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Regularized cosine existence
and uniqueness families for
second order abstract Cauchy problems

by

JIZHOU ZHANG (Shanghai)

Abstract. Let C; (i = 1,2) be two arbitrary bounded operators on a Banach space.
We study (C1, Cg)-regularized cosine existence and uniqueness families and their rela-
tionship to second order abstract Cauchy problems. We also prove some of their basic
properties. In addition, Hille-Yosida type sufficient conditions are given for the exponen-
tially bounded case.

Introduction. Let X be a Banach space with norm || - ||, and B(X) be
the set of all bounded operators from X into itself. Consider a well-posed
abstract Cauchy problem of the second order

d2
——u(t,z,y) = Au(t,z,y), teR,
(0.1) dt )
U(va;y) =, Eu“)amvy) =Y,
or
d2
—=vu(t,z,y) = Av(t,z,y) + = +ty, teER,
(0.2) dt ;
v(0,z,y) =0, @v(o,x,y) =0,

where A is a closed linear operator on X. It is well known that (0.1) or
(0.2) is governed by a strongly continuous operator cosine function (see [12,
13]). Cosine families have received less attention than strongly continuous
semigroups, partly because (0.1) may be rewritten as a first order abstract
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Cauchy problem

%u(t,az) = [Sl (1)] u(t,r) (t>0),

u(0,x) = =,

so that one may discuss semigroups generated by [91 é] . However, this matrix
reduction is not always successful; it is sometimes necessary to leave (0.1)
as a second order problem and sometimes it is simpler to work with a cosine
family generated by A rather than the semigroup generated by [?4(1)]. We
know that many partial differential operators in LP(R™) such as the Laplace
operator A with maximal distributional domain do not generate a strongly
continuous cosine function unless n =1, 1 <p <ocorn >2and p =2
(see [8]). Recently, two new cosine functions of operators, i.e., regularized
cosine functions (see [3, 4, 11, 16]) and integrated cosine functions (see [2,
10, 15, 18]) have been extensively studied. The goal of these generalizations
is to apply operator theory to second order Cauchy problems where unique
solutions exist for a nontrivial set of initial data which is not equal to the
entire domain of A. Numerous examples where regularized or integrated
cosine functions may be applied directly, but strongly continuous cosine
functions may not, appear in [2-4, 10, 16]. However, there are limitations
to both regularized and integrated cosine functions. There exist operators
which generate neither a regularized nor an integrated semigroup (see [5-7,
14]). Likewise, there exist operators which generate neither a regularized nor
an integrated cosine function (see [15] and Example 3.1 below).

A good generalization of strongly continuous cosine functions should
satisfy the following. When unique solutions of (0.1) or (0.2) exist for a
nontrivial set of initial data, they should be accessible through this family
of operators, without any renorming or constructions of new Banach spaces.
On the other hand, it should bring benefits analogous to those of strongly
continuous cosine functions.

The motivation for this paper comes from deLaubenfels’ paper [5] where
a pair of families of operators is defined, one of which yields uniqueness,
while the other yields existence of solutions of the first order abstract Cauchy
problem. In this paper, we also present a pair of families of operators that we
believe will have the desired properties mentioned in the previous paragraph,
a C-existence family, which yields a solution of (0.2) for all  in R(Cj), and
a Cy-uniqueness family, which yields uniqueness of any solutions of (0.1) or
(0.2) (see Definitions 1.1, 1.3-1.5). The operator Cs must be bounded and
injective, the only requirement on C; is that it be bounded. Intuitively,
the C;i-regularized cosine existence family is cosh(t\/Z)Cl and the Cs-
regularized cosine uniqueness family is Co cosh(t\/Z). When C; = C,, and
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commutes with A, then cosh(tv/A)C; = Cycosh(tv/A) is a Cy-regularized
cosine function.

