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On the multiplicity of critical points for parameterized
functionals on reflexive Banach spaces

by

GIOVANNI ANELLO (Messina)

Abstract. Some general multiplicity results for critical points of parameterized func-
tionals on reflexive Banach spaces are established. In particular, one of them improves
some aspects of a recent result by B. Ricceri. Applications to boundary value problems
are also given.

1. Introduction. Let X be a real reflexive Banach space and let f :
X — R be a real C! functional. Generally speaking, in this paper we will
consider the problem of finding multiple critical points of f represented by
a linear combination of real functionals with positive parameters. In this
direction, many results have been established in recent years. In particu-
lar, this topic has been widely studied by B. Ricceri by making use of the
theory introduced by that author in [RI]-[R3]. The generality of these re-
sults makes them applicable to several questions, including the existence and
the multiplicity of solutions of boundary value problems for partial differ-
ential equations (see for instance [A2], [AC1]-[AC3|, [BC], [BMR], [CCD],
[K1]-[K3], [R6], [R7] and the references therein).

Our aim is to give new contributions to the critical points theory for
functionals of the above type which are inspired by a very recent result
established by B. Ricceri (Theorem 1 of [R4]) as a consequence of the results
of [R5] and [RE]| (see also [RI]). In doing that, we will make use of variational
methods and follow some ideas introduced in [A1].

We stress that one of our main results (Theorem 1 below) improves some
aspects of Theorem 1 of [R4].

2. Existence of multiple critical points. Our first result on multiple
critical points is as follows:
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THEOREM 1. Let X be a reflexive real Banach space. Let I : X — R be a
sequentially weakly lower semicontinuous and coercive C' functional whose
derivative admits a continuous inverse on X*. Finally, let J ¥, & : X — R
be three C functionals with compact derivative satisfying the following con-
ditions:

(a) liminf J(z) > 0;

|z]|—o0 I ()

im su M 00,
(b) 1||x\|—>£ I(z) =0

w(@)
(c) Yiminf 7o =

(U(x) + A\P(x)) > —oo for all XA > 0;

inf

rzeX

(e) there exists a strict local minimum point xog € X of I such that
(e1) I(zo) = J(w0) = ¥(wo) = D(x0) = 0;

o Ja@)
(e2) Hminf 775 2 0;
v b
(e3) liminfﬂ > —o0 and liminfﬂ > —00;
T—T0 I(:L') T—T0 I(]})

(f) there exists yo € X such that J(yo) < 0.

Then, for each v € |0,00[ with v > —1(yo)/J(yo), there exists A\g > 0 with
the following property: for all X € |0, Ao there exists o\ > 0 such that, for
all 0 €10, 0],

() xg is a critical point of I +vJ + N\ + o®;
(B) there exist three pairwise distinct critical points x1, x2, x5 of [+vJ+
AV + 0@, distinct from xo and satisfying

(1) (I+v])(z1) <0< (I+vJ)(z2),
(2) I +vJ+ X+ 0D)(x3) > 0.

Moreover, xqy, 1, Ty are local minimum points of I + vJ + A\ + o®, two of
which, including Tqo, are not global and one is global.

Proof. First, note that the functionals J,¥,® are sequentially weakly
continuous on X (see, for instance, Corollary 41.9 of [Z]). Next, fix v € |0, oo[
such that v > —1I(yo)/J(yo). Since I is coercive, in view of condition (a) it
follows that

(3) lim (I(z)+vJ(z)) = oo.

[l]| =00
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Therefore, since I(-) + vJ(+) is sequentially weakly lower semicontinuous, it
admits a global minimum point z,, € X. Moreover,

;g)f{(](x) +vJ(z)) =I(x,) + v (xy) < I(yo) +vJ(yo) < 0.

Consequently,
0# (I +vJ) Y (—00,0) € (I+vJ) (]—00,0])

and the set (I + vJ)~!(]—00,0]) is sequentially weakly compact in X (and
so weakly compact by the Eberlein-Smulian Theorem). From this fact and
since ¥ is sequentially weakly continuous in X, one infers that the real
functions
A) = inf I+vJ+2XV),
V= MY )
A) = inf I+vJ+ N\
() = | inf, (T+0T+ D)
are well defined and continuous (being concave) in R. Since g1(0) < g2(0)
= 0, there exists A > 0 such that

(4) g1(\) < g2(\)  for all X € [0, .
Now, put
Ao =\ if hminfM >0,
=z I(x)
-1
Ao = min< A, { — liminf () if timinf 2% g,
r—T0 ](aj) x—x0 I(x)
Note that from assumption (eg) we have \g > 0.
Let A € ]0, A\o[ and fix
v '
(5) ax€lOAT[ with ay > —liminf I((gf)) if lim inf I((;f)) <0

From assumptions (b) and (c) we can find zy € (I +vJ)71(]0, co[) such that
(6) (I+vJ+ M) (xy) < g1(N).

