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Generalization of the Newman—Shapiro isometry theorem
and Toeplitz operators. 11

by

DAR1Usz CicHON (Krakéw)

Abstract. The Newman—Shapiro Isometry Theorem is proved in the case of Segal—
Bargmann spaces of entire vector-valued functions (i.e. summable with respect to the
Gaussian measure on C™). The theorem is applied to find the adjoint of an unbounded
Toeplitz operator T, with ¢ being an operator-valued exponential polynomial.

1. Introduction. The study of Segal-Bargmann spaces (also called
Fock spaces) dates back to early 60’s, when the papers by Segal [23] and
Bargmann [1] were published. They introduced a Hilbert space of entire func-
tions summable with respect to the Gaussian measure as a natural model for
Canonical Commutation Relations. This approach corresponds to Fock’s re-
sults [13] in Quantum Mechanics. It seems that Newman and Shapiro [21, 22]
discovered those spaces independently, motivated by Fischer’s work on dif-
ferential operators. It turned out that the Segal-Bargmann space provides
a model for differential and pseudodifferential operators, which in these set-
tings are strictly related to Toeplitz operators. We give a list of references,
which could be twice as long, showing that the subject of Segal-Bargmann
spaces and Toeplitz operators defined in them was intensively studied during
the last century.

The isometry theorem, which is the main subject of the present paper,
was first given in [22]. It turned out to be a powerful tool in the study of
analytic Toeplitz operators. Our efforts focused on generalizing the theorem
to vector-valued functions. Part of the job was done in [9] and what we
present here may be regarded as a sequel. Another recent paper devoted
to this subject [10] provides an exposition of the spectral synthesis problem
in connection with Teoplitz operators. It is worth pointing out that the
isometry theorem was also established for abstract operators (cf. [17, 18]),
but it seems that this general idea would not be beneficial in our approach.
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176 D. Cichon

We organized the material to make it as self-contained as possible, though
we have to repeat some material from [9] without proofs.

2. Prerequisites. In what follows, H and IC stand for separable Hilbert
spaces. Basic properties of functions taking values in H or B(H, K) such as
analyticity, measurability or integrability are understood in a weak sense (cf.
[7]). Consider L?(u) ® H, the Hilbert space of all complex Borel functions
taking values in ‘H which are square-integrable on C" with respect to the
measure 1 given by the formula du(z) = 7"~ 151°dV (2), where V is the
Lebesgue measure in C" and ||z||2 = 2112+ ... + |zn|? for 2 = (21,...,2,) €
C". The inner product in L?(;) ® H is given by

(f900 = (£, 90 du(¢),  fge L (w)eH,
(CTL
where (-, -) stands for the inner product in H. The norm induced by this inner
product is denoted by | - [|(3). The Segal-Bargmann space B, @ H (for short
B ® H) is a closed subspace of L?(;1) ® H consisting of all entire functions
belonging to L?(u) ® H. We denote P ® Iy the orthogonal projection of
L?(u) ® H onto B ® H. We will use the following identifications: L?(u) =

L2(lu’) ®C,B=B®C, <7> = <'7'>((C)7 H ’ || = H ’ ||((C) and P =P ® Ic.
Given f : C" — C and h € H we define (f ® h)(z) := f(2)h, z €
C™. Put eq(z) := €*?, where z-a := > }_, zzar and @ := (@1,...,a,) for

a=(ai,...,ap) € C" and z = (21,...,2,) € C". It can be checked that
(f(2),h) = (f,e.@h)) for f € BoH, h € Hand z € C" (cf. [9]), which is
referred to as the reproducing property for B& H. By the Schwarz inequality
we deduce that ||f(z)] < HfH(H)e||ZH2/2, z € C forall feBeH.

We denote by P (= P,,) the space of all analytic polynomials in C™, which
is a dense subset of B. The sequence fy(z) := 2F/Vk!, k € N*, z € C*, forms
an orthonormal basis for B, where according to the standard multiindex
notation 2% 1= 2M . zEn kU= Ky k! and |k = ky 4 ... 4 K, for all
z=(z1,...,2n) € C"and k = (ki,...,k,) e N* (N=1{0,1,2,...}).

