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Lineability and algebrability of the set of holomorphic
functions with a given domain of existence

by

THIAGO R. ALVES (Campinas)

Abstract. We show that if U is a domain of existence in a separable Banach space,
then the set of holomorphic functions on U whose domain of existence is U is lineable and
algebrable.

1. Introduction. Let U be an open subset of a complex Banach space E.
Let H(U) denote the algebra of all holomorphic functions on U, and let £(U)
denote the set of all f € H(U) such that U is the domain of existence of f.
Informally U is the domain of existence of f if f cannot be holomorphically
extended beyond the boundary of U. The precise definition of domain of
existence will be provided in the next section.

In this paper we first show that, if E is separable and U is a domain
of existence, then £(U) is lineable, that is, there is an infinite-dimensional
subspace F of H(U) such that F C £(U) U {0}. Next we show that, under
the same hypotheses, £(U) is c-lineable, that is, there is a c¢-dimensional
subspace F of H(U) such that F C £(U)U{0}. Here ¢ denotes the cardinality
of the continuum. Finally we show that, under the same hypotheses, £(U) is
algebrable, that is, there is a subalgebra A of H(U), generated by an infinite
algebraically independent set, such that A C £(U) U {0}.

The notion of lineable set appeared for the first time in [I], and many
authors have devoted their attention to the study of lineable sets and alge-
brable sets during the last decade. We refer the reader to [2] for a survey of
this recent trend in functional analysis.

2. Lineability and c-lineability of £(U). We recall that U is the
domain of existence of a fEnction f € H(U) if there are no open sets V and
W in E and no function f € H(V') such that
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(a) V is connected and V ¢ U,
(b) 0 W CUNV;
(c) f=fonW.

Given A C U, let
Ay = {x €U |f(w)| < sup|f| for all [ € H(U)}.

Given x € U, let dy(x) denote the distance from x to the boundary of U,
and let B(z) denote the ball B(x) = B(z;dy(x)). For A C U, let dy(A) =
inf,eca dy(z).

Before proving our first theorem, we need two preparatory lemmas.

LEMMA 2.1 ([4, Theorem 11.4]). Let E be a separable Banach space
and U be an open subset of E. Then U is a domain of existence if and
only if U is the union of an increasing sequence of open sets A; such that

du((Aj)pw)) > 0 for every j.

LEMMA 2.2. Let E be a Banach space, U be an open subset in E and
(cj)J‘?’;U be a sequence of positive numbers. Let (Aj)J‘?i1 be a sequence of open
subsets of U and let (yj)]o-’;l be a sequence of points of U such that

—

U=J4;, 4Chj, yé Awuwy and  y; € (A1) nw)
j=1

for each 7 € N. Then there exists a sequence (fj)?i1 of functions in H(U)
such that

f=> 1 €HU), supfjl <270 and [f(y)l 2 ¢;
7=1 I

for each j € N, where Bj := (;Q)H(U)-

Proof. First of all, notice that B; = (B;)H(U) for each j € N. Indeed,

—~

we will just prove the nontrivial inclusion (B;)H(U) C Bj. Let z € (Bj)nw)-
Then
[f(2)] < sup |f(w)] < sup sup|f| = sup|f|
weB; weB; Aj j
for all f € H(U). Hence z € (A;)H(U) = Bj, as desired.
Since y; € Bj = (B;)H(U) for each j € N, we can find a sequence (;)372;
in H(U) and a sequence (b;)72; in R such that

sup |;| < bj < [w;(y;)]

J
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for each j € N. Therefore, if we set 1; := ¢;/b; for each j € N, then
sup |1;] <1< |1;(y;)|

for each j € N. It follows thaft

(2.1) Jim sup 931" =0 and  lim [¢;(y;)|" = oo

for each j € N. Thus, it follows from (2.1)) that there exists n; € N so that
f1:= 7" satisfies

sup|fi| <27'ep and |fi(y1)| > c1 + co.
By

By applying (2.1)) again, we can find ny € N such that fo := 1)5? satisfies
Sup fal <27%co and  [fa(y2)| > 2+ co+ | fi(y2)l-
2

Now, if we apply (2.1) again, we obtain ng € N so that f3 := 13® satisfies

Sgp!f:a\ <273 and |[fs(ys)| > c3+cot+ > [filys)]-
3 1<3
Inductively, we find a sequence (f;)72; in H(U) such that

(2.2) SUp 15l <277¢ and £yl = cj+co+ D> 1 filyy)]

J i<j
for each j € N. It follows that the series Z;’il f; converges uniformly on
each B; to a function f € H(U). Furthermore,

(2'3) yj‘_‘Zfzy]’>‘ijj‘_2’fzyj’_c(]

1<J

for each j € N. Now and (2.3 imply |f(y;)| > ¢; for each j € N. m
The preceding proof is based on [4, Theorem 11.4].

