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On the topological reflexivity of the isometry
group of the suspension of B(H)

by

MATE GYORY (Debrecen)

Abstract. We describe the topological reflexive closure of the isometry group of the
suspension of B(H).

1. Introduction. The study of reflexive linear subspaces of the algebra
B(H) of all bounded linear operators on a Hilbert space H represents one of
the most active research areas in operator theory (see [6] for a nice general
view of reflexivity of this kind). In the last decades, similar questions con-
cerning certain important sets of transformations acting on Banach algebras
rather than on Hilbert spaces have also attracted considerable attention. The
initiators of the research in this direction are Kadison, Larson and Sourour.
In [10] Kadison studied local derivations from a von Neumann algebra R
into a dual R-bimodule M. He called a continuous linear map from R into
M a local derivation if it agrees with a derivation at each point in the al-
gebra R (the derivation may differ from point to point). The main result,
Theorem A, in [10] states that in the above setting, every local derivation is
a derivation. Independently, Larson and Sourour [12] proved that the same
conclusion holds for the local derivations of B(X), where X is a Banach
space. Since then, a considerable amount of work has been done concerning
local derivations of various algebras (see e.g. [2, 5, 7, 9, 19, 20, 22-26]).

Besides derivations, there are at least two other important classes of
transformations on operator algebras which deserve attention from this point
of view, namely, the group of automorphisms and the group of surjective
isometries. Larson [11, Some concluding remarks (5), p. 298] initiated the
study of local automorphisms (the definition should be self-explanatory) of
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Banach algebras. In his joint paper with Sourour [12] that we have already
mentioned they proved that if X is an infinite-dimensional Banach space,
then every surjective local automorphism of B(X) is an automorphism (see
also the paper [2] of Bresar and Semrl). For further results on local automor-
phisms, we refer to [3, 18, 20]. The common feature of all those results is that
they show that the local derivations, local automorphisms, local isometries,
etc. of the underlying structures are (global) derivations, automorphisms,
isometries, etc., respectively. Clearly, this is a remarkable property of the
underlying structure. For function algebras, results of this kind concern-
ing local automorphisms and local isometries were obtained e.g. by Cabello
Sanchez and Molndr in [4], and by Molnar and Zalar in [17].

We now define the concept of reflexivity that we shall use. Let X be
a Banach space (in fact, in the cases we are interested in, X is usually a
Banach algebra) and for any subset € C B(X) let

refae € ={T € B(X):Tx € Ex for all z € X},
refiop & = {T'€ B(X): Tx € Ex for all z € X},

where the bar denotes norm-closure. The above sets are called the algebraic
reflexive closure and the topological reflexive closure of €, respectively. The
collection € of transformations is called algebraically reflexive if ref,; € = &,
and topologically reflezive if refio, € = €.

Obviously, topological reflexivity is a stronger property than algebraic re-
flexivity. Shulman [21] showed that the derivation algebra of any C*-algebra
is topologically reflexive. For the topological reflexivity of derivation alge-
bras, automorphism groups and isometry groups we refer to [1, 8, 13, 14].

For the automorphism group or the isometry group of C*-algebras, a gen-
eral result as in [21] does not hold. If X is a Banach space, let iso(X) denote
the set of all linear (not necessarily surjective) isometries of X. The isome-
try group, i.e. the group of all surjective linear isometries of X, is denoted
by Iso(X). If A is a x-algebra then let Aut(.A) and Aut*(A) denote the
group of all automorphisms (i.e. multiplicative linear bijections) and the
group of all x-automorphisms of A, respectively. Now, if X is an uncount-
able discrete topological space, then it is not difficult to verify that the
groups Aut(Cp(X)) and Iso(Co(X)) of the C*-algebra Cy(X) of all con-
tinuous complex-valued functions on X vanishing at infinity are not re-
flexive even algebraically. Concerning topological reflexivity, there are even
von Neumann algebras whose automorphism and isometry groups are not
topologically reflexive. For example, Batty and Molnar [1] showed that the
infinite-dimensional commutative von Neumann algebras acting on a sepa-
rable Hilbert space have this non-reflexivity property.

In the present paper we deal with the reflexivity of the isometry group of
the suspension of B(H). The concept of the suspension of a C*-algebra plays



Topological reflexivity of the isometry group 289

an important role in the K-theory of operator algebras. If A is a C'*-algebra
then its suspension is the C*-tensor product Cyp(R)®.A4, which is well known
to be isomorphic to Cy(R,.A), the algebra of all continuous functions from R
into A which vanish at infinity. We know that the automorphism group and
the isometry group of B(H) are topologically reflexive if H is a separable
infinite-dimensional Hilbert space [13]. In [16] it was shown that Aut(Cp(R))
and Iso(Cp(R)) are algebraically (but not topologically) reflexive. The main
result in [16] was that the automorphism group and the isometry group of
the suspension Cy(R) ® B(H) of B(H) are algebraically (but not topolog-
ically) reflexive. The referee of that paper raised the interesting problem
whether it is possible to describe explicitly the topological reflexive closures
of Aut(Co(R) ® B(H)) and Iso(Cy(R) ® B(H)). The present paper gives a
solution to this problem.

