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When unit groups of continuous inverse algebras
are regular Lie groups

by

HELGE GLOCKNER (Paderborn) and KARL-HERMANN NEEB (Erlangen)

Abstract. It is a basic fact in infinite-dimensional Lie theory that the unit group A*
of a continuous inverse algebra A is a Lie group. We describe criteria ensuring that the
Lie group A* is regular in Milnor’s sense. Notably, A* is regular if A is Mackey-complete
and locally m-convex.

1. Introduction and statement of the main result. A locally con-
vex, unital, associative topological algebra A over K € {R,C} is called a
continuous inverse algebra if its group A* of invertible elements is open
and the inversion map ¢: AX — A, x + 21, is continuous (cf. [20]). Then
¢ is K-analytic and hence A* is a K-analytic Lie group [6]. Our goal is to
describe conditions ensuring that the Lie group A* is well-behaved, i.e., it
is a regular Lie group in the sense of Milnor [16].

To recall this notion, let G be a Lie group modelled on a locally convex
space F, with identity element 1, its tangent bundle T'G and the Lie algebra
g:=T1G=FE. Given g € G and v € TG, let \j: G — G, x — gz be left
translation by g and gv := T1(\g)(v) € T,G. If v: [0,1] — g is a continuous
map, then there exists at most one C'-map 7: [0,1] — G such that

n'(t) =n(t)y(t) forallte[0,1], and n(0)=1.

If such an n exists, it is called the evolution of ~. The Lie group G is
called regular if each v € C*([0,1],g) admits an evolution 7,, and the
map evol: C([0,1],9) — G, v — n4(1), is smooth (see [16] and [I7], where
also many applications of regularity are described). If G is regular, then
its modelling space E is Mackey-complete in the sense that every Lipschitz
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curve in E admits a Riemann integral @ (as shown in [10]). It is a no-
torious open problem whether, conversely, every Lie group modelled on a
Mackey-complete locally convex space is regular ([L7, Problem II.2]; cf. [16]).

As a tool for the discussion of A*, we let p,: A™ — A be the n-linear
map defined via pp(z1,...,2,) := x1 -y, for n € N. Given seminorms
p,q: A — [0, 00[, we define B{(0) := {z € A: ¢(z) <1} and

il pg := sup{p(pn (1, .- -, 20)) s 21, ..., 20 € B1(0)} € [0, 00].
Our regularity criterion now reads as follows:

THEOREM 1.1. Let A be a Mackey-complete continuous inverse algebra
such that the following condition is satisfied:

(x) For each continuous seminorm p on A, there exists a continuous
seminorm q on A and r > 0 (which may depend on p and q) such
that

oo
Y " lnllpg < oo
n=1

Then A* is a reqular Lie group in Milnor’s sense.

In fact, A* even has certain stronger regularity properties (see Proposi-
tion [4.4)). Of course, by Hadamard’s formula for the radius of convergence
of a power series, condition (x) is equivalent to @

limsup /|| ttn||p,q < o0.
n—oo

It is also equivalent to the existence of M € [0, oo[ such that ||pp|pq < M™
for all n € N.

REMARK 1.2. The authors do not know whether condition (%) can be
omitted, i.e., whether A* is regular for every Mackey-complete continuous
inverse algebra A. Here are some preliminary considerations:

If A is a continuous inverse algebra, then the map m,: A — A, z +— a™,
is a continuous homogeneous polynomial of degree n, for each n € Ny. It is
known that the analytic inversion map ¢: A — A is given by Neumann’s
series, ((1 —x) = > 02 g2 = > 2 (mp(x), for z in some 0-neighbourhood
of A [6 Lemma 3.3]. Hence, for each continuous seminorm p on A, there
exists a continuous seminorm ¢ on A and s > 0 such that

oo

Y 8" ITullpg < oo,

n=1

(*) See [13] for a detailed discussion of this property.
(3) If ||ten]|p,g < 00, then also ||ux|lp.q < oo for all k € {1,...,n}. In fact, ||ux]lp.e <
a(1)" "l tnllp.q since pr (a1, ... xk) = pa(l, .0 Lan, k).
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where ||7,p.q = sup{p(ma(z)) : 2 € BI(0)} (cf. [2, Proposition 5.1] |(%)).
Let S,, be the symmetric group of all permutations of {1,...,n} and let
pr s AT = A (21, xn) = (1/n) Y cg To(1) o Te(n) be the sym-

metrization of p,. Then m,(z) = pp (@,...,z) and thus ||| <

(n"/nY)||mp|pg by the Polarization Formula (in the form [I1, p.34,(2)]).
Since lim,, o0 (n/¥/n!) = e is Buler’s constant (as a consequence of Stir-
ling’s Formula), it follows that

o
(1.1) Z |1y ™ | p.g < 00 for each t €]0, s/el.