In view of (3) and assumption (d), it follows that the functional I +v.J+
AV + 0@ is coercive for all ¢ > 0. Since the same functional is sequentially
weakly lower semicontinuous as well, the real functions

hi(o) = inf (I+vJ+ X+ 0),
(I+vJ)=1(]—00,0])
ho(o) = inf (I+vJ+ X+ 0P)
(I+vJ)-1(0)
are well defined and continuous (being concave) in R (recall that the set
(I +vJ)~1(]—o0,0]) is sequentially weakly compact).
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Now, observe that since A < 5\, from and @ one has
(I +vJ + A)(z5) < hi(0) = g1(A) < g2(A) = h2(0).
Hence, there exists ¢ > 0 such that
(7) (I+vJ+ N+ 0d)(zy) < hi(0) < ha(o) for all o € [0,5].
At this point, put

o*=¢o if h;r_l)g;f () >0,
1 ®(z)\ 7
0% = min {5’, 3 ( — hxn_lﬁr%f I((af))> } if hxrggéf I((:i)) < 0.

Note that from assumption (e3) we have o* > 0.

Moreover, put oy = (1 — Aay)o*/2, where o, is as in , and let o €
10, oA

Taking into account the choices of ay and ¢*, assumption (e2) and the
fact that xg is a strict local minimum point of I, we can find r > 0 such
that

o I(x) > I(zo);

. (@) 2 T (),
. V(@) > —ani(2);

o O(r) >~ 1(a),

for all z € B(zo,7) \ {zo}. Consequently,

1—A 1
(I+vJ+ X+ 0P)(x) > <1 —v 2Va,\ — a\A — U*U)I(x)

1—/\0&)\_1—/\06)\
2 2

)I(ZL‘) =0={U+vJ+ N+ 0D)(x0)

for all x € B(xg,7) \ {zo}. Hence, z¢ is a strict local minimum point for
the functional I + vJ + AW + g®. Moreover, since the boundary of the set
(I +vJ)"(]—00,0]) is a subset of (I +v.J)~}(0) and since, by (7), one has
hi(o) < ha(0o), it is easy to see that I +v.J + A\ + 0@ has a local minimum
at some x7 belonging to (I + vJ)~!(]—o00,0[).

The coerciveness and the sequential weak lower semicontinuity of the
functional I 4+ vJ + AW 4 0@ ensure the existence of a global minimum point
xo € X for this functional. Moreover, the left inequality of implies that
w9 € (I +vJ)71(]0, 00[). Of course, xg, 1 and x5 are three pairwise distinct
critical points of I + vJ + AW + 0@ with x1, zo satisfying . Since this
functional satisfies the Palais—-Smale condition (see, for instance, Example
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38.25 of [Z]), the existence of a fourth critical point x3, distinct from the
previous ones and satisfying , is ensured by Theorem (1. ter) of [GP]. =

REMARK 1. As said in the introduction, Theorem 1 improves some as-
pects of Theorem 1 of [R4]. Indeed, in the latter the following stronger
assumptions are required:

e liminf &x) > 0;

T—rTQ I(,’L‘)
e there exists yp € X such that max{.J(vo), ¥ (v0), ®(yo)} < 0.

Moreover, Theorem 1 of |[R4] guarantees (in a slightly formally different
statement) the existence of four critical points for I + vJ + A\ + o*®, for
each v as in Theorem 1, each A € 0, o[, where )¢ is a positive constant
explicitly determined, and for some ¢* > 0 depending on v, \. However, we
stress that, from a variational point of view, our Theorem 1 and Theorem 1
of [R4] are different results. Indeed, the latter states the existence of three
local minima of which only zg is not global.

In view of Remark 1, we can revisit Theorem 2 of [R4] which is an appli-
cation of Theorem 1 of [R4] to a Dirichlet problem associated to quasilinear
elliptic equations. Before, let us recall some definitions.

