STUDIA MATHEMATICA 203 (2) (2011)

On operators Cauchy dual to 2-hyperexpansive operators:
the unbounded case

by

SAMEER CHAVAN (Kanpur)

Abstract. The Cauchy dual operator T”, given by T(T*T)~!, provides a bounded
unitary invariant for a closed left-invertible T'. Hence, in some special cases, problems in
the theory of unbounded Hilbert space operators can be related to similar problems in the
theory of bounded Hilbert space operators. In particular, for a closed expansive T with
finite-dimensional cokernel, it is shown that T" admits the Cowen—Douglas decomposition
if and only if 7" admits the Wold-type decomposition (see Definitions 1.1 and 1.2 below).
This connection, which is new even in the bounded case, enables us to establish some
interesting properties of unbounded 2-hyperexpansions and their Cauchy dual operators
such as the completeness of eigenvectors, the hypercyclicity of scalar multiples, and the
wandering subspace property.

In particular, certain cyclic 2-hyperexpansions can be modelled as the forward shift .7
in a reproducing kernel Hilbert space of analytic functions, where the complex polynomials
form a core for .%. However, unlike unbounded subnormals, (T*7T) " is never compact
for unbounded 2-hyperexpansive T'. It turns out that the spectral theory of unbounded
2-hyperexpansions is not as satisfactory as that of unbounded subnormal operators.
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1. Preliminaries. For a subset A of the complex plane C, let A denote
the closure of A in C. We use R to denote the real line, and Rz and Sz for the
real and imaginary parts of a complex number z. Unless stated otherwise,
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all the Hilbert spaces occurring below are complex, infinite-dimensional, and
separable.

Let H be a complex, infinite-dimensional, separable Hilbert space with
the inner product (-, )y and the corresponding norm || - ||3. Whenever there
is no ambiguity, we suppress the subscript and simply write (z,y) and ||z||.
By lin{w : w € W} (resp. V{w : w € W}) we denote the smallest linear
subspace (resp. smallest closed linear subspace) generated by the subset W
of H. If S is a densely defined linear operator in H with domain D(S), then
we use 0(S), 0p(5), gap(S) to respectively denote the spectrum, the point
spectrum and the approximate point spectrum of S. Recall that o,(.5) is the
set of eigenvalues of S, 04, (S) is the set of those A in C for which S — X is
not bounded below, and ¢(5) is the complement of the set of those A in C
for which (T'— X\) ! exists as a bounded linear operator on H.

Let T be a densely defined linear operator in H with domain D(T"). We
will use Doo(T') to denote the space (), D(T") of C*° vectors of T'. The
symbols null(7") and ran(7") will stand for the null-space and the range-space
of T respectively. The closure (resp. adjoint) of T is denoted by T (resp.
T*). A subspace D of H is said to be a core of a closable linear operator 1" if
D CD(T), D =H, and T|p = T. Observe that if D1, Dy are two subspaces
of ‘H such that D; C D, then D, is a core of a closable linear operator 7" if so
is D;. If S is a linear operator in H then we say that T' extends S (denoted
by S CT) if

D(S)CcD(T) and Sh=Th forevery h € D(S).

A closed linear subspace M of H contained in D(T") is said to be invariant for
T it TM C M. A closed linear subspace M of H contained in D(T')ND(T™*)
is reducing for T if TM C M and T*M C M. We say that T in H is
completely non-normal (resp. completely non-unitary) if H has no non-trivial
subspace M C D(T) N D(T*) that is reducing for T" and such that 7|5 is
normal (resp. unitary).

Let T be a densely defined, closed linear operator in H with domain
D(T).

DEFINITION 1.1. We say that T admits the Cowen—Douglas decomposi-
tion if there exists a closed subspace H, C D(T) N D(T™*) reducing for T
such that

T'=U®A inH=H,dH, withD(T)=H,®DA),

where U is unitary on H,, A is a densely defined, closed, completely non-
unitary operator in H,, and H, = \/NGDTnuH(A* — p) for any positive r.

If T is a left-invertible closed operator that admits the Cowen—Douglas
decomposition U & A as in Definition 1.1, then by standard spectral theory
[14] there exists a real 7o > 0 such that A* belongs to the Cowen-Douglas
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class B, (Dy,), where m = dimnull(4*) and D,, = {z € C : |z| < ro}. This
is why we refer to the decomposition of Definition 1.1 as the Cowen—Douglas
decomposition. The classes B,,,(£2) of bounded operators were introduced
and studied by Cowen—Douglas in [9]. For unbounded operators, one may
define B,,(2) in a similar fashion.

DEFINITION 1.2. We say that T admits the Wold-type decomposition if
there exists a closed subspace H,, C D(T') N D(T*) reducing for T such that

T=U®A inH=H,dH, withD(T)=H, > D(A),

where U is unitary on H,, A is a densely defined, closed, completely non-
unitary operator in H,, and Hy = V/,,50A™ (Doo(A4) N null(A7)).

In Definitions 1.1 and 1.2 the orthogonal direct sum H, @& D(A) is the
linear subspace

{rdyeH, @ He:x € Hy, y € D(A)}

of Hy @ Hg. In the context of bounded operators, Definition 1.2 of Wold-
type decomposition is less stringent than that given in [I5]. The subspace
H,, in the Wold-type decomposition of Definition 1.1 of [I5] is required to
be (,,~; T"D(T™).

In [6], we introduced and studied the so-called operators close to isome-
tries. (Bounded 2-hyperexpansions are special operators close to isometries.)
In particular, we obtained Cowen—Douglas and Wold-type decompositions
of operators close to isometries by entirely different methods (see Theorems
3.2 and 4.3 of [6]). However, it turns out that the above decompositions are
related to each other in the following sense:

Let T denote a densely defined, closed linear operator in H that is
bounded below and let 7" denote the Cauchy dual operator T(T*T)~! (see
Definition 2.1). Suppose further that T is ezpansive, that is,

|Tz|| > ||z|| for every z € D(T),

and that the null-space of T™ is finite-dimensional. Then T admits the
Cowen-Douglas decomposition if and only if 7" admits the Wold-type decom-
position. Moreover, under some additional hypotheses including the absolute
convergence of certain Hilbert space-valued series, T admits the Cowen—
Douglas decomposition if 7" admits the Wold-type decomposition. For a par-
tial converse to the last assertion, the reader is referred to the discussion
following Proposition 3.2.

In general, the Cauchy dual operator 7" provides a bounded unitary in-
variant for unbounded left-invertible T'. Hence, in some special cases, prob-
lems in the theory of unbounded Hilbert space operators can be related to
similar problems in the theory of bounded Hilbert space operators. As we
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will see, if T' is expansive then T’ turns out to be a contraction, that is,
|T' x| < ||z|| for every z € H

(Lemma 2.3), and if T is 2-hyperexpansive with invariant domain then 7" is
hyponormal, that is,

|T™z|| < ||T'x|| for every z € H

(Theorem 4.3). Recall that a densely defined linear operator 7" in H with
domain D(T) is said to be 2-hyperexpansive if T is expansive and

|z||* = 2||Tz|* + |[T?z||*> <0 for every = € D(T?).

For the basic properties of bounded (resp. unbounded) hyperexpansions, the
reader is referred to [16] (resp. [12]). We refer the reader to [8] for basic facts
pertaining to bounded hyponormals.

In the present paper, we study the operators Cauchy dual to unbounded
hyperexpansive operators and use their properties to derive some interest-
ing results about unbounded hyperexpansive operators. However, there are
some difficulties. Unlike the case of bounded left-invertible operators, the
operator Cauchy dual to an unbounded left-invertible operator need not be
left-invertible. Indeed, T” is left-invertible if and only if T is bounded on
its domain (Lemma 2.3(3)). Next, even if one defines the second Cauchy
dual operator T” in a reasonable manner, the equality (77) = T is not
guaranteed (Remark 2.6(2)). Note that the crucial step in the analysis of
[5] was the usage of Bunce’s C*-algebraic techniques to determine the ap-
proximate point spectra of Cauchy dual operators ([§]). In the case of un-
bounded 2-hyperexpansions, such techniques are unavailable. Moreover, the
unbounded setup brings new problems. Looking at the theory of differential
operators or of unbounded subnormals, one may ask for which unbounded
2-hyperexpansive T, the operator (T*T)~! is compact. Unfortunately, the
answer is “for none” (Corollary 4.4). This is one of the reasons the spectral
theory for unbounded 2-hyperexpansions is not so rich.

Let us mention two old problems in the theory of unbounded operators
which arise very naturally in the course of our investigations. The first is to
decide, for closed operators S and T', when the inclusion S C T is trivial,
that is, S = T. This problem has a very simple solution in terms of the
Cauchy dual operators: If S’ = T” then the inclusion S C T is always trivial.
Another delicate issue is the density of the domain of the self-commutators
of 2-hyperexpansions. The author does not know whether or not the self-
commutator of a 2-hyperexpansion has dense domain (see Proposition 4.6
for a partial result).

One of the main results in [5] shows that the operator T = T/(T*T)~*
Cauchy dual to a bounded 2-hyperexpansive T' is a hyponormal contrac-
tion. Indeed, C' = TT’ is a contraction similar to an isometry such that
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T"™ = C*T". Since the second Cauchy dual operator (7”)" coincides with T,
one can derive a lot of interesting results for 2-hyperexpansive operators from
those which are known for hyponormal operators. In particular, one can en-
sure a rich supply of non-zero *-homomorphisms on the non-commutative
C*-algebra generated by a completely non-normal 2-hyperexpansion and a
realization of an analytic finitely multicyclic 2-hyperexpansion as a com-
pact perturbation of a unilateral shift. The present paper is a sequel to [5]
and [6], and continues the study of hyperexpansive operators in almost the
same spirit.