2. Statement of the results. From now on, let H stand for an infinite-
dimensional separable Hilbert space. Here we shall describe the elements of
the sets refiop(Aut*(Co(R) ® B(H))) and refiop(Iso(Co(R) @ B(H))).

The proof of the main result of this paper is based on the following
auxiliary theorem.

THEOREM 1. Let X be a Banach space, S C iso(X) a topologically
reflexive subset and ¢ : Co(R, X) — Co(R, X) a linear map. For any [ €
Co(R, X) there exist homeomorphisms ¢, : R — R (n € N) and functions
Tn : R — S (n € N) with

Tnf © on — ¢(f)

if and only if there exists an open interval U C R, a surjective, monotone,
continuous function ¢ : U — R, and a function 7 : U — § such that for any

f e Co(R, X) we have
1) () (y) = {g(y)(f(so(y))) sz” z E ga\ .

Moreover, if ¢ is of the form (1), then 7 : U — S is strongly continuous.

The *-automorphisms of Cy(R, B(H)) are both automorphisms and sur-
jective linear isometries. The paper [16] provides the forms of the surjective
linear isometries and the automorphisms of Cy(R, B(H)). In view of the
topological reflexivity of the isometry group and the automorphism group
of B(H) (see [13]), Theorem 1 implies immediately the main result of this
paper which reads as follows.

THEOREM 2. Let ¢ : Co(R,B(H)) — Co(R,B(H)) be a linear map.
We have ¢ € refiop Iso(Co(R, B(H))), resp. ¢ € refiop Aut™(Co(R, B(H))),

if and only if there exist an open interval U C R, a surjective, monotone,
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continuous function ¢ : U — R, and 7 : U — Iso(B(H)), resp. 7 : U —
Aut*(B(H)), such that for any f € Co(R, B(H)), ¢ is of the form (1).
Moreover, if ¢ is of the form (1), then T is strongly continuous.

In [16] it was proved that the isometry group of Cy(R, B(H)) is alge-
braically reflexive. We show that this conclusion can be deduced fairly easily
from Theorem 1 as well. We first prove the following auxiliary result, which
turns out to be an easy corollary of Theorem 1.

THEOREM 3. Let X be a Banach space, P C iso(X) an algebraically
reflexive subset and ¢ : Cop(R,X) — Co(R,X) a linear map. If for any
[ € Co(R,X) there exist a homeomorphism ¢ : R — R and a function
7r : R — P such that

(2) O(f) =71f oy,
then there exist a homeomorphism ¢ : R — R and a function 7 : R — P
such that for any f € Co(R, X) we have

o(f)=7f o,
and in this case T : R — P s strongly continuous.

Now we immediately obtain the following theorem, which was the main
result of [16].

THEOREM 4. The groups Iso(Co(R, B(H))) and Aut*(Co(R, B(H))) are
algebraically reflexive.

3. Proofs

Proof of Theorem 1. First suppose that ¢ is of the form (1), where U =
Jui, ug[ with uj,us € RU{—00,00}, p : U - Rand 7: U — S are as in
Theorem 1. Extend 7: U — S toafunction 7 : R — S. Let u; < a, € U and
ug > b, € U be real sequences with a,, — w1 and b,, — us. Now for any n € N
there exists a homeomorphism ¢,, : R — R for which |p(y) — ¢n(y)] < 1/n
for any y € [an, bp], and ¢([an, bn]) C on([an, bnl).

We show that for any f € Co(R, X),

Tfopn — o(f).
Let £ > 0. Then there exists a compact set K C R such that ||f(y)| < &/2
(y € R\ K). Since a,, — u1, b, — uz and ¢ : U — R is surjective, there exists
ni € Nsuch that K C ¢([an, by))° for any n > ny. Since f € Cp(R, X) is uni-
formly continuous, there exists § > 0 such that for any z,y € K, |[x —y| < ¢
implies || f(xz) — f(y)|| < €. Let na € N with 1/ns < § and ng = max(ni, ng).
Further, let y € U and n > ng. If y € [an, by then |o(y) — on(y)] <1/n <9,
and thus || f(¢(y)) — f(en(®))|| < e. If y € U\ [an, by] then, by the mono-
tonicity of ¢, and ¢, we have ¢,(y) € ©n([an,bn])® 2 ©(lan,bn])® 2 K
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and ¢(y) & @([an, bn])° 2 K, so [|f (@), [[f(en(y))[| < /2, which implies
IIf (o)) — f(pn(y))|| < e.Then, as 7(y) € iso(X), for any y € U and n > ng
we have

1(Tf o en)(y) = 2N W = 1T (W) f(en(y)) — T(y) f (W)
= £ (en(y)) = FleW))ll <e.
For any y € R\ U we obtain y & [an,by], thus ¢,(y) € ©n(lan,bn])® 2
©([an, bn])° 2 K, which implies

1(7f o en)(y) = AN = (7] o en) Wl = [1f (enlw)]l <e/2.

