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New fixed point free nonexpansive maps on
weakly compact, convex subsets of L'[0, 1]

by

P. N. DowLING (Oxford, OH), C. J. LENNARD (Pittsburgh, PA) and
B. TUuRETT (Rochester, MI)

Abstract. We show that every subset of L'[0,1] that contains the nontrivial inter-
section of an order interval and finitely many hyperplanes fails to have the fixed point
property for nonexpansive mappings.

1. Introduction and preliminaries. In 1981, D. Alspach [1] gave the
first example of a weakly compact, convex subset of a Banach space that
fails the fixed point property for nonexpansive mappings. A modification
of Alspach’s example by R. Sine [11] was used in [5] to show that every
closed, bounded, convex subset of L'[0,1] that contains a nontrivial order
interval fails the fixed point property for nonexpansive mappings. In this
paper, Alspach’s example is used to show that every subset of L'[0,1] that
contains the nontrivial intersection of an order interval and finitely many
hyperplanes fails to have the fixed point property for nonexpansive map-
pings. This generalizes the result in [5] and, unlike the previous theorem,
also includes Alspach’s example.

As usual, N denotes the set of all positive integers, Z is the set of all
integers and R denotes the set of all real numbers. A set K has the fized
point property for nonexpansive mappings if every nonexpansive map of K
into itself has a fixed point. We refer the reader to the texts of Diestel [3]
and Goebel and Kirk [6] for any unexplained terminology.

2. A new fixed point free mapping theorem in L![0,1]. Recall
Alspach’s construction. Let C := {f € LY0,1] : 0 < f(t) < 1 for all
t € [0,1]}. Now define T : C' — C by setting, for all f € C,
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(ThH® ::{Qf(Qt)/\l ?f0§t<1/2,
(2f(2t—1)—1)vo if1/2<t<1.

Alspach showed that the mapping T is an isometry on C which has only two

fixed points: 0 and x[,1]- Alspach also showed that T" maps the closed convex

subset Cp :={f e C: S[O,l] fdm =1/2} of C into itself. This proves that T

is a fixed point free isometry on the weakly compact, convex set Cy. Here,

m denotes Lebesgue measure on the o-algebra M of Lebesgue measurable
subsets of [0, 1].

Sine [11] considered a modification of Alspach’s example by defining
§:C — CbyS(f):=xp,—Tf forall fe C.Note that S is nonexpansive
on C, and that the two fixed points of T'in C, namely 0 and x[g,1], are not
fixed points of S. In fact, Sine proved that S has no fixed points in the set C.

For our purpose, it will be useful to construct a somewhat different fixed
point free nonexpansive mapping on C. To this end, we define a mapping A
on C by setting, for all f € C,

F(2t) if0<t<1/2
(Af)(@) = .
1—f(2t—-1) if1/2<t<1.
Two key properties of A that are easy to check are that A maps C into Cy
and A is an L]0, 1]-isometry on C.
LEMMA 1. The function TA : C — Cy C C is fixed point free on C.

Proof. A straightforward calculation shows that for all f € C,
2f(4t) A 1 if0<t<1/4,
20— fAt—1) A1 if1/4<t<1/2,
(2f(4t—2)—1)VvO0 if1/2<t<3/4,
(1—2f(4t—3))V0 if3/4<t<1.

(TAf)(E) =

Now, assume, to get a contradiction, that there exists f € C' such that
TA(f) = f. Then clearly, f = TA(f) € Cy. Define sets

A=[f=01={te[0,1]: f(t) =0}, B:=I[f=1],
D:=0<f<1/2], E:=[1/2<f<l1], F:=[f=1/2].

Then, with U denoting disjoint union and all set equalities modulo sets of

measure zero, it follows that
1 (1
A) 0 (5 T D)

1 . /1 1.\./[1 1
A_ZAU<Z+ZB>U<§+ 1
(3 1. \. /(3 1
St+SE S4SF
o(3+im)o (537

4

/1 1. \. /(3 1
S 4+SF S+-B
U<2+4 >U<4+4>
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and