n=1
In general, it is not clear how one could give good estimates for ||y||p,q in
terms of [|un " ||pq- Hence, it does not seem to be clear in general whether
implies the existence of some r > 0 with (x).

However, (%) is satisfied in some important cases. Following [14], a topo-
logical algebra A is called locally m-convezx if its topology arises from a set
of seminorms ¢ which are submultiplicative, i.e., q(zy) < q(x)q(y) for all
x,y € A.

COROLLARY 1.3. Let A be a Mackey-complete continuous inverse al-
gebra. If A is commutative or locally m-convex, then A* is a reqular Lie
group.

Proof. In fact, if A is commutative, then p, = u; ", whence (x) is sat-
isfied with any r €10, s/e[ as in . Therefore Theorem [1.1| applies @ If
A is locally m-convex, then for every continuous seminorm p on A, there is
a submultiplicative continuous seminorm ¢ on A such that p < ¢. Using the
submultiplicativity, we see that ||in|lpq < ||ptnllg,q < 1. Thus (%) is satisfied
with any r €]0, 1], and Theorem applies. =

It can be shown that every Mackey-complete, commutative continuous
inverse algebra is locally m-convex (cf. [19]).

REMARK 1.4. We mention that there is a quite direct, alternative proof
for the corollary if A is locally m-convex and complete @ The easier argu-

(3) If K = R, we can apply the proposition to Ac, which is a complex continuous
inverse algebra (see, e.g., [6l Proposition 3.4]).

(*) Alternative proof: (A,+) is regular, as it is Mackey-complete [I7, Proposi-
tion I1.5.6]. Since exp: A — A* is a homomorphism of groups (as A* is abelian) and
a local diffeomorphism (see [6, Theorem 5.6]), it follows that also A* is regular [I8],
Proposition 3].

(5) Then A = lim A, is a projective limit of Banach algebras (where g ranges through
the set of all submultiplicative continuous seminorms on A). Being a Banach-Lie group,
each A is regular [I6]. Then C*([0,1], A) = l'&nC‘x’([O, 1], Aq) and evol 4x = l}ﬂlevolAqx

is a smooth evolution (cf. [I, Lemma 10.3]).



98 H. Glockner and K.-H. Neeb

ments fail however if A is not complete, but merely sequentially complete or
Mackey-complete. By contrast, our more elaborate method does not require
that A be complete: Mackey-completeness suffices.

REMARK 1.5. Our Theorem is a variant of the (possibly too opti-
mistic) Theorem IV.1.11 announced in the survey [17], and its proof ex-
pands the sketch of proof given there. To avoid the difficulties described in

Remark we added condition (x).

REMARK 1.6. Unit groups of Mackey-complete continuous inverse al-
gebras are so-called BCH-Lie groups [6, Theorem 5.6], i.e., they admit an
exponential function which is an analytic diffeomorphism around 0 (see [5],
[17], [18] for information on such groups). Inspiration for the studies came
from an article by Robart [I8]. He pursued the (possibly too optimistic)
larger goal to show that every BCH-Lie group with Mackey-complete mod-
elling space is regular. However, there seem to be gaps in his arguments @

REMARK 1.7. The following questions are open:

(a) Are there examples of Mackey-complete continuous inverse algebras
which satisfy (%) but are not locally m-convex? Or even:
(b) Does every Mackey-complete continuous inverse algebra satisfy (x)?