Consider a nonempty open bounded set 2 in RY with smooth boundary
and let p > 1. Let A be the class of all Carathéodory functions f : 2xR — R
satisfying the following conditions:

e if p < N, there exist M > 0 and ¢ > 0, with ¢+ 1 < Np/(N — p) if
p < N, such that

|f(z,t)| < M(1+t|?) forallte R and almost all x € £2;
e if p> N, one has supyy<, [f(-,?)] € LY(02) for all r > 0.
Given f € A, a weak solution of the problem
{ —Ayu = f(z,u) in £2,
u|89 = 07

where —A,u = div(|Vu|P~?Vu) is the p-Laplacian operator, is any u €
WO1 P(£2) satisfying the equation

S (IVu(2) P2 Vu(z)Vo(z) — f(2,u(z))v(z)) de =0

Q

for all v € Wol’p(ﬂ).
Following the same arguments of [R4] but applying our Theorem 1 in-

stead of Theorem 1 of [R4], we obtain the following result that improves
Theorem 2 of [R4].
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THEOREM 2. Let q € |p,o0[, with ¢ < Np/(N —p) if N > p, and let
fr9,h € A. Put

£ 3 ¢
F(z,8) =\ f(z,t)dt, G(x,&) =\f(x,t)dt, H(z,&)=\h(z,t)dt
0 0 0

for all (z,t) € 2 x R and assume the following conditions hold:

essinf e F(x,€) esssup,en F(x,§)

(@) fm = =00 Hosn .
(b) lim essinf e G(z,€) C e
jel—>o0 €] ’
(¢) limsup €58 SUpye o H(2,¢) <0, liminf €58 WPy H(2,€) > —00,
€| —s00 €[P €| —00 €[P
(d) limsup €58 Supse F(@, ) < 00,
£-50 € IP
(¢) liminf essinfyen G(z,§) oo,
£=0 €17
(f) limsup 058 SUPsep H (@, ) <0.
€0 €[P

Moreover, assume that there exist a measurable set B C {2 and &1 € R such
that

(g) H(xz,&1) >0 for all z € B.
Then, for each v > 0 large enough, there exists A\, > 0 with the following
property: for each A € |0, \,] there exists o) > 0 such that, for all o €]0,0,],
the problem
{ —Ayu = A(z,u) —og(xz,u) + vh(z,u) in £,
Ulpn = 0)
has at least three nonzero weak solutions.

Proof. Apply Theorem 1 with X = Wl’p(Q) I(u) = (1/p)§, [VulPdz,
Jw) = —§,Hw,u(@)de, U(w) = -5, F(z,u(x)de, and @(u) —
§o Gz, u(z))dz for all u € Wol’p(Q), xo = 0, and Yo = up, where ug €
VVO1 P(£2) is a function satisfying J(ug) < 0. Such a function exists thanks to
condition (g) (see [R4]). =

Theorem 1 guarantees the existence of three distinct local minimum
points xg, 1 and xo. Moreover, the local minimum at zg is strict. Then
the existence of a fourth critical point follows by applying a Mountain Pass
Theorem, that is, Theorem (1. ter) of [GP]. Note that the previous result
can be applied in two ways: either considering the paths joining x( to 1, or
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considering the paths joining xg to x2. Doing so, we obtain two critical points
distinct from xg, x1 and x5. Nevertheless, we do not know if they are distinct
or not in general. However, we are going to show that, by imposing some
further condition on the functionals J and ¥, it is possible to distinguish
the critical points which result from mountain pass theorems. This yields
the following five critical points result.

THEOREM 3. Let X be a reflexive real Banach space. Let I, J1, Jo, W, P :
X — R be five C functionals such that Jy is nonnegative, ¥ is nonpositive,
and I is coercive, sequentially weakly lower semicontinuous and its deriva-
tive has continuous inverse on X*. Moreover, assume that Jy, Jo, ¥, ® have
compact deriatives and I, J, ¥, ®, with J = 7J1 + Ja, satisfy conditions
(b)—(e) of Theorem 1 for all T > 0 and condition (a) for T = 0. Finally, let
xo be as in condition (e) and suppose also that:

(1) there exists yo € X satisfying

(i1) Ja(yo) <0 and (I 4 J2)(yo) <0;

(i2) supsep,( + J2)(zo + t(yo — 20)) < 0.
Then there exist Ao, 79 > 0 with the following property: for all X € 10, o]
there exists o > 0 such that, for all T €0, 79[ and o € |0, 0,],

(1) xo is a critical point of I +71J1 + Jo + A\ + 0®;
(B1) there exist four pairwise distinct critical points x1,xa, x3, x4 of I +
T7J1 + Jo + A\ + 0@, distinct from x¢ and satisfying
(I+ JQ)(xl) <0< (I-l— JQ)(&EQ),
I+7h+ 2+ N +0P)(xg) > (I +7J1+ J2+ AN 4 0D)(x3) > 0.
Moreover, xg, x1, o are local minimum points of I +7J1 4+ Jo + A\ + 0@,
two of which, including xq, are not global and one is global.