1.1 .1 . /1 11
B=-BU-EU-F A ~+-D
;BUTEU, u(4+ >u< +1 >

U<%+%F>U<%+ZB> <Z+%A>
From these two equalities, it follows that
2(m(A) —m(B)) = m(D) +m(E) +2m(F) = 2(m(B) — m(A)).
Thus, m(A) = m(B) and m(D) = m(E) = m(F) =0 and
f=xpae and m(B)=1/2.
Moreover, ignoring sets of measure zero and substituting the above equations

for A and B into the right-hand side of the equation for B shows, upon
iteration, that for all v € N and all j € {0,...,4" — 1},

J Jj+1 J 1 o
B L5

m|:41/’ 4v ) 4y+4l/SJ’
where each S} € {A, B}. It follows that

i i+l 1 , 1
m<B“ [47’ I )) =" =5

Lebesgue point ideas (see, for example, [10, Theorem 7.10]) imply that the
sequence of functions (fn)nen on [0, 1] given by

N-1 (j+1)/N

In)=>" (N | fdm)X[j/N,(jH)/N)(t)
Jj=0 J/IN

converges to f(t) € {0, 1} for almost all ¢ € [0, 1]. However, for each t € [0, 1)
and for all v € N, letting N = 4" gives

j J+1
Z Nm(Bﬂ [N N ))X[j/M(j-l-l)/N)(t)

B

1= 1
s IV 2 X ganm(®) =5
=0

This contradicts the fact that (fy)ven converges to a {0, 1}-valued func-
tion. m

Our main result shows how Alspach’s map, in conjunction with the
map A4, can be used to give new examples of fixed point free nonexpan-
sive self-maps of weakly compact convex sets in L'[0,1]. In particular, we
show that every subset of L'[0,1] that contains the (nontrivial) intersec-
tion of an order interval and finitely many hyperplanes fails to have the
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fixed point property for nonexpansive mappings. To facilitate the proof, we
introduce some notation.

Denote by Z,, the linear functional on L![0, 1] determined by w € L*[0, 1];
that is, Zy(f) = 8[0’1] fwdm for all f € L'Y0,1]. Also, define the order
interval [h, g] in L'[0,1] by

[h,g] :={f € L'[0,1] : h < f < g a.e.}

for all h, g € L'[0,1] with h < g a.e. Given an order interval [h, g] in L'[0, 1],
a natural number n, and bounded, measurable functions wi,...,w,, the

R™-valued set function G : M — R" defined by
g(4) = (S (gxa + hxo,pa)wr dm, ..., | (gxa + Px(opa)wn dm)

will be called the set function determined by the order interval [h,g] and
the bounded, measurable functions ws,...,w,. It is useful to note that
G is the translate of the vector-valued measure (§,(g — h)w;dm)j_; by
the fixed vector ({hw, dm)’_,. We remark that, using Lyapunov’s theo-
rem and Lemma IX.3(c) in [4], it is straightforward to check that G(M) =
{(Brr- -1 Ba) € R™ s [hg] N (Y, Z,1(8,) # 0).

The following theorem is an extension of [5, Theorem 3.2] that includes
Alspach’s example.

THEOREM 2. Let [h, g] be a nontrivial order interval in L'[0,1]; let n€N;
and let wi,...,wy be in L>=[0,1]. Let G be the set function determined by
[h,g] and wi, ..., wy. If (aa,...,an) is a point in the interior G(M)° of the
range of G and K is a closed, bounded, convex subset of L'[0,1] satisfying

K D [h,g] ﬂI;ll(oq) n... ﬂIu_)j(an),
then K fails the fized point property for nonerpansive mappings.
In the simpler setting where n = 1 and w; > 0, Theorem 2 becomes:

THEOREM 3. Let a € R and let h and g be functions in L'[0,1] satisfy-
ing: h < g a.e., h is not equivalent to g, and Z,,(h) < a < Zy(g) for some
nonnegative, bounded, measurable function w. Let K be a nonempty, closed,
bounded, convex subset of L'[0,1] such that

K 2 [h,g| NI, (a).
Then K fails the fixed point property for nonerpansive mappings.

Since the appearance of the set function G in Theorem 2 tends to com-
plicate the appearance of the theorem, before giving its proof, we provide a
brief sketch of the ideas that will be used. To begin with, consider the sim-
pler setting in Theorem 3. Assuming that h = 0, we can choose ¢ > 0 and a
subset E of [0, 1] with positive measure such that cxg < g. For convenience,
assume that ¢ = 1. If f € K, it would be nice if we could nonexpansively
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project f into [0, xz| and then use an analogue of Alspach’s map on E to
get a fixed point free map from K into itself. The map R(f) = |f| A xg is a
nonexpansive retract of K onto [0, xg] but, unfortunately, R(f) may fail to
lie in an analogue of Alspach’s set Cp or even in the set K.

