STUDIA MATHEMATICA 191 (2) (2009)

Extenders for vector-valued functions
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Abstract. Given a subset A of a topological space X, a locally convex space Y, and
a family C of subsets of ¥ we study the problem of the existence of a linear C-extender
u: Co(A,Y) — Csx(X,Y), which is a linear operator extending bounded continuous
functions f : A — C C Y, C € C, to bounded continuous functions f = u(f) : X —
C C Y. Two necessary conditions for the existence of such an extender are found in
terms of a topological game, which is a modification of the classical strong Choquet game.
The results obtained allow us to characterize reflexive Banach spaces as the only normed
spaces Y such that for every closed subset A of a GO-space X there is a C-extender
u: Coo(AY) = Coo(X,Y) for the family C of closed convex subsets of Y. Also we obtain
a characterization of Polish spaces and of weakly sequentially complete Banach lattices in
terms of extenders.

Introduction. In this paper, given a subspace A of a topological space
X and a locally convex |ordered| space Y we study the problem of exis-
tence (or rather non-existence) of a linear [monotone| operator that extends
bounded continuous Y-valued functions from A to X. The results obtained
have a dual nature: on the one hand, selecting a suitable pair (X, A) we can
characterize certain important properties of locally convex spaces Y (like re-
flexivity, finite-dimensionality or weak sequential completeness) in terms of
extenders (see Theorems 4.1, 5.1, 9.1), and on the other hand, selecting a
suitable locally convex space Y, we can characterize topological properties
of the pair (X, A) in terms of extenders (see Theorems 3.2, 7.1).

By definition, a (linear) operator u : F(A,Y) — F(X,Y) defined on a
(linear) subspace F(A,Y) C Y4 and taking values in a (linear) subspace
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F(X,Y) c YX is called a (linear) extender if for any function f € F(A,Y)
the function f = u(f) € F(X,Y) extends f in the sense that f|A = f.

If the space Y is partially ordered, then so are the function spaces Y4
and YX. In this case we define an extender u : F(A4,Y) — F(X,Y) to be
monotone if u(f) < u(g) for any functions f < g in F(A,Y).

Given a collection C of subsets of Y we define an extender u : F((A,Y) —
F(X,Y) to be a C-extender if u(F(A,Y)NCA) c CX for every C € C. This
is equivalent to saying that for every function f : A — Y the image f(X) of
the extended function f : X — Y lies in the C-hull

hulle(f(A)) = {C €C: f(A) c C}

of f(A) inY (here we assume that () = Y"). Three collections C of subsets
of Y will be of special importance for us:

e conv(Y), the collection of convex subsets of Y,
e conv(Y), the collection of closed convex subsets of Y,
e wee(Y), the collection of weakly compact convex subsets of Y.

If Y = Z* is a dual space, then we shall also consider the collection

e conv*(Y) of all convex subsets of Y, closed in the weak-star topology
of Y.

The corresponding C-extenders will be called conv-, conv-, wee-, and conv*-
extenders.
The inclusions wee(Y) C conv(Y) C conv(Y') yield the trivial implica-
tions:
conv-extender =- conv-extender = wcc-extender.

In the role of linear subspaces F'(X,Y’) we shall consider the spaces:

loo(X,Y) of all bounded functions from X to Y,

C(X,Y) of all continuous functions from X to Y,

Ca(X,Y) of all functions f : X — Y that are continuous on a subset
ACX,

Coo(X,Y)=C(X,Y) Niso(X,Y) of all bounded continuous functions
from X to Y.

A function f: X — Y is called bounded if its image f(X) is bounded in Y.
The latter means that for every neighborhood U of the origin in Y there is
a real number r with f(X) C rU.

The space I (X,Y) will be considered as a locally convex space endowed
with the topology of uniform convergence. If Y is a Banach space with norm
|| - ||, then the topology of I+ (X,Y") is generated by the sup-norm ||f||c =

supzex || f()]l
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If Y is the real line R, then we omit the symbol R and write lo(X),
C(X), Ca(X), and Coo(X) instead of loo(X,R), C(X,R), Ca(X,R), and
Coo(X,R).

A classical result on conv-extenders belongs to J. Dugundji [Dug].

THEOREM 0.1 (Dugundji). For every closed subspace A of a metrizable

space X and every locally convexr space Y there is a linear conv-extender
u: YA =YX such that u(C(A,Y)) C C(X,Y).

In [Bor| C. Borges has shown that Dugundji’s Theorem is still true for any
closed subspace A of a stratifiable space X. On the other hand, R. W. Heath
and D. J. Lutzer [HL| discovered that for the Michael line Rg and its closed
subspace Q even a weaker form of the Dugundji Theorem is not true: no
linear conv-extender C(Q) — C(Rq) exists. Afterwards it was found that
even a monotone extender C(Q) — C(Rqg) does not exist (see [vDq], [SV],
[GHO)).

The Michael line Rg is a particular case of the following construction
due to Bing [Bi] and Hanner [Han| (see [Eng, 5.1.22]). Given a subspace A
of a topological space X let X4 denote the set X endowed with the Hanner
topology

TA={DUU:D C X\ AandU is open in X},

which is discrete on X \ A but coincides with the original topology at A. The
space X 4 is sometimes called the Hannerization of X with respect to A.

Observe that each function f : X — Y continuous at all points of the set
A is (globally) continuous with respect to the Hanner topology 74. This is
important because it allows us to reduce the study of extenders C(A4,Y) —
CA(X,Y) to studying extenders of the form C(A,Y) — C(X4,Y).

In spite of the fact that no linear conv-extender C'(Q) — C(Rg) exists,
a linear conv-extender Coo (Q) — Cso(Rg) for bounded continuous functions
does exist. This is a particular case of the following result of R. W. Heath
and D. J. Lutzer [HLJ.

THEOREM 0.2 (Heath-Lutzer). For a closed subset A of a GO-space X
there is a linear conv-extender u : Coo(A) — Coo(X).

We recall that a topological space X is called a generalized ordered space
(briefly, a GO-space) if X is Hausdorff and for a suitable linear order < on
X the space X has a base of the topology consisting of order-convex sets
(see [Lu|). The Michael line Rq is a typical example of a GO-space.

In light of the Dugundji Theorem it was natural to ask about possi-
ble generalizations of the Heath—Lutzer Theorem to locally convex spaces
(see Question (2) in [HL|). In this paper we give many different answers to
this question. Moreover, we show that various properties of locally convex
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(ordered) spaces Y and pairs (X, A) can be characterized with the help of
extenders (see Theorems 1.1, 1.4, 4.1, 5.1, 7.1, 9.1).

For the convenience of the reader we first survey the principal results
of the paper and their interplay with known results, and also prove some
easy immediate corollaries. Afterwards we present proofs of more difficult
theorems.

When working with different topologies on a set Y, we shall write Y, to
specify a chosen topology 7 on Y.

1. Characterizing pairs (X, A) admitting various C-extenders.
In this section we search for conditions on a pair (X, A) guaranteeing the
existence of a (linear) C-extender u : Coo(A,Y) — Cxo(X,Y) for a given
locally convex space Y. We start with a [probably known| characterization of
pairs (X, A) admitting a (linear) conv-extender u : Co(A,Y) — Coo(X,Y)
for every locally convex space Y.

For a Tikhonov space X let P(8X) denote the space of probability mea-
sures on the Stone-Cech compactification of X. The space P(BX) can be
identified with the set of all positive norm-one linear functionals on the Ba-
nach lattice C'(8X) = Coo(X) of bounded continuous functions on X. The
space P(X) is endowed with the weak-star topology induced from C*(3X).
It is well-known that this topology is generated by the subbase consisting of
the sets {1 € P(8X) : u(U) > a} where a € R and U runs over the topology
of X. The support supp(u) of a measure u € P(5X) is the smallest closed
subset F' C fX with u(F) = 1. Five subspaces of P(3X) will be of interest:

Py(BX) ={p € P(BX) : [supp(u)| < 2},
wu(F) =1 for some finite subset F' C X},
u(K) =1 for some o-compact subset K C X},
uw(K) =0 for every compact subset K C 5X \ X},
u(K) =0 for every closed Gs-subset K C BX
with K N X =0}.
Measures from the sets Pr(X), Pr(X), and P,(X) are called Radon, 7-
additive, and o-additive measures on X, respectively. By [Fe, §1], measures
from the set P,(X) can be identified with o-additive probability measures
on X. This justifies the choice of notation. A more detailed information on
the spaces Pgr(X) and P;(X) can be found in [Vr] and [Ba;]|, [Bag|.