Hence 7f o, — 7fop = ¢(f), which completes the proof in one direction.

Consider now the other direction. Suppose that for any f € Cy(R, X)
there are homeomorphisms ¢y, : R — R (n € N) and functions 7¢,, : R — &
(n € N) such that

Tf,nf CPfn — ¢(f)

In what follows, for brevity, ¢f, and 77, will denote the functions corre-
sponding to f € Cp(R, X). Now ¢ is obviously an isometry. For any x € R
and A € X with A # 0, set

So(x, A) ={f € Co(R, X) - [[f ()] = [IF]| > 0, f(2) /I f ()]l = A/[|All
Vy e R, y#x: [fW)l <1}
S(a, A) ={f € Co(R, X) = [[f (@) = [IF| > 0, f() /I f ()| = A/[|All},

which are clearly non-empty sets.
Real sequences tending to —oco or 400 will be considered convergent.
Further, for any f € Cp(R, X) define f(—o0) =0 and f(4+o00) = 0.

STEP 1. For any x € R and A € X with A # 0, the set
(3) G, A)= [ {yeR:[o(HWI=IfI}
fes(z,A)
is non-empty and compact.
Let f € S(z,A). As ¢(f) € Co(R, X), the set {y € R [[¢(f)(m)ll = [/}
is compact, so to prove that G(x, A) # 0, it is sufficient to show that the

system of these sets has the finite intersection property.
Let n € Nand fi,..., f, € S(z, A). Then

i+ full 2 N+ -+ )@ = 1fi() + -+ ful2)l

_ [l LG
_ A A
‘ [V V1
o (AR T i R T PR A
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thus

[fit+-+fall = A0+ 1l
Since ¢(f1 + -+ fn) € Co(R, X), there exists z € R for which ||¢(f1 + ...
+ ) @) = llo(f1 + -+ fu)|. Hence

Io(f)) - A+ No(fu) (D)) > ld(fr+- -+ ) = [o(fr+- - 4 o)l
=i+ +hull =1l Al
= lo()ll+- - +llo(fa)l
> ()@ +lle(fn) (2],
which implies
lo(fo) ()l = lo(fll = [Ifsll (1 <i<n),
thus

ze (My eR: o)l = lIfll}-
=1

Consequently, G(z, A) is indeed a non-empty compact set.

We note that for any x € R, A € X with A # 0 and A > 0, we obviously
have

(4) G(z, \A) = G(z, A).
STEP 2. If € R, Ae X, A#0, f € Co(R, X) and
f@) = ([ f@)I/IIAlHA

then
(W = [f(@) (v € G(=, A)).

By (4), we may assume that ||A]| = 1. Let y € G(z, A). If || f(z)|| = || f||
then by Step 1 we are done. So we may assume that || f(z)| < |/f]]. Now
it is easy to verify that there exists an fy € S(z, A) such that | fo| =
I =11 @)l >0, f+ fo € S(z, A) and [[f + fol| = |[f]|. Let b = f + fo. By

Step 1, we have
le(h) (W)l = [|nll =111,
which implies
1A= lleR) W)l = llo(f) () + (o) (y)l
< eI + lleCfolll = (I + ALFIT = ILF )],
thus (/)W) = || f(2)]]-
STEP 3. For any © € R, A € X with A#0, and any f € So(x, A), the

set {yeR:llo(H W)l = 1711}

is a compact interval which contains G(z, A).
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Let f € Sp(x, A), and set

=inf{y e R: lo() W = IfII},  y2 =sup{y e R: [lo(f) ()] = IfII}-
Then

G)  dm ) = I lim [ epa(a))ll = 5]

Let u, be a subsequence of ¢ ,(y1) or ¢f,(y2). By (5) and since 0 #
f € Cy(R, X), the sequence u, has an accumulation point yy € R. Then
(5) implies || f(yo)l| = IIfll. As f € So(x,A), we have yo = x. So every
subsequence of ¢, (y1) or ¢, (y2) has a subsequence converging to x, which
implies

(6) lim @pn(y1) = lim epn(ye) = 2.
n—oo n—oo

Let y € [y1,y2]. Since s, : R — R (n € N) is a homeomorphism (which
is clearly monotone), from (6) and y; <y < y2 we have 7, (y) — z, thus

16N = lim 7@ (era@) = lim || FGesalo)ll = 1 £ @) = 1]
Hence {y € R : [[6(£)(v)| = 1fl} = [y1, y2], and we are done.

