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Kergin interpolation in Banach spaces
by

HENRIK PETERSSON (Vixjo)

Abstract. We study the Kergin operator on the space Hyp,(E) of nuclearly entire
functions of bounded type on a Banach space E. We show that the Kergin operator is
a projector with interpolating properties and that it preserves homogeneous solutions to
homogeneous differential operators. Further, we show that the Kergin operator is uniquely
determined by these properties. We give error estimates for approximating a function
by its Kergin polynomial and show in this way that for any given bounded sequence
of interpolation points and any nuclearly entire function, the corresponding sequence of
Kergin polynomials converges.

1. Introduction. Let (po,...,pq) be a sequence of points in the complex
plane. Let f be an entire function in one variable. Then there is a unique
polynomial F' of degree at most d such that

(1) FRp) =B @), k=0,....k—1,j=0,...,d,

where k; is the number of repetitions of the point p; in the sequence
(po, - --,pq). If all the points are different we obtain the Lagrange poly-
nomial and at the other extreme case, when all are equal, F' is the Taylor
polynomial for f.

Consider now the n-variable case and a sequence of points (po, ..., pq)
in C™. Then for every given entire function f there is a polynomial F', of
degree at most d, that interpolates f analogously to (1), i.e. we replace
derivatives of order k£ with directional derivatives of order k. In contrast to
the one variable case, the polynomial F' is, in general, not uniquely deter-
mined by this property.

More generally, let X be any (complex) vector space and let (po, ..., pq)
be a sequence of points in X. Let f be an arbitrary Gateaux holomorphic
function on X, i.e. f is an entire function on all finite-dimensional subspaces.
We denote by Hg(X) the space of Gateaux holomorphic functions on X.
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We shall see (Theorem 1) that there is a polynomial F' of degree at most d
on X such that

(2) D’;F<pj):D];f(p])7 xEX’ kzO?"'7kj_17.j:O7"'7d7

where k; is the number of repetitions of the point p; in the sequence
(po, - - -, pq)- Here, and in what follows, D}, denotes the directional derivative
along h. In fact, we show that the Kergin polynomial F' = K, f, with respect
to the points p = (po, ..., paq), satisfies (2) for any given Gateaux holomor-
phic function f. Thus, in the one variable case, the Kergin polynomial is
nothing but the Lagrange resp. Taylor polynomial in the above-mentioned
two extreme cases.

Even though the Kergin polynomial is not uniquely determined by its
interpolating property (2), it is possible to characterize Kergin interpolation.
In n variables, the following result is due to Filipsson and Calvi (see [3] or
[7]): the Kergin operator, f — K, f, on the space of entire functions is a pro-
jector that preserves homogeneous solutions to homogeneous partial differ-
ential operators. That is, if P(D)f = 0 for some homogeneous polynomial P,
then P(D)K,f = 0. Moreover, the Kergin projector is uniquely determined
by its interpolating property and this property. An infinite-dimensional gen-
eralization of this result can be found in [11].

In this article we study the Kergin operator on the space of nuclearly
entire functions of bounded type, Hnp(F), on a Banach space E. An ex-
cellent exposition of the theory of Hyp(E) can be found in Gupta’s work
[9] and we shall also refer to Dineen [4] and Dwyer [5]. We show that the
Kergin operator is a continuous projector from Hnyp,(E) onto the nuclear
polynomials and that, in addition to its interpolating property, it preserves
homogeneous solutions to homogeneous differential equations (Theorem 8).
Further, we give error estimates for approximating a function by its Ker-
gin polynomial (Theorem 11). Our result shows that for any given bounded
sequence of interpolation points and any nuclearly entire function, the cor-
responding sequence of Kergin polynomials converges to the function under
consideration. In the finite-dimensional theory, such convergence problems
have been studied in [2], [10] and in [8] where Gelfond’s classical theorem
about convergence of Lagrange interpolants to entire functions in one vari-
able can be found.

Some of the results in this article are taken from the author’s doctoral
thesis [11].