Quite often, it happens that P.(X) = P,(X). In particular, this equality
holds for all Lindel6f spaces X (or, more generally, for all paracompact spaces
not containing a closed discrete subset of Ulam-measurable cardinality; see
[BCF, §2]). On the other hand, Pr(X) = P,(X) for all Polish spaces X
(more generally, for universally measurable spaces; see [BCF, §2|).

) :
):
={n e P(BX):
):
) :
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A Tikhonov subspace A of a topological space X is called a PB-valued
retract of X if there is a continuous map r : X — P(3A) such that supp(r(a))
= {a} for every a € A. The latter means that r(a) coincides with the Dirac
measure 0, at a. If 7(X) C P2(BA) then we say that A is a PyS-valued retract
of X. If r(X) C P,(A), then A is called a P,,-valued retract of X. By analogy
we define Pr-valued, P,-valued, and P,-valued retracts of X.

We recall that C'4(X,Y") stands for the space of functions from X to Y
that are continuous at each point of the subset A C X.

THEOREM 1.1. For a Tikhonov subspace A of a topological space X the
following conditions are equivalent:

(1) For every linear space Y there is a linear conv-extender u: Y4 —YX
such that u(Cx(A,Y:)) C Coo(X,Y:) for any locally convex linear
topology T on Y.

(2) Thereis a conv-extenderu : Coo(A,Y) — Coo(X,Y) forY = C% (A)
endowed with the weak-star topology.

(3) A is a P,-valued retract of X.

Proof. The implication (1)=-(2) is trivial.

To prove that (2)=-(3), fix a conv-extender u : Co(A,Y) — Cx(X,Y)
where Y = C% (A) with the weak-star topology. Consider the bounded con-
tinuous map 6 : A — CZ (A) assigning to each point a € A the Dirac
measure d,. Let 7 = u(d) : X — Y be the continuous extension of § given
by the conv-extender u. It follows that r(X) C conv(6(A)) = P, (A), which
means that r : X — P, (A) is the required P,-valued retraction of X onto A.

(3)=(1). Fix a P,-valued retraction r : X — P,(A). For every z € X
the measure pu, = r(z) € P,(X) can be uniquely written as the convex
combination p; = Y, 5 Ha(a)ds where Sy = {a € A : pz(a) > 0} is the
(finite) support of .

Now given a linear space Y, define a linear conv-extender u: Y4 — VX
assigning to each function f : A — Y the function f : X — Y defined by

f(z) = Sfdﬂx = Z tgz(a)- fla) forx e X.
A a€Sy

It is a standard exercise to check that for every locally convex linear topol-
ogy T on Y, we get u(Cux(A,Y;)) C Cxo(X,Y:) (see also the proof of the
corresponding implication in Theorem 1.4). m

For P,-valued retracts we have a slightly weaker result that will be ap-
plied in the proof of Theorem 7.1.

PROPOSITION 1.2. If a Tikhonov subspace A of a topological space X is
a P,-valued retract of X, then for every separable Banach space Y there is
a linear conv-extender u : Coo(A,Y) — Coo(X,Y).
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Proof. Let r : X — P,(A) be a P,-valued retraction of X onto A. Given
any bounded continuous function f : A — Y, consider the closed convex hull
K of f(A)in Y. For the Polish space K we have the equality Pr(K) = P,(K)
and we can also consider the continuous map b : Pr(K) — K assigning to
each measure pu € Pr(K) its barycenter b(u) € K (see [Kh;], [Khs], [Bag]).
The continuous map f : A — K induces a continuous map Py (f) : Py(A) —
P,(K) = Pr(K). Then the composition bo P,(f) : P,(A) — K C Y is
continuous and so is the composition f = bo P,(f)or : X — Y. Observe
that for every a € A we get f(a) = bo P,(f) or(a) = a, which means that
the operator u : Coo(A4,Y) — Coo(X,Y), u: f — f, is a conv-extender. The
linearity of u follows from the observation that

bo Po(f) (1) =\ fdu, peP,(A),
A
and the linearity of the vector integral. m

QUESTION 1.3. Is a Tikhonov subspace A of a topological space X a

P,-valued retract in X if for each (separable) Banach space Y there is a
linear conv-extender u : Coo(A,Y) — Cxo(X,Y)?

Next, in terms of P(-valued retracts we characterize pairs (X, A) admit-
ting a (linear) conv-extender u : Coo(A,Y) — Ca(X,Y) for each semireflex-
ive locally convex space Y.

A locally convex space Y is called semireflexive if each bounded closed
convex subset of Y is compact in the weak topology of Y. For a Banach
space semireflexivity is equivalent to reflexivity (see [HHZ, Th. 65]). By the
Banach—Steinhaus Uniform Boundedness Principle each dual Banach space
Y* endowed with the weak-star topology is semireflexive.

We define a linear topological space Y to be countably semireflexive if
MNpew Cn # 0 for any decreasing sequence (Cp)new of non-empty bounded
closed convex subsets of Y. It is clear that each semireflexive locally convex
space is countably semireflexive. By the Shmul’yan Theorem 1.13.6 in [Me],
the converse is true for normed spaces: A normed space is (semi)reflexive if
and only if it is countably semireflezive.

A linear topology 7 on a locally convex space Y will be called admissible
if 7 is stronger than the weak topology and for each neighborhood U € 7 of
zero in Y there is a convex neighborhood W € 7 whose closure in Y lies in U.
The space Y endowed with an admissible topology 7 will be denoted by Y.

THEOREM 1.4. For a Tikhonov subspace A of a topological space X the
following conditions are equivalent:

(1) For every semireflexive locally convex space Y there is a linear conv-
extender u : loo(A,Y) — lo(X,Y) such that uw(Cx(A,Y7)) C
Ca(X,Y;) for every admissible topology T on'Y .
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(2) There is a conv-extender u : Coo(A,Y) — Ca(X,Y) for Y = C% (A)
with the weak-star topology.
(3) A is a PB-valued retract of Xa.

Since the norm topology is admissible for the weak-star topology on a
dual Banach space, Theorem 1.4 implies

COROLLARY 1.5. Assume that a Tikhonov subspace A of a topological
space X is a PB-valued retract of X. Then for every dual Banach space
Y™ there is a linear conv*-extender u : loo(A,Y™*) — loo(X,Y™) such that
u(Coo(A,Y™)) C Cy(X,Y™).

In its turn, the above corollary will be applied to construct linear wcce-
extenders for functions with values in Banach spaces Y that are norm-one
complemented in their biduals Y**. The class of such Banach spaces includes
all dual Banach spaces [Me, 3.2.23] and also some non-dual spaces like L.
The latter fact follows from Theorem 1.c.4 of [LT]| asserting that each weakly
sequentially complete Banach lattice (in particular, each Banach lattice of
the form L;(u)) is norm-one complemented in its bidual. On the other hand,
¢p is not complemented in lo = (c)** (see [Me, 3.2.22]).

THEOREM 1.6. Assume that a Banach space Y is norm-one comple-
mented in Y** and a Tikhonov subspace A C X is a PB-valued retract of X.
Then there is a linear wee-extender u : loo(A,Y) — loo(X,Y) with ||ul| = 1
such that u(Cx(A,Y)) C Ca(X,Y).

Proof. Let P : Y™ — Y be a linear projector with ||P|| = 1. It induces
a norm-one linear operator PX : Io(X,Y**) — Io(X,Y) assigning to each
bounded function f: X — Y** the function PX(f) = Po f. The continuity
of P implies that PX(Cu(X4,Y™)) C Coo(X4,Y).

By Corollary 1.5, there is a linear conv*-extender u : [oo(A4,Y*™) —
loo(X,Y™) with unit norm such that u(Cy(A4,Y™)) C Coo(X 4, Y*). Now
consider the norm-one linear operator v = PX o u : [o(A,Y) — loo(X,Y),
which assigns to each f € [ (A4,Y) C loo(A, Y**) the function PX ou(f) :
X =Y. It follows that v(Co(A,Y)) C Coo(Xa,Y). If K is a weakly com-
pact convex subset of Y, then K is weak-star closed in Y **, and consequently
u(loo(A, K)) C lo(X, K). Since PX(f) = f for each f € I(X,Y), we con-
clude that v(ls (4, K)) C loo(X, K), which means that v is a wec-extender. m

QUESTION 1.7. Is there a linear (continuous) extender u : Coo(Q, cg) —
Coo (RQ, C()) ?

