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Nonlocal Poincaré inequalities on Lie groups with
polynomial volume growth and Riemannian manifolds

by

EMMANUEL Russ and YANNICK SIRE (Marseille)

Abstract. Let G be a real connected Lie group with polynomial volume growth
endowed with its Haar measure dz. Given a C? positive bounded integrable function M
on G, we give a sufficient condition for an L? Poincaré inequality with respect to the
measure M (z)dz to hold on G. We then establish a nonlocal Poincaré inequality on G
with respect to M(z)dzx. We also give analogous Poincaré inequalities on Riemannian
manifolds and deal with the case of Hardy inequalities.

1. Introduction. Let G be a unimodular connected Lie group endowed
with a measure M(z)dz where M € L'(G) and dx stands for the Haar
measure on G. By “unimodular”, we mean that the Haar measure is left- and
right-invariant. We always assume that M is bounded and M = e~ where
v is a C? function on G. If we denote by G the Lie algebra of G, we consider
a family

X={Xy,..., Xk}
of left-invariant vector fields on G satisfying the Hérmander condition, i.e. G
is the Lie algebra generated by the X;’s. A standard metric on G , called the
Carnot—Carathéodory metric, is naturally associated with X and is defined
as follows. Let ¢ : [0,1] — G be an absolutely continuous path. We say that ¢
is admissible if there exist measurable functions ay,...,ay : [0,1] — C such
that, for almost every ¢ € [0, 1],
k
£(t) = 3 anX(U).

i=1

If £ is admissible, its length is defined by

1 k
=5 (S lastey ar) .
0 =1
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For all z,y € G, define d(z,y) as the infimum of the lengths of all admis-
sible paths joining x to y (such a curve exists by the Hérmander condition).
This distance is left-invariant. For short, we denote by |z| the distance be-
tween e, the neutral element of the group, and x, so that the distance from
r to y is equal to |y~ x|

For all » > 0, denote by B(x,r) the open ball in G with respect to the
Carnot—Carathéodory distance and by V(r) the Haar measure of any ball.
There exists d € N* (called the local dimension of (G,X)) and 0 < ¢ < C
such that, for all r € (0,1),

erd <V(r)y < crd
(see INSWJ). When r > 1, two situations may occur (see [Gl):
e There exist ¢, C, D > 0 such that, for all » > 1,
erP < Vir) < orP

where D is called the dimension at infinity of the group (note that,
unlike d, D does not depend on X). The group is then said to have
polynomial volume growth.

e There exist ¢y, co, C1,Cy > 0 such that, for all r > 1,

e <V(r) < C1e°2".
The group is then said to have exponential volume growth.

When G has polynomial volume growth, it is plain that there exists C' > 0
such that, for all r > 0,

(1.1) V(2r) < CV(r),

which implies that there exist C' > 0 and k > 0 such that, for all » > 0 and
all 8 > 1,

(1.2) V(Or) < CORV(r).

Denote by H'(G,djuyr) the Sobolev space of functions f € L?(G, duys)
such that X;f € L?(G,duy) for all 1 < i < k. We are interested in L?
Poincaré inequalities for the measure duys. In order to state sufficient con-
ditions for such an inequality to hold, we introduce the operator

k
Lyf=-M") Xi{MX;f}
=1

for all f such that
1

feD(Ly) = {ge HY(G, dpyr) NiTi

X {MX;g} € L*(G,dx), V1 <i < k}
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One therefore has, for all f € D(Ly) and g € HY(G,dpnr),
k

V Lasf(2)g(x) dpns () =D | Xif(2) - Xig(x) dpar(2).

G i=1G
In particular, the operator Ly is symmetric on L?(G, djupr).

Following [BBCG], say that a C? function W : G — R is a Lyapunov
function if W(x) > 1 for all z € G and there exist constants § > 0, b > 0
and R > 0 such that, for all x € G,

(1.3) — Ly W (z) < —0W(z) + blpe r)(2),
where, for all A C G, 14 denotes the characteristic function of A. We first
claim:

THEOREM 1.1. Assume that G is unimodular and that there exists a
Lyapunov function W on G. Then duys satisfies the following L? Poincaré
inequality: there exists C' > 0 such that, for every function f € HY (G, du)

with g £(2) dany () = 0,

k
(1.4) VIF@) P dune(z) < CY 1 IXf ()P dpns ().
G

G i=1
Let us give, as a corollary, a sufficient condition on v for (1.4 to hold:

COROLLARY 1.2. Assume that G is unimodular and there exist constants
€(0,1), ¢> 0 and R > 0 such that, for all x € G with |z| > R,

k k
(1.5) az | Xv(z) > - Zva(x) > c

Then (1.4) holds.

Notice that, if (1.5 holds with a € (0,1/2), then the Poincaré inequal-
ity (1.4) admits the following improvement:

PROPOSITION 1.3. Assume that G is unimodular and there exist con-
stants ¢ >0, R > 0 and € € (0,1) such that, for all x € G,

(1.6)

k
z)]? — ZXZQU(J?) >c¢  whenever |z| > R.