2. The Kergin operator. Let X be a complex vector space. For any
Gateaux holomorphic function f € Hg(X) and sequence p = (po, . .., pq) of
points in X let
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(3) V=1 o+ s1(p1 —po) + ... + sa(pa — po)) ds,
[p] Sa

where Sy = {s = (s, > 0) € R?: 3 5, < 1} denotes the simplex in RY. If
p = (po), i.e. if p consists only of one point, let S[p} f = f(po). Note that S[p] f
does not depend on the ordering of the points p;. Indeed, with an obvious
change of variables in (3) we may permute any of the points with pg and
thus any two points. Next, for a given sequence of points p = (po, - - -, Pd),
the Kergin operator with respect to p is the operator K, : Hg(X) — Hg(X)
defined by

@) Kf@=\f+ | Depf+...+ | Dapy,.. . Dopf.
[po] [po,p1] [Po,---.pd]
Recall that Dy, f(z) denotes the directional derivative at x along h.

REMARK 1. Suppose f € Hg(X) has the form f = homp for some entire
function h in n variables. Here F' = (y1,...,yn) € X* X ... x X* where X*
denotes the algebraic dual, and 7 is the projector mg : X — C" defined by
wp(z) = ((z,yk)). We say that f is an X*-cylinder function of order n. If
p= (po,.--,pa) then S[p] f= S[WF(P)] h where g (p) = (7r(po), - .., 7F(pa))-
In view of this it is easily checked that Kp[h o nr] = [K ,(y)h] o mF and, in
particular, K, f = [Ky h] oy if f = hom, is a cylinder function of order
one.

The Kergin operator on function spaces with finite-dimensional domains
is studied in [1, 6]. Many of its properties depend only on the properties of
the functions under consideration restricted to finite-dimensional subspaces
and are therefore easily extended to Gateaux holomorphic functions. If V/
is any finite-dimensional subspace containing the points p;, then [K, fly =
K, fv where []y denotes the restriction of [] to V. We denote by P4 (X)
the space of polynomials on X of degree at most d. That is, Pg(X ) is
the space spanned by J, ., Pa("X) in Hg(X), where P5("X) denotes the
n-homogeneous polynomials on X.

THEOREM 1. Let X be any complex vector space and let f € Hg(X).
For any finite sequence p = (po, - ..,pa) of points in X we have:

(i) Kpf does not depend on the ordering of the points.
(ii) Kpf interpolates f at the points of p in the sense of (2).
(iil) KpK,pf = Kpf, and Kpf = f if f € P4(X), i.e. K, is a projector
in Hg(X) onto PE(X).

Proof. We prove (i) by induction on d. When d = 1 we have D,_p, f =
Dy—p, f+Dp,—po f and the assertion follows easily. Assume now that it holds
for d = k. Note that K s f(z) = K,nf(x) + S[pk+1] Dy py ... Dy_po f where
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P’ = (po,...,p;). By the assumption that (i) holds for d = k, we may
permute any of the points (po, ..., px) in the first term K f and this is also
true for the second term on the right hand side. In view of this, it suffices to
show that we can exchange the roles of pyy1 and, say, px. In the same way
as above,

ka+1f(m) = kafl fz)+ S Dypy oo Dy pof + S Dy_py - Dyopo f-
("] [ph 1]

The first term on the right hand side does not depend on py and py11. Hence

we are left with establishing that we may exchange the positions of p; and

pr+1 in the last two expressions. Since integrals like (3) do not depend on

the ordering of the points, this follows easily as in the case d = 1. We leave

the details to the reader.

