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Interpolation methods of means and orbits
by

MIECZYSEAW MASTYLO (Poznan)

Abstract. Banach operator ideal properties of the inclusion maps between Banach
sequence spaces are used to study interpolation of orbit spaces. Relationships between
those spaces and the method-of-means spaces generated by couples of weighted Banach
sequence spaces with the weights determined by concave functions and their Janson se-
quences are shown. As an application we obtain the description of interpolation orbits
in couples of weighted Lp-spaces when they are not described by the K-method. We
also develop a connection between the method of means with a quasi-parameter and the
real method of interpolation generated by the Calderén—Lozanovsky space parameters.
Applications to interpolation of operators are also discussed.

1. Introduction. The ultimate goal of interpolation theory is the char-
acterization of all relative interpolation spaces with respect to given com-
patible couples of Banach spaces. A significant role in the study of interpola-
tion spaces is played by interpolation orbits (see [3], [29]). For many specific
couples a complete description of interpolation orbits has been achieved
through the work of many authors. In almost all known cases there is a
simple description in terms of the K-functional of the initial couples. Such
couples are called relative Calderén couples (or relative Calderén—Mityagin
couples) or K-monotone couples. Calderén couples therefore play an im-
portant role in interpolation theory, since for such couples we may obtain a
complete description of all their interpolation spaces (see [3]). Unfortunately
the class of Calderén couples is not large. We refer here to the remarkable
papers [6], [7] and [18], where Calderén couples of Banach lattices are studied
and many references are included.

Although recently great progress has been made in interpolation theory,
the problem of describing the interpolation orbits between couples which
are not relative Calderén remains a formidable one, even for classical cou-
ples of Banach spaces. We refer to [29], where certain positive results in
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this direction are presented. Let us remark that, for couples of L,-spaces,
the results by Dmitriev [13] seem to have been overlooked. In fact [13] con-
tains a description of the interpolation orbits for certain couples of L,-
spaces which are not Calderén couples. More precisely, Dmitriev described
interpolation orbits of any element from the couple (Ly,(uo), Ly, (u1)) into
(Lgy(wo), Lg, (w1)) in the following cases: 1 < pg,p1 < oo and g = q1 = 1,
1 < p1,q0 < o0 and pg = ¢ = 1. Further, Ovchinnikov [30] obtained a
description of the interpolation orbits for elements with a quasi-power K-
functional. Recently a complete description of interpolation orbits in couples
of L,-spaces was presented in the remarkable paper of Ovchinnikov [31].

The aim of this paper is to extend Ovchinnikov’s results to the setting
of couples of Banach lattices. More generally, the object of this paper is
to show how Banach operator ideals can be applied to study interpolation
orbits. Following [26], we use the Banach ideal of (£, 1)-summing operators
(cf. also [11]) to study interpolation of operators acting between abstract
real method spaces.

We present general results on the relationship between interpolation
methods of orbits and means. When specialized to L,-spaces, our results
extend and simplify those of Ovchinnikov [31]. The main results of this pa-
per were circulated in the preprint [25].

Before sketching the content of the paper in more detail it will be use-
ful to establish some basic notation and definitions. For unexplained no-
tions from interpolation theory we refer to [1], [3]. Throughout the paper let
(£2, X, 1) be a complete o-finite measure space. Let Lo(u) denote, as usual,
the space of equivalence classes of real-valued measurable functions on {2,
equipped with the topology of convergence in p measure on sets of finite
measure. By a Banach lattice on {2 we mean a Banach space X which is a
subspace of Lo(u) such that there exists v € X with u > 0 and if |f| < |g|
p-a.e., where g € X and f € Lo(p), then f € X and ||f||x < |lg]lx-

In the special case when 2 = J and p is the counting measure, where
J=-NU{0} or J =Z or ] = NU{0}, a Banach lattice on (2 is called a
Banach sequence space on J.

If X is a Banach lattice on (2, 1) and w € LO(p) with w > 0 p-a.e., we
define the weighted Banach lattice X (w) by setting

1] x ) = [lewl|x-

If X = (Xo,X1) and Y = (Yp, Y1) are couples of Banach spaces, we let
L(X,Y) be the Banach space of all linear operators 7' : X — Y (which
means, as usual, that T : Xg + X; — Yy + Y7 is linear and the restrictions
T'|x; are bounded mappings from X; to Yj for j = 0, 1) equipped with the
norm

1T x—y = max {[|T|xo—vo, [IT]|x,—v1 }-
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The elements x € Xo + X; and y € Yy + Y7 are said to be orbitally
equivalent with respect to the couples X and Y if there exist linear operators
T:X —Y and S:Y — X such that Tz =y, Sy = x.

If A is a Banach couple and 0 # a € Ag + Aj, then the interpolation
orbit Orb(a, A — X) of the element a in the couple X is a Banach space
consisting of all elements of the form « = Ta for some T': A — X, equipped
with the norm

]| = inf{|T)| 5 x; © = Ta}.
The K-functional is defined on Xy 4+ X by
K(S,t,l‘;)_() = inf{s||:1:0||X0 + t||$1||X1ﬂ T =xo+ 113‘1}, s,t > 0.

In what follows, we write for short K (¢,z; X) instead of K(1,¢,z;X). The
Banach spaces X and Y, intermediate with respect to X and Y respectively,
are said to be relative K-monotone whenever x € X and y € Yy + Y1
with K(t,4;Y) < K(t,2; X) for all t > 0 imply that y € Y. If all relative
interpolation spaces with respect to X and Y are relative K-monotone, then
we say that interpolation is described by the K-method (or equivalently
that X and Y are relative Calderén couples). If this property holds for
X =Y, then X is said to be a Calderén couple. Clearly, X and Y are
relative Calderon couples provided for any ¢ € Xo+ X1 and y € Yy + Y1
satisfying K (t,y;Y) < K(t,z;X) for all ¢ > 0 there exists an operator
T : X — Y such that Tz = y. If there exists a constant ), independent of
and y, such that ||T||¢_5 < A, we say that X and Y are relative uniform
Calderon couples.

It is well known that if X and Y are relative Calderén couples, then Y is
relatively complete, i.e., the Gagliardo (relative) completion Y := (Y, YY)
coincides with Y (see, e.g., [3], [8], [6]). Recall that if X is an intermediate
Banach space with respect to a couple X, then its Gagliardo completion X€ is
the Banach space of all limits in Xg+ X7 of sequences that are bounded in X.