In order to account for these failures, we take an analogue 1" of Alspach’s
map and an analogue A of the map A defined on functions that are mea-
surable with respect to a certain o-algebra A of subsets of E. We then find
that {, TAEAR(f)wdm = 3, wdm where EA is the conditional expec-
tation operator with respect to A. However, the value %S pwdm may fail
to equal a and we want a map whose range lies in [0,g] N Z,'(a) and,
hence, in K. In order to modify the map TAEAR so that its range is in
[0,9] N T, (), we take the set E small enough so that 1{ wdm < «
and 8[0,1]\}3 gwdm > a — % SEwdm. We can then choose a measurable set

G C [0,1]\ E so that §, gwdm = o — & {, wdm, the difference between the
value a that we want and the value % { wdm that the integration provided.
The map U : K — [0, g] N T, () defined by U(f) = gxa + TAEAR(f) will
then be a nonexpansive map of K into itself and we will see that if U has
a fixed point, so will TA, a contradiction to Lemma 1. Thus K will fail to
have the fixed point property.

For the general case when n > 1, the set function G, in conjunction with
Lyapunov’s theorem, is used to find a set ' and then a single set G that
simultaneously makes up the shortfalls a;; — % S pwjdm,j=1,...,n, needed
to ensure that the resulting map sends K into K.

Proof of Theorem 2. By translating by —h, relabeling K —h as K, g—h
as g and aj — Zy, (h) as aj for j =1,...,n, there is no loss of generality in
assuming that h = 0 and ¢ > 0 a.e. with ¢g nontrivial. Then G : M — R”
is the m-continuous, countably additive vector measure defined by G(A) =
(§9widm, ...\, gw,dm). Since (a1, ..., q,) is in the range of G,

K 2[0,9]N Ty (er) N NTy o) # 0.

Moreover, since (ayq,. .., a,) lies in the interior of the range of G, it is easy
to see that the set {wy, ..., w,} is a linearly independent set of functions in
L*>°[0,1]. Thus w; # 0. In fact, w; is not identically 0 on the set [¢ > 0].
Indeed, if wy vanishes almost everywhere on [¢g > 0], then, for every A € M,
G(A) =(0,§, gwadm,...,§, gw,dm) and G(M)° = (), a contradiction.

Let E{ be a measurable subset of [¢g > 0] such that m(E}) > 0 and,
without loss of generality, w;(t) > 0 for each ¢ € E{. Then there exists a
real number ¢ > 0 and a measurable set Ef C E] with m(E{) > 0 such
that g > CXEy- By rescaling K and aq,...,ay by 1/¢, there is no loss of
generality in assuming that ¢ = 1. Let E) denote this rescaled EY. Thus E;
is a subset of [g > 1] with m(E;) > 0 and w;(t) > 0 for each t € Ej.
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Now consider ws. If wy vanishes almost everywhere on E1, set Ey := Ej.
Otherwise there exists a subset Fy of Ey with m(E2) > 0 and either wy(t) >0
for each t € Ey or wy(t) < 0 for each ¢ € Es. Repeating this process for
7 =3,...,n gives a decreasing sequence of sets F; O --- D FE, such that, if
E' := E,, then wi(t) > 0 for each t € E’ and, for each j = 2,...,n, one of
the following holds: w;(t) = 0 for each t € E'; w;(t) > 0 for each t € E’; or
wj(t) <0 for each t € E'.

Let J:={j € {1,...,n} :w;(t) > 0 for each t € E' or w;(t) < 0 for each
t € E'}. Obviously 1 € J.

Since (aq,...,an) € G(M)°, there exists 0 < § < 1/2 so that the
closed ball B((aq,...,an),0) € G(M). By compactness of the sphere S :=
S((aq,...,an),0/2), there exists a finite set {y1,...,yn} in S such that
{y1,...,yn} is a 62 /4-net for S. Since this set lies in the range of G, for each
i=1,..., N there exists a measurable set A; in [0, 1] with y; = G(4;).