The paper is organized as follows. We first give in Section 1 the definition
of (Cy, Cq)-regularized cosine existence and uniqueness families, and their
relationship to (0.1) and (0.2). We also prove some of their basic properties.
In Section 2 we obtain Hille—Yosida type sufficient conditions for generating
exponentially bounded C;-regularized cosine existence families. Finally, we
give two examples in Section 3.

1. (Cq,Cy)-regularized cosine families and their basic proper-
ties. We shall write D(A) for the domain of the linear operator A, R(A)
for its range and R(\, A) for its resolvent. In the following, we first give the
definition of a (Cy, Cs)-regularized cosine existence and uniqueness family
{C1(t), C2(t) }rer. Then we study the basic properties of the generator and
the relationship with (0.1) or (0.2) as well as the Laplace transform.

DEFINITION 1.1. A strongly continuous family {C (), C2(t) }1er of pairs
of bounded operators on X is called a mild (C1, Cy)-regularized cosine ex-
istence and uniqueness family on X if

(a) C;(0) = C,; fori=1,2;

(b) Cy is injective;

(c) 2C5(t)C1(s) = Co[Ch(t + s) + C1(t — s)]

= [Co(t + s) + Ca(t — 5)]Cq1, Vt,se€R.

Since Cs is injective, one can define the generator A of the family

{C1(t), Ca(t) }eer by
Az = C;1CY(0)z,
(1.1) D(A) ={z € X | C¥(t)xr exists, and
is equal to Cy(t)C; *CY(0)x, Vt € R}

or equivalently

Az = C;! lim %{C’g(h)x — Cyz},
D(A) = {x € X | the limit exists and is in R(C2)}.

REMARK 1.2. Tt is obvious that C1(t) is equal to Cy(t) when C1(t) is a
C;-regularized cosine function, and A is its generator when C; is equal to
C, and commutes with Cy(t) and Cy(t) for all ¢ € R. Intuitively, we may
write that C;(t) = cosh(tv/A)Cy, Ca(t) = Cy cosh(tv/A), respectively.

In the following, we will denote the C;-resolvent set of A by
oc, (A) ={\ | A — A is injective and R(C1) C R(A— A4)}
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and
oc, (A) = {\ | A — A is injective and R(C1) C R(A— A)}.

DEFINITION 1.3. Suppose A is closable. A strongly continuous family
{C1(t) }+er C B(X) of operators is an exponentially bounded (resp. mild)
Ci-regularized cosine existence family for A if t — C1(t)x € C(R, [D(A)])
(resp. §(t — s)Ci(s)z ds € D(A), t — A([,(t — 5)Ci(s)x ds) € C(R, X)) for
all x € D(A) (resp. x € X) and ¢t € R, and there exist M,w > 0 such that
(w?,00) € oc, (A), [[ACL(#)] (resp. [C1(t)]]) < Me!l, and

(1.2) R\, A)Ciz=X"" S e MCy(t)xdt forallz € X and A > w.
0

DEFINITION 1.4. A strongly continuous family {C3(t)}ier € B(X) of
operators is an exponentially bounded Cq-reqularized cosine uniqueness fam-
ily for A if Cy is injective and there exist M,w > 0 such that ||Ca(t)| <
Me®!tl for all t € R and

oo

(1.3) Coz=\""1 S e MCy(t)(N2 — A)xzdt  for all z € D(A) and A > w.
0

DEFINITION 1.5. Suppose that C; € B(X).

(a) We shall say that (0.1) is Cy-well-posed if it has a unique solution
u for every pair (z,y) € C1D(A) x C1D(A) and there exists a continuous
g : R — R such that

lu(t, Cr, Cay)|| < g(t)(ll2ll + 1¢] - lyl)) ~ for all ¢ € R.

(b) We shall say that (0.2) is Cq-well-posed if it has a unique solution v
for all z,y € R(Cy), and there exists a continuous g : R — R such that

d2
|
(c) (0.1) (or (0.2)) is called Ci-exponentially well-posed if there exist a

unique exponentially bounded solution of (0.1) (or (0.2)) and M,w > 0 such
that g(t) = Me“!!l for all t € R in (a) (or (b)).

t,Cyz, Cyy) ” <g@)(|l=]| + |t - llyll) for all t € R.