2. Notation and preparatory results

Basic notation. Let N = {1,2,...} and Ny := NU{0}. If X is a set and
n € N, we write X" := X x---x X (with n factors). If f: X — Y is amap, we
abbreviate f" := fx---xf: X" =YY" (z1,...,2,) = (f(x1),..., f(zn)). If

(E,||-||g) and (F, | - ||F) are normed spaces and 3: E™ — F' is a continuous
n-linear map, we write ||3||op for its operator norm, defined as usual as
sup{||B(z1,...,xn)|lF : 1,..., 2k € E, ||z1llE,.. -, ||2nlle < 1}. If Eis a

locally convex space, we let P(E) be the set of all continuous seminorms
on E. If p € P(E), we consider the factor space E, := E/p~1(0) as a
normed space with the norm ||- ||, given by ||z +p~1(0)||, := p(x). Then the
canonical map m,: F — E,, x — v + p~1(0), is linear and continuous, with

I7p(2)lp = p()-

Weak integrals. Recall that if E is a locally convex space, a < b are
reals and v: [a,b] — E a continuous map, then the weak integral SZ’y(s) ds

(if it exists) is the unique element of E such that )\(SZ v(s)ds) = SZ A(v(s)) ds
for each continuous linear functional A on E. If o: F — F is a continuous

(5) For example, it is unclear whether the limit 7, constructed in the proof of [I8]
Proposition 7] takes its values in Aut(£) (as observed by K.-H. Neeb), and no explanation
is given how a smooth curve g in the local group with Ad(g) = v, can be obtained.
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linear map between locally convex spaces and SZ'y(s) ds (as before) exists
in E, then also SZ a(y(s)) ds exists in F' and is given by
b b

(2.1) Sa(’y(s))ds = a(S’y(s) ds)

(see, e.g., [10] for this observation). If F is sequentially complete, then
SZ v(s) ds always exists (cf. [2, Lemma 1.1] or [I1], 1.2.3]).

C"-curves. Let r € NgU{oco}. As usual, a C"-curve in a locally convex
space E is a continuous function v: I — FE on a non-degenerate interval [
such that the derivatives v*): I — E of order k exist for all k£ € N with
kE < r, and are continuous (see, e.g., [I0] for more details). The C'*°-curves
are also called smooth curves.

Smooth maps. If £ and F' are real locally convex spaces, U C E is
an open subset and r € Ny U {oo}, then a function f: U — F is called C”
if f is continuous, the iterated directional derivatives d®) f(z,yy, ..., yp) ==
(Dy,, -..Dy, f)(x) exist for all k € N such that k <,z € U and y1,...,yx
€ E, and define continuous functions d®) f: U x EF — F. If U is not open,
but is a convex (or locally convex) subset of E with dense interior U, we say
that f is C" if f is continuous, f|y0 is C" and d®(f|go): U x E¥ — F has
a continuous extension d®) f: U x E¥ — F for each k € N such that k < r.
C>-maps are also called smooth. We abbreviate df := d)f. It is known
that the Chain Rule holds in the form d(f o g)(z,y) = df (9(z),dg(z,y)),
and that compositions of C"-maps are C”. Moreover, a CO-curve v: I — E
is a C"-curve if and only if it is a C"-map, in which case 7/(¢) = dvy(t, 1) (see
[10] for all of these basic facts; cf. also [15], [16], and [4]).

Analytic maps. If £ and F' are complex locally convex spaces and
n € N, then a function p: E — F is called a continuous homogeneous
polynomial of degree n € Ny if p(x) = B(w,...,z) for some continuous
n-linear map : E™ — F (if n = 0, this means a constant function). A map
f: U — F on an open set U C E is called complex-analytic (or C-analytic)
if it is continuous and for each x € U, there is a 0-neighbourhood Y C F
with £ +Y C U and continuous homogeneous polynomials p,: £ — F of
degree n such that

VyeY) fla+y) = puy)
n=0

(see [2], [4] and [10] for further information). Following [16], [4] and [I0] (but
deviating from [2]), given real locally convex spaces E, F', we call a function
f: U — F on an open set U C E real-analytic (or R-analytic) if it extends
to a complex-analytic map V' — F¢, defined on some open subset V' C E¢
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of the complexification of E, such that U C V. For K € {R, C}, it is known
that compositions of K-analytic maps are K-analytic. Every K-analytic map
is smooth (see, e.g., [10] or [4] for both of these facts).

We shall use the following lemma (proved in Appendix A):

LEMMA 2.1. Let E and F' be complex locally convex spaces, F be a com-
pletion of F' such that F C F as a dense vector subspace, and p,: E — F be
continuous homogeneous polynomials of degree n for n € Ng. Assume that

fx) = Z Pn(2)

n€Np

converges in F for all x in a balanced, open 0-neighbourhood U C E, and
f: U — F is continuous. If F' is Mackey-complete, then f(x) € F for all
xeU and f: U — F is C-analytic.