Next we prove (ii). This holds for finite-dimensional spaces ([7, Theorem
5.7]). Let z1,...,z) be arbitrary points in X where k < k; — 1, j < d. Let
V be any finite-dimensional subspace containing the point z and the points
of p. By the finite-dimensional result,

DyKyf(pj) = [DyKpflv(pj) = Dy[Kpflv (p) = DiKpfv (ps)
= D; fv(pj) = (D3 flv(p;) = DE, [ (p))-
This proves (ii).
(iii) follows easily from the corresponding result in n variables ([7, The-
orem 5.7]). Indeed, let z € X be arbitrary and let V' C X be any finite-

dimensional vector space containing x and the points p;. If fi/ denotes the
restriction to V' then K, fy = [K,f]v and

KpKpf(z) = [KpKp flv(x) = Kp[Kpflv(z) = KpKp fy ()
= Kpfv(z) = [Kpflv(z) = Kpf(2).
In the same way K,f = f if f € P4(X) since fy € P4(V). m

The interpolating property of the Kergin operator implies the following
“difference formula”.

LEMMA 2. Let X be a complex vector space and let f € Hg(X). Then
for any finite sequence p = (po,...,pq) of points in X,

f(x) = Kpf(x) = S Dypy - Dopyf-
[po;---Pa,7]

Proof. By Theorem 1 we have f(z) = K, p,2)f(7) and the lemma
follows from the observation that

K(po,--~pd7x)f($) = K(po,--.pd)ﬂm) + S Dg—py.. . Dg—p,f. =
[p07~"’pd7x]
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The next theorem shows that, in some sense, the Kergin operator ap-
proximates functions with geometric error (compare [7, Theorem 6.2] and
[11, Theorem 9.3]).

THEOREM 3. Let X be a vector space and let (po,p1,...) be a sequence
of points in an absolutely convex set P C X . Then for an arbitrary absolutely
convex set B C X and f € Hg(X) we have, for any j and s > 0,

e Jj+1
I = Kol < () W lapemeairrn

where p’ = (po,...,pj) and || - || 4 is the supremum over A C X.

Proof. We can assume that f is bounded on [3P + B + s(P + B)]. By
Lemma 2,

(5) [f = Kyfl@)= | Dapy...Doy;f
[p7 ]
= S Dy py - Dyp, f(§(8) + 8j117) ds
Sjt1
where

£(s) =po+s1(p1 —po) + ...+ 8j(pj — po) + sj+1(=po) € 3P, s € Sji1.
Thus &£(s) + sjr12 € 3P+ B =U for all s € Sj41 and € B. By Cauchy’s
formula and the polarization formula (see for example [4, Proposition 1.8])

|szp0-'-Dmfpjf(£(5)+sj+lx)| < sup |DhoDhjf(£)|

heV, €U
; Jj+1 )
<UD D)
G+ heveev
. : 2
(G +1* ‘ ity —i(j+1)t
~——  sup f(&+ she®)e ™V dt
2msitl heV,¢eU §) ( )
(j +1)+!

< T”f”U—FSV? 365j+1, .’IJGB,
where V = P + B. Since SS]- ds = 1/j! and j7 < /715!, j € N, we have, for
any x© € B,

. 1 J+1 1 J
I - Ky fl(a)] < U(;)l)! T

and hence the assertion. =

3. The Kergin operator on the nuclearly entire functions. In
this section we study the Kergin operator on the space of nuclearly entire
functions of bounded type, Hnp(E), on a Banach space E. The objective
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is to prove that the Kergin operator on Hyy,(E), in addition to its inter-
polating property (Theorem 1), is a projector that preserves homogeneous
solutions to homogeneous differential operators, and that it is uniquely de-
termined by these properties. We end up by deriving an error formula, in
terms of the seminorms on Hyp(F), for approximating a function by its
Kergin polynomial.