Write P ® H for the space of polynomials (in C™) taking values in H, i.e.
functions of type EJK:() pj®@hj, where p; € Py, hj € H and K € N. The space
of operator-valued polynomials, denoted by P ® B(H,K), can be defined
analogously. Given p € P ® B(H,K), p(z) = >_j;j<x Ajz1, Aj € B(H,K),
z € C", define p* € P ® B(K,H) via p7(z) = p(Z)*, z € C", and a differen-
tial operator (p(D)F)(z) = > 1<k A;DIF(z), z € C", where F : C" — H
is an analytic function (here D’ = 8“'/&2{1 .02 for j = (J1y-+-5Jn))-

We adhere to the following convention concerning the “dot” notation:
llo()ll(2) means the norm of the H-valued function z — ¢(z), while [|¢(-)]|
€Y, where Y is a set of functions, means that the function z — |[p(2)||
belongs to Y.
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LEMMA 1. Let f: C" — C be an entire function such that fe, € L' (u)
for all z € C" and let p € P. Then f(z) = (. F(Oe* < du(¢) for z € C* and
W*(D))(z) = | pOS(Qe du(C), =™

CTL
In particular, this holds for f of the form q(D)g, where g € B and q € P.
Proof. Cf. |9, Lemma 2.3]. u

Given f € L?(u) we define
(1) Gyz,w) = e | f(Qe T du((),  zweC™
CTL

Note that this integral is meaningful, because the integrand is a product of
two L?(u)-functions. Let X, denote the space of scalar functions ¢ for which
lp(2)] < Cell#I*/2=allzll | 5 e €| with some C' > 0. It was shown in [22] that
Gy € By, and ||Gy|| = ||f|| for f of the form g, where ¢ € ()20 Xs N B
and g € B are chosen so that ¢g € B. The proof of the following theorem is
based on ideas from [20], which were inspired by those in [22].

LEMMA 2. Let f: C" — C be a Borel function such that

FO)ea(-) € L) and  f(-)ea(e /2 € L2 (n)
for all a € C". Let G¢(z,w) be defined by (1). Then G is analytic and
| V16 w) P du(z) du(w) = | [£(2) du(z)
cn Cn cn
with both integrals possibly infinite.
Proof. First observe that the integral in (1) is absolutely convergent
because, for any z,w € C", |e*$TWC¢| = |e,1(¢)| for ¢ € C", and fe,iw €

L'(u). We now turn to analyticity of Gy. By Lemma 1.1 of [19], G¢(-,w) is
analytic for all w € C". By the same lemma and the formula

Gi(z,w) =e*" S f(Z)ez'Cer’Z du(¢), zweC,
(Cn
derived by the change of variables ¢ — ¢, we deduce that G #(z,-) is analytic
for each z € C". Thus Gy is entire.
We introduce the notation
F,(¢) = f(g)e—(||C|I2+IIC—UII2)/2’ u, (e C".

We claim that F, € L*(V) N L?(V) for all uw € C*. This is an immediate
consequence of the assumptions imposed upon f, since

IFQ) = e 12| 1 (Oen()e I, u ¢ e Cm



178 D. Cichon

Consider the change of variables (u,v) — (z,w) given by

(2) z=3(u+tiv) and w=;(@+iv).
Then
(3) e P+l /26 (2 w) = e~ W2 Rewde B (1),

where ﬁu stands for the complex Fourier transform of the function F, and
cn, is a constant depending only on n. Observe that

@ § VIFQPav(¢)av(u)
crcn
= [ 1IFQOPe I § el av (uyav ()
cn cr
=" VIF(OPdu(¢), wecC™
(Cn

Applying (3), the change of variables (2), the Plancherel theorem and
(4) we see that

| 1 1G s w) P dpa(=) du(w) = 7720 | § Fuw)dV(z) v (w)
crcr crcn
=dp | | [Fu()? dV(v) dV (u)
crcr
=dy | | [F.()?dV(v) dV (u)
(Cn (CTL
=m*"dy | ()1 du(¢),
(Cn
where d,, is another constant depending only on n. Substituting f = 1,
which satisfies the assumptions of the theorem, we infer that

s

Gr(z,w) =e

thus 72"d,, = 1. m

€w, ez> = 1a Z,w e Cnv

Lemma 2 is a refined version of [9, Lemma 2.4], which can also serve as
a prototype of the next lemma.