The paper is organized as follows. In the second section, the notion of
the operator Cauchy dual to a bounded left-invertible linear operator, as
introduced in [I5], is generalized to that of the operator Cauchy dual to a
closed left-invertible linear operator. We establish the basic theory of the
Cauchy dual operator in the unbounded setup. In Section 2.1, we obtain
unbounded counterparts of some results related to the wandering subspace
problem—following [15]. The key result of Section 2.2 (Lemma 2.15) con-
nects the wandering subspace property and the completeness of eigenvec-
tors via the Cauchy dual operator. As an application, we exhibit a class
of unbounded hypercyclic operators. We also show that certain analytic
left-invertible operators and their Cauchy dual operators can be simultane-
ously modelled as forward shift operators and adjoint backward shift op-
erators in reproducing kernel Hilbert spaces. Almost all main results of
Sections 3 and 4 rely heavily on the properties of Cauchy dual operators
deduced in Section 2. In Section 3, we discuss decompositions of certain un-
bounded left-invertible operators and specialize them to 2-hyperexpansions.
The main result of this section is the Cowen—Douglas Decomposition The-
orem for certain unbounded 2-hyperexpansions. As a corollary, we obtain
a hyperexpansivity analog of Proposition 11 of [I8]. This result is remark-
able, for, unlike unbounded subnormals, unbounded 2-hyperexpansions do
not admit functional models. In the fourth section, we establish an un-
bounded counterpart of Theorem 2.9 of [5] and discuss its consequences.
We conclude the paper with examples of unbounded 2-hyperexpansive com-
position operators on discrete measure spaces illustrating the subject of the
paper.

This paper may be regarded as an attempt to develop the theory of
unbounded 2-hyperexpansions parallel to that of unbounded subnormals.

2. The Cauchy dual operators: basic theory. Let S be a densely
defined, closable operator in H that is left-invertible, that is, there exists
some real ¢ > 0 such that ||Sz||% > c||x||3 for all z in D(S). Note that S
also satisfies ||Sxz||z > c|lz|n (z € D(S)) and that I' = D(S) is a Hilbert
space with the norm ||z|p = ||Sz|ly (z € I'). Further, A = §°S is an
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invertible self-adjoint operator, D(AY/?) = D(S), and
(21) <§CL‘,§$>’)—[ = <A1/2.CC, A1/2J/‘>H (CC € D(g)))

where A/2 is the unique positive square-root of A (|I3, Theorem 2.8.12|).
Furthermore, it follows from Theorem 2.8.2 in [I3] that D(A) is dense in I’
in the || - || norm. Throughout this paper, we will frequently use all these
basic facts without mention.

DEFINITION 2.1. Let T' be a densely defined, closable linear operator in
H that is bounded below. Then the operator 7" given by TA™! is said to be
the operator Cauchy dual to T, where A = T'T.

REMARK 2.2. The following remarks are worth noting:

(1) Since ran(A™!) = D(A) c D(T), T is a well-defined linear op-
erator on H. Moreover, T" admits a densely defined, closed, linear
left-inverse. Indeed, ran(7") C D(T*) and T*T" = I.

(2) Let S, T be densely defined, left-invertible, closed linear operators
in H. If there exists a unitary U on H such that UT = SU then
UT' = S'U. In other words, the Cauchy dual operator 7" is a unitary
invariant for 1. To see this, note that

UT'=SU = T'U*DU*S" = T"T DU*S*SU
(4], Section 7.7]). Since both T*T and U*S*SU are self-adjoint oper-

ators, we must have T*T = U*S*SU (|13, Theorem 2.6.2 and Lemma
1.6.14]). It follows that (T*T)~! = U*(S*S)~U and hence

UT' =UT(T*T)" ' = §(S*S)"'U = S'U.
For a partial converse of this, see Lemma 2.3(4) below.

The following lemma records some basic properties pertaining to the
Cauchy dual operator and its adjoint (cf. [I5, Lemma 2.1|). Parts (4) and
(5) below are of interest only in the unbounded setup.

LEMMA 2.3. Let T' be a densely defined, closable linear operator in 'H
such that |Txz| > al||z|| (x € D(T)) for some positive real a. If A =T T
and if T" is the operator Cauchy dual to T then:

(1) T’ is a bounded linear operator with |T'|| < a™!.

(2) A is invertible with A1 = T"™*T".

(3) T is injective. If, in addition, T is unbounded then T" is not bounded
below.

(4) Suppose there exists some densely defined linear operator S in H such
that S C T. If ' =T' then S =T.

(5) A=Y is compact if and only if T is compact.
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(6) Let n denote a positive integer. Suppose that T is closed such that
D(T") is dense in H and that D(T*") is a core of (T™)*. Then
(T™)* =T*" and
null(T*7) = \/{T’kx cx €null(T%), k=0,...,n—1}.
If one defines a densely defined linear operator L by
Lx=T"z (z € D(TY)),

is a closable bounded linear operator with L = T'*.
Tx =z for any v € D(T).
null(L) = null(L) = null(T*).
For any positive integer n, one has
lin{T%z : z € D(T™ ) Nnull(T*), k =0,...,n — 1} C null(L").

In particular, the operator Cauchy dual to a closable expansion is a bounded
linear injective contraction defined everywhere.

Proof. (1): Note that for any = € H,
T z||?=||TA 2 |>=(TA o, TA \a)=(AV2 A e, AV2 A7 2) = || A~V 202
in view of (2.1). Thus
(2.2) I1T'z|| = |A7 2] (2 € H).
Hence T" is a bounded linear operator with ||T7|| = ||A~'/2||. To conclude

the proof of (1), we show that ||[A~1/2|| < a~!. Note that ||Tz|| > a|z| (z €
D(T)). Hence, for any x € D(T),

(A2, AV2) = (Ta, Ta) > alfe]

(see (2.1)). Now it is clear that ||[A~1/2|| < a~!

(2): Since 7" = TA™!, one has T = (TA™!)* D A7'T* (J14, Section
7.7)). Tt follows that T*T'" O A™1T*TA~1 = A1, Since both T"*T" and A1
are bounded linear operators defined on H, we must have T7*T" = A~!.

(3): It is clear from (2.2) that 7" is injective. Suppose 7" is bounded
below. Tt follows from (2.2) that A='/2 is bounded below. Consequently, A
is bounded on its domain, and therefore T' is not unbounded.

(4): The argument is similar to that in the proof of |2, Theorem 1|. Since
S C T, Sis closable and S C T. It suffices to check that D(S) = D(T). Apply
T* on both sides of S = T” to obtain T*?(S*?)—l = I (Remark 2.2(1)).
Since T extends S, we get T*T(S*S)~! = I. Tt follows that S*S C T*T
Since $*S and T*T are self-adjoint, we must have §*S = T*T. Hence

D(5) = D((5*5)"/?) = D(T*T)"*) = D(T)
(see the discussion preceding (2.1)).

(7) L
®) L
(9)
10)

(
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(5): If T" is compact then the compactness of A~! follows from (2) above.
To see the other implication, suppose A~! is compact and let {zn}n>1 be
a bounded sequence in H. Since A~! is compact, {Ailxn}nzl admits a
convergent subsequence, say {A~!y,},>1. Hence, in view of A=l = T"*T"
(Lemma 2.3(2)),

||T,yn - T,ym”2 = <T/(yn - ym)vT/(yn —Ym)) = (T/*T/(yn ~ Ym)s Yn — Ym)
< ,*T,(yn Ym) | 1y — ymll
< HA Yn — A ym” Yn — Yml|
for all integers n,m > 1. Since {A7'y,},>1 is Cauchy and {y,}n>1 is
bounded, {T"y,}n>1 is Cauchy. This completes the verification of (5).

(6): Since T is a closed left-invertible operator with D(T") = H, T"
is a densely defined closed operator. In particular, (7™)* is a well-defined
densely defined closed linear operator. Since D(T*") = H, T*" is a densely
defined linear operator in H. Also, since (T7)* D T*" [14], T*" is closable
with (T™)* D T*". The first part in (6) is now immediate from

Since T*T"x = x for any x € H, one has
null(7*") O lin{T"*z : € null(T*), k =0,...,n — 1}.
Also, since null(T*") C null(7T*") and null(T*") is closed in H,
null(7T*7) D \/{T’kx cx €null(T*), k=0,...,n—1}.
Next, for any « € D(T*"),

n—1
S THI - T T e =2 — T T,
k=0
Thus the expression on the left-hand side is of the form Y, ~; ! T'*y;, with
ye = (I = T'T*)T* 2z € null(T*). Let € null(T*") and choose a sequence
{m}m>1 € D(T*") such that z,, — x and T*"x,, — 0 as m — oo. Set
Yo = (I — T'T*)T* 2, € null(T*). Since T" is continuous and
n—1
m =TT =Y Ty € \[{T* 2 : 2 € null(T*),k =0,...,n — 1},
k=0
it follows that x € \/{T"*z : € null(T*), k =0,...,n — 1}.
(7): Since L is densely defined with the bounded extension 7"*, this is
obvious.
(8): Notice that the equality in (8) is trivial for any € D(T*T). Let
z be in D(T). Since D(T*T) is dense in D(T) in the || - | norm, where
lzllr = |Tz|ln (z € D(T)), there exists a sequence {x, }n>0 C D(T*T) such



Operators Cauchy dual to 2-hyperexpansive operators 137

that || Tz, — Tx|| — 0 as n — oo (see the discussion following (2.1)). As T is
bounded below, ||z, — x| — 0 as n — oo. Also, since L is a bounded linear
operator in view of (7),

|#n — LTx|| = ||LTx, — LTx|| = |L(Tx, — Tx)| — 0 asn — oc.

Hence LTz = x as desired.