Function spaces. If F is a locally convex space and r € Ny U {0},
let C"(]0,1], E) be the space of all C"-maps from [0,1] to E. We endow
C"([0,1], E) with the locally convex vector topology defined by the semi-
norms || - [|ox , given by

— e
IVl ewp : ji%?,’fkfé}%fﬁp(’y ()

for p in the set of continuous seminorms on E and k € Ny with £ < r. We
abbreviate C([0,1], E) := C°([0,1], E). Three folklore lemmas concerning
these function spaces will be used (the proofs can be found in Appendix A):

LEMMA 2.2. Let E and F be locally convex spaces, a: E — F be a
continuous linear map, and r € No U {oo}. Then also the map

a, = C"([0,1],0): C"(]0,1], E) — C"([0,1], F), ~y~—aon,

is continuous and linear. If a is a topological embedding (i.e., a homeomor-
phism onto its image), then also o is a topological embedding.

LEMMA 2.3. If E is a locally convex space and r € No U {oo}, then the
topology on the space C"([0,1], E) is initial with respect to the mappings
(mp)s : C7([0,1], E) — C"([0,1], E},), v — mp o7y, for p e P(E).

LEMMA 2.4. Ifr € NgU {oo} and E is a locally convezr space which is
complete (resp., Mackey-complete), then also C"([0,1], E) is complete (resp.,
Mackey-complete).

3. Picard iteration of paths in a topological algebra

SETTING 3.1. Let A be a locally convex topological algebra over C, i.e.,
a unital, associative, complex algebra, equipped with a Hausdorff locally
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convex vector topology making the map Ax A — A, (z,y) — zy, continuous.
We assume that condition (*) from Theorem is satisfied m

If E is a locally convex space, then a function «: [0,1] — E is a Lipschitz
curve if {% s #t €[0,1]} is bounded in E (cf. [I3, p. 9]). For our
current purposes, we endow the space Lip([0, 1], E) of all such curves with

the topology Oco induced by C°([0,1], E).

LEMMA 3.2 (Picard Iteration). Let A be as in [3.1] If A is sequen-
tially complete and v € C(]0,1], A), we can define a sequence (Nn)neN N
C1([0,1], A) via

t
no(t) :=1, nu(t): =1+ S Nn—1(tn)y(tn) dty,  fort €0,1] and n € N.
0
Then:

(a) The limit 1 = 1y := limy 00 1y exists in C1([0,1], A4).
(b) m(t) =14 >0, Sf) Sg’“ .. SBQ y(t1) - y(tg) dty - - - dty for all n € Ny
and t € [0,1], and thus

oo titn to

(3.1) O =1+>_{ V- Vat) - ytn) dty - - dty

n=10 0 0

(c) n'(t) =n(t)y(t) and n(0) = 1.

(d) The map @: C([0,1], A) — C1([0,1], 4), v + 10, is C-analytic.
If A is not sequentially complete, but Mackey-complete, then the (1 )nen,
can be defined and (a)—(c) hold for each ~v € Lip([0, 1], A). Moreover,

(d) @: (Lip([0,1], A), Oco) = C([0,1], A), v + 1, is C-analytic.

Proof. If A is sequentially complete, set X := C([0, 1], A); otherwise, set
X := Lip([0, 1], A). Let A be a completion of A such that A C A. Then the
inclusion map ¢: C1([0, 1], A) = CL([0,1],A) is a topologlcal embedding
(Lemma [2.2) and C*([0,1],A) is complete (Lemma [2.4). Hence also the
closure Y C C1(]0,1], A) of the image im(¢) is complete, and thus Y is a
completion of C1([0, 1], A).