Let M :=sup;_;__, ||wjllcc. Choose a measurable subset E of E’ satis-
fying 0 < m(E) < §/2M+/n and |G|(E) < §?/4. This is possible since the
measure space is nonatomic and the variation |G| of the vector measure G
is m-continuous.

For i = 1,...,N, define z; = G(A4; \ E) in (R™, || - ||2). Then, for i =
1,....N,

lyi = 2ill2 = 1G(A:) = G(A:\ B)|l2 = |G(Ai 0 E)ll2 < |G](E) < 6°/4.

A quick application of the triangle inequality shows that
N

(1) S=5((on,...,an),8/2) € | J (2 + B((0,...,0),6%/2)).
=1
CLAaM. B((a1,...,an),0/4) Cco{z,...,2n}.

An argument proving this claim can be found in [7, Lemma 2.2]. Since
these notes are unpublished, we include a short proof. Taking convex hulls
in (1) yields

B((a1,...,0,),0/2) Cco{zi,...,2n} + B((0,...,0),5%/2)
,0),
B(0,6/2) Cco{z1 —@,...,z2n — @} +6 - B(0,5/2).

Then, if ug € B(ﬁ, d/2), there exist by € co{z; — a,...,z2y — d} and uy €
B(0,6/2) such that

or, equivalently, with @ := (a1,...,a,) and 0:= 0,...

Up_1 = b + duy
for all k € N. Note that 6*u; — 0,

! 5k71

l

1-46 _ S -

1_5125k Ty, = E 1+6+_._+6l_1bkECO{ZI—O%--wZN—Oé},
k=1 k=1
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and co{z; — @,..., 2y — a} is closed. It follows that
— 1
ug = ;5k_1bk S 15 CO{Zl —@,...,ZN—&}.

Therefore (1 —6)B(0,6/2) C co{z1 — @,...,zy — @} or, equivalently,
B(d,(1—10)0/2) Cco{z1,..., 2N}
Since 0 < § < 1/2, the Claim follows.

Note also that the vector (a1 — %SE widm, ..., oy — %SE Wy, dm) is in
B((a, ..., ap),d8/4). This follows from the choice of E and

‘(%Swldm,...,%Swndm)
E E

Then, by the Claim, the choice of the z;’s in the range G(M|p 1)\ g) of the
nonatomic, countably additive vector measure G, and Lyapunov’s theorem
[4, p. 264], it follows that

1 1
(al —3 S wydm, ..., oy — 3 S W, dm) € G(M\E)
E E
where Mg 1)\ g is the o-algebra of Lebesgue measurable subsets of [0, 1]\ E.
Therefore there exists a measurable set G C [0,1] \ E such that
1 1
(2) Q(G):<a1—§§Jw1dm,...,an—5§1wndm>.

Now, consider the sets £ and G as chosen above, and let vj(A) :=
{wjdmfor j=1,...,n.

1
< EM\/ﬁm(E) <
2

CraM. There exist measurable subsets (E; )ienuoy, k=1,...,2¢ of E which
are “dyadic sets” for the measures m and v; for all j = 1,...,n; that is,
Eoyn = E, Eigy = Eij195-1 YU Eig1ok, BEipg NEyy =0 if k # 1, m(Eiy) =
m(E)/2", and vj(E; ) =v;(E)/2" for j=1,...,n.

To prove the Claim, define a vector measure F : Mg — R"™! by
F(A) == (m(A),11(A4),...,vn(A4))

for each A € Mpg. Lyapunov’s theorem implies that F(Mpg) is a convex
subset of R"*!. Therefore, since

F(@) =(0,...,0) and F(E)=(m(E),1n(E),...,vn(E)),
there is a measurable subset F1 1 of E such that
F(Erq) = (%m(E)7 %Vl(E), e %z/n(E))
Letting E1 o = E \ Ej 1, we easily see that
F(Ei2) = (Am(E), 311 (E),..., svn(E)).
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Using Lyapunov’s theorem again on the sets Eq 1 and E1 2, we get pairwise
disjoint sets E3 1, E 2, Fo 3, Fa 4 such that

Ei11=FEs1UEso, Eio=FEy3UEsy,

and
F(Eoy) = (3m(E), jni(E), ..., tvn(E))

foralll=1,2,3,4.
Continuing this process inductively completes the proof of the Claim.