Proof. Fix v > 0. From condition (a) there exists rg > 0 such that

inf  (I+ J3)(x)>~>0.

lz—zol|=ro
Since ¥ and @ are bounded on bounded sets, the real function

(N o) €R?*— inf  (I4 Jo+ A\ + 0®)(x)

lz—z0|l="0

is continuous. Hence from the previous inequality we infer that there exist
A >0 and ¢’ > 0 such that, for all A € [0, \'] and o € [0, 0’|, one has

inf  (I+J2+ A +0D)(x)>~>0.

lz—zol|=r0

Consequently, in view of the nonnegativity of J;, we also have
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(8) inf (I+7Ji+J2+ W +0D)(x)>v>0

lz—=zoll=ro
for all A € [0, X], 0 € [0,0'] and 7 > 0.
Now, let yo € X satisfy (i). Then, from the continuity of the real function

(r,0) € R? — sup (I+7J1+ Jo+ 0P)(zo + t(yo — o)),
tel0,1]

there exist 7o > 0 and ¢” > 0 such that, for all 7 € [0,7] and o € [0,0"],
one has
(I+71Ji+ J2+0P)(yo) <O,

9) sup (I +7J1 + Jo + 0P)(xo + t(yo — x0)) < 7.
te(0,1]

Consequently, in view of the nonpositivity of ¥, we also have

(10) (I+7J14+ Ja+ X+ 0P)(y) <0,
(11) sup (I +7J1 4 Jo+ A + 0P)(xo + t(yo — x9)) < 7,
te(0,1]

for all T € [0, 7], o € [0,0"] and X > 0. .
At this point, observe that by condition (i; ) and @ there exists A € 0, \]
such that

(12) (I + 7051+ 2) (o) < A( B0 ¥ (yo)

for all A € [0, 5\] Since Jp is nonnegative, it is easy to check that inequality
implies

(13) (I+TJ1 +J2+)\!I/)(y0) < inf (I++TJ1 + J2 Jr)\@)
(I+J2)=1(0)

for all 7 € [0, 7] and A € [0, A
Now, fix A € [0,\] and zy € (I + J2)~1(]0, oc[) with ||zy — 20| > ro and
satisfying

14 I+ 71901+ Jo+ A& < inf I+ Jo+ M),
(14) (I +7J1+ 2 )(@2) (1+VJ2)1—HI(]—OO,0]>< 2 )

Observe that the existence of x is guaranteed by conditions (a) and (c).
Exploiting the continuity of the real function

ceRw— inf I+ Ja+ A\ +09),
(I+J2)71(0)

from and we can find &) € ]0,¢”] such that
(15)  (I+4+mJi+J2+ W +0D)(yo) < inf ([+Jo+ A +0D),
(I+J2)=*(0)

(16) (I +710J1 + Jo+ A\ + 0®)(z)) < inf (I + Jy 4+ A\ + o),
(I4+J2)~1(]—o00,0])

for all o € [0,5,]. Since J; is nonnegative, from (L0)), and we obtain
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(17) (U +71Ji+J2+ A +0P)(z))

< inf (I+7J1+ Jo+ A\ + 0D)
(I+J2)~*(]—00,0])

< A+71J1+ J2+ A+ 0D)(yo)
<

inf (I4+7J14+ J2+ A+ 0P)
(I+J2)=1(0)
for all 7 € [0, 7p] and all o € [0,0,].