To prove (a), (b), (d), (d)’, let v € X. Then all integrals needed to
define n,, exist, and each 7,, is C*, by the Fundamental Theorem of Calculus.
A trivial induction shows that

n titg to
(3.2) =14+> VoVt yte) dir - diy
k=100 0

(") Note that A is not assumed to be a continuous inverse algebra in this section.
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(as asserted in (b)). Likewise, if n € N and v1,...,7, € X, then the weak
integrals needed to define 7,,(v1,...,v,): [0,1] = A,

ttn  to
t | ) ) dty - dt,

00 0
exist and 7,(71,...,7) is a Clmap. Since 7,: X — C([0,1], A),
(V-3 m) = Tu(y1,...,7n), is an n-linear mapping, it follows that the
map o,: X — CL([0,1], A), on(7) := Tu(7,...,7), is a homogeneous poly-
nomial of degree n (and this conclusion also holds for n = 0, if we define

oo(y) :==1). If p € P(A), there is ¢ € P(A) and M € [0, oo[ such that
(VneN)  lpnllpq < M™,

as a consequence of condition (x). Applying p to the iterated integral defining
on(7)(t), we deduce that
Pon(®) = a0 g < =120,

for each t € [0,1] and thus

(3.3) Jon(llcny < o I,

Also, oo(y)' =0, o1(y)'(t) = v(t) and

B4 o) O =] | {20 At (0 ity
0 0 0

if n > 2, by the Fundamental Theorem of Calculus. Thus o, ()" = op—1(7)
for all n € N. Using n,, = > p_o 0k(7), we infer that

(3.5) (Vn €N) n%(t) = 1n—1()7(t),
which will be useful later. By (3.4 , also
- 1
n ! t < — n
plon(7)(1)) < =) 7l q
and thus
M’n
!/ n
(3.6) lon(¥) llcop < m”ﬂ\cqq-
Combining (3.3]) and (3.6)), we see that
M” n
(3.7) lon(Mllcrp < m”V”cO,q-

Therefore o,: X — C1([0,1], A) is a continuous homogeneous polynomial.
Moreover, we obtain
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0o Mn”"YHgOH Ml o
Z lon(Mllcrp < Z NCES Mvllcoq4€ 4 < 00.
n=1 ’
This estimate entails that the series Y~ 0y, (7y) converges absolutely in the
completion Y of C([0, 1], A). In particular, the limit

(e 9]
= on(y) = lim n,

exists in Y, and defines a function @: X — Y. We claim that & is continu-
ous. If this is true, then we can exploit that C*([0, 1], A) is Mackey-complete
by Lemma and each o, takes its values inside C'([0, 1], A). Thus all hy-
potheses of Lemma[2.1]are satisfied, and we deduce that &(v) € C([0, 1], A)
for each «y (entailing (a) and (b)), and that the map @: X — C([0,1], 4) is
complex-analytic (establishing (d) and (d)’). To establish the claim, we need
only show that @ is continuous as a map to Cl([O 1], A). Identify p € P(A)
with its continuous extension to a seminorm on A. Let Tp A= ((A )p, I-11p)
be the canonical map. By Lemma [2.3, ¢ will be continuous if the maps
h = (mp). 0 ®: X — C([0,1], (A) ) are continuous. It suffices that h is
continuous on the ball Br := {y € X : |7[co, < R} for each R > 0.

However,
(o)
7) =Y moan(y)
n=0

for v € B, where
M M™
[7p 0 on(Nller ), = lonMllerp < mllvll’éo,q < mRn

for n € N, by (3.7)). Hence
Zsup{wp 0on(7) v € Br} < p(1) + MRe™ < oo,

entailing that Y, ((mp)« © on|By) = h|Bj, uniformly. Thus h|p, is contin-
uous, being a uniform limit of continuous functions.

To prove (c), observe that because 7, — n in C([0,1], A), we have
n), — 1’ uniformly (and thus pointwise). Letting n — oo in (3.5), we deduce

that 7'(t) = n(t)y(t). =

4. Proof of Theorem We establish our theorem as a special case
of a more general result (Proposition . The latter deals with certain
strengthened regularity properties (as used earlier in [7] and [3]):

DEFINITION 4.1. Let G be a Lie group modelled on a locally convex
space, with Lie algebra g, and k € Ny U {o0}.
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(a) G is called strongly C*-regular if every curve v € C¥([0,1],9)
admits an evolution Evol(y) € C'([0,1],G) and the mapping
evol: C*([0,1],9) — G, v+~ Evol(y)(1), is smooth.