A Banach pairing is a pairing (E, F') where E and F' are Banach spaces
and where F' = E’ or the other way round. Thus the norm topologies on
E and F are the (strong) topologies G(E, F') and ((F, E) respectively. Let
(E,F) be a fixed Banach pairing. We denote by P("E) the space of con-
tinuous n-homogeneous polynomials on E equipped with the usual norm
topology, and by Pn("E) the nuclear n-homogeneous polynomials. That is,
Pn("E) is the space of all polynomials P of the form

P(z) =Y Ml (el - luwll™) € &,
k=1

where A\, are complex numbers and y; are vectors in F', provided with the
nuclear norm || - ||, (to simplify the notation, we do not specify F' in the
notation Px("E)). The finite type polynomials on E, i.e. the (dense) subspace
of Px("E) spanned by polynomials of the form (-, y)", y € F', is denoted by
Pr("E). If F has the approximation property, then the map F,, defined by
FuX(y) = (A, (-, y)™) defines a topological isomorphism between Py ("E) and
P("F') (when (E,F) = (E, E’) see Dineen [4, Proposition 2.10] or Gupta [9,
Lemma 4, page 59], and when (E, F) = (F’, F) see Dwyer [5, Proposition
I.1]). In this way we may put Pnx("E) and P("F) in duality by (P,Q), =
F1Q(P) where P € Px("E) and Q € P("F).

If (E, F) is a Banach pairing, then Hyp(E) is the space of all Gateaux
holomorphic functions f € Hg(F) such that f, = D?)f(O)/n! € Pn("E),
n=20,1,..., and

1flvr = S falla < 00, 70,

equipped with the seminorms thus defined. In this way, the nuclearly en-
tire functions of bounded type, Hnn(E), are a Fréchet space. Note that
F=>Ffn, fn = DE?)f(O)/n!, with convergence in Hnp(F), for every f €
Hyp(F). The exponential type functions on F, Exp(F), are the space of
functions ¢ € Hg(F') such that ¢, = Dz?)go(())/n! € P("F),n=0,1,...,

and limsup [n!]||@n||n]/™ < oo, or equivalently, such that [p(y)| < Cecl¥l

for some ¢,C' > 0. Here ||| - |||, denotes the norm on P("F). By the dual-
ity between Pn("E) and P("F'), when F' has the approximation property,
the Fourier-Borel transform F, defined by FA(y) = (A, ey), is an isomor-
phism between H{, (E) and Exp(F') and we may put Hxp(E) and Exp(F')
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in duality by
(o]
6) (f.0)=F ro(f) =D nllfu.nhn, [ € Hnp(E), ¢ € Bxp(F).
n=0

Multiplication ¥ — @, ¢ € Exp(F'), is weakly continuous on Exp(F') for
the duality between Hnp(E) and Exp(F'). Thus, for any given ¢ € Exp(F),
o(D) = % : Hnp(E) — Hnp(E). Such differential operators are continuous.
In this way one obtains the family of all continuous convolution operators on
Hyp(F) (a convolution operator is an operator that commutes with transla-
tions). In particular, homogeneous differential operators P(D), P € P("F),
n =0,1,..., are homogeneous convolution operators.

REMARK 2. If P = (z1,-)...(Tn,"), x; € E, then P(D) = Dy, ... D,,.
Hence, if P=3; A (xp, )" € Px("F) (€ P("F)), then P(D)f=3, \ Dy, f
with absolute convergence in Hyp,(F).

DEFINITION 1 ([3, 7]). Let (E, F) be a Banach pairing. A continuous
linear projector II : Hxp(E) — PI%(E) is PDE-preserving on Hny(E) if

P(D)f=0 = P(D)If=0, VYPeP("F), n=0,1,...,

i.e. if it preserves homogeneous solutions to homogeneous differential (con-
volution) operators.

LEMMA 4. Let (E,F) be a Banach pairing and let p = (po,...,pq) be
points in E. The map f — S[p} f defines a continuous linear functional on

Hyy(E).

Proof. The (nuclear) topology on Hyp(F) is finer than the topology of
uniform convergence on bounded sets in E. Thus it suffices to prove the
continuity for this latter topology. If ||p;|| <, j =0,...,d, we obtain

} S f} = ‘ S f(po-l-isk(pj —pg)) ds| < sup |f(x)|/d.
[p] k=1

S, [lz]|<3r
This completes the proof. m
We denote by Pl‘\iI(E) the nuclear polynomials on E of degree at most d.
That is, Pg(FE) is the space spanned by Un<a Pn("E) in Hnp(E).