Let us outline briefly the content of the paper. In Section 2, we study
the method of means determined by weighted Banach sequence spaces with
weights generated by concave functions and their Janson sequences. An
equivalent description in terms of the K-functional for these spaces is pre-
sented. Using a Carlson type inequality, we prove continuous inclusions be-
tween spaces generated by the method of means and the Calderén—Lozanov-
sky method applied to a certain class of couples of Banach lattices satisfying
upper or lower lattice estimates. Some applications are shown for weighted
Orlicz spaces. In particular, we show that the method of means generated
by a concave function ¢ and corresponding weighted ¢, and ¢,,-spaces ap-
plied to any couple of weighted Banach lattices (Lp,(wo), Ly, (w1)) spaces
coincides, up to equivalence of norms, with the Calderén—Lozanovsky space

SO(LPO (w0)7 Lpl (wl))‘
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In Section 3, we show applications of Banach operator ideals introduced
first in [26] to study interpolation of orbit spaces. Continuous inclusions
are shown between these spaces and corresponding spaces generated by the
method of means. As a consequence of these results, we provide new cou-
ples of Banach lattices which are not relative Calderén couples. Further,
we obtain the result of Ovchinnikov [31] on the description of interpolation
orbits in couples of weighted L,-spaces when they are not described by the
K-method. We also discuss applications to interpolation of operators.

2. The methods of means and of Calderén—Lozanovsky. In this
section we shall deal with vector-valued Banach sequence spaces. Let E be
a Banach sequence lattice on J and let X be a Banach space. The vector
sequence & = {xy, }ney in X is called strongly E-summable if the correspond-
ing scalar sequence {||z,||x} is in E. We denote by E(X) the set of all such
sequences in X. It forms a Banach space under pointwise operations, and a
natural quasi-norm given by

2l e = [{llznllx e

Throughout the paper a pair @ = (P, ®1) of Banach sequence lattices
on J is called a parameter of the method of means if ®oN®P1 C ¢1. The space
J5(X) = Jg,.5, (X) built by the method of means consists of all € Xo+ X
which may be represented in the form

T = Z u,  (convergence in Xo + X7)
n

with {u,} € @9(Xo) N P1(X7). It is well known that Jz(X) is a Banach
space under the norm

]l (x) = inf max{|[{un Hle (x0), {wn} e, xi) }

where the infimum is taken over all representations of = as above (see, e.g.,
3, [19]).

In this paper we are interested in the special method of means generated
by weighted Banach sequence spaces determined by quasi-concave functions.
More precisely, let ¢ € P (i.e., ¢ : [0,00) X [0,00) — [0,00), t — ©(1,1)
is a positive quasi-concave function on [0,00) with ¢(0,0) = 0 and ¢ is
positively homogeneous). Assume that ¢ € Py (i.e., ¢(1,t) - 0ast — 0
and o(t,1) — 0 as t — 0). A sequence {t,}ney is called a fundamental
sequence for ¢ if the following equivalences hold for p(t) := ¢(1,t) for ¢t > 0:

o(t) =< Z o(tn) min{l,t/t,} < sup o(tn) min{1,t/t,},

or equivalently in terms of K-functionals,
o(t) < K(t, {o(tn)}: 1, 01(1/tn)) < K(t,{0(tn)}; oo, Lo (1/tn))-
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Here and throughout the paper, for positive functions f and g, we write
f =< g whenever f < g and g < f, where f < ¢ means that there is a
constant ¢ > 0 such that f < cg.

The construction of fundamental sequences for ¢ € Py may be realized
as follows (see [17]). For a given ¢ > 1, we define inductively a sequence
{tn}ney with to = 1 (which is called the Janson sequence for ¢ (or g)) by

. {Q(tn+1) tn—i-lé)(tn)} _
min , =
Q(tn) tn9<tn+1)
Note that for a given ¢ € Py Brudnyi and Krugljak used in [3] a little
different construction of a sequence {t,} with to = 1 (called the Brudnyi-
Krugljak sequence for ¢ (or o)):

Q(tQH) =4q Q(t2n+l) and Q(th) = q@(th—l)
ton 752114—1
with o(t) = ¢(1,t) for t > 0 and proved that the sequence {t2,+1} is a
fundamental sequence for ¢.

Assume that {t,}ney is a fundamental sequence for ¢ € Py. From the
equivalences mentioned above, we infer in particular that {o(t,)} € ¢1 +
l1(1/t,), where o = ®(1,-). This implies that for any couple (FEy, E1) of
Banach sequence spaces on J such that E; — { for j = 0,1 we get

loo = E(0(tn)) + E1(o(tn)/tn)-

It follows by Kéthe duality that (o, P1) = (Eo(1/0(tn), E1(tn/o(ts)) is a
parameter of the method of means. In this case the space Jz(X) is denoted

by @(X)Q),El- If Ey = lp, and Ey = £y, with 1 < po,p1 < oo, we write for
short ¢(X)p,p, instead of ¢(X) Note that whenever (s, t) = s =929,

Cog oy -
0 <6< 1and {t,} = {2"}, then p(X)p,p is the classical Lions—Peetre
method-of-means space Jy . », (X) (see [22]). If E is a Banach sequence
lattice on Z and Ey = E; = E, then Jg, ¢, (X) is the classical abstract
J-space, which is denoted by Jg(X) (see [3], [8], [19]).

The following proposition is an abstract variant of a result presented
without proof in [13]. Since the result is not widely known, it seems worth-

while to set it out in detail here.

PROPOSITION 2.1. Let {t,}ney be a fundamental sequence for ¢ € Py.
Assume that X = (Xo, X1) is a Banach couple and E = (Ey, E1) is a couple
of Banach sequence spaces on J with Ej — l for j = 0,1. Consider the
following conditions:

(i) = € p(Xo, X1) By, By -
(ii) There exist positive elements u € Ey and v € E1(t,) such that

K(t,z;X) < K(t,ap; 61 (u), t1(v))
for all t >0, where a, = {¢(1,t,)}.
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Then (i) implies (ii), and (ii) implies (i) provided that X is relatively com-
plete.

Proof. (i)=(ii): Assume that z € ¢(X)g, g, and let o(t) = ¢(1,t) for
t > 0. Then we have

x = Z xn,  (convergence in Xy + X1)
n

with {z/0(tn)} € Eo(Xo) and {t,x,/0(tn)} € E1(X1).