(b) G is called C*-regular if each v € C°°([0,1],g) has an evolution
and the map evol: (C*([0,1],9),0cr) — G, v — Evol(v)(1), is
smooth, where O« denotes the topology induced by C*(]0, 1], g) on
>([0,1], 9)-

The reader is referred to [8] and [9] for a discussion of these regularity
properties (and applications depending thereon). Both C*°-regularity and
strong C'*°-regularity coincide with regularity in the usual sense. If £ <[
and G is (strongly) C*-regular, then G is also (strongly) C'-regular.

REMARK 4.2. If A is a continuous inverse algebra, we identify the tan-
gent bundle T'(A*) of the open set A* with A* x A in the natural way.
Let n: [0,1] — A* be a C'-curve and 7: [0,1] — A be continuous. Then
n'(t) = n(t)y(t) holds in T'(A*) (using n’: [0,1] — T(A*), and identifying
the range A of v with {1} x A C T1(AX)) if and only if n'(¢t) = n(t)y(t)
holds in A (where the product simply refers to the algebra multiplication,
and n': [0,1] — A is the derivative of the A-valued C'-curve 7).

The next lemma will help us to see that the A-valued map 7 associated
to vy in Lemma actually takes its values in A* if A is a continuous inverse
algebra. Hence n will be the evolution of 7, by Remark .2

LEMMA 4.3. Let A be a continuous inverse algebra, v: [0,1] — A be
continuous and n: [0,1] — A as well as ¢: [0,1] — A be C'-curves. Assume
that n(0) = ¢(0) =1 and
(4.1) n'(t) =nt)y(t) and (t)=((@)y(t)  for allt €0,1].

If ¢([0,1]) € A*, then n = (.

Proof. Recall from [6, proof of Lemma 3.1] that the differential of the
inversion map ¢: AX — A is given by di(a,b) = —a"'ba"! for a € A* and
b € A. As a consequence, the derivative of the Cl-curve 1o (: [0,1] — A%,
t — ((t)71, is given by
(4.2) (Lo)(t) = —¢(t) M)

Now consider the Cl-curve 0: [0,1] — A, 6(t) = n(t)¢(t)~!. Using the
Product Rule, (4.2) and (4.1)), we obtain
0'(t) = 0 ()¢~ = n()¢(t)” C(t)C(t) !

= (&)™ =0T ()
= (&) (O™ = nE)y(B)¢H ™ =0.
Hence 0(t) = 0(0) = (0)¢(0)™! =1 for all t € [0,1] and thus = (. =
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PROPOSITION 4.4. Let A be a continuous inverse algebra over K €
{R,C} which satisfies the condition (x) described in Theorem [L.1]

(a) If A is sequentially complete, then A is strongly C°-reqular and the
map Evol: C°([0,1], A) — C*([0,1], AX) is K-analytic.

(b) If A is Mackey-complete, then A is C°-regular and strongly C*-
reqular. Further, each v € Lip([0, 1], A) has an evolution Evol(y) €
C*([0,1], A*), and Evol: (Lip([0,1], A),Oco) — C*([0,1], A%) is
K-analytic.

Proof. If A is sequentially complete, let X := C([0, 1], A); otherwise, let
X = (Lip([0,1], A), Oco).

We assume first that K = C. Let #: X — C!([0,1], A) be the map-
ping provided by Lemma Note that C*(]0,1], AX) C C*([0,1], A) is an
identity neighbourhood, ®(0) =1 (cf. (3.1)) and @ is C-analytic (see (d) or
(d)" of Lemma 3.2) and hence continuous. Therefore, there exists an open
0-neighbourhood Q2 C X such that #(Q) C C1([0, 1], AX). By Lemma|3.2|c),
Evol(y) := @(v) is an evolution for v € Q. Moreover, evol: @ — A*,
v +— Evol(y)(1) = &(y)(1), is C-analytic, since ¢ and the continuous linear
point evaluation evy: C1([0,1], A) — A, { — ((1), are C-analytic.

If A is sequentially complete, Proposition 1.3.10 in [3] now shows that
A* is strongly C%-regular @

If A is Mackey-complete, we see as in the proof of [3, Proposition 1.3.10]
that each v € Lip([0, 1], 4) has an evolution Evol(y) € C*([0, 1], A%).