(9): It suffices to check that null(L) C null(L). To see this, let x € null(L).
Write x = Ty + z for some y € D(T) and z € null(T*). In view of (8), one
has

O=Ler=LTy+Lz=y+ (T"T) 'T* 2 =y.

Thus y =0 and = = z € null(7%) = null(L) as required.
(10): This is immediate from (8) and (9). =

Let T be a densely defined closed linear operator in H that is bounded
below. Let I' denote the Hilbert space (D(T),| - |lr), where D(T) is the
domain of T" and

lzllr = vz, z)r,  (@,y)r =Tz, Ty (z,y € D(T)).

Set |||l = ||T"x || (xz € H). Since T" is injective (Lemma 2.3(3)), (H, ||| )
is a pre-Hilbert space endowed with the inner product

(xay>1_'/ = <T,$,T/y>7-[ (l’,yGH)

(Lemma 2.3(3) implies that (H, || - ||r+) is a Hilbert space if and only if 7" is
bounded.) Let I"” denote the completion of (H,|| - ||+). Thus, we have the
chain I" € 'H C I" of Hilbert spaces. One may refer to this as the Hilbert
rigging of H by I" and I"" (see |4, Section 1 of Chapter 14]). One of the aspects
of the duality between T and 7" is the relationship between I" and I".

PROPOSITION 2.4. LetT,T', H, I', I'" be as in the last paragraph. Then
I can be realized as the Hilbert space I'* of anti-linear, continuous function-
als over I' via the mapping n, : I' — C defined by n.(y) = (x,y)n (y € I,
r€H).

Proof. It is easy to see that n, € I'*. We now introduce a new norm || - ||
on ‘H by setting

2]l = llnellr- = sup{[{z, y)ul/lylr: 0 #y € '} (z€H).

(That || - || is a norm follows from the density of I" in H.) Let K denote the
completion of the normed linear space (H, || - ||). It follows from Theorem
1.1 of Chapter 14 of [4] that K is a Hilbert space. To complete the proof,
in view of Theorem 1.2 of Chapter 14 of [4], it suffices to check that K is
isometrically isomorphic to I (see the discussion of Section 1 there). In view
of Lemma 2.3(8), for any z € H,
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zll = su [, v }:su {|<x’y>H|. }
[E1PS p{ Tl 0#yerl PV Tl 0£yel

(L T Ty }lep@mTwm. }
‘{ A ke d B R
{<

(T niel 4y e r)
lylr

= (T*T) " alr = |T"z]l5 = |12l -
Since (H,|| - ||) (resp. (H,| - ||r+)) is dense in K (resp. I"), the proof is
complete. m

We introduce linear maps U : H — ',V : I" - H,and W : " — I as
follows:

= sup

Uz = (T*"T)"YV2e =Vae, Wa=(TT) "'z (zeH).
Note that
Uzl = [zl and [Vl = |zllr (€M), UoVin=Wiy.

Since (H, ||+ ||+) is dense in I'", V'|3; and W]y can be isometrically extended
to I'" so that U o V.= W. Moreover, W is surjective: For any x € H and
yelr,

<Wl’,y>[‘:0 = <TW$7Ty>H:0 = <:E7y>7‘(:07

so ran(W) is dense in I'. Since ran(W) is closed, W is surjective (cf. [4]
Theorem 1.3 of Chapter 14]).

Notice that the range of 7" is a non-closed and non-dense subspace of
‘H if T is unbounded and non-invertible. One can still introduce the second
Cauchy dual operator T"”.

DEFINITION 2.5. Let T be a densely defined, closable linear operator
such that ||Tz|| > «a||z| (x € D(T)) for some positive real a. Then the
second Cauchy dual T" of T is defined to be the operator 7" A, where A is
equal to TT.

REMARK 2.6. We make the following remarks:

(1) In view of Lemma 2.3(2), this definition is consistent with that in
the bounded case.

(2) It follows from the very definition that 7" is a closable linear operator
with domain D(A). Indeed,

T"=T|paycT CcT=T"

The last equality can be deduced from the fact that D(A) is dense
in I' = D(T) in the || - || norm, where ||z||r = || Tz| (z € D(T)). In
particular, for a non-closed 7', we must have 7" # T.
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The following shows, in particular, that any fixed point in D(T*T") of a
closable expansive T is also a fixed point of T*.

PROPOSITION 2.7. Let T' be a densely defined, closable expansion in 'H

and let A = T T. Let T" be the operator Cauchy dual to T and set r =
IT"|7! € [1,00) (see Lemma 2.3). Let x € D(A) and 0 # pe D, ={z € C:
|z| <r}. If Tx = px then x € D(T*) and T*x = fix.

Proof. Since x € D(A) and x = u~ Tz, it follows that z € D(T*). Also,
Te=pr = TTe=pT*xr = A 'T*Tx = pA Tz,

Since A7IT* c (TA™Y* = T™, one has x = (u1")*w. Since |u| < ||T']| 7},

(uT")* is a contraction on H. Hence, by Proposition 3.1 of Chapter 1 in [20],

one has i7"z = x. As T*T'x = x for all x € H, it follows that T*x = fix. =

It is known that for any expansive T' in H, 0ap(T) ND; = 0 (JI2, Lemma
3.1]); in particular, op(T') N Dy = @, where Dy is the open unit disc centred
at the origin. For some special expansions, more can be said.

COROLLARY 2.8. Let S be a densely defined, closable expansion in H such
that D = D(S) ND(S*) is a core of S. If T = S|p is completely non-normal
then the point spectrum of T is disjoint from D, = {z € C : |z| < r}, where
r=||T'|7! € [1,00). In particular, for any completely non-unitary, closable
2-hyperexpansive T with D(T) C D(T*), the point spectrum of T is empty.

Proof. Note that

D(T)=D c D(S*)=D(S") =D(T") = D(T*).
Let p € D,. Since D(T) € D(T*), null(T — ) € D(T) N D(T*) N D(T*T).
Hence, by the previous proposition,

T(nul(T — p)) Coull(T — ) and TF(null(T — w)) C null(T — p).

It follows that null(7—p) is reducing for T'. Since T' is completely non-normal,
null(7'—p) = {0}. Also, since for any 2-hyperexpansive T', o, (T') C 0Dy (|12,
Theorem 5.1(i)|), the remaining assertion follows. =

We briefly discuss here one application of Corollary 2.8. Let T" be as in
the hypotheses of Corollary 2.8 and assume that T is completely non-unitary.
Consider the Cayley transform Cp : ran(T + I) — ran(T — I) given by

Cr(T+1)h = (I'=1)h (heD(T))
Since T is completely non-unitary, by the last corollary, null(7'+1T) is trivial.
Thus Cr is well-defined. Moreover, Cp turns out to be accretive, that is, the
real part of (Cp(T + I)h, (T + I)h) is non-negative: For every h € D(T),
(Cr(T + Dh, (T + I)h) + ((T + I)h,Cr(T + I)h)
= 2R((T — Dh, (T + Dh) = 2(|Th|* — [|h[|*) = 0.
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Recall that a densely defined accretive operator S in H is mazimal accretive
if it has no proper accretive extension in H. Suppose further that ran(7"+ 1)
is dense in H. Then Cr admits a maximal accretive extension. If, in addition,
T is invertible then Cr itself is maximal accretive (|20, Theorem 4.1]).

2.1. Analyticity and wandering subspace property
DEFINITION 2.9. We say that a densely defined linear operator T in H is

(1) analytic if M, T*D(T*) = {0},
(2) admissible if Doo(T) is dense in H and Dy (T™*) is a core of T™* for
every positive integer n.

REMARK 2.10. Let T be as in Definition 2.9.

(1) In Definition 2.9(2), the adjoint of T™ is well-defined since T" is
densely defined.

(2) If, in addition, T" is a closed, admissible operator that is bounded
below then it follows from Lemma 2.3(6) that T™* = T*" and

null(T7) = \/{T"z : & € null(T*), k =0,...,n— 1}.
for every positive integer n.

Obviously, bounded linear Hilbert space operators are admissible. It turns
out that all closed weighted shift operators are admissible (see Example 2.11
below). In the final section, we will exhibit a class of unbounded, admissible
composition operators (see Lemma 5.2(1)).

If {en}n>0 is an orthonormal basis for H and S is a linear operator in H
with domain lin{e,, : n = 0,1, ...} such that Se,, = a,e,41 for some positive
numbers «, (n > 0), then S is called a weighted shift operator. We will use
the notation S : {av, }n>0 for such an operator.

ExAMPLE 2.11. Let S : {an}n>0 denote a weighted shift operator in
‘H with weight sequence {ay}n>0 corresponding to the orthonormal basis
{en}n>0 of H. Then S is closable. Moreover,

Sf= Z<f7 en)anent1  (f € D(?)),
n=0

o0
S f=) (frenti)anen  (f €D(SY))
n=0
(see [19]). One may refer to S as a closed weighted shift operator. Note that
lin{e, : n > 0} C Dso(S) N Do(S*). We check that S is analytic and
admissible.

Analyticity: Let f € Dy (S). In particular, f = ?kgk for some g € H
for every positive integer k. It follows from



Operators Cauchy dual to 2-hyperexpansive operators 141

1) 00
Z<f’ €n>€n = Z<917 €n>anen+1
n=0 n=0

that (f,ep) = 0. By an induction argument, we must have (f,e,) = 0 for
every non-negative integer n. Hence f = 0 and S is analytic.

Admissibility: Set T' = 5" and fm = D0 o(f, en)en € Doo(T*) for f €
D(T*). For any f € D(T*),

o0 o0 oo
T*f = Z<T*f, €n>€n == Z<f, Sk€n>€n = Z [0 77NN an+kfl<f7 en+k>en
n=0 n=0 n=0
o oo
= Z Qp—f O‘n71<fa en>en—k: = Z<f’ en>5*ken = lim S*kfm
m—0o0
n=k n=~k
Since f, — f and T*fn, = S**f, — T*f as m — oo, we must have

T*|Doo(T*) — T* ]
We include verification of the following for completeness.