Then there exists C > 0 such that, for every function f € H' (G, duy) with
SG f(l‘) dluM(:E) =0,

k
1) 1@ P10+ [Xio(@) ) dun(2) < O3 §IXf @) dpns ().
G =1 G

=1
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Observe that conditions and ( are satisfied for instance, when
M = exp(—|z|?/2) is a Gau551an measure, but also when M(z) =e ‘4”' and
more generally when M (z) = e 11" with a > 1.

Finally, we obtain Poincaré inequalities for dups involving a nonlocal
term.

MAIN THEOREM 1.4. Let G be a unimodular Lie group with polynomial
growth. Let duyr = Mdx be a measure absolutely continuous with respect to
the Haar measure on G where M = e~% € LY(G) is assumed to be bounded

and v € C?*(G).

(i) Assume that there exist constants a € (0,1), ¢ > 0 and R > 0 such
that, for all x € G with |x| > R, holds. Let o € (0,2). Then
there exists A\o(M) > 0 such that, for every function f € D(Q)
satisfying {; £(z) dpag (z) = 0,

2
‘:L' J—
18 1@ i) < 2a00) §] IO dodig o)
G GxG y y
(ii) Assume that there exist constants ¢ > 0, R > 0 and € € (0,1) such
0 such

that (1.6) holds. Let o € (0,2). Then there exists Ao (M) >
that, for every function f € D(G) satisfying \, f(x) dpns ()

(1.9) g (1+Z\Xu ) dpns ()

£@)— F)P
<) V) Tyt )

Note that ((1.8) (resp. (1.9)) is an extension of ([1.4)) (resp. (1.7])) in terms

of fractional nonlocal quantities. The proof follows the same lines as in [MRS]
but we concentrate here on a more geometric context.

Before describing our method, let us give some motivation for obtain-
ing fractional Poincaré inequalities. Fractional diffusions naturally appear in
many models, ranging from plasma turbulence [DCL] or geostrophic flows
[CV] in fluid dynamics, grazing collisions in kinetic theory (cf. the Boltz-
mann equation for long-range interactions [VI, Ml [MS| [GS]), all the way
to stockmarket modeling based on Lévy processes [DOP]. They also appear
naturally in mathematics: in probability they appear in the important class
of infinitely divisible Markov processes (cf. the Lévy—Khinchin representa-
tion [FE]); in analysis they naturally appear in the study of singular integral
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operators (e.g. for the Boltzmann equation, cf. references above) as well
as in the so-called “Dirichlet-to-Neumann” boundary value problem and in
the Signorini (obstacle) problem [SIG] (see for instance among other refer-
ences [SIL] and |CE]). The search for a Poincaré inequality for the nonlocal
fractional energy associated with fractional diffusion is therefore a natural
and interesting question since this inequality governs the spectral gap of
the underlying operator and the speed of (fractional) diffusion towards an
equilibrium.

In order to prove Theorem we need to introduce fractional powers
of Ljs. This is the object of the following developments. Since the operator
Ly is symmetric and nonnegative on L?(G, duys), we can define the usual
power ij for any 3 € (0,1) by means of spectral theory.

Section [2]is devoted to the proof of Theorem [I.I]and Corollary[I.2] Then,
in Section [3, we check L? “off-diagonal” estimates for the resolvent of Ly,
and use them to establish Theorem [T.4]

Analogous results can be obtained on Riemannian manifolds (under cer-
tain assumptions) and we refer the reader to Section [4] for a complete de-
scription. Finally the last section deals with Hardy inequalities.

2. A proof of the Poincaré inequality for dujy;. We follow closely
the approach of [BBCG]. Recall first that the following L? local Poincaré
inequality holds on G for the measure dx: for all R > 0, there exists Cr > 0
such that, for all z € G, all r € (0, R), every ball B := B(z,r) and every
function f € C*°(B),

k
(2.1) VIf @) = fBlde < Crr® Y~ {1 Xif (2) [ da,
B

B =1

where fp == V(r)™! {p f(x) dz. In the Euclidean context, Poincaré inequali-
ties for vector fields satisfying Hérmander conditions were obtained by Jeri-
son [J]. A proof of in the case of unimodular Lie groups can be found
in [SA], but the idea goes back to [VA]. A nice survey of this topic can be
found in [HK]. Notice that no global growth assumption on the volume of
balls is required for to hold.