LEMMA 5. Let (E,F) be a Banach pairing and let p = (po,...,pq) be
points in /. Then the Kergin operator f — K, f defines a continuous linear
projector from Hyy(E) onto PL(E).

Proof. A map of the form f +— Dp,... Dy, f, hj € E, is continuous
on Hnp(E). In view of this, and by Theorem 1, it suffices to prove that
fr S[p} D{f defines a continuous map between Hyxp(E) and Py (™E).
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Assume first that f,=> ", A\ (-, yr)" € Pn("E). If m > n, then D' f, =0
so assume that m < n. Then
n!

D3 fn —Z)\k m)! (@, )™ (- ye)" ™™

with absolute convergence in Hyy,(FE). Hence, by Lemma 4,

SDTfnZZ[AkﬁS(wyk) ]xyk Zukﬂﬂyk
[p] k [p]

Now if ||pj|| <7, j=0,...,d, then

il - lyell™ < [Ax] n—m)! [yl ‘ Vo) ’
' [p]
n! 3r|n—m n
< I g Il

Hence f/* = S[p] D fn € Px("E) and

n! [

7) £l < sy g Wl

Now let f = > fn, € Hnp(E) where f, € Px("E). By the continuity of
f— DIf on Hxp(F) we have Dmf > n>m D fn- Hence, by Lemma 4,
S DI f =3 sm fi! where fi'(z) = S[p] DI f,,. By (7) this series converges
absolutely in Px("™E) and

(3 1[3r]™
S e < P Y Sl < mzﬁr”ufnun

n>m n>m

£l -6

]—m

- d‘[ }
This also shows the continuity of f +— S[p] D?f‘) f and the proof is complete. m

LEMMA 6. Let (E,F) be a Banach pairing where F has the approz-
imation property. Then Pp("F) is dense in P("F) for the weak topology
o(P("F),Px("E)) and thus for the topology o(P("F), Hxy(E)) (duality in-
duced by the duality (6) between Exp(F') and Hnyp(E)).

Proof. Assume that Pp("F') is not dense in P("F'). Then there is a 0 #
P € Px("E) such that (P, Q) = 0 for every @Q € P("F). But with Q = (x, )"
this gives 0 = (P,Q) = P(x) and hence P = 0 as x was arbitrary. This is
a contradiction so Pr("F) is dense in P("F). This also implies that Pg("F)
is dense for o(P("F'), Hx(E)) since by formula (6), (f, Q) = n!{fn, @)n for
every f € Hxp(E) and Q € P("F) C Exp(F). =
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LEMMA 7. Let (E,F) be a Banach pairing, where F has the approzi-
mation property, and let IT : Hxp(E) — Plﬁll(E) be a continuous projector.
Assume that there are functionals \j € H{(E), j = 0,...,d, such that
(A\j,1) =1 and
(8) NDIIT=M\Di, z€kE, j=0,...,d
Then II is PDE-preserving.

REMARK 3. (8) is equivalent to A\; P(D)IT = \;P(D) for all P € Pg(’F),
J =0,...,d. Since any derivative of the form Dy, ... D, can be written as
P(D) for some P € Pr(’F) (see [9, Proposition 2]), (8) is also equivalent to
)\ijl DIJH = >‘ij1 ...ij, xv,el, j= 0,....d.