We start with some basic properties of (Cy, Cy)-regularized cosine fam-
ilies.

THEOREM 1.6. Suppose that A generates a (Cy,Cs)-reqularized cosine
family {C1(t), C2(t) }ter. Then

(a) A is closed;

(b) Ci(t) = Cr(-1);



Cosine existence and uniqueness families 135

(c) Sg(t —5)C1(s)zds € D(A) for allt € R and v € X, and

t

(1.4) Al (t = s)Ci(s)zds = C1 (t)x — Cyz;

o

(d) R(C1) C D(A);
(e) if [|Ci(®)l §M°”|t‘ for some w > 0 and t € R, i = 1,2, then
o) C oc, (A) and (1.2) and (1.3) hold.

(w?,

Proof. (a) By (1.1), we have
CY(t)r = Ca(t)Ax  for x € D(A) and t € R.

Let {z,}>2, € D(A), x,, — = and Az, — y as n — oo. Then Cs(t)zy,
converges to Cs(t)z and Cy(t) Az, converges to Cs(t)y uniformly on compact
sets. The strong continuity of Cs(t) now implies that C%(¢)z exists, and is
equal to Cy(t)y for all ¢ € R. This implies that x € D(A) and therefore
Az =y, as desired.

(b) follows from Definition 1.1(c).

(c) Let y = Sé(t — 5)Ci(s)xds for all x € X and ¢ € R. Then, for any
h > 0, we have

t

2h72(Ca(h)y — Cay) = Coh 2 {(t — s)(Ci(s + h) + Ci(s — h) — 2C1(s))x ds

’ t+h t—h
ZCQ[h—l( ;SL __Sh)Cl(s)xds
t+h t—h

+h72( X + S )(t—s)C’l(s)mds
—h

— h_Q(S—F (X) )(t— s)Cl(s)xds},

which converges to Co(C4(t)xr — Ciz) as h — 0. Thus y € D(A) and Ay =
Ci(t)x — Cyz, i.e., (1.4) holds.

(d) follows from (c), since

t h
S (t —s)Ci(s)xds € D(A), Ciz=2 %ir% h—2 S (h—s)C1(s)zds
0 0

for any =z € X.
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(e) Since |C;(1)|| < Me“!!l (i = 1,2) for all t € R, we define L;(\) €
B(X) (i = 1,2) by
LiNz =21 S e MCi(H)xdt  for z € X and A > w.
0
Then, for any « € X, by integration by parts, we have
o] t
Li(Nz =\ S e*’\t<S (t—s)Ci(s)x ds) dt for z € X and A > w,
0 0
which implies that L; (A\)x € D(A). Since A is closed and Sé (t—s)Ci(s)xds €
D(A) for all t € R and = € X, we may deduce that

AL (N)z = A OSO e M (AS (t—s)Ci(s)x ds) dt
0 0
=\ OSO e M(CL(t)r — Crz)dt = N’ Ly(\)z — Ciz
0

for + € X and A > w. Thus (A\> — A)L1(\)z = Cjx. Similarly, for any
x € D(A), we have

oo o0

Ly(NAz =271 | e MCy(t)Azdt = A1 | e CY (D dt
0 0
=\ S e MCy(t)x dt — Cox
0

and therefore La(\)(A\?2 — A)z = Caz, i.e., (1.3) holds. Note that Cs is
injective. Thus we see that \> — A is also injective. This and the previous
identity (A2 — A)L1(\)z = Cyz (x € X) imply that (w?, 00) C oc, (A) and
(1.2) holds.

THEOREM 1.7. Let Si(t) = Sg C4(s)ds. Suppose that {C1(t), Ca(t) }ier
is a (Cy,Cq)-regularized cosine existence and uniqueness family generated
by A. Then

(a) all solutions of (0.1) and (0.2) are unique;

(b) (0.2) is Cy-well-posed;

(c) (0.1) is Cq-well-posed if u € C(R,[D(A)] x [D(A)]) for every z,y €
D(A), where u(t,Ciz,Cyry) = C1(t)x + S1(t)y.