The proof of ([1.4]) relies on the following inequality:

LEMMA 2.1. Assume that W is a Lyapunov function. For every function
f € HYG,dup) on G,

k
Y ) 102 dpne () < 3§ X (@) ()
G

G i=1

(2.2)
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Proof. Assume first that f is compactly supported on G. Using the def-
inition of Lj;s, one has

k
| LAV”VW (@) f(2)? dune(z) = > | X; <W> (z) - X;W (z) dppr ()
G

G =1

k
=23 | L@ xis @) - Xav (@) daas ()
] G

k f2
> | @)XW (@) dpa ()
i=1 G
k
= > VX @) dpaa ()
i=1G
k f 2
— Z S Xif WXiW (x) dpps ()
i=1G
k
< >V IXif (@) dpa (@)
i=1G

Notice that all the above integrals are finite because of the support condition
on f. Now, if f is as in Lemma [2.1] consider a nondecreasing sequence of
smooth compactly supported functions y,, satisfying

1genr) <Xn <1 and |[X;jx,|<1 foralll<i<k.

Applying (2.2) to fx, and letting n go to +oo yields the desired conclusion,
by use of the monotone convergence theorem on the left-hand side and the
dominated convergence theorem on the right-hand side. =

Let us now establish (1.4). Let g be a smooth function on G and let
f =g — con G where c is a constant to be chosen. By assumption (|1.3)),

23) | 7(@)? dua ()

< V@ P @ )+ | F@) o) duas ()
G B(e,R)

Lemma shows that (2.2) holds. Let us now turn to the second term on
the right-hand side of 1’ Fix ¢ such that SB(&R) f(z)dup(z) = 0. By
(2.1)) applied to f on B(e, R) and the fact that M is bounded from above
and below on B(e, R), one has

k
| f@)?dpa(z) <CR?Y . | 1Xif (@) dpns (@)
B(e,R) i=1 B(e,R)
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where the constant C' depends on R and M. Therefore, as W > 1 on G,

b
(24) | @) gy () dun () < CRZZ | 1Xif @) duns ()
B(G,R) i=1 B(e R)
where the constant C' depends on R, M, 6 and b. Gathering (2.3)), (2.2)) and
(2.4) yields

k
V(g(2) = ¢)® dpar () Z [ Xig(x)|? dpn (),

G

which easily implies . ) for the function
the constant C'). =

)

(and the same dependence for

Proof of Corollary According to Theorem it is enough to find a
Lyapunov function W. Define

W (z) = oY (v(z)—infg v)

(remember that M, and therefore v, are bounded) where v > 0 will be chosen
later. Since

k
—LuW(x (ZX2 — ) D 1 Xiv(@)? )W (@),
=1
W is a Lyapunov function for v := 1 — a because of the assumption on v.

Indeed, one can take = cy and b = maxp(e g){—LuW + 0W} (recall that
M is a C? function). m

Let us now prove Proposition . Observe first that, since v is C? on G
and ([1.6]) holds, there exists a € R such that, for all z € G,

k
z)? - Zva(x) >
i=1

Let f be as in the statement of Proposition and let g := fM'/2. Since,
forall 1 <1i <k,

(2.5)

1
X, f=M"12X;g - §gM_3/2XiM,

inequality @ yields two positive constants 3, such that

k
(26) > VIXif (@) () dpna (@)

i=1G

i 1
-3 (|Xlg I + JoleXio ) +ole) Xig(o) Xl ) d
G

i=1
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The conjunction of (1.4]), which holds because of (1.6]), and (2.6) yields the

desired conclusion. =

3. Proof of Theorem We divide the proof into several steps.

3.1. Rewriting the Poincaré inequalities. The first step in the proof
of [[4] consists in rewriting the “initial” Poincaré inequality in terms of oper-
ators. Let us first consider item (i). By the definition of L, inequality (/1.4 -
means, in terms of operators in L?(G,duyy), that, for some A > 0,

(3.1) Ly > M,

where [ is the identity operator. Using a functional calculus argument (see
[D], p. 110]), one deduces from (3.1)) that, for any a € (0, 2),
Lo > AT

which implies, thanks to the fact La/ 2 (L %4)2 and the symmetry of Lcltf
on L*(G,dpy), that

4 4

1) dyaaa (2) < C § LS F@)I? dpana(2) = CULST F (-

G G
As far as item (ii) is concerned, the conclusion of Proposition [I.3|means that
(3.2) Ly > M
for some A > 0, where p is the multiplication operator by 1 + Zle | X%
Arguing similarly, one deduces from ({3.2)) that, for any a € (0, 2),

Li]lw/Q > )\01/211/1104/27

which implies now that

i (1+Z|Xv )" diae )

4 4
< C VLS F @) dpna (2) = CILS FI32 -
G
Therefore, the conclusions of Theorem Will follow by estimating the quan-

a/4
tity HL fHL2 (G dpnr)
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3.2. Off-diagonal L? estimates for the resolvent of L;. The cru-
cial estimates to derive the desired inequality are some L? “off-diagonal”
estimates for the resolvent of Ly, in the spirit of [G]. This is the object of
the following lemma.