2. Linear extenders on ordered spaces. In this section we shall
construct nice linear extenders on linearly ordered topological spaces (briefly
LOTS). Those are topological spaces X carrying the interval topology with
respect to some linear order < on X. The interval topology is generated by
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the subbase consisting of left and right rays («—,a) = {z € X : = < a}
and (a,—) ={x € X : x > a} for a € X. A Hausdorff topology on (X, <)
having a base consisting of order-convex sets is called a GO-topology. It can
be shown that the interval topology is the weakest GO-topology on (X, <).
A set A with the discrete topology will be denoted by Ay.
The principal result of this section is the following

THEOREM 2.1. Let A be a non-empty subset of a linearly ordered space
(X,<), and let i : Ay — A denote the identity map.

(1) There is a function r : X — Py(BAg) such that r(a) = 04, a € A,
and for every GO-topology g > X \ A on X, the map P(Bi)or :
Xy — Py (BAy) is continuous.

(2) For any semireflexive locally convex space Y there is a linear conv-
extender u : loo(A,Y) — 1o(X,Y) such that u(Cx(Ag,Yr)) C
Coso(Xy,Y7) for every GO-topology g 3 X \ A on X and every ad-
missible topology T on Y.

(3) For every dual Banach space Y™ there is a linear conv*-extender
U loo (A Y) = 1o (X, Y™) such that u(Coo(Ag,Y™)) C Coo( Xy, Y™)
for every GO-topology g > X \ A on X.

(4) For any Banach space Y that is norm-one complemented in Y** there

is a linear wee-extender u : loo(A,Y) — loo (X, Y) with |Jul]| =1 such
that u(Cx(Ag,Y)) C Cxo(Xy,Y) for every GO-topology g > X \ A
on X.

Applying this theorem to GO-spaces, we obtain a less complicated corol-
lary generalizing the Heath—Lutzer Theorem 0.2.

COROLLARY 2.2. Let A be a closed subset of a GO-space X .

(1) A is a PyB-valued retract of X.

(2) For any semireflexive locally convexr space Y there is a linear conv-
extender u:loo(A,Y) —=1lo(X,Y) such that u(Cx(A,Y)) CCux(X,Y).

(3) For every dual Banach space Y™ there is a linear conv*-extender
Ui oo (A, Y*) = 1o (X, Y*) such that u(Coo(A,Y™)) C Coo(X,Y™).

(4) For any Banach space Y that is norm-one complemented in Y ** there
is a linear wee-extender u : [ (A,Y) — loo(X,Y) such that |lul]| =1
and u(Cx(A,Y)) C Coo(X,Y).

3. The strong Choquet properties and games. In this section we
shall introduce the so-called strong Choquet property of a subset A in a topo-
logical space X, which is necessary for the existence of a linear conv-extender
u: Cx(A)Y) = Cx(X4,Y) for functions with values in non-reflexive Ba-
nach spaces Y. This will prove that the semireflexivity assumption cannot
be removed from Theorems 1.4 and 2.1.
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We shall need two modifications of the classical strong Choquet game
introduced by G. Choquet to give a convenient game characterization of
Polish spaces (see [Ch, Th. 8.7] and also [Ke, §8]).

Our modifications, called the strong Choquet game G4(A, X) and the rel-
ative strong Choquet game G, (A, X), are played by two players, I and II, for
a subset A of a topological space X. The games G5(A, X) and G(4, X) are
played in the same manner and differ only by the definition of the outcome.

Player I starts the game selecting a point ag € A and a neighborhood Uy
of ag in X . Player II responds with a neighborhood V) C Uy of ag. Continuing
in this fashion, at the nth inning player I selects a point a,, € V,,_1N A and a
neighborhood U,, C V,,_; of a,, while player II responds with a neighborhood
V,, C Uy, of a,,. Thus the players construct a sequence of points {an new C 4
and two sequences of open subsets (U, )new and (V3 )new of X such that a, €
V., Cc U, C V,_1 for all n € N. Player I is declared the winner in the game
Gs(A,X) (resp. Gr(A, X)) if (e, Un = 0 (resp. 0 # (e Un € X\ A).
Otherwise, player II wins.

DEFINITION 3.1. If player I has a winning strategy in the game G, (4, X)
(resp. Gs(A, X)), then we shall say that the subset A is strong Choquet in X
(resp. the space X is strong Choquet at A). A topological space X is strong
Choquet if X is strong Choquet at X.

Let us observe that our definition of a strong Choquet space is equivalent
to the classical definition from [Ke, 8.14]. This justifies our choice of the
terminology.

According to Choquet’s Theorem 8.18 in [Ke|, a Tikhonov (metrizable
separable) space X is strong Choquet if (and only if) X is Cech complete.
The latter means that X is a G-set in its Stone—Cech compactification 8X.

The following theorem, which is one of the main results of this article,
shows that the (countable) semireflexivity necessarily appears as soon as we
consider linear conv-extenders.

THEOREM 3.2. If for a Tikhonov subspace A of a topological space X and
a linear topological space Y there is a linear conv-extender u : Coo(A,Y) —
CA(X,Y), then either Y is countably semireflexive or the subset A is strong
Choquet in X.

In light of Theorem 3.2 it is important to study strong Choquet subsets
in more detail. This is done in the following

THEOREM 3.3. Let A be a subspace of a topological space X .

(1) If X is strong Choquet, then X is strong Choquet at A.

(2) X is strong Choquet at A if and only if X 4 is strong Choquet at A
if and only if Xa is strong Choquet.

(3) If A is strong Choquet, then A is strong Choquet in X .
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(4) The space A is strong Choquet if X is strong Choquet at A and A
is strong Choquet in X.

Now we give a simple condition guaranteeing that a space X is strong
Choquet at a subset A C X.

DEFINITION 3.4. We shall say that a space X is complete at A if there
is a countable family {U,},en of covers of A by open subsets of X such
that a decreasing sequence (V},)nen of open subsets of X has non-empty
intersection (), cyy Va provided for every n € N the following conditions are
satisfied: (i) V, N A # 0, (ii) V.41 C Vp,, and (iii) V,, C U for some U € U,,.

PROPOSITION 3.5. Assume that a Tikhonov space X is complete at a
subset A C X. Then

(1) The space X 1is strong Choquet at A.

(2) The space A is strong Choquet if and only if A is strong Choquet
in X.

(3) The space A is strong Choquet if there is a linear conv-extender
u: Coo(AY) = Ca(X,Y) for a linear topological space Y that fails
to be countably semireflexive.

Proof. (1) We need to describe a winning strategy for player II in the
game G5(A, X). Let (Upn)nen be a sequence of covers of A witnessing that
X is complete at A. To win the game G4(A, X), player II at an nth inning
should select a neighborhood V,, of the point a, given by player I such that
a, € V,, cV,, C U, NU for some set U € U,,. Such a choice guarantees the
victory of player IT because (., Vi # 0.

(2) The second item follows from the first one and Proposition 3.3(3, 4).

(3) The third item follows from the second one and Theorem 3.2. u

Next, we show that the notion of a total w-base considered in [SV] also
leads to strong Choquet subsets. Following [SV, 1.3], we say that a family B
of open subsets of a topological space X is a total w-base at a subset A C X if

(1) each B € B meets A;

(2) each open subset U C X meeting A contains a set B € B;

(3) each decreasing sequence By D By D B3 D --- of elements of B has
non-empty intersection.

PROPOSITION 3.6. Assume that a topological space X has a total m-base
at a subset A C X. If the space A is not Baire, then player I has a winning
strategy in the game Gr(A, X) and hence A fails to be strong Choquet in X.

Proof. The space A is not Baire and hence contains an open non-empty
subspace W C A of the first Baire category. Write W = J, ., Wn where
(Whn)new is an increasing sequence of nowhere dense subsets in W.
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Now we describe a wining strategy of player I in the game G,.(A, X). To
start the game she selects an open set Uy € B and a point zy € A such that
xo € UgN A C W\ Wy. At the nth inning she receives an open neighborhood
Va1 C Up—1 of 2,1 from player II and then chooses a set U, € B and a
point z,, € U,NA such that U,, C V;,_1\W,,. The existence of U, follows from
the nowhere density of W, in W and the definition of the total m-base B.

This strategy of player I is winning because [ U, is not empty and
avoids A. =

new

Applying this proposition and [SV] to the Michael line, we obtain

COROLLARY 3.7. The subset Q is not strong Choquet in the Michael
line Rg.

REMARK 3.8. Proposition 3.6 shows that various spaces X, besides GO-
spaces, have no linear conv-extender u : Coo(A,Y) — C4(X,Y) for a non-
reflexive Banach space Y. For example, the set X = 2! with the count-
able box topology has a total m-base at the closed subset A = {(ta)a<w, :
Ha < wi @ty # 0} < No} which is of the first Baire category [SV]
and hence fails to be strong Choquet in X. This implies that the linear
conv-extender property for bounded vector-valued functions can fail in wj,-
metrizable spaces X.

