or equal to 5(.5;).

We start at points y € Z where the minimal angle [((S;) is attained,
defining L, to be central rays of the largest regular cones contained in S;.
Then we extend this field of segments to the C! field we want, making L,y

short enough to avoid overlapping. Let §(y) be the length of L,, y € 05;.
By the compactness of 0.5; we have

i(S;) = mf 6( ) >

yeds
Now, we shorten the L, of our field, makmg them all of length 6(S5;).

LEMMA 6.2. For any S;, i =1,...,q, if f is a C' function on S;, then

1 1
a§;- f(y) dAn-1(y) < m <m 551 JdAn + Vint(Si)(f)>- "

Our main technical result is the following:

THEOREM 6.3. If T is a random map which satisfies condition (C), then
o
V(Pe) < o141V + (M o+ Z I,

where a = min{a(S;) : 1 =1,...,¢} >0, = min{§(S;) : i =1,...,q} > 0,
and

DJy;
My,; = D - M = E M
i 535( pr(2) e pk(x)>, lrgggq ki

)

Proof. We have V(Prf) < S5, V(Pr, (pf)). To estimate V(Py, (pr.f)),
let

F (7 (i
Fk,i:L_(llt)ﬂ Rk,i:Tk,i(Si)7 izla"'7q7k:17"‘7K'
sz,i(Tk’i)
Then
q
VIDP (o)l dAn <D\ ID(Frixr,)| dAn
R™ i=1 R™

q
<3 (VIPExrl dhn+ § 1B (Dxn,)l dAn )
=1 R” R™
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Now, for the first integral we have

VIDE xRN dha = § IID(Frpr) || dAn

R™ R;
Pr(7i,) ~ Dk
< [ |putit 2+ | f(rml)D(—)HdA
R; Jk 1(7-192) R; sz Tk;z
Pr(Ti) M,
< VIDfrEHID || dAn + S ||f(Tkl)||J7_1d/\n
R; k ( kz) k, ( kz)
< onime | IDf dhn + My | | £]] dn.
Sl' Si
For the second integral we have
_1 0
P(Thi) Tii
§IFe(Dxm) N = TSGR S s = § 1 5
R OR; il kz) a8,
By Lemma 4.3, Jig,i/Jk,i < 0. Using Lemma 4.2, we get
S | Fii(Dxr,)|| dXn < 0k, i i S | f] dAn—1
R™ aS;
< PRV () + PR T fl dow

Using Condition (C’), summing first over i, we obtain

V(P (prf)) < (fg?gq OkiTki) (1 +1/a)V(f)

HlaX1§i§q Ok,iTk,i
M — .
(o M PSR Y

Then summing over k yields the assertion. m

THEOREM 6.4. Let T be a random map which satisfies condition (C).
If o(1+1/a) < 1, then T preserves a measure which is absolutely continu-

ous with respect to Lebesque measure. The operator Pr is quasi-compact on
BV(S) (see [1]).

Proof. This follows by the standard technique (see [1]). m

7. Example in R?. In this section, we present an example of a random
map which satisfies condition (C) of Theorem 6.3 and thus it preserves an
absolutely continuous invariant measure.
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ExAMPLE 7.1. Let T be a random map given by {71, 72;p1(x),p2(x)},
where 71,7 : I — I? are defined by

T1(71, T2)
(3x1, 229) for (x1,22) € S1 ={0 < xy,22 <1/3},
(3x1 — 1,2x9) for (x1,22) € So ={1/3 <21 <2/3;0<mp <1/3}
(31 — 2,2x9) for (z1,29) € S3={2/3 <z <1;0 <2y <1/3}
(31,322 — 1) for (x1,22) € Sy ={0<x1 <1/3;1/3 < xz9 <2/3}
=< (Bxy —1,3x2 — 1) for (z1,22) € S5 ={1/3 < z1,22 < 2/3}
(B3x1 — 2,3z — 1) for (z1,22) € S ={2/3<x1 <1;1/3 <292 <2/3}
(321,322 — 2) for (x1,29) € S7={0<x; <1/3;2/3 <x9 <1}
(83z1 — 1,322 — 2) for (z1,22) € Sg ={1/3 <x1 <2/3;2/3 <xy <1}
(3w1 — 2,329 — 2) for (z1,22) € Sog ={2/3 <21 <1;2/3 < a9 <1}
(321, 322) for (z1,x9) € Sy,
(2 — 321, 3x2) for (z1,x2) € So,
(3z1 — 2,3x2) for (z1,z2) € Ss,
(321,322 — 1) for (z1,z2) € Sy,
To(x1,22) = § (2— 321,322 — 1) for (x1,22) € S5,
(3x1 — 2,329 — 1) for (z1,x2) € Sg,
(321,322 — 2) for (z1,xz9) € S7,
(2 —3x1,3x9 —2) for (z1,22) € Ss,
L (3x1 — 2,329 — 2) for (x1,x2) € Sy,,
and
(0.215 for (z1,z2) € Si, (0.785 for (z1,z2) € S,
0.216 for (z1,x2) € So, 0.784 for (x1,x2) € So,
0.216 for (z1,z2) € Ss, 0.784 for (z1,x2) € Ss,
0.216 for (z1,z2) € Sy, 0.784 for (z1,x2) € Sy,
pi(x) =4 0.215 for (z1,22) € S5, pa(z) =< 0.785 for (z1,x2) € S5,
0.216 for (z1,x2) € S, 0.784 for (x1,x2) € Sg,
0.216 for (z1,z2) € S7, 0.784 for (z1,x2) € Sy,
0.216 for (z1,x2) € Sg, 0.784 for (z1,x2) € Ss,
L 0.215 for (331,332) € Sy, ( 0.785 for (z1,x2) € S.