LEMMA 3.1. There exists C with the following property: for all closed
disjoint subsets E,F C G with d(E,F) =: d > 0, every function f €
L?(G, duyr) supported in E and all t > 0,

I+ 00 )+ 28T ) Tl
< 8efcd/\/%”f”L2(E,duM)'

Proof. We argue as in [AHLMT), Lemma 1.1]. From the fact that Ly, is
self-adjoint on L?(G, duys) we have

1
-1
H(LM - lu’) HL2(G,du]V[)—>L2(G,d/L1V[) < dlSt(,LL,E(LM))

where X'(Ljs) denotes the spectrum of Ly, and p & X' (Lys). Then we deduce
that (I +tLys)~! is bounded with norm less than 1 for all + > 0, and it is
clearly enough to consider the case 0 < v/t < d.

In the following computations, we will make explicit the dependence of
the measure dyuy; on M for clarity. Define u; = (I +tLy)~1f, so that, for
every function v € HY(G, duy),

k
33)  Nw(@w@E@)M@)de+tY | Xau(z) - Xiv(x) M (z) do
G

G i=1

.

= | f(@)v(z) M (2) da.
G
Fix now a nonnegative function n € D(G) vanishing on E (by D(G) we de-
note the space of C* functions on G with compact support). Since f is sup-
ported in E, applying with v = n%u; (remember that u; € HY (G, dpas))
yields

] =

| n(@)?fus(@)]* M (2 Jdz +1,
G
which implies

k
V n(@)? ()M () daw + ¢ S n(@)® Y | Xyu(2) M (2) da
=1

G

S Xiug(x «(n*u)M(x) dz = 0,
1G

-
Il

=-2t> | Xin(x) - Xyuy(x) M (z) dz
i=1 G

k k
S Jug ()Y | Xim () da + S ()2 [ Xiuy ()2 M () da,
i=1

i=1
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hence

(3.4) V(@) ()] M () d < tS Ju ()] Z | Xin ()" M (z) da.

G

Let ¢ be a nonnegative smooth functlon on G such that ( =0 on F, and let
A > 0 be so chosen that 7 := e*¢ —1 > 0 and 7 vanishes on E. Choosing
this particular n in (3.4)) with A > 0 gives

129 — 1P g () M (z) do
G

< A% S|ut |Z|XC )2 2@ M (z) da.

Taking A = 1/(2v2] S5, | Xi¢[? ||1/2) one obtains

1
|12 — 112 |uy () P M () do < 1 | [ue(z) e M () da
G G
Since the norm of (I +tLy;)~! is bounded by 1 uniformly in ¢ > 0, this gives

A A
1€ el L2(Gaunn) < 1€ = D) el r2(Gaunn) + 1l L2(G dpar)

IN

Loa
Sl “uell 2@ + 1122 dun);

therefore

[ 16X 2y (2)2M (2) da < 4 | |f ()M (2) da.

G G
We now choose ¢ such that { = 0 on F as before and additionally that { =1
on F. It can furthermore be chosen with max;—1, 1 || Xi(|lc < C/d, which
yields the desired conclusion for the L? norm of (I+tLy;)~! f with a factor 4
on the right-hand side. Since tLy/(I +tLy) " f = f — (I +tLy) 7L f, the

desired inequality with a factor 8 readily follows. m

3.3. Control of HLO‘/A‘fHLz (G.duy) @nd conclusion of the proof of
Theorem (1 This is now the heart of the proof to reach the conclusion
of Theorem [1.4] . The following first lemma is a standard quadratic estimate
on powers of subelliptic operators. It is based on spectral theory.

LEMMA 3.2. Let o € (0,2). There exists C > 0 such that, for all f €
D(LM)7
o

a/d . Py _
(3.5) HL]\/{ fH%Q(G,duM) <C S 12|t Ly (I + tLar) 1f|’%2(G7dMM) dt.
0

We now come to the desired estimate.
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LEMMA 3.3. Let a € (0,2). There exists C > 0 such that, for all
feD(G),

o

Ve P L (T + L) ™ Fl T2y B

0
ORIy

SC SS -1 —1,|a
D Ve

Proof. Fixt € (0,+00). Following Lemma [3.2] we give an upper bound of
[ Lar(T + tLar) ™ FI 72 ()

involving first order differences for f. Using (1.1]), one can pick a countable
family :U;, j € N, such that the balls B (.I‘;, V1) are pairwise disjoint and

(3.6) G = | B(h,2v1).

JEN
By Lemma in Appendix A, there exists a constant C > 0 such that
for all # > 1 and all x € G, there are at most C9?" indices j such that

|x*1:c§-\ < 04/t where & is given by |D

For fixed j, one has
tLayg(I 4+ tLy) tf = tLas(I +tLy) tg?t
where, for all z € G,

() dx dy.

9! (z) = F(z) ~ m*
and m?! is defined by

. 1
mit = | )y
V(Z\/i) B(m§,2\/7?)