Without loss of generality we may assume that z,, # 0 for all n € J. We
define sequences u = {u,} and v = {v,} by setting u, = {|znlx,/0(tn)}
and v, = {||znlx,/0(tn)} for n € J. Then u € Ey and v € Ej(ty,). Since
Ey — ly, E1 — U and ay, € €1 + ¢1(1/ty), it follows that

Z min{uy,, v, }o(t,) < oo.

Further, we have

K(t,2; X) <Y K(t,en: X) < ) min{||zallx,, ¢ an]x,}

n

S lzallx,  tlznllx, }
= min , o(tn) = K(t,ay; l1(u),l1(v)).

2 St e bt = K0 (o)

(ii)=(i): Assume that X = (Xo, X1) is a relatively complete couple and
that x € Xy + X satisfies
K(t7 T; X) < K(ta Qs b (’U,), el(v))

for any ¢ > 0 and positive elements u = {u,} € Ey and v = {v,} € E1(ty).
Since (¢1(u), ¢1(v)) and (Xo, X1) are relative uniform Calderén couples (see,
e.g., [3], [8]), there exists an operator T': (¢1(u), ¢1(v)) — (Xo, X1) such that
|IT|| <~ and z = Ta,, where v = y(X) is the K-divisibility constant for X.
Clearly,

xr = Z o(tn)Te, (convergence in Xo+ Xi).

Put z,, = o(tn)Te, for n € J. Then we have

Bz
—— = ||Ten|lx, <yu
and |2
tn||Tn X1
— = =t ||T < ~t .
oltn) nH enHXl = VinUn

Since {u,} € Ep and {v,} € Ei(t,), we have z € ¢(Xo, X1)Ey,E,, and so
the proof is complete. m

~ COROLLARY 2.2. Let {tp}ney be the Janson sequence for ¢ € Py. If
X = (Xo,X1) is a relatively complete Banach couple, then o(Xo, X1)Ey,E,
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consists of all x € Xo + X1 such that

{K (50,23 X)} € p(Go, G1(1/50)) Eo, s
for a certain couple (Go,G1) of Banach sequence spaces on J with {1 —
Gj — lx (j =0,1), where {s,} is the Janson sequence for K(-,z;X).

Proof. First let us note that if {s, }ney is the Janson sequence for ¢ :=
K(-,x; X), then for any couple (Go,G1) of Banach sequence spaces on J
such that ¢; — Gj — ls (j =0, 1), we have

K(tv {¢(5n)}a Go, Gl(l/sn)) = @Z)(t)

by known equivalences (see, e.g., [29])

K(t, {(sn) }s 01, 1(1/5n)) = K (8, {)(5n) }; foo, Lo (1/5n)) = 9(1).
Now assume that x € ¢(Xo, X1)g, £, Then by Proposition 2.1, there exist
positive elements u € Ey and v € E1(t,) such that
K(t,x; X) < K(t,ap; 61 (u), (1(v))
where a, = {¢(1,t,)}. Combining the above relations, we find that
K (8, {4 (sn)}; Go, G1(1/5n)) < K(t; ag; €1(u), £1(v)).

Now applying again Proposition 2.1, we obtain
{K (50, 7; X)} € p(Go, G1(1/50)) o, -
If we assume that the above relation holds for a certain couple (Gg, G1)

of Banach sequence spaces on J with ¢ — G; — l» (j = 0,1), then by
Proposition 2.1, we conclude that the inequality
Kt (sn)}; Go, G1(1/50)°) < K(t, ag; £1(u), £1(v))
holds for some u € Ey and v € Fj(t,). This implies that
K(t,z;X) < K(t,a,;¢1(u), l1(v)),
and in consequence z € ¢(Xo, X1)g,,E,, by Proposition 2.1. m

Further on we shall deal with the Calderén—Lozanovsky spaces. We show
that under certain geometrical conditions, continuous inclusions hold be-
tween the method-of-means spaces and the Calderén—Lozanovsky spaces. In
the case of Banach couples of L,-spaces, we get precise equalities between
these spaces. Certain results in this direction were shown in [26].

We recall first that if X = (Xo, X1) is a couple of Banach lattices on
(Qij’) and ¢y € P is a concave function then the Calderén—Lozanovsky space
(X)) = (X, X1) consists of all z € EO([L) such that |z| = ¥ (|xol, |z1|) for
some z; € X;, j =0,1. The space ¢(X) is a Banach lattice equipped with
the norm (see [23])

]l = inf{max{[lzol| x,, 21l x, } : 2| = ¢ (|zol, [21]), w0 € Xo, 21 € Xu}-

In what follows we need a variant of Carlson’s inequality (cf. [16], [20]).
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PROPOSITION 2.3. Assume that ¢ > 1, ¢ € Py and {t, }ney is the Janson
(respectively, the Brudnyi-Krugljek) sequence for ¢. Then, for any finite
positive sequence {un} € ¢1(J), the following inequality holds with o(t) =
o(1,t) fort > 0:

Zu <—q_1go<sup Un sup tnun>
- n_Q+1 n Q(tn)’ n 0o(tn)

and respectively:

S = o (sup s 21
"7+ 1T\Un o(tens) e oltant)

n

Proof. Assume that {¢,} is the Janson sequence for . Put

Up, tpup
A :=sup B :=sup .
n Q(tn) ’ n Q(tn)

There exists k € J such that A/B € [tx,tg41). Since t — p(t) is a non-
decreasing function and ¢(1,t,) < ¢t ¢(1,t,11), we obtain

D un <AY (1) AL +¢ " + g7+ )e(L, )
n<k n<k

q q
< —— Ap(1,B/A) = —— ¢(A, B).
< A Ap(LB/A) = 1 p(AB)

Similarly, by the fact that ¢ — @(t~!,1) is non-increasing and

e(1, tnt1) < 1 o1, tn)
tnt1 T q 129

)

we get

t 1,t
ZUHSBZQ(n)SB(q_1+q_2+"')@( k)
tn 2%
n>k n>k
B _1 B 1

<——o(t,,1) < ——p(A/B,1) = —— ¢(A, B).

—q_lso(ka)—q_lso(/ a) q_190(7 )
Since Y, un = D, <f Un + Do Un, the above estimates yield the desired
inequality. If {¢,} is the Brudnyi-Krugljak sequence the proof is similar. m

In order to present the next results we need a generalization of the well
known notions of upper and lower p-estimates (cf. [21, pp. 82-84]). Let E be
a Banach sequence space on J. A Banach lattice X is said to satisfy an upper
(resp., a lower) E-estimate if the following continuous inclusions between
vector-valued Banach spaces hold:

E(X) — X[l],

respectively
X[t] — E(X).
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The constants of the above embeddings are called the upper (resp., lower)
E-estimate constants and are denoted by ug (resp., (g).