LEMMA 3. Suppose that f,p: C* — H are Borel functions such that
le()ll € () Xa and [ f(2)]| < celH*/2, 2 e,

a>0
with some constant ¢ > 0. Then the mapping G given by

G(z,w) = e [ (£(0), 0(Q))e* S du(C)

(C’I’L
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belongs to Bay, if and only if (f(-),¢(-)) € L?(u). Moreover,
[ KA (O Pdn(c) = | § 16 w)[ du(z) du(w),
cr cren

with both integrals possibly infinite.

Proof. Tt suffices to check that the function (f(-),¢(-)) satisfies the as-
sumptions of Lemma 2. Pick a € C" and fix any D > ||a||. Then

() e(ealOl < Q- [l el
< MeelélPe=D=llal¢l ¢ ¢ ¢,

where M := supcecn [|(Q)|[ePI€1=ICIP/2 < oo, This inequality implies that
(f(),0())ea(-) € Ll( ). Moreover,
1F(C), 0(C)Yea(O)2e ISP < M2e2elSI?=2D=lal)ich ¢ ¢ cm,

so we infer that |(f(-), o(-))ea(-)|e 11?2 € L2(11). w

Let us introduce the notation

Apf(2) ==V (F(Q),0(Q))e* du(¢), zeC,

(Cn
for all Borel functions f,p : C* — H for which the above integral is well
defined for all z € C™.

LEMMA 4. Let ¢ : C* — H be analytic such that |[¢(-)|| € Nyso Xa-
Then for any two fixed z,w € C™ the following (well-defined) linear func-
tionals are continuous (j being a multiindeaz):

() B&H > [ Ay, (ewf)( ) €

(i) BEHS [ 300 Awf( 2 e

Proof. (i) We prove simultaneously that the functional is well defined
and continuous. Indeed, since || f(2)|| < HfH(H)e||Z”2/2, z € C", we have

[ 1F©) (e e du(Q) < IIfllo § (Ol - e e<leIeI*/2 av (¢).

cn cn
The latter integral is convergent, since ¢ is dominated by ell=1?/2=Clizll with
any C' > 0.

(ii) We will show that for any C' > 0 there exists C’ > 0 such that

5)  § Q). DI  du(Q) < C'l|fllay § I7eCle=CINav(¢)
cr Cn

for all j € N". Note that this implies that Ap;,f(2) is well defined for each
j € N™. Observe that for fixed a € C" and a > 0, the change of variables
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x = +/a( yields

(6)  lea(Q)eIav (¢) = ai }

Cn Cn

e~ lll® dV(x)

e i
a \/a
_ 1 2_ L ja?/aa)
= anHea/(z\/a)H = a”e .

In order to prove (5) we need to know that
(F(QDIe(Q) = | W (F(C)pm)eS duln), ¢ eC™,
(C’I’L
which follows from Lemma 1. This implies that
(7) {1070, DI () < § | IF(C,n)l du(n) du(C),
Cn Ccn Cn
where
F(¢,n) = e (), (), (neC™
Now, (6) yields
VIFCmIdu@) < I fllgol’] - leml § 1e¢ T2 e 12 av(¢)
cn cn

n j z||2
= 2"|| fll gz ] - () 21772
< C/HfH(H)mj‘e*CIIWIIJrIInIIz/%IIZI|2/2+IIW+ZH2/27 neCr,

with arbitrary C' > 0 and another constant C’ > 0 chosen so that
212 _n 2
e~ IF1772970" > |1o(n) || IIMI=ImI%/2
for all n € C™. Note that C’ does not depend on j. Hence we infer that
V VIE@mIdu(Q) dutn) < C' N f g § 7™ e T av (),
crcn cn
which combined with (7) gives (5).

Once (5) is established we can prove that the functional defined in (ii) is
continuous. Fix C' > ||z|| 4 ||w]|| and choose C" > 0 so that (5) holds. Then

J J o
S s 21 < sl X 1 10l av

j=0 j=0 77 Cn
chj 5
~Clflloy § () el avic)
cr N j>0

=C'||fll 30 S elwiGlrtlwnal| 02| =ClICl gy ().
(C’I’L
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The latter integral is convergent since
n
Y lwrtel +Re¢ -z = C[¢) < =(C = ||z]l = [wID¢]l, w,z(eC u
k=1

In the following proof we put ¢p(z) := (p(2),h) for ¢ : C" — H and
heH.

LEMMA 5. Let ¢ : C" — H be an analytic function such that ||¢(-)|| €
Naso Xa- Then

(8) e Ap(enf)(z) = Y = _Amf

]>0
forall f e BQH and z,w € C".