Note that, here, the mean value of f is computed with respect to the Haar
measure on G. Since (3.6) holds, one clearly has

[ELar(T+tLa) ™ 32 apnn) < D ||tLM(I+tLM)*1f||§2(B(z§_M)

je

_ 1 jity2

— ZN HtLM(I—l—tLM) g] L2(B(x§.,2\/2),d/iM)7
je

and we are left with the task of estimating

—1 §t)2
HtLM<I+tLM) g] HLQ(B(:B§,2\/Z),d,uM)'

For that purpose, set
C3' = Blaj,4vt) and O} = B(ag, 2"V \ B}, 20 VE), - vk > 1,

and gi}t — gj,t 10{;“ k > 0. Since gj,t = ZIQO gi’t one has
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—1_jt
(3.7)  tLp (I +tLa) g’ ”L?(B(x;.,m/Z),dyM)
< Z [#Lar (1 +tLar)™ ' ]’ HL2 (z£,2v/t),dpnr)
k>0
and, using Lemma one obtains (for some constants C,c > 0)

(88)  ItLa (I +tLar) " 0|l 2B (at 2v8) dyuns)
jt —e2k ) gt
= C(Hgé l2(cgt apany + 226~ llgh ngﬁdm)‘
k>1

By Cauchy-Schwarz’s inequality, we deduce (for another constant C’ > 0)

—1_jt)2
(3.9 [tLm(I +tLa)™ ¢ ”L2(B(x§.,2\/2) duar)

< O (191 ety + 20 N 5 )
k>1

As a consequence, we have

(310) [ (T + tLan) T 1 Gy

0 0o
! —1-a/2 j b )
=C S ¢ Z 9o L2(CP* dpnr) di
0 >0
00
_ _ ok
+C/ S t 1= a/QZe <2 Zugk7 LQ(C]td,uM) dt.
0 >1 >0

The proof of the following lemma is postponed to Appendix B:
LEMMA 3.4. There exists C > 0 such that, for allt > 0 and all j € N:
(A) For the ﬁrst term:

Lz(cjt )
C
< | | 15@) — f@)P dune(a) dy.

V(Vt) v Bt V) ye Bt V)

(B) Forall k>1,

19 2 e
C _ 2
SRR | 1F@) = F@)P duas () dy.

w€B(w} 2642 V) ye B(a} 2642 V)

We now finish the proof of the theorem. Using Lemma (A), summing
up on j > 0 and integrating over (0,00), we get



Nonlocal Poincaré inequalities 117

—1-a/2 _ —1-a/2
S t / ZHQ Lz(cjtdlu\f dt = S t / L2(C”dluv)dt
Jj=0 j=00
B * p—1-a/2 )
SO (1 1 1@ IR du(e) dy) d
7>0 0 V(\/i) B(xt t
> (zt,4Vt) B(a},4v/%)
<cy | 1@ - fwPM@)
J>0 (z,9)eEGXG
tflfa/Q
X ————dt | dz dy.
< S V(Vt) )

tzmax{|w—1x§|2/16; \y_1$§‘2/16}

The Fubini theorem now shows

t—l—Oé/Q
2 | v @
Jj=0 thax{\x—lxé-P/lG;|y—1x§|2/16} V( t)
Ogotflfa/Q E
= 5 L max{|e—1at|? 16; |y—1z%|2/16},+00 (t) dt.
; V(ﬁ) = (max{] L12/16; [y~ 12} |2 /16},+00)

Observe that, by Lemma [6.1] there is a constant N € N such that, for
all t > 0, there are at most N indices j such that |z~ 'z t|2 < 16t and

|y‘1x§-|2 < 16t, and for those j, one has |z~ 1y| < 8y/t. Therefore
> Lmax{le=1at[2/16; [y=22 2/16},+00) () < N L(jz=1y)2 /64, 400) (t);
Jj=0

so that, by (1.1] m,

1—a/2
(3.11) St /ZHg 1720 dpuns)

3 o0 —1-a/2
VT e - sl (| S

dt) dx dy
GxG lz~1y|?/64

_ 2
<CON “ V‘({iﬂi)l D{x(%)l o m () dy.
GxG Yy Y
Using Lemma [3.4(B), we obtain, for all j > 0 and all k > 1,
S ey g de
7>0

t_l /2 )

<02 ( ) (@)= F) M () dwdy) de

j=0 0 ) B(ah,282/t) x B(a},2k2/1)
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Z I\ /@) = Fy)PPM ()

z,yeG

t_l a/2
x < § V) et ke a2 a2 o) (1) dt) du dy.