Recall that ¢ € P is called non-degenerate if the ranges of the functions
¢(-,1) and ¢(1, -) coincide with (0, c0).

THEOREM 2.4. Let (Ey, E1) be Banach sequence spaces such that {1 —
E;j — ly for j = 0,1. Let Xo and X1 be Banach lattices on a measure
space (£2, ). Then the following continuous inclusions hold with constants
depending on the corresponding Ej-estimates:

(i) If X; satisfies an upper Ej;-estimate (j = 0,1) and {t,} is the Janson
or Brudnyi-Krugljok sequence for ¢ € Py, then
QP(XO’ Xl)E07E1 - QP(XO’ Xl)'
(i) If X; satisfies a lower Ej-estimate (j=0,1) and {t,} is the Brudnyi-
Krugljak sequence for non-degenerate p € P, then
QP(XO’ Xl) — SO(XD’ Xl)EO,El .

Proof. (i) Fix ¢ > 1 and assume without loss of generality that {t, }ney
is the Janson sequence for o = ¢(1,-). Let x € ¢(Xo, X1) gy, with ||z|| < 1.
Then

T = Unp, convergence in Xg + X3
D> _un (converg
n

with [[{un/o(tn)}Hlmo(xe) < 1 and [[{tatin/o(ta)}lmy(rry < 1. This implies
that the above series is absolutely convergent in Xg+ X;. Thus, in particular,
{lun(w)|} € ¢; for almost all w € §2. Since X satisfies an upper Ej-estimate
(7 =0,1), we get

xo(+) :=su € Xo, x1(+):=sup———— € Xj,
0(+) := sup ot 0, @) :=sup o(tn) 1
with ||lz;]|x, < ug;, where ug; is the constant of the embedding F;(X;) —
Xills], 7 = 0,1. Combining these facts with the Carlson inequality we
obtain

lzll <) lun| < Coplwo, 1)
n

with C = (¢ + 1)/(¢ — 1). This shows that x € ¢(Xo, X;1) and [jz|| <
C max{ug,,ug, }.

(ii) Let 0 < 2 € ¢(X) and #l,x) < 1. Then z = ¢(xo, z1) for some
0 < x; € Xj such that ||z;]|x; <1, j = 0,1. Since ¢ € Py, it follows that the
support of x is contained in the intersection of the supports of zg and x;.
Hence, we may assume without loss of generality that x, zg, z1 are not equal
to zero on the domain f2.
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Let {t;} be the Brudnyi-Krugljak sequence for ¢. Since ¢ is non-degene-
rate, {tx} is defined on Z. Define for any k € Z,

A ={w € 2; top < x1(w)/xo(W) < togi2}
and
Yk = TXA,, Uk = T0XA,, Uk = T1XA-

It is easily seen that for any k € Z, we have

Uk < qo(tar+1)us

and

o(tak tog
(f )xIXAk < QMW
tog tokt1

This implies that for any integer n, we have

k
0< ) e <oltanir) Y, gyi) < qp(1, t-2n+41)0

k<—-n k<—-n (t2k+1
and
o(tont1 tok+1Yk _
0<) < (t2n 1) d I < (b, D
= ton41 = o(tak+1)

Combining the above estimates, we get

N —M-1 —oo
IR P D ORT N IPORT M

< gLt ari1y+1) +ap(ty, (N+1) 1)
for any positive integers M and N. Since ¢ is non-degenerate, t_jp; — 0 as
M — oo and ty — oo as N — oo. This implies that the series ) x, with
ZTon = 0 and zaon41 := Yy, converges to x in Xg + X;. Further, by the fact
that {A,} is a sequence of pairwise disjoint measurable subsets whose union
is equal to {2, we have
£ _

2 o(tn) Xn:

n

< Zun < qxo

t2n+1

and

o(tan+1)

t t
Z n’mn’ _ Z 2n+1Yn < qzvn < qr1.
- Q(tn) m

Now assume that X; satisfies a lower Ej-estimate (j = 0,1). Combining
the above estimates, we obtain

{zn/0(tn)} € Ey and {t,z,/0(t,)} € E1.
Since z, € Xo N X1, we get z € (X0, X1)Ey,E,- ®
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COROLLARY 2.5. Let (Lpg,(wo), Lar, (w1)) be a couple of weighted Orlicz
spaces and @ € Py. Then the following statements are true:

(i) If M; is submultiplicative for j = 0,1 (i.e., M;(st) < CM;(s)M;(t)
for some C >0 and all s,t > 0) then

SO(LMO (wo), L, (wl))éj\lo Ay, SO(LMO (wo), L, (w1)).
(ii) If M;j is supermultiplicative for j=0,1 (i.e., M;(st) > CM;(s) M;(t)
for some C > 0 and all s,t > 0) then

(Lo (wo)s Lar (1)) = ©(Latg(wo)s Laa, (W1)) ey, eas, -

Proof. 1t follows by [11] that if an Orlicz function M is submultiplicative
(resp., supermultiplicative), then any weighted Orlicz space Ljs(w) satisfies
an upper (resp., a lower) £/-estimate. Apply the previous proposition to
get what we want. =

Since any L,-space with 1 < p < oo satisfies both a lower p-estimate
and an upper p-estimate for any 1 < p < oo, the following corollary is an
immediate consequence of Theorem 2.4. We note that this result was also
obtained in [31]; however the proof was more complicated. Namely, it used
the K-divisibility property and the Bennett—Carl result which says that the
inclusion map ¢, — l is (p, 1)-summing for any 1 < p < oo (see [1]).

COROLLARY 2.6. For any couple (Ly,(wo), Ly, (w1)) of weighted Ly-spa-
ces and any ¢ € Po,

SO(LPO (wo), Ly, (wl))po,m = SO(LPO (wo), Ly, (w1))
with constants of equivalence of norms independent of .

It is well known (see, e.g., [28]) that for any ¢ € P and any couple
(Lpo(wo), Lp, (w1)) on (2, ) with 1 < pyg < p; < oo the Calderén-Lozanov-
sky space (L, (wo), Ly, (w1)) coincides up to equivalence of norms with the
generalized Orlicz space of all f € L%(u) such that

| M (w0 ™0wy 9] £1/0) (wo /w1 ) dp < oo

o}
for some A > 0. Here 1/q = 1/pp — 1/p1 and M is an Orlicz function such
that M~1(t) < @(t'/Po, 1/P1) for ¢t > 0.