In either case, we deduce with Lemmas [3.2|(c) and [4.3] that Evol = ®. As
a consequence, Evol: X — C([0, 1], A¥) is C-analytic and thus (a) holds. In
the situation of (b), note that also evol := ev; o Evol: Lip([0,1], A) — A* is
C-analytic. The inclusion maps (C*°([0,1], A), Oco) — (Lip([0,1], A), Oco)
and C1([0,1], 4A) — (Lip([0,1], A), Oco) being continuous linear and hence
C-analytic, it follows that also the maps evol: (C*°([0,1], A), Oco) — A*
and evol: C1([0,1], A) — A* are C-analytic and thus smooth. Hence A* is
C'-regular and strongly C'-regular.

If K = R, then also the complexification A¢ of A is a continuous inverse
algebra (see, e.g., [0, Proposition 3.4]) with the same completeness proper-
ties. In (a), we can identify X¢ with C°([0,1], Ac); in the situation of (b),
we can identify X¢ with Lip([0, 1], Ac). For p € P(A), let pc € P(Ac) be
the seminorm defined via

pc(a + ib) == inf { Z |zjlp(xj) :a+ib= szxj, x; €A, 2z € (C}
J

J
for a,b € A (which satisfies max{p(a),p(b)} < pc(a+ib) < p(a)+p(b)). Then

also Ac satisfies (%), as ||(ttn)cllpe.ge = llptnllpq- Let @: Xc — C1([0,1], Ac)

(%) Compare already [13] p.409] and [I8, Lemma 3] for similar arguments.
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be the complex-analytic map provided by Lemma (applied to Ac in place
of A). By the complex case just discussed,

® = Evol(4,)x : X¢c — C'([0,1], (Ag)™).

If v € X, then &(v) takes only values in the closed vector subspace A
of Ac = A@iA, as is clear from (3.1). Hence ®(v) € C([0,1],A) (see
[10] or [I, Lemma 10.1]) and thus &(y) € C([0,1], AX), using the fact
that AN (Ag)* = A for any unital algebra @ We deduce that the map
Dlx: X — C([0,1], AX) is the evolution map Evolyx of AX. Note that
Evol 4x is R-analytic, because @: X¢ — C1([0, 1], A)¢ is a C-analytic exten-
sion of Evolyx. As evy: C1([0,1],A) — A, ¢ — ((1), is continuous linear
and so R-analytic, also evol4x := evj o Evolyx: X — A is R-analytic (and
hence smooth). In the situation of (a), this completes the proof. In (b),
compose evol 4x with the continuous linear inclusion map C*([0,1], 4) —
Lip([0,1], A) (resp., (C*°(]0,1], A),Oc0) — Lip(]0,1], A)) to see that also
the evolution mapping on C*([0,1], A) (resp., on (C*([0,1], 4%),O¢0)) is
R-analytic and hence C*°. =

Appendix A. Proofs of the lemmas from Section It is useful
to recall that a locally convex space E is Mackey-complete (in the sense
presented in the introduction) if and only if every Mackey—Cauchy sequence
in E converges, i.e., every sequence (p)nen in E for which there exists a
bounded subset B C E and a double sequence (7y m)n,men of real numbers
Tn,m > 0 such that x, — 2, € ry B for all n,m € N, and r,,,, — 0 as both
n,m — oo (cf. [I3, Theorem 2.14]).

Proof of Lemma [2.1 Given z € U, there exists r € |1,00[ such that
re € U. Thus )7 r"pp(x) converges and hence C := {r"p,(z): n € No}
is a bounded subset of F. Then also the absolutely convex hull B of C' is
bounded. For all n,m € Ny, we have

n+m n n+m n+m
D pn@) =) p(@) = D pul@) =17 Y TR (@)
k=0 k=0 k=n+1 k=n+1

3

r—n—l

er (1/r)> B

J

I
o

Hence (3"} _o pe(x))nen, is a Mackey—Cauchy sequence in F' and hence con-
vergent. Thus f(z) € F. By [2, Theorems 5.1 and 6.1(i)], f is C-analytic
as a map to F. Hence, if z € U, then f(z +y) = Yoo (1/m)oR(f)(y)
for all y in some O-neighbourhood, where 67 f(y) := d™ f(x,y,...,y) is the

(°) If 2,a,b € A and z(a + ib) = (a + ib)x = 1, then za + izb = 1 and ax + ibx = 1.
Hence za =az =1, ie., 2 ' =a € A.
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nth Gateaux differential of f at x. Given y € E, there is s > 0 such that
x4+ zy € U for all z € C such that |z| < s. For each n € Ny, Cauchy’s
Integral Formula for higher derivatives now shows that