Proof. (a) Suppose that u is a solution of (0.1) or (0.2) with z =y = 0.
Then, for all £,s € R, we have

dii( § Co(r) dru'(s)—I—Cg(t—s)u(s)) —0.
0
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Integrating this equality from 0 to t yields Cou(t) = Ca(t)u(0) = 0. Note
that Cs is injective. It follows that u(t) = 0 for all ¢ € R and this completes
the proof.

(b) By Theorem 1.6(a), (c), we see that v(t,Cyz,0) = Sg(t —3)Ci(s)xds
is the unique solution of (0.2) with y = 0 and with z replaced by C;z. Hence,
the strong continuity of {C4(¢)}+er and the Banach—Steinhaus theorem im-
ply that (0.2) is Cy-well-posed.

(c) For every z,y € D(A), by Theorem 1.6(c), we have

(1.5)  wu(t,Cyiz,Cyy)
t
= Ci(t)z + S1(t)y + A| (t — s)(u(s, Crz, Cry) — Si(s)y) ds
0
t
= Ciz+ City + AS (t — s)u(s, Ciz,Cyy) ds.
0
Since A is closed, (1.5) and the hypothesis imply that wu(t, Ciz,Cyry) €
D(A), and t — Au(t,Cyz, Cyy) is continuous. Thus, by (a), u is the unique
solution of (0.1). From the strong continuity of C1(t), we see that (0.1) is
C;-well-posed.

THEOREM 1.8. Suppose that {C;(t)}1er € B(X) (i = 1,2) are strongly
continuous families. Then the following are equivalent.

(a) {C1(t), Co(t) }rer is a mild (Cq, Cq)-regularized cosine existence and
uniqueness family generated by an extension of A.

(b) Sé(t — $)Cy(t)xds € D(A) for all x € X and t € R, with Cy(t)x —
Cix = ASé(t —5)C1(t)zds, C2(0) = Ca, and CY(t)x exists and is equal to
Cs(t)Ax for all x € D(A) and t € R.

If | Ci(t)|| < Me®ltl(i = 1,2) for some w > 0, they are also equivalent to

(c) t — Cy(t)x is a continuous map from R into [D(A)] for all x € D(A),
(w?,00) C oc, (A), and (1.2) and (1.3) hold.

Proof. (a)=-(b). This is immediate from Theorem 1.6(c) and the defini-
tion of the generator.
(b)=(a). We first prove that C2C1(t) = Ca(t)C; for all t € R. For any
xr € X and r,t € R,
d T
(1.6) o |:02<t —r) S (r —u)Cq(u)z du}
0

t—r t—r T

=— S Co(u)C1(r)x du + S Co(u)Crx du + Co(t —r) S Cy (u)zx du.
0 0 0
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Integrate (1.6) in r from 0 to ¢ to obtain

t tt—r
(1.7) C, S(t—u)C’l Jrdu= — S S Co(u)Cy(r)z dudr
0 00
tt—r
+S S Co(u)Chx dudr
00
tr
—1—“02 t—r)Ci(u)x dudr.
00
Since
tr tt
“C’g(t —1r)C1(w)zdudr = S S Ca(t — r)C1(uw)z dr du
00 U
tt—r
:S S Ca(u r)x dudr,
00
(1.7) implies that
t tt—r
C, S (t —u)Cy(u)rdu = S S Cy(u)Cyzx dudr.
0 00