We conclude this section by showing how Proposition 2.1 and Corollary
2.6 may be applied to prove a variant of the Lions—Peetre formula which
describes certain method-of-means spaces as the corresponding K-method
spaces generated by a quasi-power function parameter. We note that this
kind of result has also been proved in a quite different way by Fan [14]
for integral variants of the abstract K- and J-methods of interpolation.
Recall that if X = (Xo, X1) is a couple of Banach spaces and E is a Banach
sequence space on Z such that {min(1,2")} € E, then the K-method space is
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a Banach space X g which consists of all z € X+ X such that {K (2", z; X)}
€ E. The space is equipped with the norm ||z|| = [[{K (2", z; X)}|| &

In order to present the final result of this section, we also recall that a
function ¢ € P is called a quasi-power (written ¢ € PT7) if the dilatation
indices 0, and 7, of the function ¢ = ¢(1,-) satisfy 0 < 6, < 7, < 1 (see,
e.g., [17], [19]).

THEOREM 2.7. Let (Xo,X1) be a Banach couple. Let ¢(Xo, X1)pyp1 be
generated by ¢ € P~ and the fundamental sequence {2"}ncz. Then

(X0, X)po.pn = (X0, X1) (b8, (277))-

Proof. We show the following claim: ¢ € P*~ implies ©(€p,, p, (27™))
is a parameter of the real method (for definition see, e.g., [29, p. 432]). In
fact, it may be easily shown that ¢ € P~ implies that

SO(S, t) = ¢(31_00t00’ Sl—eltlgl)
for some ¢ € P and 0 < 0; <1, j =0, 1. This yields
Pl by, (277)) = lly, (277%0), £, (27))

where 1/pg, = (1-0;)/po+0;/p1 for j = 0, 1. Since Epgj (277%5) is a parameter
of the real method, the claim is established by the well known interpolation
theorem for positive operators between Calderén—Lozanovsky spaces (see,
e.g., [24]). _

Now, we recall that if @ = ($g, 1) is a couple of Banach sequence spaces
on Z which is a parameter for the method of means, then by Theorem 4.2.33
in [3], it follows that for any Banach couple X,

J5(X) = Je(X),
where E = Jgz(¢1,¢1(27™)). This implies a continuous inclusion
¢(Xo, X1)po,pr = JE(X0, X1),
with E := ¢©(¢1,01(27"))py,p - In consequence, by Corollary 2.6, we obtain

E— So(ﬁpov Em (2_n))PO,p1 = SO(pr, Epl (2—71))
Combining the above remarks with the well known fact (see, e.g., [8] or [3])
that the classical K-method as well as J-method determined by the same
parameter of the real method generate the same interpolation spaces, we
get a continuous inclusion

(X0, X1)po,p1 = (X0, X1) (8, 5, (2-))-

To end the proof we only need to show the reverse inclusion for a rela-
tively complete Banach couple (Xp, X1) (in fact we only need to show this
for the couple (Yo, £oo(27™)), by the co-orbital description of the K-method
of interpolation for this couple). Thus, assume that (Xo, X;) is relatively
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complete. Fix x € (XO,Xl)Qp(gpojgpl (2-n)- Then apply Corollary 2.6 to ob-
tain

§={K(2" 2;X)} € ©(lpo, €p, (27"))po,p1 -
Now, we invoke Proposition 2.1 to conclude that since (€p,, £p, (277)) is rel-
atively complete, there exist positive elements u € ¢,, and v € £p, (2") such
that

K(t, & lpys £p, (277)) < K (1, ag; 1 (u), £1(v))

for all t > 0, where a, = {((1,2")}.
Since

K(t,l’;)_() = K(t’g;goanOOQ_n)) < K(t7£§£p07£p1 (2_n))7

we obtain

K(t,z; X) < K(t, ag; L1(u), 41(v))

with v € ¢,, and v € £, (2"). It then follows from Proposition 2.1 that
x € (X0, X1)po,p- This leads to the desired conclusion. m

3. Interpolation orbits. In this section we use Banach operator ideals
to study interpolation orbits. In particular, Banach operator ideal properties
of inclusion maps between Banach sequence spaces allow us to get continuous
inclusions between the corresponding interpolation orbit spaces and method-
of-means spaces. Before we state the results, we need to introduce further
notations. Let E be a Banach sequence space on J and let X be a Banach
space. A vector sequence {x,} in X is weakly E-summable if the scalar
sequences {z*(z,)} are in E for every x* in the dual space X* of X. The
space of all weakly E-summable sequences {z,} of a Banach space X such
that

wp,x (2n) := sup{|{z"(zn)}| 55 l"[x+ <1} < o0
is denoted by E*(X).

Let E and F' be two Banach sequence lattices on J, and let X and
Y be Banach spaces. An operator T': X — Y between Banach spaces is
said to be (F, E)-summing if the induced operator T' defined on E*(X) by
T{xn} = {Txy} for {z,} € E¥(X) is bounded from E*(X) into F(Y). In
this case we write R

mrE(T) = |T| gv(x)—F)-

In what follows, we shall always assume that E — F' since only in
this case are there non-zero (F, E')-summing operators. We let ITr g(X,Y)
denote the space of all (F, E)-summing operators from X to Y. Let us
remark that under minor additional assumptions on E and F, (IIr g, 7r E)
is a Banach operator ideal in the sense of Pietsch (see [26] for details). In
the case /' = {, and F' = {, with 1 < p < ¢ < oo, Il is the well known
ideal of (g, p)-summing operators (see [12]).
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Recall that if X and Y are Banach sequence spaces on J, the space
M(X,Y) of multipliers from X into Y is the space of all sequences = such
that the associated multiplication operator X > y +— =zy is defined and
bounded from X into Y. The space M(X,Y") equipped with the norm

/vy = sup{llzyllys llyllx <13

is a Banach sequence space. In the case when Y = ¢1, M (X, ¢;) is the usual
Kothe dual space X’ of X.

The proof of the following technical result is given in [26] and is outlined
below for the sake of completeness.

LEMMA 3.1. Let X and Y be Banach spaces and let E be a Banach
sequence space on J. Then every (F,1)-summing operator T : X — Y is
(M(E, F), E")-summing with T er),e (T) < e (T).