Proof. Choose z,w € C". By Lemma 4 the formula (8) can be regarded
as equality of two continuous linear functionals defined for f € B® H. Thus
it suffices to check (8) only for f :=e, ® h, a € C", h € H. Since e, € B,
by the reproducing property of B we see that

e " Ap(ewf)(2) = e ewras e20n) = on(W + a) e
On the other hand,
Apipf(2) = | ea(Q)0i(Q) dp(¢),  j €N,
(C’ﬂ
where 1;(¢) := e DJpp(¢), ¢ € C*, j € N*. But ¢, € B, so by Lemma 1,
Apigf(2) = vj(a) = Digp(a) e
To complete the proof of (8) we have to verify the equality

- g —
A - Y DT
j=0 7"

which follows from the Taylor expansion of ¢, at a. =

3. The isometry theorems. In this section we give several formula-
tions of the generalized Newman—Shapiro Isometry Theorem, each of which
can be regarded as an extension of theorems proved in [22] to the case of
vector-valued functions. Let ¢* be defined by ¢*(2) := (¢(2))*. We “extend”
the symbol A by putting

Aof(2) = | & (O F(Qe*Cdu(C), zeC™,
(Cn
for all Borel functions f : C* — H and ¢ : C* — B(K,H) for which the
above integral is well defined for each z € C". Applying Lemma 4 one can
show that if ¢ is analytic and [|¢(-)|| € (),>0Xa, then for every f € B&H,
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j € N" and z € C" the integral which defines AVDj(p f(2) is convergent.
Indeed, it suffices to check that for every fixed h € H,

<ZDj¢f(Z)a h> = Achp(~)hf(Z)v zeC", jeN",
and Jp(hl) € Muso Xa-

THEOREM 6. Suppose that ¢ : C* — B(K,H) is an analytic function
such that ||o(-)|| € Ngso Xa- Then

* I
" Ity = 2 571 4psp It
J=0
for f € B&H (with the convention that ||H ||y = oo whenever H ¢ L2(p)
®K).
Proof. We first focus on a special case of the theorem. For f,¢ : C" — H
analytic and such that f € B® H and [|[¢(:)| € (),50 Xa, we show that

1
IO DN =D =N Apsy fI?
207"
(with the convention that ||F|| = oo whenever F ¢ L?(u)).
Let
G(zw) === [ (F(0),0(0)e ™ Cdp(C), zweC,
(Cn
that is, G(z,w) = e7*" Ay (ewf)(2). By Lemma 5,

G(Z, w) = Z 7A/lD]wf(Z), Z, W € (Cn
Jj=0
For fixed z € C", both sides of the above equality represent scalar functions,
analytic in w. Hence

1
| 1GGw) 2 duw) = 3 = Api f(2).
cn §>0 J:
Integrating with respect to du(z) and applying Lemma 3 we obtain the
desired equality.

We now turn to the general case. Let {}7°, be an orthonormal basis
for the Hilbert space K. Then

lo* flle) = DI @* Nenl?,
k=0
where (¢*f)e, (2) == (p*(2) f(2), €k). Similarly,

H/Tchpr%IC) =D I(Apsph)el®,  jeN
k=0
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(with the convention that ||F|| = oo whenever F' ¢ L?(u)). So it suffices to
show that

1~
2 2
1 Nel®> = ﬁll(/lpwf)sk\\
Jj=>0
for all £ € N"; but this follows from the special case of the theorem. =
The above theorem can easily be translated into an “operator version”.
In order to do it, we need to define an extended Toeplitz operator I, with

¢ : C" — B(K,H) being a Borel function (in a weak sense). The domain of
I, consists of all f € B® H such that the integral

My f(2) = | "(O)F(Q)e*  dn((), =zeCm,
((:TL
exists (i.e. it is weakly convergent, cf. [9]) for all z € C™ and the function of
z defined by it lies in B ® K. If f € D(II,), then the above formula defines
1,f.
THEOREM 7. Assume that ¢ : C" — B(K,H) is an analytic function
such that |[¢(-)| € Ny Xa- Then

" ey = - 51 £
Jj=0
for f € B&H (with the convention that ||H| ) = oo whenever H ¢ L2(p)
® K or H ¢ D(I1(pj,)-))-
Proof. This is an immediate consequence of Theorem 6. m