LEMMA 2.12. Let {Mj}r>1 be a countable collection of subspaces of H.

Then
(N} = Vo c{N )

Proof. The second inclusion is a routine verification. Suppose we have
the strict inclusion, S1 C Sa, of two closed subspaces S1 = ;5 M,ﬁ- and
Sy = {Ny>1 Mk }*. By the Hahn-Banach Theorem, there exists 0 # = € Sy
such that (y,z) = 0 for every y € S;. It follows that (y,z) = 0 for every
y € M (k >1). Thus o € M, for every integer k > 1. Since 0 # z € S, we
arrive at a contradiction. m

We say that a densely defined linear operator 1" in ‘H has the wandering
subspace property if H = \/{T*z : x € Do (T) Nnull(T*), k =0,1,...}.
The following result provides an unbounded counterpart of Proposition

2.7 of [15].

PROPOSITION 2.13. Let T denote a closed linear operator in H that is
bounded below and let T" denote the Cauchy dual operator. If T is admissible
then the following duality relations hold true:

[N 771} 5\ 17(Doc(T) (7)),

n>1 n>0

{ N T”D(T")}l = \/ T (uull(T*)).

n>1 n>0
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Proof. Note that

N T”“H}l > \/{T*FHY
E>1 E>1
= \/ null(T/*k) O ling>o{T*z : 2 € Doo(T) N null(T*)}
k>1
by Lemmas 2.12 and 2.3. Hence the first part follows. Since T is bounded
below, all non-negative integer powers of 1" are closed. Hence, the subspace

T™D(T™) is closed for every integer n > 1. It now follows from Lemma 2.12
and Remark 2.10(2) that

{ N D" } = \A{T'D(TH)} = \/ mull(TH)

k>1 E>1 E>1
= \/ null(T*#*) = \/{T"z : 2 € null(T)}. =
k>1 k>0

COROLLARY 2.14. Let T and T’ be as in the previous proposition. Then:

(1) If T has the wandering subspace property then T' is analytic.
(2) T is analytic if and only if T' has the wandering subspace property.

QUESTION 1. If the operator Cauchy dual to a closed, left-invertible,
admissible T is analytic, is it necessarily the case that T" has the wandering
subspace property?

2.2. Completeness of eigenvectors and hypercyclicity. We refer
the interested reader to [7] for some interesting consequences of the bounded
counterpart of the following lemma.

LEMMA 2.15. Let B be a densely defined, closed linear operator in H
and let C' denote a (possibly unbounded) closed linear operator such that
CB C I. Assume that ran(B) C D(C) and there exists a real o > 0 such
that the series

eun =Y p'B"h (€ Dy, h € Doo(B) Nnull(C))
n=0
1s absolutely convergent in H. Then:
(1) Ceun = peypn for every p € Dy and every h € Doo(B) Nnull(C).
(2) Assume, in addition, that null(C) C null(B*). Then {e,n,}¥_, is
linearly independent in null(C' — p) provided {h;}¥_, is linearly in-
dependent in Doo(B) N null(C) for every u € D,,. In particular,
Dy, C 0p(C) whenever Do (B) Nnull(C) # {0}.
(3) For any positive real r € (0,719],
\/ {eun 1 h € Doo(B) Nnnull(C)} = \/ {B"h : h € Doo(B) N null(C)}.
neD, n>0
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Proof. Set eﬁﬁ = ZZ:O u"B"h (p € Dy, h € Doo(B) Nnull(C)). Note
that eﬁ,h € D(C) and Ceﬁh = ,ueﬁ’_hl. Since C' is closed and eﬁh — €uh
as k — oo, the first part is immediate. To see (2), it suffices to check that
eun 7 0 provided h # 0. In view of CBh = h and h € null(B*), one has
eph =0 = (eun,h) =0 = |[h|*=0 = h=0.
Fix r € (0, rg]. Clearly, My C My, where
My = \{ewn : 1t €Dy, h € Doo(B) Nnull(C)},
My =\/{B"h:n >0, h € Do(B) N null(C)}.

Fix € H and h € Doo(B) Nnull(C). Define f, p, : D,;, — C by
fon(p) = (@, Brhyp™ (1 € Dy,).
n=0

Since e, j, is absolutely convergent, f; is a well-defined function analytic
in Dp,. Now let x € Mf Thus (x,e,n) = 0 for every pp € D, and h €
Doo(B) Nnull(C). It follows that Zsz(](x, B"h)p" — 0 as k — oo for every
p € .. Thus the analytic function f, is identically zero in I,. Hence
(x, B"h) = 0 for all n > 0. This shows z € My, and hence M; = Ms. =

We say that a densely defined linear operator S with domain D(S) in H

(1) admits a complete set of eigenvectors if H = \/ ,cp null(S — p) for
every positive real 7,

(2) is hypercyclic if there exists an f € Dy (S) such that {S™f :n € Z4}
is dense in ‘H, where Z_ denotes the set of non-negative integers.

PROPOSITION 2.16. Let T be a closed, admissible operator in 'H that is
bounded below. If T is analytic then T admits a complete set of eigenvectors.

Proof. Since T is analytic, by Corollary 2.14(2), 7" has the wandering
subspace property. To check that T* admits a complete set of eigenvectors
let B =T and C = T*. Clearly, CB = I and ran(B) C D(C). Also,
null(C) = null(B*) and D(B) = ‘H (Lemma 2.3). Since || 7’| < a~! (Lemma
2.3), it follows that

oo
eun =Y _p'B"h (1 € Dy, h € null(C))
n=0
is absolutely convergent in ‘H, where o = inf|, =, [|Tz||. Hence, by Lemma

2.15(3),

\A{eun 1 €Dy, h e null(C)} = \/{B"h: h € mull(C)} =H
n>0

for any r € (0,a]. m
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The following corollary yields a class of unbounded hypercyclic opera-
tors. Since powers of adjoints of closed operators need not be closed, an
unbounded counterpart of the Hypercyclicity Criterion, as established in [3],
is not applicable in the present setup. Still, we have the following.

COROLLARY 2.17. Let T be closed and admissible such that | Tx| >
Bllz|| (x € D(T)) for some positive real 5. If T is analytic then oT* is
hypercyclic for every complex o of modulus greater than 3~1. In particular,
for a weighted shift operator T : {an}n>0 with 8 = inf,>payn > 0, aT™ is
hypercyclic for every complex a of modulus greater than 71.

Proof. Since T is analytic, by Proposition 2.16, T* admits a complete set
of eigenvectors. In particular, the linear subspace

E =lin{null(T* — p) : p e D, }

is dense in ‘H for every real r > 0. Let o denote a complex number of modulus
greater than 871 and let 79 € (0, |a|™1). Since |a|ry < 1, it follows that for
any x € null(T™* — p) with p € Dy, one has

(2.3) " T x|l = |af*|u[*[lz] < (lalro)"[lz] = 0 as n — oo.
Also, since ||T'|| < 87! (Lemma 2.3),
(24) oIz = |al " T"2|| < a7 "||2]| — 0 asn— oo

for every z € H.

We adapt the proof of the Hypercyclicity Criterion [3] to the present situ-
ation. Let { f}r>1 denote a countable dense subset of &, such that || fi|| =1
for all £ > 1. In view of (2.3) and (2.4), one can choose a subsequence {ny }x>1
of positive integers such that

1 1
25) eI ) < o, ‘a"‘“T*”’“ (S ammT p) H < 5
i<k
e 1 .
(2.6) o < e (1P <k 1)

(|3, proof of Theorem 2.1]). Let f = >"22, a ™ T"™ fi. € H. We claim that
f e D(T*). Note that {fi}r>1 C & C Ni>1 D(T*") and

m m

T* Za—nkT/nkfk — Z Ot_nkka_lfk (m > 1)

k=1 k=1
It follows from (2.4) that > ;. a ™ T~ f; converges in H. Since T* is
closed, we must have f € D(T™*) and T*f = > o o " T~ 1 fi A simple
induction argument shows f € D(T*') and T*'f = 332 | a~ " C},, where

Tl if g > 1
CkJ - *l— 3
T*~" f.  otherwise.
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Hence the claim is verified. It follows that

ankT*Tka _ fk — ankT*nk ( Z Oé_niT/ni fz) + Z ank—niT/ni—nk fz -0
i<k 1>k
as k — oo, in view of (2.5) and (2.6). This completes the proof of the first
part. The rest follows from the first part and Example 2.11.

REMARK 2.18. Let T : {ay,}n>0 denote a weighted shift operator such
that 8 = inf,;>0 @, > 0. The following can be deduced from Corollary 2.17:

(1) There exists an f € Doo(T*) such that {\T*"f :n € Z;, A € C} is
dense in H.
(2) If, in addition, # > 1 then T™ is hypercyclic.

In other words, (1) asserts that the adjoint of a weighted shift operator
T : {an}n>0 is supercyclic provided 5 > 0. This is an unbounded counterpart
of Theorem 3 of [I0]. The author believes that the assumption 5 > 0 is
superfluous, as in the bounded case.

We conclude the section with another application of Proposition 2.16.
Let T' denote a closed, admissible, analytic operator such that ||Tz| >
allz|| (x € D(T)) for some positive real a.. Suppose further that null(7™)
is one-dimensional and fix a non-zero h € null(T*) such that ||hljx = 1.
Define « : D, x D, — C by

k(A p) = (exnepn)n (A peby),

where ey, = ), 5 XN'T"h € H for every A € D, with r = «. Since & is a
positive definite kernel on ID,., we can associate with x a reproducing kernel
Hilbert space .# as described in [I]. Thus

(96N ) w =9(A)  (AeDr, g € ).