Proof. Since {1 — F, we have E' — M(E, F) for any Banach sequence
lattice E. Let = {x,} € (E')"(X). Then {{,xn} € € (X) for each £ =
{&.} € E. This implies, by the assumption that T : X — Y is (F,{1)-
summing, that {&,||Txy|yv} € F and

HEalTaally Hir < Cnp{ 3 lena™(@n)ls 2"l <1}

< Cliéll e sup{[{z" (zn) Hlz; [l27] < 1}

with C' = mpy, (T'). The above inequality implies that {T'z,} € M(E,F)(Y)
and the induced map

T: (E')"(X) = M(E,F)(Y)
is bounded with ||T]| < C. =

Recall that if X is a Banach lattice, then the largest ideal consisting of
all elements with order continuous norm is denoted by X,. Clearly, X, =
{z € X; |x| > z,, | 0 implies that ||z,|| — 0}.

PROPOSITION 3.2. Let E = (Ey, E1) be a couple of Banach sequence
spaces on J and let § = {&,} € (Eo + E1)a be such that [§] > 0. If any
operator T : E — X is such that T : E; — Xj is (Fj,1)-summing (j = 0,1)
then the following continuous inclusion holds:

Ol"b(f, E — )_() — J¢07q'>1 (}?)’
where &; = M(Ej, F})(1/[]) for j =0, 1.

Proof. Since the unit basis vectors {e,} form an unconditional basis in

(Eo + E1)q, for any § = {&n} € (Ep + E1)q we have

€= anen (convergence in Fy + Ej).
n
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For any T : E — X, we get
T = ZﬁnTen (convergence in Xg + X1).
n

Further, our assumption on 7" implies (by Lemma 3.1) that T': E; — Xj is
an (M(Ej, Fj), E})-summing operator (j = 0,1). Since {e,} is F’-summing
in each sequence Banach lattice F' on J with wgr p(e,) < 1, it follows that
for u, = &,Te, and j = 0,1, we have

{untlle;(x,) = {1 Tenllx; Hinim, py < Cmrya(T).
Combining the above facts shows that u, € XoN X; and T = >, uy
(convergence in Xo + X1), and in consequence, z € Jgp, ¢, (X).

The next result shows that in some cases we are able to describe inter-
polation orbits.

PROPOSITION 3.3. Assume that (Ey, E1) and (Fo, F1) are couples of Ba-
nach symmetric sequence spaces on Z such that the inclusion map Fj — l
is (Fj,1)-summing (j = 0,1). If E = M(Ey, Fo) = M(Ey, F1), then the
following statements are true:

(i) If ¢ € Py and a, = {¢(1,t,)}, where {t,} is the Janson sequence
for v, then

Orb(ag, (Eo, E1(1/tn)) — (Fo, F1(1/tn))) = E(1/¢(1,tn)).

(i) If x € Eg + F1(27") is such that o = K(-,z; Ey, E1(27™)) € P,
then

Orb(z, (Eo, E1(27")) — (Fo, F1(27"))) = E(1/0(2")).

Proof. (i) Since the inclusion map F < f is (F1, 1)-summing, it follows
that for any weighted sequence w the inclusion map Fj(w) — floo(w) is
also (F1,1)-summing. Further, M(E;(1/t,), F1) = M(E1, F1)(t,) shows by
Proposition 3.2 (with £ = a,,) that

Orb(ay, (Eo, E1(1/tn)) — (Fo, F1(1/tn))) = ¢(loo; loo(1/tn)) .-
By Theorem 7.6.2 and Lemma 7.6.3 in [29], we have
@(&xngoo(l/tn))E,E = E<1/(P<17 tn))

To complete the proof, we need to show the reverse inclusion. Fix {\,} €
E(1/p(1,t,)). Our hypothesis E = M (Ey, Fy) = M (E1, F1) implies

M(Ey(1/ty), F1(1/tn)) = M(Ev, F1),

and hence we conclude that the diagonal map D defined on Ey + E1(1/ty,)
by

ALn iy
Dz = {Q(tn)} for x = {z,} € Ey + E1(1/ty)
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maps the couple (Ey, £1(1/t,)) continuously into (Fy, F1(1/ty)). Since Day,
= {An}, the proof is complete.

(ii) First note that {2"} is the Janson sequence for p € PT~ (see [17]).
Further, by Theorem 4.7 in [27], it follows that « and a, = {¢(1,2")} are or-
bitally equivalent. This implies that the orbit spaces Orb(x, (Eo, E1(27")) —
(Fo, F1(27"))) and Orb(ay, (Eo, E1(27")) — (Fo, F1(27"))) coincide up to
equivalence of norms. Thus statement (i) applies. =

Note that in the case when the spaces of multipliers in the above propo-
sition do not coincide, the description of interpolation orbits is a nontrivial
problem in general. In what follows, we present further results, where we do
not need the assumption that the spaces of multipliers between symmetric
spaces form the same space. This result can be applied to many concrete
symmetric sequence spaces, e.g., Lorentz spaces ¢, , and d(w, p), as well as
Orlicz spaces £, via the results on Banach ideal properties of corresponding
inclusion maps related to those spaces, presented in [9] and [10].

THEOREM 3.4. Let X = (Xo, X1) be a couple of Banach lattices satisfy-
ing an upper 2-estimate and x € Xo+ X1 be such that p(s,t) = K(s,t,z; X)
is non-degenerate. Assume further that E; is a p;-concave Banach sym-
metric sequence spaces on Z, 1 < p; < 2 for j = 0,1. Then for any

weight sequences wy and w1 the following continuous inclusion holds with
Fo=M(£p,, Eo) and Fy = M(ly,, E1):

Orb(z, X — (Eo(wo), E1(w1))) — ©(lpy(wo), €y, (w1)) 7y, -
Proof. Let y = Tx with T : X — (Eo(wo), E1(w1)). Assume that {t,} is
any fundamental sequence for ¢. For =, := {¢(1,t,)}, we have
K(t,z; X) < K(t, xp; la, l2(1/t)).