STEP 4. If ©x € R and A € X with A # 0, then G(z,A) C R is a
compact interval.

Let y € [inf G(z, A),supG(x, A)] and f € S(x,A). Then there exist
functions f, € So(z,A) (n € N) with f, — f. For any f, € So(z, A)
we have G(z,A) C {z € R : ||[¢(fn)(2)]| = | fnll}, thus, by Step 3, we
obtain [inf G(z, A),supG(z,A)] C {z € R : ||¢(fn)(2)]| = |Ifnll}. Hence
16(7) @)l = ity oo S]] = Tios 1l = 171 Thus 3 € G(z, 4),

and we are done.

STEP 5. Let f € Cyo(R,X) and suppose there exist ¢ € ]0,1/100][, el-
ements A1, As, A3 € X of norm 1, real numbers p < 1 < z1 < To <
29 < x3 < 23 < x4 and disjoint closed intervals Jg < I} < J1 < Iz <
Jo < I3 < J3 < Iy with Jy = ]—oo,p], z; € I; (1 <3 < 4), zi € J;
(1 <i< 3)7 f(xl) = A17 f(xQ) = A27 f(l’g) = A37 ||f($4)|| = 1/27 f(zl) = Oa
[f(z2)]l <& [[f(z3)ll <& [If]l =1, and with

(M) lf @)
048] if x € JygUJiUJyU Js,
4e, 1—46[ ifl‘E]SupJo,infjg[\(IlUJ1U12UJ2U13),
1-— ] if{BEIlUIQUIg,

4e, 1/2 de[  if supJy < x < infly,
1/2 —4e,1/2] if x € 14,

[
]
S ][
[
[0,1/2 — 4¢] if suply < x.
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Then there is y € [inf G(z1, A1), sup G(x3, A3)|U[inf G(z3, A3),sup G(z1, A1)]
such that ¢(f)(y) = 0. Moreover,

G(:L’l,Al) < G(Q?Q,Ag) < G(Q?g, Ag) or G(ml,Al) > G(Q?Q, Ag) > G(xg, Ag).

Let
={yeR:Ja,beR:a<b <y, [o(f)(a)ll = 1/2 = 2¢, [o(f)(b)] < 2e,
Sa,beR:y<a<b, [6(F)@) <2, 6B > 122},
={yeR:fabeR:a<b<y, [lo(f)(a)ll =1~ 2¢, [[6(f)D)] < 2e,
Ja,b eR:a<b <y, [[¢(f)(a)] = 1/2 =2¢, |o(f) D) < 2e,
da,beR:y <a <b, [|o(f)(a)]| < 2e, [[¢(F)O) =1 - 2¢},
={yeR:3ay,a2,b1,b0 ER: a1 < azs <y < by < b,
() @)l [¢(f) (b2)l| = 1=2¢, [[o(f)(a2)l], |(f)(br) [} < 2¢},
Ky={yeR:Ja,beR:y <a<b, [o(f)(a)ll <2, [lo(/HD)] = 1/2 - 2,
Sa,beR:a<b<y, [6(F)@) > 12, [6(HB)] <2},
Ky={yeR:fa,beR:y<a<b, [|o(f)(a)] <2, [lo(f)(®)l| =1 -2,
Sa,beR y<a<b [6(f)@)] <22 6O > 1/2 - 2,
da,beR:a<b<y, [[o(f)(a)ll =1 =2, [[¢(f) )] < 2}
It is easy to see that Ky, K, K, K3 and K} are pairwise disjoint inter-
vals. Let f1 € So(z1, A1), fa € So(x2, A2), f3 € So(zs, Az) be functions with
disjoint supports for which || fi|, || f2ll, || f3]] = € and fi(z;) =0 (i = 1,2, 3;
j =1,2). Then f + fa € Sp(x2,A2) and ||f + f2|| = 1 + . We may assume
that there are y1,y2,y3, u1, us € RU {400, —0o} for which
Crifn@) =y, 0l (@2) =y, 0rlg,(23) — s,
Prtpn(z1) =ty @ris L (22) = ua.

Then Tp1p,n - (f + f2) 0 Pprfom — O(f + fo

~—

implies

lo(f + f)(woll = I(f + fo) (@) = 1,
lo(f + f2) ()| = [I(f + f2)(z0) | = O,

(8) lo(f + f2) ()| = [[(f + f)(@2) | = 1 +¢,
lo(f + f2)(u2) | = [I(f + fo)(22)I| <,
lo(f + f2)(a) | = [I(f + f2)(23)]| = 1.