The derivative matrix of 7, i is

<1é3 133) o <1é3 1(/)2>’
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and the derivative matrix of 7, il is

< 1/3 0 ) < -1/3 0 )
or .
0 1/3 0 1/3
Therefore, the Euclidean matrix norm || D7} illis V2/3 or v/13/6, and the
Euclidean matrix norm ||D7'2 || is v/2/3. Then

V13 V2
1r£11a<xq2pk D7 (7 (@) ]| < 0.216 == +0.785=~.

For this partition P, we have a = 1, which implies

13 2
o(1+1/a) = 2(0.216 % +0.785 %) ~ 0.9998 < 1.

Therefore, by Theorem 6.4, the random map 7" admits an absolutely contin-
uous invariant measure. Notice that 71, 79 are piecewise linear Markov maps
defined on the same Markov partition P = {Si,...,S9}. For such maps the
Perron—Frobenius operator reduces to a matrix and the invariant density is
constant on the elements of the partition (see [1]). The Perron—Frobenius
operator of T is represented by the matrix

M = Iy My + I3 Mo,

where My, Ms are the matrices of P, and P, respectively, and Iy, Il are
the diagonal matrices of pi(z) and pa(z) respectively. Then M is given by

1/6 1/6 1/6 1/6 1/6 1/6 0 0 0
1/6 1/6 1/6 1/6 1/6 1/6 0 0 0
1/6 1/6 1/6 1/6 1/6 1/6 0 0 0
1/9 1/9 1/9 1/9 1/9 1/9 1/9 1/9 1/9
M=pIdy-| 1/9 1/9 1/9 1/9 1/9 1/9 1/9 1/9 1/9
1/9 1/9 1/9 1/9 1/9 1/9 1/9 1/9 1/9
19 1/9 1/9 1/9 1/9 1/9 1/9 1/9 1/9
1/9 1/9 1/9 1/9 1/9 1/9 1/9 1/9 1/9
1/9 1/9 1/9 1/9 1/9 1/9 1/9 1/9 1/9




Position dependent random maps

1/9 1/9 1/9 1/9 1/9 1/9 1/9 1/9 1/9
1/9 1/9 1/9 1/9 1/9 1/9 1/9 1/9 1/9
1/9 1/9 1/9 1/9 1/9 1/9 1/9 1/9 1/9
1/9 1/9 1/9 1/9 1/9 1/9 1/9 1/9 1/9
+poIdg- | 179 179 1/9 1/9 1/9 1/9 1/9 1/9 1/9
1/9 1/9 1/9 1/9 1/9 1/9 1/9 1/9 1/9
1/9 1/9 1/9 1/9 1/9 1/9 1/9 1/9 1/9
1/9 1/9 1/9 1/9 1/9 1/9 1/9 1/9 1/9
1/9 1/9 1/9 1/9 1/9 1/9 1/9 1/9 1/9

a a a a a a b b b
c c c ¢c d d d
c ¢c ¢c ¢c c c d d d
e e e e e e e € e
= e e e e e e e e e |,
e e e e e e e € e
e e e e e e e e e
e e e e e e e € e
e e e e e e e e e

where

p1 = (0.215,0.216, 0.216,0.216,0.215, 0.216, 0.216, 0.216, 0.215),
p2 = (0.785,0.784,0.784,0.784, 0.785, 0.784, 0.784, 0.784, 0.785),

Idy is the 9 x 9 identity matrix and

a=0.12306, b=0.087222, c=0.12311,
d=0.087111, e=0.11111.

The invariant density of T is

f:(fl’f27f3af4af57f6’f7’f87f9)7 fi:f\Siv 1=1,...,9,

normalized by

fi+fot+fs+fatfo+fot+frtfs+fo=09,

and satisfying the equation fM = f. Then

f1:f2:f3:f4:f5:f6:%7 f7:f8:f9:0‘22739

fr.
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