4. Characterizing reflexive Banach spaces with the help of lin-
ear conv-extenders. Since for normed spaces (countable) semireflexivity
coincides with the usual reflexivity (see [Me, 1.13.6]), we can combine The-
orems 1.4, 3.2 and Corollary 2.2 to obtain the following characterization of
reflexivity in Banach spaces.

THEOREM 4.1. For a normed space Y the following conditions are equiv-
alent:

(1) Y is reflexive.

(2) For every GO-space X and a closed subspace A C X there is a linear
conv-extender u : lo(A,Y) — loo(X,Y) such that u(Coo(A,Y)) C
Co(X,Y).

(3) For every topological space X and a Tikhonov subspace A C X
that is a PB-valued retract of X there is a linear conv-extender
Ui loo(AY) = 1o(X,Y) such that u(Cx(A,Y)) C Ca(X,Y).

(4) There is a linear conv-ezstender u : Coo(A,Y) — Ca(X,Y) for some
topological space X and some Tikhonov subspace A C X that is not
strong Choquet in X.

(5) There is a linear conv-extender u : Co(Q,Y) — C(Rg, Y).

Proof. The implication (1)=-(2, 3) follows from Corollary 2.2 and The-
orem 1.4; (2)=(5) is trivial and (3)=(5) follows from Corollary 2.2(1). The
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implication (5)=(4) follows from Corollary 3.7 while (4)=-(1) follows from
Theorem 3.2 and the reflexivity of countably semireflexive normed spaces
guaranteed by the Shmul’yan Theorem 1.13.6 of [Me|. =

5. Characterizing finite-dimensional Banach spaces with the
help of extenders. By Theorem 4.1, the reflexivity of a Banach space
Y is equivalent to the existence of a linear conv-extender u : Co(Q,Y) —
Cx(Rq, Y'). Now we shall construct a space II containing a countable closed
discrete subset N C II for which the existence of a linear extender w :
Coo(N,Y) — Cx(I1,Y) characterizes finite-dimensional Banach spaces Y.

In the Stone—Cech compactification SN of the set N of positive integers,
take any free ultrafilter p € SN\ N and consider the subspace N U {p} with
a unique non-isolated point p.

Let [0,w;) stand for the space of all countable ordinals with the order
topology. Let N = N x {w;} and IT = N x [0,w1]U{p} x [0,w;) be subspaces
of the product (NU {p}) x [0, w;].

THEOREM 5.1. For a normed space Y the following conditions are equiv-
alent:

(1) There is a linear conv-extender u : Coo(N,Y) — Coo(I1,Y).
(2) There is an extender u : Coo(N,Y) — C(I1,Y).
(3) Y is finite-dimensional.

Proof. The implication (1)=-(2) is trivial.

(2)=-(3). If Y is infinite-dimensional, then we can find a homeomorphism
f N — Y onto a bounded closed discrete subset of Y. We claim that there
is no continuous map f : IT — Y with f|N = f. Supposing that such a
continuous map exists, we can use the metrizability of Y to find a countable
ordinal « such that f(n,a) = f(n,w;) for all n € N. Now the continuity
of f at the point (p,a) would imply that f(p,a) is a limit point of the set
f(Nx{a}) = f(N), which contradicts the choice of f(N) as a closed discrete
subset of Y.

(3)=(1). If Y is finite-dimensional, then each bounded map f: N — Y
can be extended to a continuous map Gf : BN — Y defined on N =
BN x {w1}. Now extend f to a continuous map f : IT — Y letting f(z,a) =
Bf(z) for (z,a) € II C BN x [0,w;]. Observe that f(II) C f(N). Con-
sequently, the operator u : Coo(N,Y) — Coo(I1,Y), f +— f, is a linear
conv-extender. m

REMARK 5.2. Since IT = N x [0,w;] U {p} X [0,w) is the union of two
orderable spaces, we see that Corollary 2.2 cannot be generalized to spaces X
that are unions of two orderable spaces.
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6. Monotone extenders for functions with values in pospaces.
It turns out that the method of proof of Theorem 3.2 can be modified
to yield the non-existence of monotone extenders for functions with val-
ues in pospaces. As a result we obtain a general theorem that generalizes
many known results on the non-existence of extenders (see [vDi|, [HL],
[SV], [GHOY).

By a pospace we understand a topological space Y endowed with a partial
order <. For y € Y and B CY let

ly={reY:z>y} and 1B= JTb
beB

be the upper cones of y and B in Y.

Observe that a subset B has an upper bound in Y if and only if
Mpep 10 # 0.

We shall say that a subset B C Y is almost upper bounded in Y if
Mpep 1Gy # 0 for any family {G}}vep of Gs-subsets of Y with b € Gy, b € B.

It is clear that each upper bounded set B C Y is almost upper bounded
while the converse is true if each point b € B has countable pseudocharacter
in Y. In particular, each almost upper bounded subset in a metrizable space
is upper bounded.

By an w-increasing ray in a pospace Y we shall understand a continuous
map v : [0,00) — Y such that y(n) < «(t) for any integer n € w and real
t>n.

THEOREM 6.1. If for a subspace Yy of a pospace Y and a Tikhonov sub-
space A of a topological space X there is a monotone extender u : C(A,Yy) —
CA(X,Y), then either A is strong Choquet in X or else for each w-increasing
ray 7 : [0,00) — Yy the set y(w) is almost upper bounded in'Y .

Applying this theorem to the real line R, we obtain the following corollary
generalizing Theorem 1.4 of [SV].

COROLLARY 6.2. A Tikhonov subspace A of a topological space X is
strong Choquet in X if there is a monotone extender u : C(A) — Ca(X).

Applying Theorem 6.1 to the Banach lattice ¢y (endowed with the natural
partial order), we obtain another non-existence result. Here we remark that
each linear conv-extender u : Coo (A, ¢p) — Coo(X, o) is monotone.

COROLLARY 6.3. A Tikhonov subspace A of a topological space X 1is
strong Choquet in X if there is a monotone extender u : Cy(A,co) —

Ca(X, co).

Proof. Denote by (en)nen the standard basis of ¢g. Let v : [0,00) — ¢
be the increasing piecewise linear function such that v(n) = """, e; for all
n € N. It is clear that the set y(w) is norm-bounded but has no upper bound
in cg. Applying Theorem 6.1 we conclude that A is strong Choquet in X. m
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Surprisingly, we do not know if the same result is true for the Banach
lattice ¢ of all convergent sequences.

QUESTION 6.4. Is there a monotone extender u : Coo(Q,c) — C(Rg,¢) ?

7. Characterizing Polish spaces with the help of extenders. In
this section we unify all results proved in the preceding sections and obtain
the following characterization of Polish spaces.

THEOREM 7.1. For a metrizable separable space A the following condi-
tions are equivalent:

(1) A is Polish.

(2) A is strong Choquet.

(3) A is a P,-valued retract in each normal space X containing A as a
closed subspace.

(4) A is a P,y-valued retract in some topological space X D A that is
strong Choquet at A.

(5) For every locally convez linear topological space Y and every normal
space X containing A as a closed subspace there is a linear conv-
extender u : C(A,Y) — C(X,Y).

(6) For some infinite-dimensional Banach space Y and some topological
space X D A that is strong Choquet at A there is a conv-extender
u: Cx(A,Y) — Cu(X,Y).

(7) For some topological space X D A that is strong Choquet at A and
some separable non-reflexive Banach space Y there is a linear conv-
extender u : Coo(A,Y) — Ca(X,Y).

(8) For some topological space X D A that is strong Choquet at A there
is a monotone extender u : C(A) — Cx(X).

(9) For some topological space X D A that is strong Choquet at A there
is a monotone extender u : Coo(A, o) — Ca(X, o).

Proof. We shall establish the implications (2)=(1)=(5)=(3, 6)=(4)=
(7)=(2) and (5)=(7, 8, 9)=(2).

The implication (2)=-(1) is due to G. Choquet (see [Ke, 8.18]).

(1)=(5). Assume that A is a Polish space. By |Ke, 4.17], A admits a
closed embedding e : A — R¥. Given any normal subspace X containing
A as a closed subset, we can apply the Tietze—Urysohn Theorem to find a
continuous map g : X — R¥ extending e. By the Dugundji Theorem 0.1, for
every locally convex space Y there is a linear conv-extender v : C(e(A4),Y) —
C(R“)Y). Now define a linear conv-extender u : C(A,Y) — C(X,Y) by the
formula u(f) =v(foe Hog: X - Y.