Thus y1,y2,y3 € R. By the monotonicity of ¢4y, » (n € N), we have y; <
up < Yo < ug < ygor ys < ug < yo < uy < y1. Hence (8) and ||¢(f2)| =
[[f2[| = € imply
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o)l 21— [lo(N) )l =1, lle(f)ws)ll =1 -¢,
lo(f)(un)ll <e, [6(f) (u2)]| < 2e.

Thus y, € Ko. Now since f + fo € So(z2, Az), Step 3 implies that {y € R :
lo(f+ f2) )|l = || f + foll = 1 + ¢} is a compact interval which contains ys.
Then, by the definition of K3, y2 € K3 clearly yields

{yeR:|o(f + f2)W) =If + foll| =1+ e} C Ko,
which implies
G(m‘g,Ag) g KQ.

We have f + f1 € So(x1, A1) and ||f + fi1]| = 1 +e. We may assume that
there are y1,y2,u1 € RU {400, —o0} such that

9 eripa@) =y er @) =y e () =
Now, as above, we deduce that

lo(f + SOl = I(f + fo)(z) =1+,
(10) lo(f + fo)(w)ll = [I(f + f1)(z)] =0,

lo(f + fO )l = 1(F + fi)(z2)ll = 1,

and either y1 < uy <9 or y2 < uj < y1. Hence, by (10), we have y1, y2, us € R.
Again, as above, since ||¢(f1)|| = || fill = €, (10) implies

D) Nl =1, Nle(Hwl <&, lo(f)g2)l =1 —e.

Suppose that y; < u; < ys. Further, suppose on the contrary that there
are a,b € R such that a < b < y1, ||¢(f)(a)|| > 1/2—2¢ and ||¢(f) ()| < 2e.
We may assume that there exist ug, up € R U {400, —o0} for which

Prifin(@) = tas  Prifin(b) — wp
Then || f1]| = € implies

I+ f)(wa)ll = llo(f + f)(@)] = [lle(f) (@)l = llo(f)(a)] |
>1/2—-2e—e=1/2— 3¢,

1Cf+ f) )l = llo(f + fO@ < [[#(H B + [[#(f1)(B)] < 26+ & = 3e,
thus

(12) If(ua)|| > 1/2=3e —e=1/2—4e, ||f(up)| < 3e+ e =4e.

By (9) and since a < b < y; < y2, except for a finite number of n € N,
we have a < b < @}ifhn(xl) < go}ifhn(xg), which implies that cp;ifl’n is
increasing. Thus u, < u, < x1, which contradicts (12), (7) and 1 € I;. This
means that there do not exist a,b € R such that a < b < y1, ||[¢(f)(a)|| >
1/2 —2e and ||¢(f)(b)]| < 2e. Hence (11) and y1 < w1 < y2 imply y1 € K.
Similarly, if yo < u1 < y1 then y; € K3. Consequently, y; € K1 or y; € K3.
Since f + f1 € So(x1, A1), by Step 3, the set {y € R : ||[o(f + f1)(v)] =
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IIf+ fill = 1+¢} is a compact interval which contains y;. By the definitions
of K1 and K3, it is now clear that either

{yeR:(lo(f + fOWI =IIf + fill =14} € Ky or K,
which implies
G(:L’l,Al) g K1 or G(l’l,Al) g Kg.
In a similar way it can be proved that
G(x3,A3) C K] or G(xs,A3) C Kj.
Now let v; € G(x1, A1) and vs € G(x3, A3). Suppose on the contrary
that G(z1, A1) C K7 and G(z3, A3) C K{. Then v; € Ky, v3 € K1, and

[&(S)(w)ll = llo(f)(vs)]| = 1.
Suppose that v; < vs. Then, as vs € K], there exist a < b < vs for which

[o(f)(@)ll = 1/2 = 2¢ and [[6(f)(b)]| < 2e. Since [[¢(f)(v1)]| = 1, the in-

equality v1 < b < vs would contradict v3 € K. Thus a < b < vy, hence
llo(f)(a)|| > 1/2 — 2 and [|¢(f)(b)|| < 2e contradicts vy € K;. Similarly
we get a contradiction in the case vs < wv1. Thus G(z1,A4;) C K; and
G(z3, A3) C K/ cannot hold simultaneously. Similarly, G(x1, 41) C K3 and
G(x3,As) C K3 cannot both hold. Thus
G(iEl,Al) g Kl) G($3,A3) g Ké or G(thl) g K37 G(x37A3) g Ki
It is easy to see that K; < Ky < Ké and K| < K9 < K3, whence
G(:L’l, Al) < G(l’g, AQ) < G(.Tg, Ag) or G(a;l, Al) > G(xg, Ag) > G(xg,, Ag)

Finally, we may assume that there are y1, y2, y3, u1, us € RU {400, —o0}
with

pinw) =y (1<i<3),  ¢rh(z) —uy (1<5<2).