THEOREM 2.3. Let E be a separable Banach space and U be a domain
of existence in E. If D is a countable dense subset of U, then the set
FU) = {fe’H(U) . sup |f(2)] = oo for allazGD}
z€B(x)
is lineable.

Proof. The proof consists in the construction of a linearly independent
sequence (fy)p2, in F(U) such that F(U) U {0} contains the subspace
spanned by (fx)zZ,. Let (z;)32, be a sequence in D such that each point of
D appears in (arj) © | infinitely many times. Since U is a domain of existence
in £, Lemmal[2.] shows that U is the union of an increasing sequence of open
sets A; such that dU((A )2(uy) > 0 for every j € N. Set B (A )y for
each j € N, and recall that B(z) := B(x;dy(z)). Notice that B(xz) ¢ B;
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for each # € D and j € N. Thus, after replacing (B;) by a suitable subse-
quence, we can find a sequence (yj);’ozl in U such that y; € B(z;), y; € B;
and y; € Bjy1 for each j € N. Accordingly, by Lemma we can find
f1 € H(U) so that |fi(y;)| > j for all j € N. Applying Lemma [2.2| again, we
find fo € H(U) such that |fa(y;)| > 7(1 4 |fi(y;)|) for each j € N. Again by
Lemma 2.2} we obtain f3 € H(U) so that |f3(y;)] > j(1+ ;.5 |fi(y;)]) for
each j € N. Continuing, we construct a sequence ( ;)7 in #(U) such that

(2.4) Al =5 and [fu)l = 5(1+ D0 1filw))
i<k
for each k € N\ {1} and j € N.

We assert that (fx)32, is as desired. Indeed, first let us prove that
F(U) U {0} contains the subspace spanned by (fx)32,: Let f := A fi +
coo + Apfn, where Ay, ..., N, € C, A, # 0 and n € N. We recall that each
point of D appears in the sequence (z;)72; infinitely many times. Since
yj € B(xj) for each j € N, limj_, |f(y;)| = oo implies that f is an un-
bounded function on B(z) for each # € D. Therefore it is sufficient to verify
that lim;j_ | f(y;)| = co. Indeed,

(25)  1f )l = IMA) + 4 AafaWi)] = Dafu(yi)] = D INifily;)]

<n
for each j € N. Thus by (2.4 and (2.5) we easily obtain
)l = 3l (1 315w = D i)

i<n <n
= 31Anl + DAl = N (w5)]
<n

for each j €N, and so | f(y;)|>j|An| for j large enough. Hence lim;_, | f(y;)|
= 0.

Now we prove that the sequence (fi)72, is linearly independent. Let
AMfi+ -+ A fn =0, where A\q,..., A, € C and n € N. We suppose that
An # 0. Repeating the argument of the previous paragraph, we obtain

0= |)\1f1(yj) + -+ )\nfn(yj)| > ]|)\n|

for j large enough, a contradiction. It follows that A, = 0. Now suppose
that A\,—1 # 0, so using the same argument we obtain

0=[Afi(ys) + -+ A1 fa1(yi)| > 3l n-1l

for j large enough, a contradiction again. Hence we get A,_1 = 0. Continu-
ing, we conclude that \y =--- =X, =0. n

The next lemma is well known and can be found in [4, Theorem 11.4].
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LEMMA 2.4. Let E be a Banach space, U be an open subset in E, and D
be a dense subset of U. If f € H(U) is an unbounded function on B(x) =
B(z;dy(x)) for each x € D, then U is the domain of existence of f.

Proof. Suppose that U is not the domain of existence of f. Thus we can
find subsets V and W in U satisfying (a)—(c) of the definition of domain of
existence. Without loss of generality we may assume that W is a connected
component of U N'V. Consider a point a € VN IU NOW, and let r > 0 be
such that B(a;2r) C V. Take a point z € DNW N B(a;r). Since x € B(a;T)
and a € OU we obtain dy(z) < r, and therefore B(z) C B(a;2r) C V.
Hence B(z) Cc UNV and € W. Since B(x) is connected, it follows that
B(xz) C W. Moreover, since f = f on W and f is unbounded on B(z),
it follows that f is unbounded on B(z) C B(a;2r). Hence f is not locally
bounded at a, as 7 > 0 can be taken arbitrarily small. =

THEOREM 2.5. Let E be a separable Banach space and U be a domain
of existence in E. Then the set E(U) is lineable.