(5)=-(3). Let X be a normal space containing A as a closed subspace. Let
Y = C% (A) with the weak-star topology. By (5), there is a conv-extender w :
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Cxo(AY) — Cxo(X,Y). Then the embedding 6 : A — P,(A) C C%(A) as-
signing d, to each a € A has a continuous extension 7 = u(d) : X — Y given
by the conv-extender u. It follows that r(X) C conv(§(A)) = P, (A), which
means that r : X — P,(A) is the required P,-valued retraction of X onto A.

The implications (3)=-(4) and (5)=-(6-9) will follow as soon as we find a
normal space X D A that is strong Choquet at A. For this take any metriz-
able compactification K of A and consider the space K 4. The compactness
of K implies the completeness of K4 at A. By Proposition 3.5(1), the space
K 4 is strong Choquet at A. The normality of K4 follows from [Eng, 5.1.22].

To prove the implication (6)=-(4), assume that for some infinite-dimen-
sional Banach space Y and some topological space X D A that is strong
Choquet at A there exists a conv-extender u : Cxo(A4,Y) — C(X4,Y). Let
K be any metrizable compactification of the separable metrizable space A
and let P(K) be the space of probability measures on K. Let 6 : A — P(K)
be the embedding assigning ¢, to each x € A. Observe that P, (A) coincides
with the convex hull of §(A4) in P(K).

According to |BP, §II1.2|, there is a continuous affine embedding e :
P(K) — Y. Consider the map g =eod: A — Y and its continuous exten-
sion § = u(g) : Xa — Y. Since u is a conv-extender, §(X) C conv(g(A)) =
e(P,(A)). It is clear that the map r = e 10§ : X — P,(A) is contin-
uous and r|A = §, which means that A is a P,-valued retract of X4. By
Theorem 3.3(2), the space X4 is strong Choquet at A.

The implication (4)=-(7) follows from Proposition 1.2, and (7, 8, 9)=(2)
from Theorem 3.2 and Corollaries 6.2, 6.3, respectively. m

8. Monotone extenders for functions with values in Banach lat-
tices. In light of Corollary 6.3 it is natural to ask about the existence of
linear monotone extenders u : Co(A,Y) — Cx(X,Y) for functions taking
their values in a (non-reflexive) Banach lattice Y. Many classical Banach
spaces like ¢, I, Ly, C(K) have the natural structure of a Banach lattice.

We recall that a Banach lattice is a real Banach space (Y, || - ||) endowed
with a partial order < satisfying the following four axioms (see |LT]):

o x <yimplieszx+z<y+zforall z,y,z€Y;

e g-x >0 for any x > 0 in Y and any real number a > 0;

e any two points x,y € Y have the largest lower and smallest upper
bounds x Ay and z Vy in Y;

lz]| < |ly|| whenever |z| < |y| where the absolute value |z| of z € Y is
defined by |z| = —x V x.

Let us remark that the dual Banach space Y* to a Banach lattice Y is
a Banach lattice with respect to the partial order < defined by declaring
z* < y* for x*,y* € Y* iff 2*(2) <y*(z) forall 2 >0in Y.
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We shall say that a Banach lattice Y is positively norm-one complemented
wn its bidual Y** if there is a linear monotone projector P : Y** — Y with
||IP|| = 1. The class of such Banach lattices includes all dual Banach lattices
and also all weakly sequentially complete Banach lattices (like L;i(u)) (see
[LT, 1.c.4]).

The following theorem is a monotone version of Theorem 1.6 and can be
proved by analogy.

THEOREM 8.1. For any P(-valued retract A of a topological space X
and every Banach lattice Y that is positively norm-one complemented in Y **
there is a linear monotone wec-extender u : loo(A,Y) — loo(X,Y) such that

lul| =1 and u(Cx(A,Y)) C Ca(X,Y).

The same concerns the following corollary that can be derived from The-
orem 2.1(2).

COROLLARY 8.2. For every subset A of a linearly ordered space (X, <)
and every Banach lattice Y that is positively norm-one complemented in Y™**
there is a linear monotone wee-extender u : loo(A,Y) — loo(X,Y) such that
lul] =1 and u(Cx(Ag,Y)) C Cxu(Xy,Y) for any GO-topology g > X \ A
on X.

Now we are going to characterize the o-complete Banach lattices Y ad-
mitting a linear monotone extender u : Cx(A,Y) — Cx(X,Y) for any
closed subset A of a GO-space X. The characterization Theorem 9.1 below
relies on the notion of a 1 -extender defined as follows.

Two elements z, y of a Banach lattice Y are called disjoint if |z| A |y| = 0.
For any point y € Y the set

y-={zeY :[z[Alyl =0}

of elements disjoint from y is a closed linear subspace in Y called the polar
of y (see [LT]). For a subset B C Y the closed linear subspace

Bt ="
beB

is called the polar of B, and B+ = (B*)* is the bipolar of B. It is clear
that B+ is a closed linear subspace of Y, containing B.

An extender u : Cx(A,Y) — YX will be called a L-extender if u is
a C-extender for the collection C = {Bt : B C Y} of polar sets. It is
easy to see that an extender u : Cxo(A4,Y) — Cox(X,Y) is a L-extender
if and only if for every bounded function f : A — Y the image f(X) of
the extended function f = u(f) : X — Y lies in the bipolar f(A)*+. An
extender which is simultaneously a l-extender and a wcc-extender will be
called a L-wcc-extender.
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Now we shall derive from Theorem 6.1 a necessary condition for the
existence of a monotone extender.

THEOREM 8.3. Assume that a Tikhonov subspace A of a topological space
X is not strong Choquet in X. If for a Banach lattice Y there is a monotone
extender u : Cxo(A,Y) — Ca(X,Y) (which is a L-extender), then each
countable norm-bounded upward directed subset D C'Y has an upper bound
in'Y (in D).

Proof. Let D = {y, : n € N} CY be a countable norm-bounded upward
directed subset. Since D is upward directed, by induction we can construct
an increasing sequence {zp new C D such that z, > y; for all ¢ < n. Then
each upper bound for the set E = {z,}new is also an upper bound for D.
Consider the piecewise linear map v : [0,00) — Y defined by v(k) = 2
for all k£ € w. It follows that v is an w-increasing ray with bounded range
B = 7(]0,00)). Consequently, C'(A,B) C Cx(A,Y) and the restriction
v =u|C(A,B) : C(A,B) — C4(X,Y) is a well-defined monotone exten-
der. Applying Theorem 6.1, we conclude that the set v(w) = E is (almost)
upper bounded in Y.

Now assume that u : Co(A,Y) — Cy(X,Y) is a L-extender and thus
u(Coo (A, D)) € Ca(X, D).

Observe that B+ O E is a linear subspace of Y and thus B = ([0, o0))
C conv(y(w)) C conv(E) ¢ E++ ¢ D+t Then C(A,B) C Co(A, D)
and we can consider the monotone extender v = u|C(A,B) : C(A,B) —
Ca(X, D). By Theorem 6.1 the set E = y(w) is (almost) upper bounded
in D w

9. Characterizing weakly sequentially complete Banach lattices.
In this section we characterize weakly sequentially complete Banach lattices
with the help of monotone extenders.

We recall that a Banach lattice Y is called

e o-complete if each upper bounded increasing sequence {yn}new C Y
has the smallest upper bound Vy,ecuYn;

e order continuous if each downward directed subset D C Y with AD =0
contains zero in its closure.

For example, ¢y is o-complete but not order continuous while ¢ is not o-
complete. By [LT, 1.a.8] each order continuous Banach lattice is o-complete.

THEOREM 9.1. For a Banach lattice Y the following conditions are equiv-
alent:

(1) Y is weakly sequentially complete.
(2) Y does not contain a copy of cy.
(3) Norm-bounded increasing sequences in'Y converge.
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(4) Y is order continuous and there is a monotone extender u: Coo(A,Y)
— CA(X,Y) for some topological space X and a Tikhonov subspace
A C X, which is not strongly Choquet in X.

(5) Y is o-complete, does not contain a copy of o, and there is a mono-
tone extender u : Coo(A,Y) — Ca(X,Y) for some topological space
X and a Tikhonov subspace A C X, which is not strongly Choquet
m X.

Moreover, if dens(Y') < ¢, then conditions (1)—(5) are equivalent to:

(6) For every subset A of a linearly ordered space (X, <) there is a linear
monotone L-wee-extender u:loo(A,Y) — loo(X,Y) such that ||u|| =1
and u(Co(Ag,Y)) C Cxo(Xy,Y) for every GO-topology g > X \ A
on X.