It follows by Cwikel’s result (see [3, Cor. 4.4.35]) that there exists an oper-
ator U : (2,02(1/t,)) — (Xo, X1) such that Uz, = x. In consequence, we
conclude that

S=TU : (62,62(1/&1)) — (EQ(H)Q),E1<’U)1))
and y = Sz,

It is proved in [9] that if E is a p-concave Banach symmetric sequence
space with 1 < p < 2, then the inclusion map E — ¢, is (M(¢p, E), 2)-
summing. Thus, by the Banach ideal property, it follows that S : /o
— Lpy(wo) is (M(4py, Ep),2)-summing and S : lo(1/ty,) — Ly (wr) is
(M(£p,, E1),2)-summing. Since {e,} € €5 (l2) and {tne,} € €5 (¢2(1/ty))),
it follows that

{115 (en) ey (wo)} € M (Lpy, Ed)
and
{tnllS(en)lle,, i)} € M(£py, En).
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Since

y =Sz, = Z ©(1,t,)S(en)  (convergence in £y, (wo) + £p, (w1)),

the proof is complete. =

THEOREM 3.5. Let X = (Xo, X1) andY = (Y, Y1) be relatively complete
couples of Banach lattices such that X; satisfies an upper pj-estimate and
Y; satisfies a lower gj-estimate (j = 0,1). If x € Xo + X1 is such that
o =K(-,-,x; X) € Py, then

Orb(z, X —Y) — ¢(Yo, Y1)rg.rs
where 1/r; = (1/q; — 1/p;)+ for j =0,1.

Proof. Let y = Tx with T : X — Y. Consider the sequences Ty =
{o(1,t0)} and yy = {¥(1,8n)}, where {t,} and {s,} are the fundamental
sequences for the functions ¢ and ¢ = K (-, -,y;Y) € Py, respectively. We

have _
K(t, x; X) = K(t’ L Kpov £P1 (1/tn))

and B
K(t’ Yy EQngén (1/Sn)) = K(t, Y; Y)'
It follows by Cwikel’s result (see [3, Cor. 4.4.35]) that there exist operators
U (s bpy (1/t5)) — (X0, X1) and V1 (Yo, Y1) — (€gq, £gy (1/50))
such that Uz, = x and Vy = y,,. In consequence,
S=VTU : (bpy, by, (1/tn)) = (Lgo, g, (1/5n))
and S(x,) = yy. This implies, by Proposition 3.2, that

Yy € P(loos Loo(1/80) g, -
Now applying Corollary 2.2, we obtain y € ¢(Yy, Y1)y, =

Applying the result obtained in [5] (which says that if X = (Xo, X1) is
a non-trivial Banach couple then Xy N X; is not dense in the real method
space (Xo,X1)p oo for any 0 < 6 < 1), we can easily conclude from the
results obtained above that there exist a large class of couples which are not
relative Calderén couples.

The following result extends a result of Ovchinnikov in [31] given for
special weighted ¢,-spaces. The proof is a modification of the one presented
n [31]. We merely sketch it below in a more general case for the sake of
convenience. Let us note that the key to the proof is some kind of regular-
ization result, which uses convolutions. The idea of such constructions of
regularization for sequences or functions has been used, e.g. in [32].

PROPOSITION 3.6. Let (Ep, E1) be a couple of mazimal or minimal Ba-
nach symmetric sequence spaces on Z and let wo = {wl} and w1 = {wl} be
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weighted sequences supported on J. Assume that a positive sequence x = {&,}
supported on J belongs to the Calderdn—Lozanovsky space ¢(Eg(wp), E1(w1))
generated by Banach sequence spaces supported on J and

0 1
Wn, Ent1 L wy
0 = < -
wn—i—l fn ¢ wn—i—l

for some ¢ > 1 and all n € J. Then there exist {3°} € Eo and {Bl} €
E1(1/sy) such that for vg = {w/B%} and v1 = {w}/BL} we have

K(Sv t,x; 61(1}0), gl(vl)) = 90(5’ t)'

Proof. By the definition of Calderén—Lozanovsky space, we have &, =
0(@2w?, alwl) with {a? } € Ep and {al} 6 Ei(sp). Fix0<e<1,j=0,1
and define the sequence e = {e0} (resp., ! = {¢1}) by & = (1 — &)7* for
k <0and &) =0 for k> 0 (resp., e} = (1 —¢&)¥ for 0 < k and ¢} = 0
for k < 0). Now, consider the convolutions (37 := {ﬁ%} =l xad,j=0,1,
defined by

0 fo's)
A= -k i Bi=D (1-eka)
k=—00 k=0

It is easy to see that o) < 8% and ol < B! for any n € J. Further, it
follows from ¢/ € ¢; that the map z — &’ % 2 is bounded in the couple
(01,0). Since any maximal or minimal Banach symmetric sequence space
is an interpolation space between ¢ and /., we conclude that 3° € Ey and
Bt € E1(1/sy,). We show that {82} and {3}} satisfy the required inequality.
In fact, we have

0 t 1
K(s,t,x;@l(vo 51 1)1 Zﬁnmm{% &}

A A

In particular, for so := B /w? and to := ﬁ,i/w,i, we get

K(s0,to, x; £1(vo), £1(v1)) an W B0 +Z§n——-

TL

In view of our assumptions, we have

1
gn wg 1 £n+1 Wi 1
g~ <- and ——— <-,
En+1 Wy c & wy c

Combining these facts with the obvious inequalities

2+1< 1 Bt < 1
B S1-e B, S1-¢




Interpolation methods of means and orbits 171

we conclude that for € > 0 small enough, we get for some g > 1,

& wh B <1 G Wni1 By 1
Entl w2+1 ﬁg —q &n wrlb 7%-&-1 S q
This implies that
0 30 1 k—n
’5—”1”—3@§<—) for all n < k,
&k wy, Bn q
1 1 n—k
1
g—nw—Tﬁ—]f§<—> for all n > k.
&k Wy, ﬂn q
Applying the above inequalities we obtain
w By wy, By q
> Oﬁ’g <& an—ﬂ—’“ < — &
n<k nok Uk Pn

Finally, the above estimates yield

2q 2q
& =

-1 qg—1

q
< L ool shud)

In consequence, by concavity of the K-functional, we obtain the required
estimate. m

(P(agwl(c)v qu]i)

K (s0,to, x;41(vg), l1(v1)) < .

PROPOSITION 3.7. Let {ty}ney be a fundamental sequence for ¢ € Py
and (Fy, F1) be a couple of Banach symmetric sequence spaces on Z. Assume
that

z € (M (lyy, Fo)(wo), M (€p,, F1)(w1))
and the weighted sequences wy and w1 satisfy the assumptions of Proposition
3.6. Then there exists an operator S : (Lp,,¢p, (1/tn)) — (Fo(wo), F1(w1))
such that S(ay,) = x, where a, = {(1,t,)}.