But, given ¢t > 0, z,y € G, by Lemma again, there exist at most C 22k
indices j such that

‘:L‘_ll';-‘ S2k+2\/g and ‘y 1xt‘ <2k+2\[

and for those j, |z~ 1y| < 2¥3\/t. As a consequence of these observations

and ,
OSO t—l—a/2 Z
(3.12) _— L naxdlz—1at 12 /4542 |p— 10t 12 /4542 400 (t) dt
) V(Vi) =~ (max{] 2 4k 2|2 /4%+2},+00)
" —1-a/2
S 022’61% S t dt
t>|z=1y|? /4k+3 V(Vi)
_ 523@{ S t—1- a/2 ~, 9k(3r+a)
- (2’“\/) V(lz=ty[) ety

t2|x_1y|2/4k+3

for some other constant C’ > 0, and therefore

\ Yo

0

t_l a/
leg LQC“d,u )dt

~ _ 2
< O gkEnte) || V|f($)1 f(%)1| M (x) de dy.
D V(i TyiaTy)
We can now conclude the proof of Lemma using Lemma (13.8),
(3.11) and (3.12)). We have proved, by reconsidering (3.10)),

o0

(313) {2 Lag (1 + L)) T |32y
0

_ 7 — 2
<OON | g @

- _ 2
+ Z C'C O 2kBrta) o —c2t SS V‘(J’Cia_?)l f(?j)ll M (z) dx dy
= G yl)lz=1yl
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and we deduce that

S tiliaﬂHtLM(I + tLM)ilfH%Q(G,dMM) dt
0
1f(z) = f(y)]?
<C SS -1 “iyja A (@) dy
A V(T

for some constant C as claimed in the statement. m

REMARK 3.5. In the Euclidean context, Strichartz [STR] proved that,
when 0 < a < 2, for all p € (1, +00),

(3.14) 1(=2)*"* 1l o) < Capll S fll o @ny
where . Y
suf(@) = (1 (1154 = f@lan) 5 )
0 B

and also [STE]
(3.15) 1(=2)*"* £ o(gn) < Capll Daf |l Lo(rn)

where

T — f(2)]? 1/2
fio ) Sl )

|y|te

Dof(x) = ( |

Rn

In [CRT], these inequalities were extended to the setting of a unimodular
Lie group endowed with a sublaplacian A, relying on semigroup techniques
and Littlewood—Paley—Stein functionals. In particular, in [CRT], the authors
use pointwise estimates of the kernel of the semigroup generated by A. In
the present paper, we deal with the operator Ljs for which these pointwise
estimates are not available, but it turns out that L? off-diagonal estimates
are enough for our purpose. Note that we do not obtain LP inequalities here.

4. The case of Riemannian manifolds. Let M be a Riemannian
manifold, denote by n its dimension, by dyu its Riemannian measure and by
A the Laplace—Beltrami operator. For all z € M and all r > 0, let B(x, ) be
the open geodesic ball centered at x with radius r, and V' (z,r) its measure.

In order to apply our method, we will need to be able to control from
below the volume of any geodesic ball B(x,r) by a quantity of the type rP.
The goal of the next paragraph is to give sufficient assumptions on M such
that this control occurs.

The first one is a Faber—-Krahn inequality on M. For any bounded open
subset 2 C M, denote by AP(£2) the principal eigenvalue of —A on 2
under the Dirichlet boundary condition. If p > n, consider the following
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Faber—Krahn inequality: there exists C' > 0 such that
(4.1) AP(2) > ou(2)¥P  for all bounded subsets 2 C M.

Let A, > 0 be the greatest constant C' for which is satisfied. In other
words,
D

p = inf 7/\1 (£2) ,

p($2)2/v
where the infimum is taken over all bounded subsets 2 C M. The Faber—
Krahn inequality is satisfied in particular when an isoperimetric in-
equality holds on M, namely there exist C > 0 and p > n such that, for any
bounded smooth subset {2 C M,

(42) 0(002) = Cu(@)' 77,

where 0 (942) denotes the surface measure of 9f2. If M has nonnegative Ricci
curvature, then with p = n and with p = n are equivalent. More
generally, if M has Ricci curvature bounded from below by a constant, then
with p > 2n implies (4.2)) with p/2 in place of p (JCA1l, Proposition 3.1|,
see also [CO| where the injectivity radius of M is furthermore assumed to
be bounded). Note that there exists a Riemannian manifold satisfying
for some p > n but for which does not hold for any p > n (JCAL
Proposition 3.4]).

It is a well-known fact that implies a lower bound for the volume of
geodesic balls in M. Namely (JCAIL Proposition 2.4]), if holds, then,
for all x € M and all » > 0,

A \P/2
(4.3) V(z,r) > <2pj—)2> rP.

We will also need another assumption on the volume growth of balls
in M, already encountered in the present work in the case of Lie groups.
Say that M has the doubling property if there exists C' > 0 such that, for all
x € M and all r > 0,

(D) V(z,2r) < CV(z,r).

There is a wide class of manifolds on which @ holds. First, as already
said in the introduction (see ), it is true on Lie groups with polynomial
volume growth (in particular on nilpotent Lie groups). Next, @ is true if M
has nonnegative Ricci curvature thanks to the Bishop comparison theorem
(see [BC]). Recall also that (D)) remains valid if M is quasi-isometric to
a manifold with nonnegative Ricci curvature, or is a cocompact covering
manifold whose deck transformation group has polynomial growth, [CSC].
Unlike the doubling property, the nonnegativity of the Ricci curvature is not
stable under quasi-isometry.