Now since 7f,, - f 0o ¢fn — &(f), the monotonicity of ¢, (n € N) im-

plies [[o(f) ()l = [f )l = 1, [[o(f)(w2)ll = [ f ()l = 1, [|¢(f)(wr)]l =
If(z1)]] = 0 and y1 < u3 < y2 or y2 < uy < yi. Then y;,y2 € R, and so
u; € R. Moreover, u; € K». Then, since K1 < Ky < Kj and K] < Ky < K3,
we are done.

STEP 6. For any A,B € X with A, B # 0, and for z,y € R with x # vy,
we have

G(z,A)NG(y,B) = 0.
Moreover, G is “monotone” in the sense that either
G(z1,A) < G(xg,B)  for every x1,x9 € R with x1 < z3, or
G(x1,A) > G(x2,B)  for every x1, 2 € R with x1 < x9

where the relations “<” and “>” are understood pointwise.
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Let x1, 29,23 and Aj, As, A3 € X satisfy 1 < 22 < z3 and ||A1] =
|A2|l = || As]| = 1. It is easy to see that there exists a function f € Cp(R, X)
such that f satisfies the conditions of Step 5. Then, by Step 5, we are done.

STEP 7. G is “continuous” in the following sense: for any x, — xg and
A € X we have G(zp, A) — G(x0, A), i.e.
sup{d(y, G(xo, A)) : y € G(zn, A)} — 0,
where
d(y, G(xo, A)) = inf{|ly — 2| : 2 € G(xg, A) }.
Let x,, € R be a decreasing sequence with z,, — z¢ € R. (If z,, is increas-
ing then the proof is similar.) For simplicity, assume that G is increasing.

Suppose
yo = lim sup G(zn, A) > sup G(vo, A)

and let f € S(xp, A). Then there exist f,, € S(x,,A) (n € N) for which
Ifnll = If]] (n € N) and f,, — f. Since sup G(zy,, A) — yo and ¢(f) is

continuous, we have
[6()(wo)| = Tim_ [[6(fu)(sup G, A))] = Tim [ £l = [1£]|

Hence yo € G(x0, A), thus yo = sup G(zp, A). Since G is monotone, we are
done.

STEP 8. Let G(x) = G(x,1I) for any x € R, where I € X is fized. Then
for any A € X with A # 0, we have

G(z) =G(z,A).

Let A, B € X with A, B # 0, and let x,, be a decreasing sequence with
x < xn — x. For simplicity, assume that G is increasing. Then Steps 6 and 7
imply that

sup G(z, A) < inf G(zy, B) — sup G(z, B),
thus
sup G(z, A) < sup G(z, B).

In a similar way we get supG(z,B) < supG(z,A), thus supG(z,A) =
sup G(z, B). Similarly inf G(xz,A) = inf G(x, B), and, by Step 4, we are
done.

STEP 9. Let
U=JG).
z€R
Then U is an open interval. For any u € U denote by p(u) € R the uniquely
determined real number for which u € G(¢(u)). Then ¢ : U — R is surjec-
tive, continuous and monotone. Moreover,

(13) (NI = 1 (el (y € U).
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By Steps 2 and 8 and the definition of ¢, we immediately get (13).

The definition of ¢ and Step 6 imply that ¢ is monotone. It is clear that
¢ is surjective. We show that ¢ is also continuous. Let u,, € U (n € N) and
u € U be such that u, — u. Further, let

x1 = liminf p(u,), 2 = limsup p(uy).
n—0oo n—00
Then z1,z9 € R, and there exists a subsequence v,, of u,, for which
z1 = lim o(vy,).
n—oo

Then, by Step 7 and the definition of ¢, we have
un € G(p(vn)) — G(z1),

whence
u= lim v, € G(z1).
Similarly
u < G(.CCQ)

Hence z1 = z2 = ¢(u), so p(u,) — @(u). Thus ¢ is indeed continuous.
We now show that U is an interval. Suppose on the contrary that there
exist ag,byp € U and z € R\ U such that ap < z < by. Let

z1 = sup(]—o0,2[NU), 22 =inf(]z,00[NT).
There exists an increasing sequence a,, € |—00, z[NU (n € N) and a decreas-
ing sequence b, € |z,00[NU (n € N) such that a,, — z; and b,, — 2. Since
¢ is monotone and a1 < a, < z < b, < by (n € N), there exist a,b € R

for which ¢(a,) — a and ¢(b,) — b. By the “continuity” of G, we have
an € G(p(an)) — G(a) and by, € G(¢(b,)) — G(b), from which we obtain

= lim a, € G(a), 2= lim an € G(b).

n—oo
If a # b then there is a z¢ € ]a,b[, thus G(a) < G(z9) < G(b) or G(b) <
G(z0) < G(a), whence U 2 G(z9) C |z1,22[- So U N ]z1, 22[ # 0, which
is a contradiction. Hence a = b, which implies 21,22 € G(a). Therefore
z € [21,22] € G(a) C U. This is again a contradiction, so U is an interval
indeed. Hence, by the definition of U and the monotonicity of GG, we conclude
that U is an open interval, which completes the proof of Step 9.