Let A denote the o-algebra of subsets of E generated by the sets (E; j).
Then, with the measure p defined on the A-measurable subsets of E by
p = m/m(E) = vj/v;(E) for j € J, it follows that the Banach space
LY(E, A, ) is isometrically isomorphic to L([0,1],m) = L'[0,1] via the
mapping Z defined as follows:

Z(XEix) ™= X[(k=1)/2"k/2)

for each xg,,. The mapping Z is extended to the linear span L of the
functions x g, , in the usual way. Of course, Z is an isometry on L. Finally,
since L is dense in L'(E, A, u) and Z(L) is dense in L'[0,1], Z extends to a
linear isometry from L!(E, A, i) onto L[0,1].

Analogues of Alspach’s map T and the map A will now be defined
directly on E using the dyadic sets E;j. For an A-measurable function
f =11 auxe,, in [0, xg], define

91

A(f) = Z(akXEi+1,k + (1 - ak)XEi+1,2¢+k)'
k=1

Since the functions of the form Zi;l QkXE;, are dense in LY (E, A, u), the
definition can be extended to define a map A : [0,xg] N LY(E, A, pu) —
[0, xe] N LY (E, A, u). Also, since A and Z are isometries and A=7"1A2Z,
Ais an LY(E, A, p)-isometry on [0, xg] N LY(E, A, ).

An easy computation shows that, if f is an A-measurable function in
[0, x£], then

(3) SAN(f)wjdm: %V]‘(E) = Swjdm
E E

DO =

for j = 1,...,n. Indeed, it suffices to check the equality for functions f
of the form Zi;l AgXE, - S0, if f = Zi;l QkXE, ;, is in the order interval
[07 XE]7 then
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2t

VA(wjdm = (apvj(Biraw) + (1= ar)vi(Bisy pisr))
B f=1

—Z( s g )+ (L) 3 ()

1 1
= ;W vi(E) = 51/]-(]3).

Similarly, an analogue of Alspach’s map can be defined directly on E.
With f = Zi;l QLXE; ,, define
T(f) =Y (@ ADXE ., + (20 = 1) VO)XE, i)
k=1
As before, T extends to a map from [0, xg] N LY(E, A, i) into itself. Using
the Alspach map T on L'[0,1] and the fact that T = Z~!TZ, we see that
T is an isometry sending [0, xg] N LY(E, A, i) into itself. Note also that, for

f= Zi;l QrXE; ,, in [0, xE] N LYE,Au)and j=1,....n

@) T(f)w;dm
E .
o

Z((Qak A (Eip1k) + (2o — 1) VOV (Eiyy gigr))

k=1
2

= > (ay A1) + (20 = 1)V 0)) 5y v (B)
k=
2-;1 1 i

= I/j(E) = Z akyj(Ei,k) = S f’UJj dm.
k=1 k=1 E

By the density of such f in [0, xg] N L*(E, A, i), this equality holds for all
fin[0,xg|NLYE, A, p).

In order to define a nonexpansive self-map of K without a fixed point, it
is useful to define a few more preliminary maps. Let E be the conditional
expectation operator with respect to the o-algebra A andlet R : K — [0, xg]
be a restriction map defined by

R(f):=|fIANxg forall fe K.

Then E is a nonexpansive map from L'(E, Mg, u) onto L' (E, A, 1). (For
a proof of this, see [4, p. 122].) The map R is L'[0, 1]-nonexpansive and
R equals the identity on [0, xg] N Ty} (cq) N+ NI, (ar) C K. Note that,
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for any f € K, (3) and (4) imply that
(5)  TAEAR(f) € [0,xg] N L'(E, A, 1) ﬂz < Swj dm>

It is now time to reconsider the set H := [O,g] NZyl(a) NNy (an)

C K. Note that the function TAEAR(f) lies in the order interval [0, g], has
support in E, but there is no guarantee that it lies on any of the hyperplanes
L;jl (o). Thus, for any f € K, TAEAR(f) may fail to be a member of H.
Recall also the choice of the set G defined in (2), and define the function
¢ := gx¢ and the set Hy C H by

Hy = {(f) +wu:u€[0,xg], uis A-measurable,

N =

and qujdm: Swjdm for j = 1,...,n}.