(7) There is a monotone L-extender u : Cxo(A,Y) — Ca(X,Y) for
some topological space X and a Tikhonov subspace A C X, which is
not strongly Choquet in X.

Proof. The equivalence of the first three conditions is well-known and
can be found in [LT, 1.c.4].

(2)=-(5). Assume that Y does not contain a copy of ¢y. Then it does not
contain a copy of I, either. By [LT, 1.c.4, 1.a.8], Y is o-complete, and by
[LT, 1.c.4], it is positively norm-one complemented in its bidual space. By
Corollary 8.2, there is a monotone extender u : Coo(Q,Y) — Cu(Rq,Y).
By Corollary 3.7, Q is not strong Choquet in R4. Thus (5) follows.

(5)=-(4). Assume that Y is o-complete but contains no copy of l»,. By
Propositions 1.a.7 and 1.a.8 of [LT], Y is order continuous.

(4)=-(3). By Theorem 8.3, norm-bounded increasing sequences in Y are
upper-bounded and thus converge by the order continuity of Y.

Now assume that dens(Y") < c.

(1)=(6). Assume that Y is weakly sequentially complete, and let A be
a subset of a linearly ordered space (X, <).

By Theorem 2.1(2), there is a linear conv*-extender u : loo(A4,Y ™) —
loo(X,Y™) such that u(Cs(Ag, Y™)) C Coo (X, Y**) for every GO-topology
g > X\ Aon (X,<). Since the positive cone Y* = {y** € Y*™* : y*™* > 0}
is convex and closed in the weak-star topology of Y**, we conclude that
U(loo (A, Y¥)) C loo(X,Y]*), which implies that u is monotone.

By Theorem 1.c.4 of [LT], the weak sequential completeness of Y implies
the existence of a monotone norm-one projector P : Y** — Y whose kernel
coincides with Y+ C Y**. Consequently, Y** can be identified with Y @Y.
By analogy with the proof of Theorem 1.6, we can consider the extender
U lo(AY) — loo(X,Y) assigning to each f € I(A,Y) the function
Pou(f): X — Y and prove that v is a wece-extender with v(C(A4,Y)) C
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C(X,Y). Being the composition of two monotone norm one operators, the
extender v is monotone and has norm |jv|| = 1.

It remains to prove that v is a |L-extender. Given any B C Y we should
prove that v(f)(X) € B+ C Y for every bounded function f : A — B+,
Since B+ = (), b*, it suffices to check that v(f)(X) C b for every b € B.

By Proposition 1.a.9 of [LT|, Y = Y1 @ Y2 where Y7 = bt and Y, = bt
Consequently, Y** = Y™ @ Y;™ and Y| is weak-star closed in Y **. The sub-
lattices Y7, Y, of Y are weakly sequentially complete and by Theorem 1.c.4
of [LT], their biduals decompose as Y;** = Y; @ Y;- where the polar set
Y is taken in Y;**. Consequently, Y* = Vi@ Y20V Vs =Y oyt
and P(Y™) C Y;. Since u is a conv*-extender, u(f)(X) C conv*(f(A)) C
conv* (Y1) C Yi™* and then v(f)(X) = P(u(f)(X)) C P(Y]*) C Y1 = bt.

The implication (6)=-(7) follows from Corollary 3.7.

It remains to prove that (7)=-(2). By Theorem 8.3, condition (7) implies
that each norm-bounded countable upward directed subset D C Y has an
upper bound in D. Suppose that Y contains a copy of ¢g. By the proof
of Theorem 1.a.5 in [LT] (see remark after Theorem 1.c.4 there), Y contains
¢p as a sublattice. Denote by (e, )nen the standard basis of ¢y and let ¢ =
inf,en ||en|| > 0 where || - || stands for the norm of Y.

For every A C N consider the countable upward directed subset D4 =
{> icpei : F C Alis finite}. By Theorem 8.3, this set has an upper bound
ba€ DY CY.

Let us show that ||bg — bp|| > ¢ for any distinct A, B C N. Without loss
of generality, there is an n € B\ A. Since e, € Dj and by € Dji, we see
that by and e, are disjoint and hence by A e, = |ba| A |en] = 0. Now we see
that

(bp —ba) > (bp—ba)Ne, =bpNe, —baNe,=bpAe,—0=ce,

and hence ||[bp — bal| > |len|| > c. Consequently, {bg : 0 # A C N} is
a discrete subset of size continuum in Y, which is not possible because
dens(Y) <c. =

REMARK 9.2. For a subset A of a topological space X and a Banach
lattice Y consider the following three properties:

(1) There is a linear conv-extender u : Coo(A,Y) — Coo(X,Y).
(2) There is a norm-one linear extender u : Co(A,Y) — Coo(X,Y).
(3) There is a monotone linear extender u : Coo(A,Y) — Coo (X, Y).

It is clear that (1)=-(2, 3). In [vD;] and [vD2| E. K. van Douwen asked if for
Y = R there are other implications among these conditions. The results of
this paper show that (1) does not follow from (2, 3). Indeed, by Theorem 9.1,
for Y = [ and the Michael line X = Rg there is a monotone norm-one linear
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extender u : Co(A,11) — Coo(Rq, 1) for every closed subset A C Rg. Yet,
by Theorem 4.1, no linear conv-extender u : Coo(Q, 11) — Coo(Rg, l1) exists.

10. Proof of Theorem 1.4. Let A be a Tikhonov subspace of a topo-
logical space X.

The implication (1)=-(2) will follow as soon as we show that Y = C% (A)
with the weak-star topology is semireflexive. But this follows from the
Banach—Steinhaus Uniform Boundedness Principle (see [HHZ, Th. 58]).

To prove that (2)=(3), fix a conv-extender u : Co(A,Y) — C4(X,Y)
where Y = CZ (A) with the weak-star topology. Since each f € Cs(A)
admits a unique continuous extension to SA, we can identify Coo(A) with
C(BA) and Y with C*(8A). Consider the bounded continuous map 6 : A —
C*(BA) assigning 0, to each a € A. Let r = u(d) : X4 — Y = C*(BA) be
the continuous extension of § given by the conv-extender u. It follows that
r(X) C conv(§(A)) = P(BA), which means that r : X4 — P(8A) is the
required P(-valued retraction of X 4 onto A.

(3)=(1). Fix a PB-valued retraction r : X4 — P(A). Denote by Ay the
space A endowed with the discrete topology. The identity map i : Ag — A is
continuous and hence extends to a continuous surjective map i : fA; — BA.
This map induces a surjective continuous map P((i) : P(BAq) — P(BA).
The surjectivity of P(3i) allows us to select a (generally discontinuous) func-
tion s : X — P(BAy) such that P((i) o s =r and s(a) =, for all a € A.

Now, given a locally convex semireflexive space Y, we are ready to define a
linear conv-extender u : loo(A,Y) — loo(X,Y). Given any bounded function
f:A—=Y, consider the closed convex hull K C Yy, of f(A), endowed with
weak topology. The semireflexivity of Y guarantees that K., is compact. Let
Bfq: BA; — Ky be the continuous extension of fy = foi: A3 — Ky.

For every € X consider the probability measure p, = s(x) and the
Pettis integral

(1) u(f)(@) = | (Bfa)dpa € Ky C Yy,

BA4
which is well-defined because K, is weakly compact and convex (see
[DU, § IL.3]).

The linearity of the Pettis integral implies that u : Coo(A,Y) — YX,
f = u(f), is a well-defined linear conv-extender.

It remains to check that for any admissible topology 7 on Y the function
u(f) : X — Y; is continuous at A provided f : A — Y, is continuous. Given
any a € A and an open convex neighborhood O C Y, of zero we should
find a neighborhood W C X of a such that u(f)(W) C f(a) + O. Since T
is admissible, there is an open convex symmetric neighborhood U C Y, of
zero whose closure U in Y lies in %O. By the Hahn-Banach Theorem, the
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set U, being closed and convex, is weakly closed. Now the continuity of 3 :
BA — Yy, implies that F = (8f)~!(f(a) + U) is closed in BA. On the other
hand, the continuity of f : A — Y, implies that V = f~1(f(a) + U) is open
in A. It follows from the regularity of 34 that V C F is a neighborhood of a
in 3A. Consequently, F is a neighborhood of a in 34 and F' = (Bi)~}(F) C
BAg is a neighborhood of a in GAy.