Set Ueyp, = £(A, ) (A € Dy) and extend U linearly to € = lin{ey; : A € Dy}
Since £ = ‘H (proof of Proposition 2.16), U can be unitarily extended from H
onto 2. At this point, one may be tempted to define a linear operator M, of
multiplication by the coordinate function z in J# with the maximal domain
{f € #: zf € A#}. However, in that case, it is far from obvious that M,
is densely defined. Hence, we need to follow a different track. The idea is to
introduce a linear operator S in . by S(Uz) = UT*z (z € D(T™)). Since
UD(T*) is dense in 4, S is densely defined in s with domain UD(T™).
Since T™* is closed, so is S. Thus S* is a densely defined closed linear operator
in 2. Since T*ey p, = Aeyp, for all f € D(S*) and \ € Dy,

ST fN) = (S*fi k(N ))oe = (f, SE(N ) e = (f, SUean)
= (f,UT"exn)r = X[, Uexn)w = AN, 6N, ) e = AfF(N).
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Moreover, since SU = UT™, it follows that U*S* C TU*. Thus S*U C UT.
Note that for all f € D(T) and g € D(T™),
(Uf,SUG) e = U, UT*g)sr = (f, T9)1t = (Tf,9)nt = (UTf,Ug) -

This shows that UD(T") C D(S*) and S*U = UT'. It follows that #U = UT,
where %, the forward shift operator, is the operator of multiplication by the
coordinate function z in J# with domain D(S*).

We summarize some characteristic properties of 7.

PROPOSITION 2.19. Let T, h,U, %, 3¢ be as in the previous discussion.
Assume further that h € Doo(T) = (>0 D(T*). Then:

(1) The restriction of the vector space C|z] of complex polynomials to D,
is contained in D(.F).
(2) For any f € A, there exists g € D(F) = UD(T) such that
fp) = F(0) = pg(p)  (p€Dy).

(3) The backward shift operator B : A — H given by

f(z) = f(0)
@1 ="2" 0 ey
satisfies UT™ = PBU. In particular, # is a bounded linear operator
on F.
(4) Forall f € A and s € (0,7),
1

[l m; < Hf”%”m7

where || fll oo 5; = sup.en, [f(2)]-
Proof. (1): This follows since for any integer n > 0,
(UT™H)(N) = (UTh, 5\ e = (Thyexpdre = N (A€ Dy).
(2): This is easy since for any p € D, and f € 52,
F() = £0) = {f, wp,-) = K(0, ) = (U™ f e — h)n
= (uT"U"f, epn)n = (UT"U f)(n),

in view of e, , — h =T"e, .

(3): Note that Z is well-defined because of (2). Moreover, the calculations
in (2) show that UT"™* = AU, where T" is the operator Cauchy dual to T

(4): Notice that

1

SO < U1l e < 17 ellellre < fllori— =

for every A€ D, and f € 5. u

Assume further that h € Do (T'). Note that T has the wandering subspace
property if and only if C[z]|p, is dense in JZ. Set .7, = Clz||p, in .#. Then
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H;, can be viewed as a reproducing kernel Hilbert space with the reproducing
kernel K, : D, x D, — C given by
Ka(A, ) = (Pak(A, ), Paki(pt, ) (A, € D),

where P, : S — 5, denotes the orthogonal projection [1]. Also, it follows
from Proposition 2.19(4) that all functions in .77, are analytic in D,. Define
an operator .7, in 7, by F.p = Fp (p € C[z]). Clearly, #, is a closable
linear operator such that Fo, C F. Surprisingly, it turns out that for certain
2-hyperexpansive T, %, = % if and only if T has the wandering subspace
property (see Corollary 3.10).

3. Decompositions of unbounded 2-hyperexpansions. The main
result of this section is the Cowen—Douglas Decomposition Theorem for cer-
tain 2-hyperexpansions. To establish it, we need several preliminary results.

LEMMA 3.1. Let T be a densely defined, closed expansion and let T" be
the Cauchy dual operator. Let M C D(T)ND(T™*) be a closed subspace of H.
Then the following statements are equivalent:

(1) M is reducing for T' such that T\ is unitary.
(2) M is reducing for T' such that T'|p is unitary.

In particular, T is completely non-unitary if and only if so is T".
Proof. (1)=-(2): In view of Lemma 2.3(8),
TM=M = T"TM=T"M = M=T"M.
Since T is expansive, for any x € M C D(T)ND(T™),
|Tz|| = ||lz|| = (T*Tz—z,2)=0 = ||(T*T —I)"2z|| =0
= T"'Tex=2=Tr="Tx.
It is now clear that 7'M = M and that T"| ¢ is unitary.
(2)=(1): Note that
TTM=M = T"T'M=T"M = M=T*M.
Since T" is contractive and T"*T" = (T*T)~! (Lemma 2.3), for any = € M,
T z|| = ||z|| = (IT*"T'z—z,2)=0 = (T"T) o=z = Tz =Tz
It follows that TM = M and that 7|y is unitary. m

The following proposition may be regarded as the key step towards the
main result of the present section, which is new even in the bounded case.
We invite the interested reader to specialize it to the bounded case.

PROPOSITION 3.2. Let T be a densely defined, closed expansion and let
T" denote the Cauchy dual operator. Let nullity(A) denote the dimension of
the null-space null(A) of a linear operator A. Then:
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(1) T admits the Cowen—Douglas decomposition whenever T" admits the
Wold-type decomposition.

(2) T admits the Wold-type decomposition whenever T  admits the Cowen—
Douglas decomposition and nullity(T™) < co.

If, in addition, there exists a real T > 0 such that the series

euh = Z,u"T"h (1 € Dyy, h € Doo(T) Nmull(T))
n=0

1s absolutely convergent in H then:

(3) T" admits the Cowen—Douglas decomposition whenever T admits the
Wold-type decomposition.

Proof. Let A denote a completely non-unitary expansion in H. An ex-
amination of the proof of Proposition 2.16 reveals that A* admits a complete
set of eigenvectors if A’ has the wandering subspace property, and also

\/{emh cp €Dy, henull(A%)} = \/ {A"™h : henull(A*)} for any r € (0,1],
n>0

where e, = > 7 " A"h € null(A* — ) (p € D1). The desired conclusion

in (1) now follows from Lemma 3.1.

To see (2), assume further that nullity(A*) < co and that A admits a
complete set of eigenvectors. Since D1 Noap(T) = 0 ([12, Lemma 3.1]), it can
be easily deduced from [I4, Theorem 7.9| that there exists an s € (0, 1) such
that nullity(A* — ) = nullity(A*) for every u € Dg. Since nullity(A*) < oo,
by Lemma 2.15, we must have

\/{eu,h :pu €Dy, h€null(A%)} = \/ null(A* — p) = H

pneD,

for every r € (0,s). It follows from the previous discussion that A’ has the
wandering subspace property. Part (2) now follows from Lemma 3.1.

Again, in view of Lemma 3.1, it suffices to check that A admits a com-
plete set of eigenvectors whenever A has the wandering subspace property.
Let B = A and C = A™. By Lemma 2.3, CB C I, ran(B) C D(C) = H,
and null(C) = null(B*). Now one may deduce the desired conclusion from
Lemma 2.15(3). m

How about the converse to Proposition 3.2(3)? First, since 7’ need not be
left-invertible, the dimension of null(7"* — 1) may depend on p in the vicinity
of the origin. Secondly, even if one assumes that g +— null(7"* — ) is constant
in a neighbourhood of 0 and that nullity (77) is finite, it may be greater than
the dimension of Dy (T) N null(7T*). If T is a bounded expansion then it
is easy to see that T admits the Wold-type decomposition (in the sense of
Definition 1.2) whenever 7" admits the Cowen-Douglas decomposition.
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We say that h € (,,~; D(T") is a bounded vector for a densely defined
linear operator 1" in ‘H if there exist positive reals a and ¢ such that

IT"h|| < ca™ for every integer n > 0.
We denote by B(T') the set of all bounded vectors of T'.

COROLLARY 3.3. Let T be a densely defined, closed expansion in H and
let T' denote the Cauchy dual operator. Assume further that one of the fol-
lowing conditions holds true:

(1) null(T™) is finite-dimensional and contained in B(T).
(2) T is 2-hyperexpansive.

If T admits the Wold-type decomposition then T’ admits the Cowen—Douglas
decomposition.

Proof. In view of Proposition 3.2, it suffices to check that for some pos-
itive real r,

euh = Z,u"T"h (n €Dy, h € null(T"))
n=0

is absolutely convergent in H whenever (1) or (2) holds true.
(1): Let {e;}", denote an orthonormal basis of null(7*). By hypothesis,
for each ¢ = 1, ..., m there exist positive reals a; and ¢; such that

|T"e;|| < cial  for every integer n > 0.

Let h € null(7*) be of the form )", a;e; for some complex numbers c.
Then for any positive integer n,

m m 1/2
1770l < 3 ledlear < Bl (Y ad) " < milhear,
=1 =1

where a = max{ay,...,a,} and ¢ = max{cy,...,c,}. Thus one may take
-1

r=a""'.

(2): Fix p € Dy and choose a > 1 such that |u|a < 1. By hypothesis,

h € null(T*) is a C*° vector for T'. Hence, by Corollary 3.3 of [12], there

exists ¢ > 0 such that |7"h|| < ca™ for every integer n > 0. Hence r can be

chosen to be 1 and the proof is complete.

LEMMA 3.4. Let T be a densely defined, closed left-invertible operator in
H such that Do (T) is dense in H. Then Hy, = (), T"D(I") C D(T) is
a closed invariant subspace for T such that Ty, is an invertible bounded
linear operator.