E E
It is easy to check that Hy = ¢ + Z~(Cp). Indeed, if f € Cy then f € C =
[0, X[0,17), and so Z~1(f) is an .A-measurable function in [0, x g]. Furthermore,
forj=1,...,n,

| 271 (f)w; dm
E
=\ 27 () dvj = vi(B) | 27 () dp
E E
= vj(E) S fdm since Z is an isometry and f, Z71(f) >0
[0,1]

1
=v;(E)- 3 since f € Cy

1
=3 S w; dm.
E

So, ¢ + Z71(Cy) C Hy. The reverse set inclusion is proven similarly. In
particular, Hy is nonempty.

Moreover, for any u € Z~1(Cp), the maps u and ¢ = gx¢ are disjointly
supported. Thus

0<o+u<gxoipne+tIxXe=yg

and, by the definition of G in equation (2),

1

T, (¢ +u) = S pw; dm + S uwjdmzxgwjdm+§gwjdm:aj
[0,1] [0,1] G E

forj=1,...,n. Thus HC H C K.
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Finally, define the mapping U : K — Hy C K by
U(f) :=¢+TAEAR(f) forall fe K
By (5), U maps into Hy. It remains to show that U is a nonexpansive map

without a fixed point.
In order to see that U is nonexpansive, take f1, fo € K. Then

1U(f1) = U(f)ll i,
| ITAEAR(f)) - TAEAR(f,)| dm
[0, 1]
)\ ITAEAR(f1) — TAEAR(f2)| dp

E
S YVIEAR(f) — EAR(f2)|dp since T, A are L'(E, A, p)-isometries
E
S |R(f1) — R(f2)| du since B4 is nonexpansive

E

= VIR(f1) = R(fa)l dm = | R(f1) = R(f2)ll 101

E
<|lf1 = follLrjo, since R is nonexpansive.
It follows that U : K — K is L'[0, 1]-nonexpansive.
To see that U is fixed point free on K, suppose, for the sake of a contra-
diction, that f € K is a fixed point of U. Then
f=U(f) = ¢+ TAE'R(f).
But this implies that f = U(f) € Ho. Thus f = gxg + u, where v =
TAEAR(f) is an A-measurable function in [0, ] and G and E are disjoint.
Consequently, R(f) = (gx¢ + ) A xg = u and, since u is A-measurable,
u = EAR(f). Hence,
EAR(f) = R(f) = u = TAEAR(f).
Thus the function EAR(f) is a fixed point of TA. Since T = Z 'TZ and
A = Z71AZ, this implies that
Z7'TAZ(ER(f)) = EAR(f),
or
TA(ZEAR(f)) = ZE*R(f).
Since ZEAR(f) lies in C for each f in K, this contradicts the conclusion of
Lemma 1 that T'A is fixed point free on C', and the proof is complete. »

REMARK. Note that the proof of Theorem 2 still works if we everywhere
replace m by any nontrivial, finite, positive, purely nonatomic measure y on
a measurable space.
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It should also be noted that some restriction on the location of the point
(a1,...,y) in Theorem 2 is necessary, although the condition used in The-
orem 2, that the point lies in the interior of the range of the set function G,
is not the most general possible. It is easy to give examples in the setting of
Theorem 3 where K is a singleton and hence has the fixed point property if
a were equal to either Z,,(h) or Z,(g).

It is perhaps more instructive to consider examples when n = 2 in The-
orem 2. If h =0, g =1, wi(t) = t, and wy(t) = 1 — ¢, the set function G is
defined by G(A) = ({ , w1 dm, | , wy dm) and its range G(M) is the region in
the plane bounded by the graphs of y = 2z —z and z = /2y —y. If (ay, az)
is a point on the boundary of G(M), the set [k, g] N Ty (a1) N Ty} (a2) is
a singleton. As a second example, with h =0, g = 1, wi(t) = Xx|o,1/2], and
wa(t) = X[ /2,1, it is easy to check that G(M) is the square [0,1/2] x [0,1/2]
and the sets [h, g| N I,;ll(al) N I,;;(ag) fail the fixed point property for all
points (a1, ag) in the closed square other than the four corner points. It is
therefore reasonable to ask if the interior point hypothesis in Theorem 2 can
be relaxed so that the conclusion of the theorem holds whenever the point
(o1, ...,ap) is not an extreme point of G(M).

We finish with some consequences of Theorem 2.