Proof. By Lemma F(U) Cc £(U), and therefore Theorem [2.5| follows
from Theorem 2.3 w

We finish this section with two theorems which tell us that £(U) is
c-lineable.

THEOREM 2.6. Let E be a separable Banach space and U be a domain
of existence in E. If (xj);?';l 1s a dense sequence in U, then the set

FU) := {g € H(U): sup |g(z)| =00 forallje N}
ZGB(.TJ')
s c-lineable.
Proof. By a result of [5], 2\ ¢; is c-lineable. Let A be a c¢-dimensional

subspace of £2 such that A C (¢2\ ¢1) U {0}. The proof will be based on the
construction of a sequence (g;)72, in H(U) such that the set

H = {iAka t(Me)heg € A}

satisfies the following conditions:

(i) H is a c-dimensional subspace of H(U).
(i) H C F(U)u{0}.
We begin by constructing the sequence (gx)72,. Since U is a domain of

existence in F, Lemma [2.1] shows that U is the union of an increasing se-
quence of open sets A; such that dy((A4;)y)) > 0 for every j € N. Set

Bj = (A;)H(U) for each j € N. Since B(x;) ¢ By, for each j € Nand k € N,
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we can find a subsequence (By,;)52, of (B;)72; and a sequence (y1,;)72; in
U such that
yij € B(zj),  wyy ¢ By and yi; € Biji

for each j € N. Applying Lemma we can find a sequence (g1,7)72; in
H(U) such that

o0
g1:=) g1 € H(U), sup g1l <2771 and [gi(y1,)] > 1
j=1 L

for every j € N. Likewise, since B(x;) ¢ B, for every j € Nand k € N, we
can find a subsequence (Bs ;)72 of (B1,;)72; and a sequence (yz,;)72; in U
such that

Bi2 C Byy, w25 € B(xj), w25 € Bay and gy € By

for each j € N. Therefore, by Lemma again, we obtain a sequence
(92,4)32; in H(U) such that

oo
g2:=> g25 € H(U), Sup 9251 <2797 and [ga(ya;)| > 2°(1+]g1(y2,)])
j=1 2.9
for every j € N. Repeating this argument we inductively construct a subse-
quence (By ;)72 of (Bg-1,)72, a sequence (yk;)72; in U, and a sequence
(9r,5)721 in H(U) such that

(2.6)  Bip—1x CBri, wyk; € B(xj), wyrj € Brj, Ykj € Brjt1,

(2.7) gk =Y gr; € HU), suplg;| <2797,
j=1 Br.j
and
(2.8) |gr(yk.5)1 > k2(1 +> Igi(yk,j)l)
i<k

for every k € N\ {1} and j € N.

We assert that (gx)72, is as desired. Indeed, first > "7, Apgr € H(U)
whenever (Ag)72; € A. Since (By1)32; is a subsequence of (B;)52,, it is
sufficient to prove that (3 ;_; Akgr)S>, converges uniformly on B for
each p € N. In fact, if z € B, 1, then

Nigi(2)] <D g ()] <D N2 = [nif2
i=1 j=1

for each ¢ > p, and applying the Weierstrass M-test we obtain the desired
result. Hence H is a subspace of H(U).

Next we show that F(U) U {0} contains H. Let g := > ;| axgi, where
()2, € A C 4o\ 4. Since () & 1 and (1/m?)S_, € {1, we have
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(amm?)2°_; & loo. Therefore there exists a subsequence (o, )32 of (aum)SS_,
such that

(2.9) lim |y, |m? = oc.
1—00

Fix j € N. Notice that By, ; C By my1 C Bpy11 for every m > j.