2§r f(x + sely)

(Seit)n+1

n! ,
o = — sie' dt
which lies in F' since the integrand is a Lipschitz curve in F' and F' is Mackey-
complete m Hence each 07(f) is a continuous homogeneous polynomial

from F to F and thus f is complex-analytic as a map from F to F. =

Proof of Lemma[2.-9 Let p be a continuous seminorm on F and k € Ny
be such that k¥ < r. Then g := p o « is a continuous seminorm on F. Let
v € C"([0,1], E). For each j € Ny such that j < k, we have (a0 ~)) =
oy and thus [|(@0) P co, = 201 oy = 19 o pen = 19 lco g
entailing that [|a o v||ck, = [|7]|ck ;- Hence . is continuous.

If @ is an embedding and @ is a continuous seminorm on C"([0, 1], E),
then there exists k € Ny such that £ < r and a continuous seminorm g on £
such that Q < || - ||ck 4~ Since a is an embedding, there exists a continuous
seminorm p on F such that p(a(z)) > ¢(z) for all x € E (because a~! is
continuous linear). Hence ||(« 07)(j)||00,p = ||’Y(j)||00,poa > Hv(j)HCo’q for
each j € Ny such that j < k and thus [[a o ylloe, > [[Vler, = Q(v),
entailing that . is a topological embedding. =

Proof of Lemma . Let p € P(E) and k € Ny be such that & < r.
Since p = || - || © mp, we have

I 0 D Pllco g, = I 01V llco i, = 1V llco om, = 17 llco
for each v € C"([0,1], E) and j € {0,1,...,k}, whence [|(mp)«()llck ., =
7]l - The assertion follows. =

REMARK A.1. Before we turn to the proof of Lemma, [2.4], it is useful to
record some simple observations:

(a) It is clear from the definitions that the map
h: C*([0,1], E) = C([0,1], B) x C*1([0,1], ), 7= (1,7),
is linear and a homeomorphism onto its image, for each k£ € N.

(b) The image im(h) of h consists of all pairs (y,n) such that v(t) =
7v(0) + Sf) n(s)ds for each t € [0,1]. Since point evaluations and
the linear mappings 1 Sf) n(s)ds (with p(gg n(s)ds) < [nlcop)
are continuous, it follows that im(h) is a closed vector subspace of

C([0,1], E) x C*=1([0,1], E).

(*%) The integrand is a C*°-curve in F and hence a Lipschitz curve in ﬁ, with image
in F.
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Proof of Lemma [2-]] Because direct products of Mackey-complete lo-
cally convex spaces are Mackey-complete, and so are closed vector sub-
spaces, also projective limits of Mackey-complete locally convex spaces are
Mackey-complete. Since C*°([0,1], E) = I'&HC’“([O, 1], E) (with the appro-
priate inclusion maps as the limit maps), we therefore only need to prove
Mackey-completeness if k£ := r € Ny. Likewise in the case of completeness.

CASE k = 0. If E is complete, then also C([0, 1], E) is complete, as is well
known (cf. [I2, Chapter 7, Theorem 10]). If E is merely Mackey-complete,
let E be a completion of E which contains E. Then C([0, 1], E) is complete.
The inclusion map ¢: C([0,1], E) — C(]0,1], E) is a topological embedding,
by Lemma If (yn)nen is a Mackey—Cauchy sequence in C([0, 1], E),

then (¢ o Yn)nen = (Tn)nen is a Mackey—Cauchy sequence in C([0, 1], E),

hence convergent to some v € C([0,1], E). For each ¢t € [0, 1], the point
evaluation &;: C([0,1], E) — E, n — n(t), is continuous and linear. Hence
(Yn(t))nen is a Mackey—Cauchy sequence in E and hence convergent in E.
Since v (t) = et(yn) — et(y) = 7(t), we deduce that v(t) € E. Therefore
v € C([0,1], E) and it is clear that v, — ~ in C([0,1], E).

INpucTION STEP. If C¥~1([0,1], E) is (Mackey-)complete, then so is
C*([0,1], E), being isomorphic to a closed vector subspace of the (Mackey-)
complete direct product C([0, 1], E) x C¥~1([0, 1], E) (see Remark [A.1|(b)). m
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