Proof. Let Ey = M({p,, Fy) and Ey = M(¥y,, F1). Using Proposition
3.6, we can find {80} € Ey and {3} € E; such that for vy := {w?/3%} and
vy = {wl/BL}, we have

K(s,t,x;01(vo), £1(v1)) < (s, ).
Applying the equivalence K (t, ay; lp,, ¢p, (1/tn)) < ¢(1,t), we obtain
K(t, 234y (v0), €y, (v1)) < K (L, ag; Lyg, bp, (1/0)).

Hence, by the Sparr theorem from [33], there exists an operator

T: (gp(wgpl(]-/tn)) - (gpo(vo)vgpl (2)1))
with T'(a,) = . Since id : (£p,(v0), Lp, (v1)) — (Fo(wo), Fi(w1)), we find
that
S =ido T : (L, by, (1/tn)) — (Fo(wo), Fi(w1))
satisfies Sa, = x. m
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THEOREM 3.8. Let X = (Xo,X1) and Y = (Yy,Y1) be relatively com-
plete couples of Banach lattices such that X; satisfies a lower p;-estimate
and Y satisfies an upper gj-estimate (j = 0,1). If x € Xo+ Xy is such that
o =K(-,;2,X) € Py and {t,} is the Janson sequence for o, then

o(Y0,Y1)rg — Orb(x,)? — 7),

where 1/rj = (1/q; — 1/pj)+ for j =0,1.
Proof. Let y € ¢(Yo,Y1)r,r, and let {s,} be the Janson sequence for

v =K(-,-,y;Y). It follows by Corollary 2.2 and Theorem 2.4 that

Yy = {b(sn)} € @y, €, (1/50))ro,r1 = ©(lrg, bry (1/5n)).
Taking wo := {1} and wy := {1/sy,}, we conclude that z := y, wo and w;

satisfy the assumptions of Proposition 3.7. Thus, there exists an operator
St (Cpgs by, (1/t0) — (Lgos Lgy (1/50))
such that S(z,) = vy, where z, = {¢(1,t,)} and {¢,} is the Janson se-
quence for . Since
K(t, 2o lpgs Ipy (1/t0)) < K (t,a; X)

and

K(t,y;Y) < K(t,yp; Loy, by, (1/5n)),
applying Cwikel’s result (see [3, Cor. 4.4.35]), we find that there exist op-
erators U : (Xo, X1) — (Upy, €p, (1/t)) and V' 1 (Lyy, 4, (1/55)) — (Yo, Y1)
such that Ua = x, and Vy,, = y. In consequence,
T=VSU: (X(),Xl) — (}/O,Yl)
and T(x) =y, i.e. y € Orb(z, X — Y). This completes the proof. =
Applying Theorems 3.5 and 3.8, we obtain a description of interpola-

tion orbit spaces in Banach couples of weighted L,-spaces obtained in [30]
and [31].

COROLLARY 3.9. Let (Lpy(uo), Lp, (u1)) and (Lgy(vo), Lgy(v1)) be Ba-
nach couples of weighted spaces. If © € Ly (ug) + Ly, (u1) is such that
o =K(-, -, x; (Lp,(uo), Lp, (u1))) € Py and {t,,} is the fundamental sequence
for ¢, then

OI‘b(:C, (LPO(UO)’ Lpl (ul)) - (LQO (Uo)v LQO(vl))) = SO(LQO (UD)’ LQO (vl))ro,rla
with 1/rj = (1/q; — 1/pj)+ for j = 0,1. In particular, if ¢ € PT~, then

Orb(xa (LPO(UO)¢LP1 (ul)) - (LQO(U0)7L(10(U1))) = (LQO(UO)vLQO(Ul))E
where E = @by, r (277)).

We remark that the results can be applied to interpolation operators.
Recall that if X = (X, X1) is a Banach couple and ¢ € P, then the ab-

stract Marcinkiewcz space M,(X) consists of all x € Xo + X; such that
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K(t,z; X) < ¢(1,t), and it is equipped with the norm

lz|| = sup{M; t> 0}.

p(1,1)
Note that it follows immediately by the construction of Marcinkiewicz spaces
that if 7 : X — Y, then T maps boundedly M, (X) into My (Y). The result
presented below shows that under certain conditions the range space may
be essentialy smaller than M¢(7). In general, results of this type are rare
and the proofs require special machinery. For related results on interpola-
tion operators acting between abstract real method spaces, we refer to [11]
and [26].

Following [3], a Banach couple E = (Ejy, E1) is called Convo-abundant if
for any ¢ € Py there exists z € Ey + F; such that K(t,z; F) < ¢(1,t). We
note that for a couple E to be Convg-abundant, it is necessary and sufficient
that there exists a non-zero element x € Ey+ E; for which K (-, x; E) € Pt~
(see [3, Theorem 4.5.7]).

THEOREM 3.10. Let E = (Ep, E1) and Y = (Yy, Y1) be relatively com-
plete couples of Banach lattices such that E; satisfies an upper pj-estimate
and Y satisfies a lower gj-estimate, and let 1/r; = (1/q; — 1/p;)+ for
j = 0,1. Assume that E = (Eo, Fy) is Convg-abundant and X is a Ba-
nach couple such that E = (Ey, E1) and X are relative Calderén couples.
Then the following statements are true for any operator T : X — Y

(i) If ¢ € Py, then T is bounded from M,(X) into ©(Yo,Y1)rgr -

(ii) If o€ P*7, then T is bounded from My(X) into (Yo, Y1) (e, 40, (2-7))-

rosbry
Proof. (i) Let ¢ € Py. In view of our hypothesis, there exists x € Ey+ E
such that K(-,x; E) < ¢(1,-). Since E and X are relative Calderén couples,
Orb(z,E — X) = M,(X). To complete the proof it is enough to combine
Theorem 3.5 with the obvious fact that the map X — Orb(z, E — X) is an
exact interpolation functor (see [3], [29]).
(ii) If ¢ € PT~, then Theorem 2.7 implies

SO(}/O’ Yl)rO,Tl - (YO’ YI)@(Zrovzm (27m))>
and so the proof is complete by (i). m

Based on well known results on Calderén couples (see, e.g., [6], [7] and
[18]), we can apply the above theorem for these couples. In particular it
can be used to study interpolation of some classical operators in analysis,
like singular integral operators and Hardy-Littlewood, Hilbert, Riesz, and
Carleson—-Hunt operators, by using well known results on boundedness of
these operators between function spaces, including weighted L,-spaces (see,
e.g., [4] and [15]). We leave the details to the interested reader.
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