Differentiating the above equality two times in ¢, we get
(1.8) CyC(t) = Co(t)C

Likewise, we may prove the following fact:
(1.9) v(t) = A§ (t—r)v(r)dr (teR) = v(t) =0 (t € R),
0
where v € C(R, X). For s,t € R and =z € X, by (1.4) we have
(1.10) A§ (t —r)Ca(s)Cr(r)xdr = Cy(s)Cy(t)xr — Cy(s)Cya.
0
Now (1.4) and a simple computation show that
(1.11) A§ (t —r)Ca[Cy(r + s) + Ci(r — s)]zdr
0 = Co(Cy(t+38)+ Ci(t — s))x — 2C(s)Cy (t)x.

for s,t € R and z € X. By (1.8)—(1.11), we have the equality 2C2(s)C1(t) =

Cy(Ci(t+s) + Ci(t — s)). Thus (a) is proved.
(b)=-(c). This is exactly the same as the proof of Theorem 1.6(e).
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(¢c)=(a). Since for all z € X and A > w,

| e MCoCi(t)wdt = CLAR(N?, A)Cra = | e M Co(t)Cra dt,
0 0

from the uniqueness of the Laplace transform it follows that CoCi(t) =
Cg(t)cl (t S R)

To prove that 2C5(s)C1(t) = Ca(Ci(t +s) + C1(t — s)) for all ¢t,s € R,
we shall also use the Laplace transform. For y > A > w and = € X, we have
(1.12) S e He S e MCy0L(t + s)x dt ds

0 0
o

e M S e M=) CLCy (r)a dr ds

S

e 1* <€>\SCQ)\R()\2, A)Ciz — S e MM CyCy (1) dr) ds
0

Sty oY

1 S
=— CoAR(AN?, A)Ciz — Cy | eV [ e Cy (r)a dr ds
/'L p—

0

1 1
= P CoAR(M\, A)Ciz — Cy T e~ W= Nre=AT O (P2 drr
Cy 2 2
= o (AR(A*,A)Cix — pR(p, A)Cqx)
C,
= T (LxCyz — L,Cix),
where Ly = AR(A\?, A). Similarly, we obtain
(1.13) Osoe “Sie_)‘t(bCl (s —t)xdtds = )\02 L,Ciz,
0 0 th
T ,usoo —At C
(1.14) S e S e " CoC1(t — s)rdtds = o L,\Cz,
0 s
(1.15) | e | eM20y(t)Ci(s)w dt ds = 2C3 Ly L, Cra.
0 0

Note that C;

—~

t) = C1(—t). A simple calculation shows that

1 1
(116) 2L)\L# == m (L)\Cl + L#01) - m (L)\Cl - L/,Lcl)'
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Combining (1.12)—(1.16) with the uniqueness of the Laplace transform, we
see that 2C5(t)C1(s) = Co(Cy(t + s) + C1(t — s)). Thus {C1(t), Ca(t) }er
is a mild (C;, Cy)-regularized cosine existence and uniqueness family. Also,
by (b), C¥(t)x = Cy(t)Ax for all x € D(A). This implies that an extension
of A generates {C1(t), Ca(t) }ter-

If we permit only exponentially bounded solutions of (0.1) or (0.2), then
a Ci-regularized cosine existence family is sufficient to guarantee uniqueness
and Ci-exponential well-posedness.

THEOREM 1.9. Suppose A is closable, w € R. Then there is a mild C1-
reqularized cosine existence family {C1(t)}ier for A such that ||Cy(t)] <
Me“" if and only if

(a‘) (w27 OO) - QCI(A)7 and

(b) (0.2) is Cy-exponentially well-posed.

Proof. Suppose that {C1(t)}ier is a mild Cy-regularized cosine existence
family for A. Then, by Definition 1.3, (a) is obvious.

For x € X and A > w, we have

A2 | e*”’A(S (t — $)(Ci(s)a + Si(s)y) ds) dt
0 0

_% 1
=A S e’“Cl(t) (ZE + y y) dt
0

=AMA - XN+ MR\, A)C, (x + %y)

1 1
= MR(\?, A)C, <x + X y> —ACy <:c + X y>

[ee]

=X | e M(Ci(t)z + Si(t)y — (Cra + Caty)) dt.
0

This implies that

~+

Ci(t)z + Si(s)y = A| (t — 5)(Ci(s)z + Si(s)y) ds + Crz + Caty
0

so that V(t,Ciz,Cyy) = Sto(t—s)(Cl(s):c—i-Sl (s)y) ds is the desired solution
of (0.2).