A special case of Theorem 7 is when ¢ is a polynomial, which always
satisfies the assumption of this theorem. Let p € P ® B(K,H). We know
that I, = p” (D), where p” (D) is understood as an unbounded operator
acting between B ® H and B ® K with domain D(p” (D)) := {f €e B H :
p?(D)f € B® K} (cf. [9, Proposition 6.1] as well as Corollary 10 below).
The isometry theorem can then be rephrased as

19" 1 = - 51 (DI (D) I
Jj=20
for f € B® H (with the usual convention). This equality was given in [22]

in the scalar case, and its full version appeared in [9].
One more version of the isometry theorem can be derived from Lemma 3.

THEOREM 8. Let ¢ : C" — B(K,H) be a Borel function such that
lo()ll € Nyso Xa and f € B&H. Then the mapping G given by

G(z,w) = e | 9" (O F(Q)e” T dp(C)

(C’I'L
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belongs to Ba, ® K if and only if ||¢*(-)f()|| € L?(u). Moreover,
Ve QI du¢) = § 1 1G(zw)? du(z) du(w),

cn cn Ccn
with both integrals possibly infinite.

Proof. Fix an orthonormal basis {g;}72, for . Observe that vy (z) :=
©(z)ey, satisfies the conditions imposed on ¢ in Lemma 3. So we can write

VIO, (P du@) = | | (G(z,w), ex)? du(2) dp(w)

Ccn CrCn

for all £ > 0. Summation over all k£’s completes the proof. =

4. Adjointness. Let ¢ : C" — B(H,K) be an analytic function. An
analytic Toeplitz operator with symbol ¢ is defined by D(Ty,) = {f € B&H :
of € B K} and T,f = ¢f for f € D(T,), where (of)(2) = ¢(2)f(2),
z € C". One of the basic questions concerning Toeplitz operators, which
remains unanswered, is whether T3 = Il for all analytic symbols ¢, which
is referred to as the adjointness hypothesis. Some partial positive results were
proved, e.g. for exponential polynomials in the scalar case (H = K = C)
[22] or matrix-valued polynomials in one complex variable [10]. For a more
detailed exposition of this subject see [10].

Our goal is to prove the adjointness hypothesis for special operator-
valued exponential polynomials, i.e. functions of the type

= Z Ak:pk(z)eak(z)’ z € Cnv
|k|<N

where Ay € B(K, H), px € P and a, € C" for |k| < N.

We will consider analytic functions ¢ : C" — B(K,H) which have the
following summability property (SP): given f € D(T,) and g € D(Il,+), the
function

9) C" x C" 3 (z,w) = (g(w), p(w) f(2))e*™ € C

is summable with respect to p @ p. Observe that 77 = II,« whenever ¢
satisfies (SP). Indeed, for f € D(T,) and g € D(I1, ) we can write

(Tof. 9o = | (F(2),0(2)"9(2)) du(2)

Cn

Ccn Ccn
<f7 @ g>(7‘(
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where “2” denotes an application of the Fubini theorem, which is possible

by (SP).

It now remains to prove (SP) for the class of exponential polynomials.
Recall that a family {A,},c; of bounded operators on H is called jointly
subnormal if there exists a family {B,},e; of normal commuting bounded
operators on a larger Hilbert space K containing H as a closed subspace
such that A, = B,|y for all 2 € I. Note that by the minimality condition on
KC, if I is finite and H is separable, then K can be chosen to be separable,
too.

PROPOSITION 9. Suppose that ¢(z) = Z\k\SN Arpr(2)eq,(2), z € C",
pr € P and Ay, € B(H) are jointly subnormal. Then ¢ satisfies (SP).

Proof. Let f and g be as in (9). The change of variables w = z+a yields
§ g(w), o(w) f(2))e* ™| du(w) = § [{g(z + a), p(z + a) f(2))e” 7| dp(a).