COROLLARY 4. Let X be a subspace of (L'[0,1],] - |l1) of codimension
n € N. Let g € L'[0,1] with g > 0 and g # 0, and let K be a closed, bounded,
conver subset of X satisfying K D [—g,g9] N X. Then K fails the fized point
property for nonexpansive mappings.

Proof. By our hypotheses, there exist linearly independent functions
wi, ..., wy € L*[0,1] such that

X = (Z,M0) = {feLl[o,l] . | fwjdm =0 for all j = 1n}
Jj=1 [0,1]

First, consider the special case where g > 0 a.e. on [0, 1]. As in Theorem 2,
consider the set function G : M — R" given by

G(A) = (S gw; dm — S gwjdm>n for all A € M.
A Ae 7=l
CLAM. The linear span of G(M) is R".
To prove the Claim, assume the contrary. Then there exist aq,...,an

€ R, not all zero, with G(M) C {(z1,...,2,) € R" : ayx1 +- - - + apx, = 0}.
Thus, for all A € M,

n

Zaj(s gw; dm — S gwjdm) = 0;

j=1 A Ac
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therefore

QZangwjdm:Zaj S gwjdm =:y.

j=1 A =1 [0,1]

Letting A = () shows that y = 0, and so for all A € M, SA(Z?:1 ajgw;) dm
= 0. Hence, 92?:1 ajw; = 0 almost everywhere on [0, 1]. Since, in this
special case, g > 0 a.e., we get Z;L:1 ajw; = 0. This contradicts the linear
independence of {wy,...,w,} and the Claim is proven.

Next, note that G([0,1]) = —G(0). Since G is a translate of a vector
measure, by Lyapunov’s theorem, 0 = (G(0) + G([0,1]))/2 € G(M). Fur-
ther, for all v = G(A) € G(M), it follows that —y = G(A®) € G(M).
Hence, as observed by E. Bolker [2], G(M) is symmetric about 0, and so,
by the Claim, 0 is an internal point of G(M) in R™. (For the definition of
an internal point of a set, see [9, p. 239].) Since internal points of convex
sets in finite-dimensional spaces are interior points, 0 is an interior point
of G(M) [9, p. 243, Problem 44(b)]. Indeed, from the Claim, there exist n
linearly independent vectors ¢i, ..., q, € G(M). Define the subset P of R™
by P := {s1q1 + -+ snGn : |s1| + -+ + |sn] < 1}. Clearly, P is a convex,
balanced, absorbing subset of R™, and so the Minkowski functional up of P
is a norm on R™ equivalent to the usual || - |2 norm. Thus, 0 is an interior
point of P and, by Lyapunov’s theorem, P C G(M). Hence, 0 is an interior
point of G(M).

Because K D [—g,9|NX = [—g,9] NZ,}(0) N ---NZ,;'(0), Theorem 2
implies that K fails the fixed point property for nonexpansive mappings.

Finally, consider the general case: g > 0 and g # 0. Define 2 := [¢g > 0];
note that m(§2) > 0. Consider

[—g,9]N X
:{feLl[o,u;—ggfggand gfwjdmz()forauj:l,...,n}

0.1]
={feL1[o,1]:—g§fggonQ,f:()onm, and each §fwjdm:o}.

2

We will denote by L!(§2) the space of all Lebesgue integrable functions
from (2 into R. We identify L!(£2) with a subspace of L'[0,1] by extending
each f € L1(£2) to be identically zero on £2¢. Note that g € L'(£2). Then
[—g,9)N X = [—g,g] NY, where Y := {f € L'(2) : |, fwjdm = 0 for
all j = 1,...,n} is a subspace of L'(f2) of codimension at most n. By
Theorem 2 and the remark following its proof, the general case reduces to
the special case proven above. =
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COROLLARY 5. If X is a subspace of (L'[0,1],] - ||1) of codimension n,
then X contains a nonempty, weakly compact, convexr set which fails the
fized point property for nonerpansive mappings.

Stated more succinctly, subspaces of codimension n in L'[0, 1] fail the
weak fixed point property. This also follows from the proof of Theorem 2,
which shows that all subspaces of finite codimension in L![0,1] actually
contain an isometric copy of L'[0,1]. This latter fact is already known.
Indeed, it follows from Theorem 1 in Section 10 of Plichko and Popov [8].

We thank Professors Bill Johnson, Mikhail Popov, and the referee for
helpful suggestions concerning this paper.
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