To prove the uniqueness, suppose that u”(t) = Au(t), u(0) = u/(0) = 0,
and u is exponentially bounded. Let o > 0 and A > w sufficiently large. A
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direct calculation shows that

(A2 — A) ( f e tu(r) dt) = {02 = e Mu(t)dt = e (' (@) + Au()).
0 0

Since A is closed and u is exponentially bounded, we see that Sgo e Mu(t) dt
€ D(A) and (A2 — A) {7 e Mu(t) dt = 0 for A > w. Note that A? — A is injec-
tive. We find that u(t) = 0, as desired. Thus the exponential boundedness

of {C1(t)}+er leads to the Cq-exponential well-posedness of (0.2).

Suppose that (a) and (b) hold. Let Ci(t)z = j—;V(t,Clx,O). Then
{C1(t)}+er is a strongly continuous family of bounded operators with
Sg(t — 5)C1(s)xds € D(A) and

t
A(S (t—s)Ci(s)x ds) =Ci(t)r —Cyz forxz e X andt e R.

0
For A > w, let Li(A) = A1 " e MCy(t)dt. As in the proof of Theo-
rem 1.6(e), for any x € X, L1(\)z € D(A), with (A2 — A)L1(\)x = Ciz.
The hypotheses on A now imply that L;(\)z = (A\?> — A)~!Cyz. Thus our
claim holds.

Similarly, we have the following result.

THEOREM 1.10. Suppose that there exists an exponentially bounded Cy-
reqularized cosine existence family for A. Then (0.1) is Ci-exponentially
well-posed.

2. A Hille—Yosida type theorem. In the following, we give Hille—
Yosida characterizations of Ci-regularized cosine existence families.

THEOREM 2.1. Suppose that A is closed and there exist M,w > 0 such
that for all \>w and n€Ng, R(C1) CR((A— A)™), XA — A is injective and
(2.1) (A2 = A7'C)"| < nIM(A —w)™™ L
Then for all p > w, there is an exponentially bounded mild (u* — A)~*Cy-
reqularized cosine ezistence family {C1(t) }rer for A.

Proof. Define f : (0,00) — B(X) by f(\) = A(A\? — A)~'C;. By (2.1)
and Corollary 1.2 of [1], there exists a strong continuous family {S(t)}+>0
satisfying S(0) = 0 and

— 1
}ILiHB E\|S(t+h)—8(t)H < Me¥t  fort >0,

which implies that

[ee]

(2.2) N —A)c, = S e MS(t)dt for A >w and t > 0.
0
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Set Ly = A(A\? — A)~L. Then, for A > u > w, from (2.2) we have