Proof. We imitate the proof in the bounded case (see, for example, [15]).
Since T™ is closed, H,, is a closed subspace of H such that TH, C H,,. Indeed,
TH, = H,. To see that, let © € H,,. Then there exists y,, € D(T") such that
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x = T"y, for any n = 0,1,.... In particular, z = Ty; = T(T" 'y,) for all
n=1,2,.... Since T is injective, we must have y; = 7" 1y, € H,, such that
x = Ty;. Thus Ty, is a bijective linear operator in H,,. Let {x,}n>1 C H,
be such that =, — x and Tz, — y as n — oo for some z,y € H. Since
‘H,, is closed and TH, C H,, we have x,y € H,. Since T is closed, we must
have y = T'xz. This shows that T'|y, is a closed linear operator. Hence, by
the Closed Graph Theorem, T'|y, is an invertible bounded linear operator
on H,. =

The following is an unbounded counterpart of Proposition 3.4 of [15].

PROPOSITION 3.5. Let T be a densely defined, closed 2-hyperexpansion
in H such that Doo(T') is dense in H. Set Hy =(),,5o T"DP(T™) C D(T) and
let Ppy denote the orthogonal projection of H onto the closed subspace M
of H. If H, C D(T*) then H, is a reducing subspace for T such that

where U is unitary on Hy and A is a densely defined, closed linear analytic
2-hyperexzpansion in H, with domain D(A) = {(I — Py, )x : x € D(T)} =
D(T) N'H, such that Do (A) is dense in Hq. Moreover, in this case:

(1) If T is admissible then so is A.

(2) If TD(T) C D(T) then AD(A) C D(A).

Proof. Since an invertible bounded 2-hyperexpansion is unitary (Re-
mark 3 of [16]) and restriction of a linear 2-hyperexpansion to an invariant
subspace is 2-hyperexpansive, it follows from Lemma 3.4 that U = Ty,
is unitary. In addition, assume that H, C D(T*). We claim that H, is a
reducing subspace for T. In view of Lemma 3.4, it suffices to verify that
T"H, C H,. Fix y € H,,. Since TH,, = H,, there exists x € H, such that
y=Tz € H, CD(T*). Then

(T*"Tz,z)y = Tz, Tx)y = (Uz,Ux)y, = (x,x)n, = (T, T)n.
Hence ((T*T — I)x,x)y = 0. Since T is expansive, it follows that T*y =
T*Tx = x € 'H, as desired. To conclude the proof of the first part, it suffices
to check that A = T|p(4) is a densely defined, closed, linear, analytic 2-
hyperexpansion in H, such that D (A) is dense in H,, where
D(A)={(I — Py,)xr:xz € D(T)}.

Since 0 A C T and T is expansive, A is expansive. Since D(T') = H,SD(A)
and T is a densely defined linear operator in H, A is a densely defined linear
operator in H,. Also, since

{0} c () A"D(A") € { N T”D(T”)} NHy = Hy N Hy = {0},
n>0 n>0
A is analytic. To check that A is closed, consider {z,} C D(A) such that
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xn, — x and Az, — y in H, as n — oo. Then {0 ® z,} C D(T) with
0@z, - 002 and TOD z,) — 0Dy in H as n — oo. Since T is
closed, 0 @z € D(T) and T(0® z) = 0 @ y. It follows that = € D(A) and
Az = y. Since D(T™) = H, ® D(A™) for every positive integer n, it follows
that Deo(T') = Hy @ Doo(A). In particular, Dy (A) is dense in ‘H, provided
Doo(T) is dense in H. We leave it to the reader to check that
{(I =Py,)x:2€DT)} =D(T) N H,.

Finally, we verify (1) and (2).

(1): Assume that T is admissible. Since T*% = U** @ A**  one has
Doo(T*) = Hy ® Doo(A*). It follows that Doo(A*) is dense in H,. Let
x € D(A™) be such that 0 @& x € D(T™). Then there exists a sequence
{ym @xm}m21 - DOO(T*) such that v, ® 2, — 0@z and Tn*(ym EBJUm) -
T"*(0 @ x). It follows that {zp}m>1 C Doo(A*), &y, — x and A" (zy,) —
A™(x). Hence, Do (A*) is a core of A™* for every integer n > 0.

(2): Assume TD(T) C D(T). Let y € D(A). Thus there exists z € D(T)
such that y = (I — Py, )x. It is easy to see that T'(I — Py, )x = (I — Py, )Tx.
Since Tx € D(T), it follows that Ay = T(I — Py, )z € D(A). m

COROLLARY 3.6. Let T be an admissible, closed 2-hyperexpansion in H
and let T" denote the operator Cauchy dual to T'. Set Hy, = (), T"(D(T™))
and assume that H, C D(T*). If T' is analytic then it has the wandering
subspace property.

Proof. Tt follows from Proposition 3.5 and Lemma 3.1 that T"H, = H,.
Hence Hy = (50 17" Hu C >0 T""H. Since T” is analytic, so is T. Hence,
by Corollary 2.14(2), T" has the wandering subspace property. m

COROLLARY 3.7. Let T be an admissible, closed 2-hyperexpansion in 'H
such that

() T"D(T™) € D(T*).
n>0
Then T" admits the Wold-type decomposition.
Proof. Apply Proposition 3.5, Lemma 3.1, and Corollary 2.14(2). =

The completely non-unitary part in the Wold-type decomposition of T of
the last corollary turns out to be hyponormal (see Theorem 4.3 of Section 4).

THEOREM 3.8. If T is an admissible, closed 2-hyperexpansion in H such
that
() T"D(1™) € D(T™)
n>0
then T admits the Cowen—Douglas decomposition. In particular, the adjoint
of a completely non-unitary, admissible, closed 2-hyperexpansion admits a
complete set of eigenvectors.
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Proof. The assertions follow from Corollary 3.7, Proposition 3.2(1), and
Proposition 3.5. =

REMARK 3.9. We note the following:

(1) Suppose T is a closed, left-invertible operator in H that admits the
Cowen-Douglas decomposition. If Do (T) is dense in H then

D=lin{feH: fenull(T* —u), ncC}

is dense in H and D C Doo(T™). In particular, Do (T*) is dense in H.
Thus the requirement in Theorem 3.8 that 7" is admissible is not so
restrictive.

(2) Let T be an analytic, admissible, closed 2-hyperexpansion and as-
sume that nullity(7*) = m. In view of the proof of Proposition 3.2,
there exists 79 € (0,1) such that nullity(7* — p) = m for every
p € Dy,. Also, since Dy N oap(T) = 0 ([I2, Lemma 3.1]), it follows
from Theorem 7.16 of [14] that ran(7T™ — i) is closed for every p € D;.
Hence, by Theorem 3.8 above, T belongs to the Cowen—Douglas
class By, (Dy,).

Let T be a closed, admissible, analytic expansion with one-dimensional
cokernel. The discussion following Remark 2.18 shows that 7" can be modelled
as the forward shift operator .% in the reproducing kernel Hilbert space 7.
Assume further the hypotheses of Proposition 2.19. Then D(.%#) contains the
vector space C[z]|p, of restrictions of complex polynomials to D;. Moreover,
all members of J#, are functions analytic in Dy, where J%, = C[z]|p, in 7.
Let .%, denote the densely defined closable operator in %, given by %.p
= Zp (p € C[2]|p,)- Notice that .#, = .Z if and only if C[z]|p, is a core of 7.

The following result may be regarded as a hyperexpansive analog of |18,
Proposition 11].

COROLLARY 3.10. Let T,.Z be as in the preceding discussion. Assume
further that T satisfies the hypotheses of Corollary 3.3. If D = C|z]|p, is
dense in A then C[z||p, is a core of F.

Proof. Since D is dense in 4, % |p is a densely defined closable linear
expansion in 7. Set S = .Z|p. Since .Z is analytic, S is analytic and hence
completely non-unitary. Thus S is a densely defined, completely non-unitary,
closed expansion in 7. Also, since .%|p is cyclic in the sense of Stochel and
Szafraniec, by Lemma 2 of [I8], the dimension of null(S*) is less than or
equal to one. Since the constant polynomial A given by h(A) =1 (A € Dy)
belongs to null(S*), the dimension of null(S*) is one. Hence, by Corollary
3.3, §” admits a complete set of eigenvectors. Hence, as in the discussion
following Remark 2.18, one may define v’ : Dy x D; — C by

"{,()‘a :“’) = <el)\,h7 e;;,h>%” ()\a e ]D)l)a
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where €} , =3, 5o A"S"h € H (see the proof of Corollary 3.3), and asso-
ciate with " a re_producing kernel Hilbert space . Moreover, the linear
map U’ : A — H" given by U'e), ,, = k/(A,-) (A € D1) can be unitarily ex-
tended onto .##” in such a way that US" = M,U, where M, is multiplication
by z in . Since S’ has the wandering subspace property (Corollary 3.7),
Cl#]|p, is dense in ",

Let f € s and choose a sequence {pp}n>1 of complex polynomials
such that p, — f as n — oo in 2. Fix s € (0,1) and let A € D;. Since
(g, (N, ) = g(N) for every A € D and g € 7, it follows that

Pn(A) = pm(A)| < Mlpn = Pl 16" (A e = [1pn — Pl [l plle
< lpn = pmlloer >IN 1S h|#
n>0

for any m,n > 1. Arguing as in Corollary 3.3, it can be seen that there
exists My > 0 such that > <o [A["[|S™h|l» < Ms (A € Dy). It follows that
every f in ¢’ is analytic in ID;. Hence every f € . can be written as
Y om0 anS™1 for some sequence {a,} of complex numbers. We can check
that a, = (f,S™1) for every n > 0. Thus every f € J# has the unique
representation

> (f,8m1)8m.

n>0
To conclude the proof, in view of Lemma 2.3(4), it suffices to check that
F' = S’. This is simple since

ﬁ’f - Z<§lf7sn1>sln1 _ Z<9ﬁf’ﬁn1>sln1 _ Z<fa tg-n—11>5/nl

n>0 n>0 n>1
=D (£85I =8 (f,5"1)S™ 1 =S'f forany fE€ . m
n>1 n>0

4. Operators Cauchy dual to unbounded 2-hyperexpansions. In
this short section, we prove that the operator Cauchy dual to a closable
2-hyperexpansion with invariant domain is a hyponormal contraction. We
need a couple of lemmas.