Cn Cn
Thus
Ti= | § How),o(w)f () du(w) du(2)
Ccn Ccn
< § gt +a)e—aO)llpolle(- +a) f ()l gy dula).
(CTL

But [|g(- + a)e—a()||30) = €lll*/2[|g[| (2, which implies that

2
T <llglizy § lle -+ @) FOll el /2 dpa(a).
Cn
Let {By}jk<ny S B(K) be a family of normal commuting operators such
that Ay = Bylp. Put ¢(2) = > <y Bipr(2)eq,(2), 2 € C". Observe
that every (z) is a normal operator, z € C". Moreover, f € D(Ty) and

[0+ a)fOlly) = lle(- +a)f )l ), since p(2)h = ¥(z)h for z € C" and
h € 'H. Thus, in order to prove that J < oo we have to show that

(10) J 1197 ¢+ ) Ollgoe! ™/ dua) < oo,
CTL
Let G(z,w) :=e*" {, W(O)* f(C)e* ¢ dp(¢). According to Theorem 8 we
know that {c, S Gz, w) 2 du(2) diatw) = [16° 17, < oo. Fix b € K and
compute
(G(z,w),h) = e =" few, bhe.) k) = e " (f, P @ I(whe.)) x)-
By the reproducing property of B ® IC,

P& I(Ewthe:)(() = § $(®)he" e dpu(t) = (@ + e+
&
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for ( € C", which implies that
G(z,w) = | @+ )" F(O)e* du(C)

(CTL
=Y | oe@ + Q@ OB (0 du(C)

|k|<N Cm

#
=> > |e ““"7)( )2 BER(Q)l T du(c)

lk|<N 1>0 C™

apw #)( )
=> D Bii(D'f) (= + ax)

|k|<N >0

for all z,w € C" (apply Lemma 1).

For fixed k choose a maximal linearly independent set of functions con-
tained in {Dlpléﬁ :1>0, as = ag}; denote it by {px; : j = 1,..., N;}. Note
that we can write

(an S Y Byl s

|[E|[<N j=1
where every FJ;(-) is a linear combination of properly chosen B} (D! f)(-+as).
We intend to show that each Fj; belongs to B ® K. We first prove that
U\k\<N{eakpkj :j =1,...,Ni} is a set of linearly independent vectors.
Suppose that

Ny
> Akjeaypr; =0

|k|<N j=1

with some A\i; € C. Hence ZIkISN €apqr = 0, where g, := Zj\fzkl AkjDr;- This
implies that ¢ = 0 for all k, which holds true in all generality with arbitrary
polynomials gj, (the details are left to the reader). By definition of pj; we
see that all Ay; must vanish.

Fix k£ and j. Then one can construct a function hy; € B such that
|hiill = 1, hij L eq,por if (k,j) # (s,t), and (hy;j, €q,prj) > 0. Let € € K be
an arbitrary vector with norm less than one. We infer that

VG (2, w)I1? du(w) > [(G(z, ), b ()E) i0) |
(Cn
2
-7 Zeas w)pst (w)hig (W) Fij (2), €) dpa(w)
Cn |s|<N t=1
> (eay,Phj»> Pij) [ (Frj(2),€) 7,
so it follows that Fj; € B® K.
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We now turn to the estimation of [|9(- + a)*f(-)[|(x)- Put G(z,w) =

e * " o w(C—l—a)”‘f(C)eZ'ZJ“w'C du(C). Repeating the argument for G, we can
write

Ng
G(z,w) = Z Z e“k'(w+a)pkj(w +a@)Fy;(2), zweC",
K|<N j=1
with py; and Fy; as in (11). This implies that the growth of [|¢(-+a)* f ()l (x)
is at most exponential in a, so the integral in (10) is finite. =

Note that the above proof gives a slight strengthening of (SP), because
we have used only the fact that ¢ € B ® H. Presumably, finding a method
of recovering some information on g which satisfies g € D(II+) would lead
to progress in proving (or disproving) the adjointness hypothesis in a wider
class of symbols .

We conclude the paper with a nice description of T7 for exponential
polynomials. Let (E,f)(z) = f(z +a) for f: C" — H and a € C™.

COROLLARY 10. Let ¢ be as in Proposition 9. Then
(12) T;f = ) Bupi(D)ALS, feD(T}),

|k|<N
and D(T3) coincides with the space of those f € B@H for which the right-
hand side of (12) lies in B ® H.

Proof. Let f € D(Il,~) and h € H. Applying Lemma 1 we get
(- f(2),h) = [ (F(0), 2(Q)h)e™ du(C)

(CTL

= > | oe(OU (), Aph)e=t € dp(¢)

|k|<N Cn

= (X" Eupf(D)ALf(2).h)

[k|<N
for z € C". By Proposition 9 the result follows. =
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