A—pt+p 1 1

L,C) — ——
w— A P w—

1
(23) ——=(LxC1 —L,Cy) = S

w—A
= — [ eMS@)dt+p
0

L,C,
e MS(r)dr+ | emO ML, Cydt
0

W= A

O!/ﬁg

0o t
= S e M (—uSe“(t_T)S(T) dr — S(t) + e u(u® — A)_101> dt.
0 0

Similarly, we obtain

1

(2.4) g Ly =\ e (e u(p*—A)~'Cy)dt,
1 o

(25) m 67(/\+’u)t ()\ S ei/\TS(T) dT) dt

0
t

e M —u\e =1 8(r) dr .
(S(t) M(S) S(r)d )dt

&~
>
Il
St Oy O Y

By (1.16) and (2.3)—(2.5), we get
(26) AN -4 (WP -A)7'Cr = e MO dt for A>p>w
0
where C1(t) = — Sé cosh ju(t—7)S(7) dr+cosh(ut)(u?—A)~1Cj. It is obvious
that C(¢) is exponentially bounded because S(t) is. We shall simply write
C = (u? — A)7!C;. Then from (2.6) we have
AN —A)re = | e Moy (t) at.
0
As in the proof of [9, Lemmal, we obtain Cy (t)x € D(A), AC1(t)x = C1(t)Ax
for x € D(A) and ¢t > 0, and
t
(2.7) Cy(t)r = Czx + S (t —7)C1(1)Axdr for x € D(A).
0
Since A is closed, we have Sg(t —71)C1(7)dr € D(A) and C;(t)z — Cx =
Agé(t — 71)C1(7)z dr. Thus {C1(t) }1er is a mild (u? — A)~1C;-regularized
cosine existence family for A.

COROLLARY 2.2. Suppose that A is closed, x € D(A) and there exist
M,w >0 and p > w such that (u? — A)z € R((A\%2 — A)") for all X\ > w and
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n € No, A2 — A is injective for all A > w and
Mn!
(A —w)ntt

Then (0.2) has a unique exponentially bounded solution.

A2 = A)~HW (2 — A)z|| < for X > w and n € Ny.

The proof of Corollary 2.2 is similar to that of Corollary 5.6 of [5] and
we omit it.

3. Examples. In the following, we give a simple example of an operator
that does not generate a C-regularized cosine function for any C. However, it
does generate a (Cy, Cy)-regularized cosine existence and uniqueness family.
The example is similar to Example 7.1 of [5] (or see [17]).

ExXaAMPLE 3.1. Let

X = {continuous f : R — C satisfying lim f(a:)ef”2 = 0}.

x| — 00

Then X, endowed with the norm || f|| = sup,cg |f(x)e®”|, is a Banach space.
Let

2
A= % (A has maximal domain in X),
(

)(z) = e f(x), C2=0Cy,

Q
~

and let

(CL(0) ) (@) = 5 (@ fla+ 1) + e @07 fa — 1)),

(Co(t) )(x) = S e (f(z + 1) + f(z —1)).

Then it is straightforward to show that (C;(t), Cz(t)) is a (Cy, C2)-regular-
ized cosine existence and uniqueness family generated by A. However, there
is no C' such that A generates a C-regularized cosine function. This is shown
by Lemmas 7.2 and 7.3 of [5] and the relation between the regularized semi-
group and regularized cosine function (see [18]).

N~ N~

EXAMPLE 3.2. Suppose that X; and X5 are Banach spaces, and G; (i =
1,2) is the generator of a strongly continuous cosine function {S;(¢) }+cr with
[S:(t)|| = o(e* ") on X; for i = 1,2. Then there exists an exponentially
bounded mild C;-regularized cosine existence family and a Cs-regularized
cosine uniqueness family on X; x X5 for A where

A:[% éﬂ’ Cl:[é <s2—%2>—1}’ 02:{(82_0&)1 ?]

for s > max{w;,ws}.
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Proof. Set

S1(t) 0

Cy(t) = (s> =G)7'Si(t) 0 ]

3 s o] @0=]" % Salt)

By our assumption, we have

W =G) =2 {eMSi(tadt  (we X, i=1,2),
0
for A > max{w;,ws} and A? € o(G1) N o(G3). It follows that
2 -1 | (=G 0
ey = | ]
Then a calculation shows that
N -A)'Cz =2 [ e MO (Wzdt (v € X1 x Xa).
0

It is obvious that A? — A is closable and A\? — A is injective for A\? € o(G1) N
0(G2). In addition, it is well known that Sé(t — 5)Si(t)xds € D(G;) for
z € X;. Then { (t —s)C1(s)x ds € D(A) and A (t —s)C1(s)z ds € O(R, X)
for v € X; x X5 and ¢ € R. Thus {C4(t)}+er is an exponentially bounded
C;-regularized cosine existence family for A.

Using the same method, we may prove that {Cs(t)}+cr is an exponen-
tially bounded Cs-regularized cosine uniqueness family for A.
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