LEMMA 4.1. Let S be a densely defined, linear operator. If S* is a bounded
linear operator on 'H then ||Sy|| < ||S*|| ||y|| for every y € D(S).

Proof. Since (S*z,y) = (x,Sy) (x € H, y € D(S)), one has (S*Sy,y) =
(Sy, Sy) for every y € D(S). Thus [[Sy||> < [[S*Syl Iyl < [IS*[ ISyl vl
(y € D(S)). Hence ||Sy| < [|5*|[ly] for every y € D(S). =

LEMMA 4.2. IfT is a closable 2-hyperexpansion such that TD(T) C D(T)
then T is 2-hyperezpansive and TD(T) C D(T).
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Proof. Let x € D(T). Then there exists a sequence {z,,} in D(T) such
that z, — x and Tx, — Tz. Since D(T?) = D(T) and T is 2-hyperexpan-
sive,

0< ||T2xn - T23;m||2 <2||Tx, — Ta:mH2 — ||l@n — ﬂmeQ — 0.

Thus {T?x,} is convergent. Since T is closable, Tz € D(T) and T?x, —

T(T'z). Finally, letting n tend to 0o in [|T%2,||* = 2|| Ty ||* + [|2n]|* < 0 shows
that T is 2-hyperexpansive. =
THEOREM 4.3. Let T be a densely defined, closable operator with TD(T)

C D(T). If T is 2-hyperexpansive then the Cauchy dual operator T is a
hyponormal contraction.

Proof. Since T is 2-hyperexpansive and TD(T) C D(T) (Lemma 4.2), we
may assume that 7" is closed. Since T is expansive, it follows from Lemma 2.3
that T" is a contraction on H. Hence it suffices to check that ||T"™*z| < ||T"x||
for every x € H.

We claim that A='H C D(T?) and T?A~! is a contraction. Since TD(T')
C D(T), one has A~'H = D(A) Cc D(AY?) = D(T) = D(T?). Hence
the first part of the claim follows. Also, since T is 2-hyperexpansive with
A~YH C D(T?), one has

JA™ )2 = 2| TA Y| + |T?A7 y|> <0 for every y € H.

But, in view of (2.1), for any y € H,

1A y|? =2 TA™ y|? + | T2 Ay )2
= A7y ? =2 TA Y|P + [y 1> + 1T A7y =yl
= [ A7 y|? — 2042 ATy, AVEAT ) |y |1P + 1T A )P — gl
= (A7%y,y) — 2047y y) + (g, y) + | T2A7 [P — [yl
= (A7 = Dy.y) + | TA7 Yy — [ly)1*.
Hence || T?2A1y|| < ||ly|| for every y € H. This proves the claim.

Since T” is a bounded linear operator, (T"*T*)* = TT" = T?A~'. By the
discussion in the previous paragraph and Lemma 4.1,

IT*Tyll < llyl  (y € DT™T™)).

Since T"* = T™*T*T", it follows that ||[T"z| = || T"*T*T"z|| < ||T"z|| for every
x € H. Hence T" is a hyponormal contraction. m

A careful inspection of the proof of Theorem 4.3 reveals that its con-
clusion holds true for any closed 2-hyperexpansion T' with D(T) = D(T?).
It turns out that, for such T, the condition D(T) = D(T?) is equivalent to
TD(T) C D(T) (|12 Proposition 4.4 and Theorem 4.5]).
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Unlike unbounded subnormals (see, for example, Corollary 3 of [2]),
(T*T)~1! is never compact for unbounded 2-hyperexpansive 7' with invariant
domain.

COROLLARY 4.4. Let T be a densely defined, closable 2-hyperezpansive
operator in H such that TD(T) C D(T). Then (7T*T)*1 is not compact. In

particular, there exists a sequence {zn}n>1 C D(T), without any subsequence
convergent in H, such that {Txy},>1 is bounded.

Proof. We may assume that T is a closed 2-hyperexpansion such that
TD(T) C D(T). Suppose (T*T)~! is compact. By Lemma 2.3(5) the Cauchy
dual operator T" is also compact. Also, by Theorem 4.3, T is hyponormal.
Since hyponormal compact operators are normal (|8, Chapter I1]), 7" is nor-
mal. Because T is injective, normality of 7" forces that null(T"*) = {0}. By
Lemma 2.3(9), we must have null(7*) = {0}. It follows that the range-space
of T is dense in H. Hence, by Proposition 3.5 of [12], T is unitary. Thus
(T*T)~! = I is compact. Since H is infinite-dimensional, we arrive at a
contradiction. This establishes the first part.

Since (T*T)~! is not compact, it can be deduced from the discussion
at the beginning of Section 2, and from Theorems 2.8.2(2) and 1.7.16(e)
of [13], that the inclusion map ¢ : I' — H is not compact, where I" = D(T)
with inner product (z,y)r = (T'z,Ty)n (z,y € I') is a Hilbert space. The
remaining part of the corollary is now immediate. =

Recall that a bounded linear operator S on H is trace class if the series
3 50((8*8)1 %, €,) is convergent for every orthonormal basis {e,}n>o0.
The trace of such an S, given by trace(S) = ), ~,(Sen,en), is finite and
independent of the choice of {e;, }n>0.

For a linear operator S, let [S*, S] denote the self-commutator S*S —SS*
of S.

COROLLARY 4.5. Let T denote an admissible 2-hyperexpansion such that
null(T™) is finite-dimensional with (,~o T"D(T) C D(T*). Then the Cauchy
dual operator T' has a trace-class self-commutator. In this case, the trace of
the self-commutator of T' is at most the dimension of null(T*).

Proof. Tt follows from Corollary 3.7 and Theorem 4.3 that 7/ = U ¢ A’
where U is unitary and A’ is a finitely multicyclic hyponormal. Hence, by the
Berger—Shaw Theorem, A’ has a trace-class self-commutator [8]. Since the
self-commutators of 77 and A’ coincide, 7" has a trace-class self-commutator
as well. Also, since T” is a contraction, the second part follows from the
Berger—Shaw inequality [§]. =

In view of the last corollary, it is natural to ask how the self-commutators
of T and T" are related to each other.
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PROPOSITION 4.6. Let T denote a densely defined, closed left-invertible
operator and let T denote the operator Cauchy dual to T. Then [T", T'|T =
—(T*T)~YT*, T\T" if and only if T'D(T) C D(T*T). In this case, ran(T) C
(T, 1)),

Proof. In view of Lemma 2.3(2),

[T/*, T/] _ T/*Tl . TIT/* 5 (T*T)—l . TI(T*T)—IT*
We claim that A = [T, T'|T = (T*T)"'T —T' = B. Since D(A) = D(T) =
D(B), it suffices to check that Az = Bx on D(T'). To see that, let = € D(T).
Then there exists a sequence {xy, },>1 C D(T*T) such that || Tz, —Tz|| — 0
as n — oo. Since Ax,, = Bz, for every n > 1 and since Ax,, — Az, Bx, —
Bz as n — oo, the claim is verified. Since T"D(T") C D(T*T), it follows from
(T*T)'T*T = I|pipr) that A = B = —(T*T)"'[T*, T|T". Next, suppose
that [T"", T'|T = —(T*T)~'[T*, T|T". In particular,
D(T)={z € H:Tze DT T)}

Thus T'D(T) € D(T*, T)).

To see the remaining part, note that 7"H C D([T*,T]), since T” is con-
tinuous (Lemma 3.3) and T is densely defined. It follows that TD(T*T) C
D([T*,T]). Now, one may use the limit argument similar to that of the pre-
ceding paragraph to conclude that ran(T") C D([T*,T]). =

Let T be a bounded linear operator on H. Then it follows from Propo-
sition 4.6 that [T"", T'|T = —(T*T)~'[T*,T|T". Since T'T is the orthogonal
projection of H onto ran(7”), we must have

[T*7 T] = T*T[T,*v T/]T2 + [T*7 T]Pnull(T*)7

where P, (7+) denotes the orthogonal projection of H onto null(7*). In
particular, if null(7™) is finite-dimensional then 7" has a trace-class self-
commutator whenever so does T”. If, in addition, T" is 2-hyperexpansive
with finite-dimensional cokernel then it follows from Corollary 4.5 that T
has a trace-class self-commutator. This is a variant of the hyperexpansivity
version of the Berger-Shaw Theorem (Proposition 2.21 of [3]). In view of
this and Proposition 4.6, it is of interest whether the self-commutator of a
closed 2-hyperexpansion is densely defined, and if it is, whether it admits a
trace-class extension.

5. Composition operators: Examples. We illustrate the results of
the present paper in the context of a class of composition operators defined
on discrete measure spaces. The following example is borrowed from [I1].