A
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The last assumption we need on M is a local L? Poincaré inequality on
balls for the Riemannian measure. Namely, if R > 0, say that M satisfies
(Pg) if there exists Cg > 0 such that, for all z € M, all r € (0, R) and every
function f € C*(B(z,r)),

(Pr) J @) = foen P du(z) < Crr® | V(@) du(o).
B(z,r) B(z,r)

Note that shows that, on a unimodular Lie group G equipped with
vector fields as in the introduction, such a Poincaré inequality always holds.
Recall that always holds for all R > 0 for instance when M has non-
negative Ricci curvature (|B]).

Under these assumptions, the proof developed above in the context of
groups can be adopted verbatim to give the following result.

MAIN THEOREM 4.1. Let M be a complete noncompact Riemannian
manifold. Assume that (4.1) holds, M has the doubling property and (Pg)
holds for some R > 0. Let v be a C? function on M and M = ™.

(i) Assume that there exists xo € M and constants a € (0,1) and ¢ >0
such that, for all x € G with d(xz,xq) > R,

(4.4) a|Vo(z)|? — Av(z) > c.

Then there exists C > 0 such that, for every f € H'(M, Mdu) with
Spq f(@)M(z) dp =0, and for all o € (0,2),

)~ f@)P

45 | f@)’M@)du(@)<C || i g (z) du(z) dp(y).

M MM

(ii) Assume there exist xo € M and constants ¢ > 0 and € € (0,1) such
that, for all x € M,

1—

2

Then there exists C > 0 such that, for every f € HY(M, Mdu) with
S f(@)M(z) dp =0, and for all o € (0,2),

(4.6) €|VU(1‘)|2 — Av(z) > ¢ whenever d(z,xy) > R.

@0 f@PQ+ Vo) M () du(z)
M

— f(x)|?
<o §) LRS00 M @) dute) duty).

5. Hardy inequalities. One can also use the previous method to obtain
a nonlocal version of Hardy inequalities. The simplest Hardy inequality on R"
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asserts that, if n > 3,

u(x)Q < 2 n
(5.1) | u]? dv S | |Vu(@)]? de = |lu] g1 (gny, V€ D(R™).
R™ Rn

A nonlocal version of (5.1)) can be given, where the H' norm on the right
hand side is replaced by an H® norm for 0 < s < n/2 (see [BCG]):

U.’IZ’2
(5.2) U e <
Rn

S (Rn)’ Yu € D(R™).
When 0 < s < 1, it is well-known (see for instance [A]) that HuHHS(Rn) can be

represented by means of an integral quantity involving first order differences
of u, and (5.2]) can therefore be rewritten as

u(@)? u(z) — u(y)P
5.3 dr < ———=—dxdy.
o B

These Hardy inequalities (i.e. the local and the nonlocal version) were trans-
posed to the framework of the Heisenberg group in [BCGl [BCX]. More pre-
cisely, in the Heisenberg group H? (d > 1), the following Hardy inequality
was established in [BCX]:

2
(5.4) | A 0 < |Vl vu e DO,
Ja PE)

where p(x) denotes the distance of x to the origin and Vi stands for the
gradient associated to the vector fields Z1, ..., Zogq (see [BCX]| and the no-
tations therein). The nonlocal version of (5.4)), which was proven in [BCG]
(where it was derived from precise inequalities involving Besov norms) says
that, for 0 < s <d+1,

u(z)? 2 d
(5.5) | oo do S lull%.,  Yue DHY).
S0 P(@)
When 0 < s < 1, an integral representation for the fractional Sobolev homo-
geneous norm was proven in [CRT]| (note that an analogous representation
holds in any connected Lie group with polynomial volume growth, and even

in any unimodular Lie group if one works with the inhomogeneous version
of this norm), so that (5.5)) can be rewritten as

u(z)? |u(z) — u(y)[?
(5.6) sdr S — - dz dy.
7§d ()2 HdeSHd p(y— L) 2d+2+2

Hardy inequalities in local versions on more general Lie groups, namely
Carnot groups, were obtained in [KQO]. The Lie group G is called a Carnot
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group if G is simply connected and the Lie algebra of G admits a stratifica-
tion, i.e. there exist linear subspaces Vi, ..., Vi of G such that

G=Vi®---aV, with [Vi,Vi]=Vin

fori=1,...,k—1and [V1, V] = 0. By [V4, V;] we mean the subspace of G
generated by the elements [X,Y] where X € V] and Y € V;. Recall that the
class of Carnot groups is a strict subclass of nilpotent groups. Moreover, if
G is a Carnot group, there exists n € N, called the homogeneous dimension
of GG, such that, for all r > 0,

(5.7) Vir)~r"

(see [FS]). The Heisenberg group H% is a Carnot group with n = 2d + 2.
Let G be a Carnot group, denote by § the Dirac distribution supported
at the origin and let u be a solution of

—Agu = 0.