Now, fix 7 and o as above. Define \g and o), where A\ €]0, \g], as in the
proof of Theorem 1. Then, arguing as in Theorem 1, we infer that x( is a
strict local minimum point of I 4+7J;+Jo+A¥+0@® and that, in view of ,
the latter functional admits two further distinct local minimum points zy
and xo. More precisely, x2 is a global minimum point for I+7J;+Jo+ AV +0c®
and z1 € (I + Jo)~!(]—00,0[) is a global minimum point for the restriction
of this functional to (I + Jo)~!(]—o00, 0]). Moreover, observing that J;(zo) =
Ja(zp) = 0 (since, by hypothesis, (7J; + Ja2)(z9) = 0 for all 7 € ]0,79]) and
I(zp) = ¥(x0) = D(xp) =0, from we obtain

(18) (U +717h+ o+ N +0P)(x2) < (I +7J1+ Jo+ A\ 4 0D)(xy)
<{I+7hi+J2+ A\ +0D)(x1) <O,
which, in turn, implies
zy € (I + J2)71(]0, o0).
Now, having in mind and and applying Theorem (1. ter) of [GP],
we obtain a fourth critical point z3 distinct from xy which satisfies
(19) 0<(T+7Ji+ J2+ N+ 0D)(x3) <.

Finally, note that, since x satisfies , we can apply again Theorem (1. ter)
of |[GP] that ensures the existence of a fifth critical point x4 distinct from
xo and satisfying

(I+7Ji+ o+ A +0P)(xg) = inf sup (I +7J1+ Jo + W + 0®)(p(t)),

PEX 1e0,1]
where X is the set of all continuous paths ¢ : [0,1] — X joining zg to x,
that is, p(0) = z¢ and (1) = x).
Then, since ||zx — xo|| > 70, thanks to (8) we have

(20) (I+7J1+ J2+ A+ 0D)(x4) > 7.

To conclude, observe that inequalities f imply, in particular, that
x1,x2,x3, x4 (and z() are pairwise distinct. m

Our last result is an application of Theorem 3 to the Dirichlet problem
associated to a quasilinear elliptic equation involving a combination of power
laws.
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THEOREM 4. Let r,s,p,q,m € R be such that 1 <r <s<p<gq<m,
with m < Np/(N —p) if N > p. Then there exist Ao, 70 > 0 with the
following property: for all X € ]0, o[ there exists o\ > 0 such that, for all

T €10,79[ and o € ]0,0,[, the problem

—Apu = —ru" s T —oum Tt in 02,

(P) "
Ujpn =Y,

has at least four nonzero and nonnegative weak solutions.

Proof. Denote by ||-|| = ({, [V(-)[? dz)'/? the standard norm of Wy (£2).
For each A 0,7 € R, the nonnegative weak solutions of problem (P) are
exactly the critical points of the functional I + 7J; + Jo + AV + 0@
W, P(2) = R, where

)=l A= () e, ) =~ () de,
p (9} 2
V() = — [(we) e, B) =+ §(u)" dr,
q 2 2

and vy (x) = max{u(z),0} (see Lemma 2 of [Al]). By standard results, it
is known that [ is a sequentially weakly lower semicontinuous and coercive
C' functional whose derivative admits a continuous inverse on (I/VO1 P))*
and that Ji, Jo, ¥, ® are sequentially weakly continuous C! functionals with

compact derivative. By embedding theorems, one has
M:o forall T € R
l|z[|—o0 I(x)

and
)

lim = lim
lell—=0 I(z)  llzl—0 I(x)
Moreover, if we fix a positive function ¢ € I/VO1 P(£2), one has
U(tp) _

00 I(te)
Observe also that, from Lemma 4 of [Al], one has
lim inf Th(@) + olz) (z) + Jo(@)

a0 I(z)

>0 forall m>0.

Finally, since
lminf(A(t4)™ — (t4)?) >0 for all A > 0,

[t| =00
it is easy to infer that

inf (¥ + AP)(u) > —oo forall A > 0.
u€Wy P (£2)
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Now, let vy € W& P(2)\ {0} be the unique global minimum point of the
functional I + J; (see Lemma 5 of [Al]). Then
0= (I + JQ)/(’UO)('UO) = pI(’UQ) + SJQ(’UQ).

Consequently,

Jo(vo) = —%I(vo) <0 and (I+ J2)(vg) = (1 - i’)f(vo) <0,

(I + o)1) = tPI(u0) + £ (10) = (tp ) p”)“vo) <o,
s
for all ¢t € [0,1]. At this point, it is easy to check that all the assumptions
of Theorem 3 are satisfied with g = 0 and yy = vy. Hence, the conclusion
follows. m

REMARK 2. In view of Theorem 2 of [Al], it would be of interest to
study problem (P) with no upper bound on the exponents m, ¢ when p < N.
Another interesting question is whether the four solutions of problem (P)
are actually positive in {2.
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