EXAMPLE 5.1. Let X = {(n,m) : n,m € Z such that n < m} and let
{an}52 _ . be a sequence of positive real numbers. Consider the measure p
on the power set of X given by
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1 ifn=m,

(o mh) = {

Consider the measurable function ¢ : X — X given by

o) = {
Define the composition operator Cy in L*(X, u) (for short, L?(u)) by
Cof=fod, [eD(Cy)={feL(n): foge L)}
Let x : X — C denote a characteristic function and let
X{(i.9)} iti=j,
€ij =9 L .
\/CT@' {9}
It was recorded in Example 4.4 of [11] that {e; ; : (¢,j) € X} is an orthonor-
mal basis for L?(x) and
{ €it1j41 T V@i j41 ifi =7,
ngei,j = ep . .
€ij+1 if 1 < 7.

an, ifn<m.

(n—1,m—1) ifn=m,

(n,m—1) it n <m.

ifi <j.

Also, it can be deduced from the discussion at the beginning of Example 4.4
of [TI] that Cy is a closed linear expansion. Thus the Cauchy dual operator
C7j is an injective contraction (Lemma 2.3). In view of

ei-15-1 ifi=j,
Cieij = Vaieij—1 ifj=i+1,
€ij—1 ifj>i+1,
it is easy to see that the Cauchy dual operator C<I¢> is given by
1 a; - .
C:zbeid _ mei—i—l,j-i-l + mei,jﬂ if i = j,

€ij+1 ifi < ] .
The composition operator Cy enjoys the following properties, which can
be easily deduced from [11, Example 4.4, Remark 4.5, and Theorem 2.7]:

P1. Cy is bounded if and only if {a,}7> __ is bounded.

P2. Cy is 2-hyperexpansive if and only if {a,};2 _ is non-increasing.

P3. Cy is not unitarily equivalent to any orthogonal sum of weighted
shifts or isometries.

P4. D =linfe;; : (i,5) € X} C D(Cy) N D(C;) and Cylp = Cy.

LEMMA 5.2. Let a, and Cy be as above. Then:

(1) If there exists o > —1/2 such that ap+1 < 2a0+ 1 + aa, for every
n € Z then Cy is admissible and CyD(Cy) C D(Cy).
(2) If {an}ni_o is mon-increasing then Hy = ;>0 D(C’f;) C D(C).
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Proof. (1): It can be deduced from Proposition 2.2 and the discussion at
the beginning of Example 4.4 of [I1] that C4D(Cy) C D(Cy). Set S = Cy
and notice that D C (), D(5*F), where D is as in P4. Let f € D(S*™) and
let f,, denote the partial sum D (ij)eX,—m<i<j<m\[fs€ij)ei; € Dof f. Then

S =Y (S feigdeig = > (f, 5 eij)ei

(,5)eX (1.5)eX
= Z <f7 Z \/mez-i-k itn T €itn z+n>€l i+ Z f ezJJrn €i,j
1€L 1<j
=> (Z Vairk{f, €irkitn) + ({f) ei+n,i+n>)ei,i +) (freijin)ei
i€Z k=0 1<J
= ) (frei)S ey = lim Sy,
m—0o0
(1,5)eX
in view of
€i—n,i—n if k=0,
S itk = V@iCi—ntki—ntk if 1<k <mn,
€ii—n+k otherwise.

It follows that f € D(S*") and S*"f = S™*f.
(2): Set 180(Cy) = {f € D(Cy) : [Cof]| = |I£]}. Since
ISO(Cy) = \/{Xqmm} : (Ram) € X, n £ m}

(J11, Remark 4.5]) and Cy|4,, is unitary (Proposition 3.5 and P2), it follows
that H, C ISO(Cy). Since Cy'H,, C H,, a routine verification shows that H,
is actually contained in \/{X{(n,m)} : (n,m) € X, n+1 < m}, which can be
checked to be a subspace of D(C}). =

Suppose that {a,};> _ ., is unbounded and non-increasing. Then Cy is an
admis.sible 2-hyperexpansion such that (1,5 D(Cfg) C D(C}) with invariant
domain D(Cy), where

Cy) = { S ageig Y ol +a)+ D gl < OO}
(i.)eX = (1.4)€X, i#]
(see |11, Example 4.4 and Proposition 2.4]). Moreover:
(1) C’é) admits a Wold-type decomposition, that is,
Ch=U®A, onL*(n)=H,®MHa,

where U is unitary on H,, A;& is a completely non-unitary hyponor-
mal contraction on He, and Hq = V,,5CF (null(Cy)) (Corollary 3.7
and Theorem 4.3). -
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(2) Cy4 admits the Cowen-Douglas decomposition, that is,
Co=UdAs inLp)=H,®H, with D(Cy)=H, ®D(Ay),

where U is unitary on H,, Ay is a completely non-unitary 2-hyper-
expansion in H, with invariant domain D(Ag) and moreover H, =
V ep, (null(C} — p)) for every positive real r (Theorem 3.8).

(3) aAj is hypercyclic for any o € C of modulus greater than 1 (Corol-
lary 2.17 and Proposition 3.5).

(4) (C’;C(ﬁ)*l is not compact (Corollary 4.4).

(5) Cy does not have a finite-dimensional cokernel (Corollary 4.5).

The last assertion requires justification. Suppose Cy has a finite-dimensional
cokernel. Since for every n € N,

> (ICgeil

1 1
) = +2n—1-—

2 % 2
—|C™e; . _ S —
H 67,7]’ 1+a, (1 +a—n—l)2

C(; does not have a trace-class self-commutator. Hence Corollary 4.5 applies.
The following proposition gathers a few spectral properties of Cyy and C’é).

PROPOSITION 5.3. Let ay, Cy and C<Ii> be as in Example 5.1. Suppose
inf,ecz an, > 0. Then:

(1) 0p(C) D D1, 0p(Cy) = Dy

(2) 0(Cy) =C, o(Cj) = Di.

(3) Uap(C¢> =C \ Dy, Uap(C;g) D oDy U {0}

Proof. One can verify that
DUH(C;;) = { Z Q;j€; 5 € D(C;;) ta =0 ((Z,]) eX,j7>1+ 1),

(i,)eX .
Qig1,it1 + 0Gi41/a; =0 (i € Z)}-
It is now easy to see that null(C) N D(Cy) # {0}. Thus Dy C 0, (CY) in

view of Lemma 2.13(2). Also, since C} is a contraction, we have o(C},) = D;.

Hence 0,p(Cy) D 9Dy U {0}. The remaining assertions follow from Proposi-
tion 5.2 and Corollary 5.3 of [12]. =

Suppose T' is a densely defined, closed 2-hyperexpansion in H with in-
variant domain D(T') such that o,,(7") = 0Dy U {0}. (The author does
not know, even in the context of Example 5.1, whether or not the inclusion
dD1 U {0} C 0ap(Cy), as guaranteed by Proposition 5.3, is strict.) Then it
can be deduced from the proof of Theorem 3.2 of [6] and from Theorem 4.3
that 7" admits the Cowen—Douglas decomposition.

QUESTION 2. Let T be an unbounded admissible 2-hyperexpansion, and
T the operator Cauchy dual to T'. Is 0,,(1”) equal to 0Dy U {0}?



160 S. Chavan

Finally, we construct an unbounded, closed 2-hyperexpansion that has
the wandering subspace property.

ExXAMPLE 5.4. Consider a densely defined closed linear operator S in X
with domain D(.S) such that SD(S) C D(S). Assume null(S*)ND(S) # {0}
and fix a non-zero h € null(S*) ND(S). Define

D(T) =1in{S*h: k=0,1,...} € D(9),

H = the closure of D(T') in K,

Tx =Sz for every x € D(T).
Clearly, T is a densely defined linear operator in H such that TD(T") C D(T).
Since T" admits the closed extension S, T is closable. It follows from Lemma
2 of [18] that the dimension of null(T™) is less than or equal to 1. We check
that h € null(7™). Since S extends T, for any x € D(T") one has

(Tz,h)y = (Sz,h)x = (x,S"h)x = 0.

This shows that h € D(T*) and T*h = 0. It follows that if S is expansive
(resp. 2-hyperexpansive) then so is T. Moreover, T is always analytic. To
see this, let z € (1,5, T"D(T). In particular, z € D(T). Thus there exist

a;j € Csuch that z = 377" a;T7h. Since x € T™TD(T), there exist 3; € C
such that z = Z?:m—l—l B;T7h. Thus Z?:o v;T7h = 0 for some ;. Since h €
null(7%), by Lemma 2.3(8)&(9) we have fk(2§:0 v;T7h) = ~h. Therefore
Y = 0. By a finite induction argument, one can see that v; = 0 for all j.
Thus x = 0 and T is analytic.

Let ay,,Cy and C’é) be as in Proposition 5.3. Choose a non-zero h €
null(C3) N D(Cy). Hence, as in the previous paragraph, one can associate

with Cy a closable, analytic 2-hyperexpansive Ty. We claim that |7 £h|| =
||C’£h|| — 00 as k — o0o. To see this, note that
h=7 (heigsn)(eiirt — Vi eiprivn)-
1€EZ

Since Cy is closed and

D (heii1)Cpleiivt — vai eiviivt) € LP(p),

€7
from h € null(C}) (see the proof of Proposition 5.3) it follows that Cyh =

Yiczlh, €iiv1)Cpl€iiv1 —+/@i €iv1,441). Since all non-negative integer powers
of Cy are closed, it follows by an induction argument that

Chh = (heiis1)Ch(eiit1 — Vaieirrit1) (K €N).
iez
Observe that [|CER|? = 37,5 |(h, eiir) 2L+ 8 aiaii14m+a;) (k € N).
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Since {an}p>_,, is unbounded, the claim follows. Also, since TyD(Ty) C
D(Ty), by Lemma 4.2, T,D(Ty) C D(T}). Thus Tj, is an unbounded, closed
2-hyperexpansion with invariant domain that has the wandering subspace
property. Now Proposition 3.5 implies that T7¢> admits the Wold-type decom-
position. Hence, by Corollary 3.3, T¢/> admits the Cowen—Douglas decompo-
sition.
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