STEP 10. Let f € Ch(R, X) and z1 € R be such that f satisfies the
conditions of Step 5 and f~1(0) = {z1}. Then there exists y € G(z1) for
which

o(f)(y) = f(z1) =0.
By Steps 5 and 9, there exists y € U such that ¢(f)(y) = 0. Then

Step 2 implies || f(¢(y))|| < [6(f)(y)]| = 0. Since f~1(0) = {21}, we obtain
p(y) = 21, thus y € G(21) and ¢(f)(y) = f(z1) = 0.
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STEP 11. Let f € Co(R,X) and z1 € R be such that f satisfies the
conditions of Step 5 and f(z1) = 0. Then for any y € G(z1) we have

o(f)y) = f(z1) = 0.

Let a = inf G(z1), b = sup G(z1), and let = € [a,b] and € € ]0,&¢[. By the
continuity of f, there is a § > 0 such that for any y € R with |y — 21| < ¢ we
have [|f(y)]| < eo0. Let 24,2, € R with 21 — § < 2, < 21 < 2, < 2+ 6. Then
there exists fo € Cp(R, X) such that ||fo]| < €0 and fi = f — fo vanishes
exactly at z,, 2p and z1. It is easy to see that there are g, € Cp(R, X)
(n € N) which satisfy the conditions of Step 5 and for which g, — fi and
9, 1(0) = {21} (n € N). There are h,, € Co(R, X) (n € N) which satisfy
the conditions of Step 5 with z, instead of z; and for which h,, — fi
and h; 3 (0) = {2} (n € N). Similarly, there are hy,, € Co(R,X) (n € N)
which satisfy the conditions of Step 5 with z, instead of z; and for which
hpp — f1 and h;})(()) = {zp} (n € N). Then, by Step 10, for any n € N
there are r,, € G(21), Sn,a € G(24) and sy, € G(2) such that ¢(gy)(rn) = 0,
¢(hn,a)(Sn,a) = 0 and ¢(hyp)(snp) = 0. Since G(z1), G(2,) and G(z,) are
compact intervals, we may assume that there are y1 € G(21), yo € G(z4)
and yp € G(2) for which r, — y1, Sna — Yo and s, — yp. Since g, —
J1, hna — f1 and h,p — fi, we deduce that ¢(f1)(y1) = o(f1)(a) =
&(f1)(yp) = 0. For simplicity, assume that G is increasing. Then y, < a <
y1 < b <yp.

We may assume that there are ug,u,up € R U {400, —00} such that
Pfin(Ya) = Ua, Pprn(r) — wand op n(y) — up. Now || fi(@p n(ya))ll —
16(f1)(wa)ll = 0 and [|f1(ef () — l(f1)(ww)ll = 0. Hence fi(ua) =
fi(up) = 0, which implies uq,up € {za, 21,25} C [2q,2p). Then since y, <
x < yp, the monotonicity of g, , (n € N) implies v € [uq,up] C [2a,2) C
[21—0, z1+6], thus || f(u)|| < €0, and so || fi(u)|| < 2e0. Hence fi(¢f, n(x)) —
fulw) and || f1( 5, n(2)]] = I16(F1) (@) imply [[6(1)(z) | < 2e0, from which
we infer that ||¢(f)(x)|] < 3eo. Since g9 € ]0,¢[ is arbitrary, we obtain
#(f)(z) = 0. Thus ¢(f) is 0 on the interval [a,b] = G(z1), as claimed.

STEP 12. Let f € Cy(R, X) and = € R. Then for any y € G(x) we have
lo(S) W) = [Lf ().

It is clear that there exists a function fo € Cy(R,X) such that
(f — fo)(@) = 0 and [[foll = Ifo(@)ll = IF@)- Let g = f — fo. It is not
difficult to see that there exist n € N, \; € R and f,, € Cp(R, X) (1 <i<n)
such that g = A\ f1 + - - - + A\n fn, where the functions fi,..., f, satisfy the
conditions of Step 5 with z; = x. By Step 11, for any y € G(x) = G(z1)
we have 6(f)(y) — 0, whence 6(9)(y) — S Nib(fi)(y) = 0, and thus
16 @I = (o)) = I fola) = £ @)
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STEP 13. For any y € R\ U we have ¢(f)(y) =0.