Define N(z) = u(z)"/?=™ for 2 # 0 and N(0) = 0. The function N is a
homogeneous norm on N by [FO|. Kombe [KO]| proved the following Hardy
inequality on G: for a > 2 —n, there exists C' > 0 such that, for all functions

u e D(G\{0}),

n+a—2\° o |[VaN (z)]? N
(5.8) <2> éu(w) WN(Q?) dx
< C | |Vou(a)*N (2)* da.
G
Using the same method as before, we obtain the following nonlocal version

of :

MAIN THEOREM 5.1. Let G be a Carnot group with homogeneneous di-
mension n > 3. Then for all a > 2 —n and all s € (0,2),

o (IVeN@I
59 () Ve

2
s ) ’u?x)l rfﬁ” N(z)*dzdy, Yue DG\ {0}).
GxG y
As far as Riemannian manifolds are concerned, a general principle was
developed in [CA2| to derive Hardy inequalities. Let us recall here an ex-
ample of such an inequality. Let M be a complete noncompact Riemannian
manifold as in Section {4} Below, we use the same notation, as well as d for
exterior differentiation. Assume that p : M — [0, +00) satisfies

(5.10) ldp] <1  on M,



124 E. Russ and Y. Sire

and
(5.11) Ap > C/p in the distribution sense,
where C' > 0. Then, for all @ > 1 — C, and all u € D(M \ p~1(0)),

C+a—1)\2 w2 9
512 () (%) @t ds < § duto)Pota)”
M P M
Moreover, if the codimension of p~1(0) is greater than 2 — a, holds
for every function u € D(M) (see [CA2, Théoréme 1.4 and Remarque 1.5],
see also [KOZ]).

REMARK 5.2. Observe that, in the Euclidean context, (5.8)) and ((5.12)
amount to the same inequality. Indeed, on the one hand, when G = R", one
has N(x) = |z|, and (5.8) exactly means that

n+ao—2\2
<2> | w(@)?el*?de < | V() *[|* do
Rn R"
as soon as & > 2 —n. On the other hand, when M = R", assumption ([5.10))
is satisfied with p(x) = |z| and C' =n — 1, so that (5.12)) means that
(n +a—2

2
5 > | w(@)?e*?de < | V() *[x|* do

R Rn
whenever o > 2 — n.

Always using the same method, we obtain:

MAIN THEOREM b5.3. Let M be a complete noncompact Riemannian
manifold. Assume that (4.1) holds and M has the doubling property. Assume
also that C > 0 and p : M — [0, +00) are such that (5.10) and (5.11)) hold.

Then, if a > 1—C and p~*(0) has codimension greater than 2 — «, one has,
for all s € (0,2),

(5.13) S u(x)zp(as)o‘_s dx
" u(y) — u(z)?
u(y) — u(x N .
S SS W[)(:ﬂ) dedy, Yue DM\ p (0)).
MxM
6. Appendix A: Technical lemma. We prove the following lemma.

LEMMA 6.1. Let G and the x§ be as in the proof of Lemma . Then

there exists a constant C > 0 with the following property: for all > 1 and
all x € G, there are at most CO** indices j such that ]x*1x§] < OVt

Proof. The argument is very simple (see [KAl) and we give it for the sake
of completeness. Let x € G and denote

I(x):={j e N: |a:_1m§-| < 6V/t}.
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Since, for all j € I(x),
B(xz,\/i) C B($,<1+9)\/i), B(ac,\/i) CB(xE-,(l—FH)\/Z)’
by and since the balls B(a}t. \/{5) are pairwise disjoint one has
|1 (z) ZVJ,1+0\/)<O1+9 va

JjEl(z Jjel(x
< C(1+0)V(z,(1+0)Vi) <O+ 0)2”1/(:0, V),
and we obtain the desired conclusion. =

7. Appendix B: Estimates for g;f.. We prove Lemma For all
r €@,

@) = f@) - | fw)dy

Vevi) B(«},2v/1)
1
=oom ) (@)= fw)dy.
VeV B(z%,2v/1)
By the Cauchy—Schwarz inequality and , it follows that
; C
gy (z)]” < z) — f(y)|* dy.
9" () < 0 f(z) = fy)Pd
B(x},4V/)
Therefore,
c 2
198117 s ary < v ) Vo 1F@) = f@)P dpar (o) dy,

B(z},4vt) B(xh,4V1)
which shows assertion (A). We argue similarly for (B) and obtain

1912 g ar
C
v ] [ 17@) — F)P dpuas ) dy,
x€B(xt,2k+2/1) ye B(ah 2+2V/1)
which ends the proof.
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