Take the subsequence (o, )52, given in (2.9), and consider ig € N such that
m; > j whenever ¢ > ig. Then, using (2.6 and ., we have

19Wm.i)| = [m,Gm, Wmei)| = > NwgrWme)| = Y kg Ym, i)

k<m; k>m;

> ‘O‘ngmz ymz,j Z ‘O‘kgk yng Z (ak’ Z ‘gkt ym“] >
k<m; k>m;

> |ty G, ( ym“j Z |k g ( ym“j Z (|ak| ZQ_k_t)
k<m; k>m; t=1

‘angmz yml] Z ’akgk ymza] - Z 27k|ak‘

k<mz k>mi

> |, gm; (Ym.5)| Z |G (Ymi5)| H(2_kak)zo=1||1
k<mg;

for each ¢ > ip, and therefore

9(Ym,5)| = Iamilmzz(HZ lgk(ymi,j)\)— > lergrWme ) =12 )i lly

k<m; k<my;

—k
> e m? (14 37 1ok, ) = sup loel 3 gkl ~ 12 sl

k<m; k<m;

= a2 (fam 2 = sup ) 3 91| = 12 )
k<mg;

for each i > i, where the first inequality follows from . Thus shows
that [g(Ym,;)| > |am,|m? — |(27%ak)52 ||, for i large enough. Therefore,
applying again, we obtain lim; oo [g(Ym,, ;)| = 0o. Since yp,, ; € B(x;)
for every i, we conclude that g is unbounded on B(z;). Since j € N is
arbitrary, it follows that g € F(U).

The subspace H is ¢-dimensional, since the linear transformation 7' :
A — H(U) defined by T'((Ax)52,) := Zk 1 Mgk is injective and T'(A) = H.
Indeed, we verify the first assertion: Let (a1 4)52, # (a2k)32, in A. Suppose
that T'((cuk)32;) = T((o2,k)52 ;). Since (o — a2 k)5, € €2\ 41, we can
find a subsequence (o m, — @2.m,;)52, such that

. 2
lm |, — agm,|mi = oo.
71— 00
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Thus repeating the argument of the previous paragraph, we obtain

T ((a1,0)7=1) (Ymi 1) — T((a2,k)7Z1) (Ymi 1)
> |t m; = Qzmgmi = [[(27F (a1, — az,1))74 1
for ¢ large enough, a contradiction. Therefore 7' is injective.

THEOREM 2.7. Let E be a separable Banach space and U be a domain
of existence in E. Then the set E(U) is c-lineable.

Proof. By Lemma 2.4, F(U) C £(U), and therefore Theorem [2.7] follows
from Theorem .

It is clear that Theorem follows from Theorem and we could
have omitted the proof of Theorem However, we have decided to give
both proofs because the proof of Theorem is much simpler and the ideas
involved help to understand better the proof of Theorem

3. Algebrability of £(U)
THEOREM 3.1. Let E be a separable Banach space, and let U be a domain
of existence in E. If D is a countable dense subset of U, then the set
FU) := {f eHU): sup |f(z)| =00 forall x € D}
z€B(x)
is algebrable. In particular, F(U) is lineable.

Proof. We shall construct an algebraically independent sequence ( f;)7°
in F(U) such that 7(U)U{0} contains the subalgebra generated by (fx)72 -
We begin by repeating an argument of the proof of Theorem Let ()52,
be a sequence in D such that each point of D appears in (z; 721 infinitely
many times. Since U is a domain of existence in F, it follows from Lemma 2.1

that U is the union of an increasing sequence of open sets A; such that

o~

du((Aj)w)) > 0 for every j € N. Set B; := (A;)H(U) for each j € N, and
notice that B(x) ¢ Bj for each x € D and j € N. Thus, after replacing
(Bj)72 by a suitable subsequence, we can find a sequence (y;)52; in U such
that y; € B(xj), y; € B; and y; € Bjy for each j € N. Then, by applying
Lemma we can inductively construct a sequence (f;)22, in H(U) such
that
(3.1) [fily)l =5 and [ fi(y)] = [ 1 filws)l

i<k
for each k € N\ {1} and j € N.

Now let us show that (fz)72, is as desired. First we shall see that
F(U) U {0} contains the subalgebra A generated by (fi)3,, i.e. the set
of all functions of the form P(fy,..., f,), where n € N and P is a polyno-
mial in n variables without constant term. Observe that A\ {0} = UX_; An,
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N
Ay = {Z)\n T 72 : A € C\ {0}, 0 # S, C N finite and po,s € N}

n=1 SESn

for every N € N. For each Zgzl A Ilses, fs*° € An, we can suppose that if
n # m then there does not exist a constant o € C such that A, [[,cq f5™° =
oAnL,cs, /£