Let up = infU, ug = supU, and let f € Cp(R, X) be nowhere vanish-
ing. First let y € R be such that || f(y)|| = ||f|| and let = € G(y). Then
1f (@)l = IIfWI = [Ifll. By Step 12, we easily obtain ¢(f)(u1) =
¢(f)(uz) = 0. Thus [|f(¢sn(u1))ll — 0 and [|f(¢fn(u2))[ — 0, hence
f(y) #0 (y € R) implies

[pfn(ui)] — 00, [ppn(uz)] — oo.

If prn(ur) — oo and @y, (u2) — oo, then since u; < x < ug, the mono-
tonicity of ¢y, (n € N) implies ¢¢,(z) — oo, from which we deduce that
¢(f)(x) = 0. Then 0 = [|o(f)(@)] = [f(p(@)ll = |[f] > 0, which is a

contradiction. Similarly, we obtain a contradiction if ¢, (u1) — —oo and
©¢n(uz) — —oo. Thus either

@fn(ur) = —o0 and @y, (ug) — 00 or @g,(ug) — —o0 and @y, (u1) — oo.
Now let y € R\ Jui,uz[. Then the monotonicity of ¢¢, (n € N) implies
Prn(y) & lpgn(ur), prn(uz)]. Hence [pfn(y)| — oo, and so

(NIl = lim [|f(¢sn(y))]l = 0.

Now let f € Cy(R, X) be arbitrary. Then there exist nowhere vanishing
functions f, € Cyo(R, X) (n € N) with f, — f. It follows from the above
that

¢(f)(y) = lim ¢(fn)(y) = 0.
As y € R\ U is arbitrary, the proof of Step 13 is complete.

STEP 14. For any f € Cop(R, X), we have

ol ={y N TR

This is a consequence of Steps 9, 12 and 13.

STEP 15. There exists a strongly continuous function 7 : U — S such
that

o(Ny) =7W)(fle) (yeU).

Let y € U and A € X. Further, let f € Cp(R, X) with f(e(y)) = A, and
let
T(y)(4) = o(f)(y)-
We show that 7(y) is well defined. Let fi, fo € Co(R, X) for which fi(p(y)) =

fa(e(y)) = A. Then, by Step 14, we have [|¢(f1— f2) ()|l = |(f1—f2)(e®))]]
= 0, thus ¢(f1)(y) = o(f2)(y). Now 7(y) : X — X is clearly a linear
isometry.
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Let y € U and A € X with A # 0. Further, let f € So(¢(y), A) be such

that f(¢(y)) = A and f(z) = ([f(@)l/[[AIDA (z € R). Since 77,f o psn
— ¢(f), we have

Trn(W) f(era(y)) — o(f)(y) = 7(y)(A),
thus

() (L 4 — )

Since 77, (y) and 7(y) are isometries, we have || f(¢¢n(y))|| — [|A]l and so

Trn(Y)(A) = 7(y)(4).

By the topological reflexivity of S, we obtain 7(y) € S.

We now show that 7 is strongly continuous. Let A € X, z € R and
zn € R (n € N) with A # 0 and z,, — z. Then the continuity of ¢ implies
o(xn) — ¢(z) € R, thus there exists f € Co(R, X) for which f(p(zy,)) =
f(e(x)) = A (n € N). Then the continuity of ¢(f) yields

7T(zn)(A) = 7(zn) (f(@(zn))) = () () — ¢(f)(z) = 7(z)(A4).
Theorem 1 is now a consequence of Steps 9, 13 and 15. =

Proof of Theorem 3. Assume that ¢ satisfies the conditions of Theorem 3,
and let S = iso(X). Then ¢ also satisfies the conditions of Theorem 1. Thus,
by Theorem 1, there is an open interval U C R, a monotone, continuous,
surjective function ¢ : U — R, and a strongly continuous function 7 :
U — iso(X) such that for any f € Cp(R, X) the equation (1) holds. Let
x € R, and let f € Cy(R, X) be a nowhere vanishing function for which
{z}={y e R: | f(y)]| = |If]|} Since ¢ satisfies the conditions of Theorem 3,
6(f) vanishes nowhere and {y € R : |l6(f)(y)ll = I6(H)ll = IIf()]]} is a
singleton. By (1), U = R and ¢~ !(z) is also a singleton. Hence ¢ is injective.
Thus ¢ : R — R is a continuous bijection, and so it is a homeomorphism.

Now let y € Rand A € B(X), and let f € So(p(y), A) with f(e(y)) = A.
By the conditions of Theorem 3, there is a homeomorphism ¢g : R — R and
a function 79 : R — P for which (2) holds. Then

1F @)l = lle(S) Wl = [1f (o)),
which together with f € So(p(y), A) imply ¢(y) = ¢o(y). Thus

T(y)(A) = 7(¥)(f(e(W))) = &(f)(v)
= 10(y)(f(po(y))) = 70(y)(f(¢(v))) = To(y)(A).

Now the algebraic reflexivity of P implies 7(y) € P, which completes the
proof. m
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