Since f : A — Y, is bounded, there is a number m so large that
f(A) € mU. Then Ky, = conv(f(A)) C mU and Ky — f(a) € mU —mU =
2mU. Tt follows that V = {u € P(BA) : u(F) > 1 —1/m} is a neighbor-
hood of §, in P(BA). Since the PfS-valued retraction r is continuous at a,
there is a neighborhood W C X of a such that »(W) C V. We claim that
u(£)(W) € fla) +O.

Take any x € W and consider the measures r(z) € V and p, = s(z) €
P(BAy). It follows from P(Bi)(u.) = P(Bi)(s(x)) = r(z) that p,(F') >
1—1/m. Then

u(f)(@) = fla) = | (Bfa— f(a))dps

BAg
= | (Bfa— f@)dpa + | (Bfa— f(a)) dpse
BANF’ F

€ pa(BAG\F') - (K — f(a)) + po(F') - U
C %2m17+(7:3(7c0.

11. Proof of Theorem 2.1. Let A be a non-empty subset of a linearly
ordered space (X, <). By |Lu, 2.9|, the linearly ordered topological space
(X, <) has a linearly ordered compactification (X, <).

(1) Let Ay be A with the discrete topology and i : A; — A be the
identity map. We shall construct a function 7 : X — Py(844) such that
r(a) = d, and for every GO-topology ¢ © X \ A on X the composition
P(Bi)or: X, — P(BA,) is continuous.

Let A be the closure of A in X and Gi : BA; — A be the Stone-Cech
extension of i. We shall identify SA; with the set of Dirac measures in
Py(BAy). For every a € A select an ultrafilter u, € 8Ay such that Bi(uy) = a
and u, = a if a € A.

Write X \ A as the disjoint union |JC of the family C of order-convex
components of X \ A. Those are maximal order-convex subsets of X \ A.
For each C' € C we define an order-convex set C S C and a continuous map
ro: C — Pa(BAg) as follows.

If C = (—,minA), then we put C = (—, min A] and be = u
we let ro : C — {bc} C BAq C Py(BA) be the constant map.

min A’ and
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If C = (max A, —), then we put C = [max A, —) and ac = u and
we let ro : C — {ac} C BAq C P»(BA) be the constant map.

In the remaining case, C' = (a, b) for some a < b in A. Let ac = u, and
bc = wp. Using the normality of the compact space X, find a continuous
function A\c : X — [0, 1] such that Ac(a) = 0 and A\¢(b) = 1. Finally, define
re C — Py(BAg) by the formula

ro(z) = (1= Ae(x)) -ac + Ao(x) - be, x € C.
Putting together the maps r¢, C' € C, define a function r : X — P»(3A44)

by the formula
{ Uy if x € A,
r(z) =
re(z) ifxeCeC.

Observe that r|6’ is continuous for every C' € C. It remains to prove that r
has the continuity property required in item (1) of Theorem 2.1. We shall
return to this problem after establishing item (2).

(2) Given a semireflexive locally convex space Y, we shall define a linear
conv-extender v : loo(A4,Y) — lo(X,Y). Take any bounded function f :
A — Y andset f; = foi: Aj — Y. The semireflexivity of Y guarantees that
the closed convex hull Ky, of f(A) is compact in the weak topology of Y. Then
fa: Aq — Ky has a continuous extension 8fy : 3Aq — K. For every x € X
we can integrate this function against the measure pu, = r(x) € Pa(8Aq) to
obtain the value f(x) = SﬁAd (Bf4) dpy of the function v(f) = f at the point
reX.

It is clear that the so-defined operator v : loo(A,Y) — loo(X,Y), f = f
= v(f), is a linear conv-extender. It induces a linear conv-extender w :
oA, ¥) = 1o (X, Y), £ — u(f)|X.

To finish the proof of Theorem 2.1(2), it remains to show u(C(Ag, Y7))
C Cxo(Xy, Y7) for every GO-topology g 3 X \ A on (X, <) and every admis-
sible topology 7 on Y. Take any f € Coo(Ag,Yy) and f=v(f): X - Y. It
follows from the definition of f that f\é is continuous for every C € C. So
it remains to check the continuity of u(f) = f|X at each o € AN X.

It suffices to prove that the restrictions of f to the closed subsets

Xg*:(<—,x0]ﬁXg and X;r: [0, —) N Xy

are continuous at zg. We shall do that for X; ; the argument for X~ is

max A’

analogous. If x( is isolated in X;, then there is nothing to prove: f|X;‘ is
trivially continuous at xg.

So suppose that zg is not isolated in X; . First we consider the case
zg € A\ A. Since A is closed in X,, there is an order-convex open set
U C X such that zop € U C X[\ A. Since g is not isolated in X, there
is a point x; € U. It follows that (zg,x1) N A = () and hence (zg,z1) C C
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and [z, 1) C C for some C € C. Now the continuity of fllzo, z1) follows
from the continuity of f|é .

Next, suppose that zg € A. Given any open neighborhood O C Y of zero,
we should find a neighborhood W C X of x¢ such that f(W) C f(a) + O.
Since the topology 7 is admissible, there is an open convex neighborhood
U C Y, whose closure U in Y lies in O.

The continuity of f : A — Y, yields an open order-convex subset V' C X;
such that g C VN A C f~1(U). Since z is not isolated in X, there is a
point 1 > xo in V. If [xg,21) C C for some component C' € C, then the
continuity of f|X, ; at xg follows from the continuity of f|6’ In the other
case, (zo,x1) contains a point zo € A. Let F' be the closure of [zg,z2] N A
in 8A,4. The continuity of 3i : A4 — A implies that (8i)~!([xo, z2]NA) = F.
Consequently, u, € F for every a € [zg, 2] N A. Then ac,bc € F for every
component C' C [zg, 2.

On the other hand, the continuity of 5f; : BAg — Y& and the inclu-
sion Bfa([xo, 2] N A) C f(zo) + U imply Bfa(F) C f(zo) +U C f(xo) + O.
Now looking at the definition of f = wu(f), we see that f([zo,x2]) C
conv{ffa(ug) : a € [z, x2] N A} C conv(Bfa(F)) C f(xo) + U C f(xo) + O.
Then W = [zg,22) N X is the required neighborhood of z( in X; with
f(W) C f(xo)+U C f(wg)+O. This completes the proof of Theorem 2.1(2).

(1") Now we shall finish the proof of item (1), establishing the continuity
property of 7 : X — Pa(8A4). Let g X \ A be any GO-topology on (X, <).
Let Y = C*(BA,) with the weak-star topology and let u : [(A4,Y) —
loo(X,Y) be the linear conv-extender constructed in (2). It has the property
that u(Cx(Ay,Y)) C Co(Xy, Y).

Consider the Dirac embedding 6 : A, — P(34,) C C*(BA,) =Y and
its continuous extension § = u(8) : X, — Y given by the extender u. The
definition of u implies that ¢ is equal to the composition P(3i) o r of the
maps r : X — Py(BAg) and P(Bi) : P(BAq) — P(BAg). Consequently,
P(Bi)or: Xy — P2(BAg) is continuous.

(3) The third item follows from the second one and the fact that the
norm-topology of a dual Banach space Y* is admissible for the weak-star
topology on Y*.

(4) The fourth item can be derived from the third one by the argument
of the proof of Theorem 1.6.

12. Proof of Theorem 3.2. Assume that for a subspace A of a Tikho-
nov space X and a linear topological space Y there is a linear conv-extender
u: Coo(AY) — Ca(X,Y). Assuming that Y is not countably semireflexive,
we shall prove that the subset A is strong Choquet in X. We should describe
a winning strategy for player II in the game G, (4, X).
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Since Y is not countably semireflexive, there is a decreasing sequence
(K7)92 of non-empty closed bounded convex subsets of Y with ()2, K, =10.
Let yg = 0 and y,, € K, for every n € N. For every m € N consider the
finite-dimensional linear subspace L., of Y spanned by o, ..., ym. Since
the union L = (J,,c, Lm has countable pseudocharacter, we can select a
decreasing sequence (O, )new of open neighborhoods of zero in Y such that
LNN,ew On = {0}. Since u is a linear conv-extender, for every bounded con-
tinuous functlon f: A — L, the extension f =u(f) has range f(X) C L,.

Now we (somewhat informally) describe a winning strategy of player II
in the game G, (A, X). The point is that at his nth inning player II chooses
a neighborhood V,, C U, of the point a, given by the first player with the
help of a continuous function A, : A — [0, 1] such that

(2) an €V NAC A1) € AH0,1] C U, C Vg

and keeps the functions A; from the previous innings in his memory.
Therefore players I and II will consecutively choose the pairs

I: (Ul,al) 7612) (U37a3)

II: (Vi, A1) (Va, A2) (V3,A3)

so that condition (2) is satisfied.