We shall prove that Ay C F(U) for each N € N, so that A C F(U)U{0}.
Since y; € B(z;) for each j € N, lim; ,o |f(y;)| = oo implies that f is
unbounded on B(z) for each x € D. Thus we just need to verify the following
assertion:

(3.2) NeN, fe Ay = lim |f(y;)]| = oo.
j—o0

We will prove it by induction on N. It is clearly true for N = 1. We suppose
it is true for all J < N, and we take

N+1
(3'3) f = Z An H fsn’s c -AN+1-
n=1 SESTL
Set mp := max Ug:ll Sk. First we consider the case where f,,, does not

appear in some term in the summation (3.3]). Without loss of generality we
can assume that fp,, does not appear in the first M terms in (3.3)), where
M e {1,...,N}. Thus we can write

=3 (A TT £277) + Ao
n=1

SESH

where
N+1

hi= > [An I f::gmo*l)]

n=M+1 SESn\{mo}

Notice that either h € C\ {0} or h = hy + «, where hy € Any_p UAN11- M
and o € C. In the second case, by the induction hypothesis we obtain
lim; o |R1(y;)| = 00, and so lim;_,« |h(y;)| = co. Thus, we can always find
§ > 0 and jo € N such that |h(y;)| > d whenever j > jo. Furthermore,

)] = \fj (A TT 72 @) + Blws) fma (05)]

SGSn

> |h(y;) fimo ()] — ‘i <)\n 11 fﬁ’"‘s(yj))‘

n=1 SESH
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for each j € N. Accordingly, by using (3.1]) we obtain
M

)l = 1hw)l TT 1wl =2 (Il TT 1ot
y i<mg n=1 s€Sn
=S| (MU T e =l ) (T P
n]\:Jl ) i<mo | s€Sn
23 (5 T st - ) (11 )|
for every j > jo + max{pps:n=1,...,M and s € S,,}; we assume p,; =0

whenever ¢ € S,,. Since
1 . NI —Pni — 13 N\ |Pn,s —
Jlggo H | fi(y;)] = Jlggo H | fs(yj)] =00
1<mg s€Sn

for every n =1,..., M, it follows that lim;_, | f(y;)| = oc.
Now we assume that fy,, appears in all terms in the summation ({3.3]).
In this case we can write

f :glfmoa
where
N+1 .
o= [ IT wmee)
n=1 s€Sp\{mo}

Thus either g1 € Ayy1 or g1 = h1 + a1, where h; € Ay and ag € C\ {0}.
In the second case, the result follows by induction hypothesis. Otherwise,
we set my := max{k : fi appears in some term of g1 }. If f,,,, does not ap-
pear in some term of gi, then lim;_, |g1(y;)| = oo by the argument of the
previous paragraph. Since |f(y;)| > |g1(y;)| for each j € N, we deduce that
lim; o0 | f(y;)] = oo. On the other hand, if f,,, appears in all terms of g,
we can write

f = ngﬂufmm

where
N+1

. § Dn,s pPrnymg—1 pPn,mq—1
g2 ‘= [)\n H ( sns mrz)mo mnlml )}
n=1

s€8Sn\{mo,m1}

Therefore either go € Ani1 or go = ho + g, where ho € Ay and ay €
C\ {0}. In the second case the result follows by induction hypothesis. Oth-
erwise, we set mo := max{k : fi appears in some term of go}. If f,,,, does
not appear in some term of go, then again lim; o [g2(y;)| = oco. Hence
lim; o0 | f(y;)] = oco. Repeating this argument finitely many times we de-
duce the desired result, and thus the proof by induction is complete.
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We assert that the sequence (fx)72; is algebraically independent. Indeed,
as we have seen above,

N
(3'4) f= Z)\n H fs"° € Ay = Jll)rgo|f(y])| = 00.

n=1 SESK
Therefore, we cannot have 25:1 Angn = 0 with A\, # 0 and g,,’s distinct
generators of the subalgebra generated by (fx)72 ;. =

THEOREM 3.2. Let E be a separable Banach space and U be a domain
of existence in E. Then the set E(U) is algebrable. In particular, E(U) is
lineable.

Proof. By Lemma 2.4, F(U) C £(U), and therefore Theorem [3.2] follows
from Theorem 3.7l =

In Theorem [3.1] we have shown that the set of functions in H(U) which
are unbounded on each ball B(z), with z € D, is algebrable. This resembles
a result of J. Lépez-Salazar [3], which asserts that H(E)\H(E) is algebrable
whenever F is an infinite-dimensional Banach space.
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