Now we explain how to select the function A, and the neighborhood V,,
at the nth inning. After receiving the point a,, € A and the neighborhood
U, C X of a, from the first player, player II uses the Tikhonov property of
A to find a continuous function A\, : A — [0, 1] such that A\,(A\ U,) C {0}
and ay, lies in the interior W, of A\,;1(1) in A. Now for every k < n consider
the bounded continuous function f;, = Zf 1N (i —yiz1) : A — Ly, and its
extension fi = u(fx) : X — Ly C Y given by the linear conv-extender w.
It follows from a, € W,, C V; N A C A\ (1), i < n, that fr(an) = frlan) €
feWy) C {yg} for all k& < n. Using the continuity of fj at a,, choose a
neighborhood V;, C U, of a,, with V;, N A C W,, such that f1(V;,) C yr + O,
for all k£ < n. Finally, player II presents the set V,, to player I as his nth move.

We claim that player IT wins the game G,.(A, X) if he chooses the sets V,
according to the strategy described above. Otherwise player I wins, which
means that @ # (02, Up = (o Vo € X \ A. It follows from the last
inclusion that the formula

=D Ni(@) (gi—yim1) = Y (i) = A (@) i € conv{y;}2, C K
i=1 i=1

determines a well-defined continuous bounded function fo : A — Y. Con-
sider its extension fo = u(fs) and pick a point ¢ € (72, V.
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We claim that fr(c) = yx for all k& € N. Indeed, for every n > k, the
choice of V;, guarantees that fi(c) € fr(Vy) C yp+ Oy, and thus fi(c) -y €
Li N My On = {0},

For every n € N consider the function

In = foo—FrtUn =Un+ > Xi-(Wi—vi-1) = (1=An1) Ynt D (Ai—Ait1)-wi
>n >n

and observe that g,(A) C conv{y;}i>n C K,. Since u is a linear conv-

extender, we get u(g,)(c) € K,, and by the linearity of u,

Ky 2 u(gn)(€) = foo(€) = fr(e) +yn = foolc) +0,
which implies that ()2 ; K, contains the point f(c) and thus is not empty.
This contradiction completes the proof of Theorem 3.2.

13. Proof of Theorem 6.1. Assume that Y[ is a subspace of a po-
space Y, and A is a Tikhonov subspace of a topological space X.

Assuming that there is a monotone extender u : C(A,Yy) — Ca(X,Y),
we should prove that A is strong Choquet in X or else for each w-increasing
ray v : [0,00) — Yp the set y(w) is almost upper bounded in Y. Sup-
pose that the latter condition does not hold, i.e., there is an w-increasing
ray v : [0,00) — Yp such that y(w) is not almost upper bounded in Y.
The latter means that for some Gg-sets G, C Y with y(n) € G, n € w,
the intersection (1, TG, is empty. For every n € w select a decreas-
ing sequence (Op,(Yn))m>n of open neighborhoods of v, = y(n) such that
ﬂmZn Om (yn) C GTL

Now we modify the winning strategy constructed in the proof of Theo-
rem 3.2 and describe a winning strategy of player II in the game G, (A, X).
The key idea is the same: in his nth inning player II chooses a neighborhood
V,, C U, of the point a,, with the help of a continuous function A, : A — [0, 1]
such that

(3) an €EVp MAC A1) c X Y01 c U, C Vg

and keeps the functions A; from the previous innings in his memory.

The choice of A, : A — [0, 1] is the same as in the proof of Theorem 3.2
while the choice of the neighborhood V;, € A~1(1) of a,, is a bit different. For
every 0 < k < n consider the continuous function s = Zle i A—]0,00)
(for £ = 0, we put s9o = 0). Then fr = yos, : A — Y is continuous and
hence its extension fj = u(fx) : X — Y given by the monotone extender
u 1s continuous at A. It follows from a,, € W,, C V; N A C )\i_l(l), i < n,
that fi(an) = fr(an) = y(k) = yg for all & < n. Using the continuity of fy
at ay, choose a neighborhood V,, C U, of a, with V,, " A C W, such that
fr(Vy) C On(yg) for all k < n. Finally, player II presents the set Vj, as his
nth move in the game G, (4, X).
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We claim that player IT wins G,.(A, X) if he chooses the sets V, as above.
Otherwise player I wins, which means that § # (72, Uy, = (oo Vo C X\ A,
It follows from the last inclusion that the formula so(a) = > .2, Ai(a),
a € A, determines a well-defined continuous function sy, : A — [0,00). Then
the function fo, = v054 : A — Yj is also continuous. Consider its extension
foo =u(fs) : X — Y and pick a point c € 22, V,

We claim that fi(c) € Gy for all k € N. Indeed for every n > k, the
choice of V;, guarantees that fr(c) € fr(V,) C On(yr) and thus fi(c) €
Mnzk On(yr) C Gy

The w-increasing property of the ray ~ implies that fo, > f for all & > 0.
Now the monotonicity of the extender u guarantees that fo.(c) > fi(c) € Gy
and thus foo(c) € ., TGn, which contradicts the choice of the Gg-sets Gy,.
This contradiction completes the proof of Theorem 6.1.

14. Proof of Theorem 3.3. (1, 2) The first two items easily follow
from the definitions.

(3) We need to prove that a subset A of a topological space X is strong
Choquet in X provided A is strong Choquet as a topological space.

The latter means that player II has a winning strategy in the game
Gs(A, A). We shall prove that this winning strategy induces a winning strat-
egy in Gy(A4, X) and even in a more difficult (for player IT) game G).(A, X)
which differs from G,(A4,X) in the definition of the result of the game.
In G}.(A,X) player II is declared the winner if (), ., Vi, meets A; other-
wise player I wins. It is clear that if player II wins GL(A, X), then he also
wins G, (A4, X).

To win GJ.(A, X) player II simultaneously plays G5(A, A) for himself and
for player I and transforms his moves in Gs(A, A) suggested by the winning
strategy into moves in G, (A4, X).

Namely, after receiving the nth move (Uy,,ay) of player II in the nth
inning, player I declares that (U, N A, a,) is her nth move in the auxiliary
game G4(A, A). Then the winning strategy in Gs(A, A) instructs player 11
to select a nelghborhood Vi, C Uy,N A of a, in A. Player 11 enlarges V, to an
open subset V C U, in X such that V N A =V, and makes V his move in
the nth inning of the game G.(A4, X).

In such a way players I and II choose sequences (Up,ay), (U, N A, ay),
(V,,) and (V},). Since the sets V,,, n € N, are chosen according to the winning
strategy of player I in G(A, A), we get (e Vi # 0. Then AN, cn V=
Npen Va # 0, so we conclude that player IT also wins G7.(A, X).

(4) Assume that a topological space X is strong Choquet at A and A
is strong Choquet in X. We should prove that A is strong Choquet. In the
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language of strategies this means that given winning strategies of player II
in the games G5(A4, X) and G, (A, X) we should describe a winning strategy
for player II in G5(A, A).

Repeating the argument from the preceding item, we can prove that
player IT has a winning strategy in G4(A, A) if and only if he has a winning
strategy in GJ.(A, X) described above. So it suffices to describe a winning
strategy for player II in G.(A, X).

Fix winning strategies of player I in G4(A4, X) and G,(A4, X). To win
Gl (A, X), player II plays simultaneously two auxiliary games G4(A, X) and
Gr(A, X) as follows. In the nth inning of G.(A, X) he receives from the first
player a point a,, € A and a neighborhood U,, C X of a, and declares that
(Up, ay) is the nth move of player I in the auxiliary game Gs(A, X). The
winning strategy of player II in Gs(A, X) instructs him to make the nth
move by choosing a neighborhood W,, C U,, of a,.

Then player 1T declares that (W, a,,) is the nth move of the first player
in G,(A, X) and selects a neighborhood V,, € W,, of a,, according to the
winning strategy in G, (A, X).

The neighborhood V;, is the nth move of the second player in G/.(A, X).
Let us show that if player II plays according to this strategy, then he wins
the game G (A, X). Playing three games simultaneously, players I and II
construct the sequences (U,, a,), (Wy,), and (V},). The choice of the sets W),
according to the winning strategy in G4(A4, X) guarantees that ()o-, W, is
not empty. Taking into account that W,, ¢ U, C V,, C W,_1 for all n,
we conclude that also (7, V;, is not empty. Since player II won G, (4, X),
the intersection (),~; V;,, being non-empty, must meet A. This means that
player II has won the game G/.(A, X) too.
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