Proof of Lemma 7. Assume that P(D)f = 0 where P € P("F) and
f € Hnp(E). We must prove that r = P(D)ITf = 0. If d < n this is obvious
so we can assume that d > n. We have r € P& "(F) and hence

r=719+...+14_n, r;€PxUE).
We prove that r4_, =0. Let z € E be arbitrary and put Q= (x, )" /(d—n)!
€ Pr(¢""F). Then Q(D) = DI™"/(d — n)! and ry_,(z) = Q(D)rq_n, =
Q(D)r (= constant). By Lemma 6 there is a net P, € Pp(?""E) such that
P, — P in o(P("F), Hxp(E)). Now QP, € Pr(%F) and Q(D) o P,(D) =
QP,(D). Hence for o5 = FAy € Exp(F') we obtain, in view of Remark 3,
ra-n(r) = Aa(Q(D)r) = (QD)P(D)IL f, pa) = (pa(D)Q(D)I f, P)

— lim(pa(D)Q(D)ITS, Pa) = lim A\g(Q(D) Pa(D)ITf)

= limAg(Q(D)Fa(D)f) = lim(pa(D)Q(D)f, Pa)

= (pa(D)Q(D)f, P) = M(Q(D)P(D) f) = 0.
As x was arbitrary we conclude that r4_, = 0. Repeating these arguments

ford—n—1,d—n—2,... down to zero we obtain r = 0. m

THEOREM 8. Let (E, F) be a Banach pairing, where F' has the approzi-
mation property, and let p = (po,...,pa) be a sequence of points in E. Then
the Kergin operator K, on Hxy(E) is PDE-preserving.

Proof. By Lemma 4 the functionals A; defined by

Mo =itV P =0 py), 5=0,...,4,
[p’]
are continuous. Moreover, (A;,1) =1 for all j. Thus, by Theorem 7, we are
done if we can prove that (\;, D%(f — K,f)) =0, that is,

| Di(f-K,f)=0
[p7]
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forallz € X and j =0, ...,d. This is known to hold in the finite-dimensional
case (see [7]). Thus if V is any finite-dimensional subspace containing the
points in p and x we have

| Di(f—K,f) = { IDI(f = Kpf)lv = | Di(fv — [Kpflv)

[p7] [p7] [p7]
= | Di(fv —Kpfv) =0
[p7]

and hence the conclusion. =

The next theorem shows that the Kergin operator is uniquely deter-
mined by its interpolating and PDE-preserving properties on Hnyp,(E). The
n-dimensional version of the theorem was obtained by Filipsson [7]. An
infinite-dimensional generalization can be found in [11] for entire functions
in the ring of formal power series in an infinite number of variables.

THEOREM 9. Let (E,F) be a Banach pair where F has the approzima-
tion property. Let II : Hxp(E) — PI%(E) be a continuous PDE-preserving
projector that interpolates function values at the points (po,...,pq) in E in
the sense of (2). Then II is the Kergin operator K, on Hny(E).

Proof. Linear combinations of functions of the form hy, = h({:,y)), where
y € F and h is an entire function in one variable (F-cylinder functions of
order one), are dense in Hyp(E). Thus it suffices to prove that K, = IT on
such functions. If y = 0, then h, is constant and hence K,h, = hy, = IIh,.
Further, every F-cylinder function, with non-zero element in F', is the limit
of cylinder functions h, for which p; = (p;,y) # 0 whenever p; # 0. Hence
it suffices to prove II f = K, f for an arbitrary function of the form f = h,.
By Remark 1, K,hy = q({-,y)) where ¢ = Kzh is the Kergin polynomial of
h with respect to the points p = (p;). Thus, ¢ is the unique polynomial of
degree at most d that interpolates h at the points p in the sense of (1). Thus
we must prove that f = ¢({-,y)) where f = ITf.

We note that Dy, f = (zo,y)h'({,y)) = 0 for every zg € [y]* ([] =
linear hull). The assumptlon that II is PDE-preserving implies that such
derivatives also vanish for f Hence f is constant on each hyperplane Y (z) =
{z: (z,y) =z}, 2 € C. Indeed, let Y (29) be a fixed hyperplane and let z¢ €

Y (z9). We must show f( "= f(a:o) for 2’ € Y(2p), that is, fmox ,wo(l) =

fwo’w '_2,(0) where fx@( z) = f(x—i—zf) Thus it suffices to prove that fmO 2o
is constant on [0, 1]. But since 2’ — z¢ € [y]* we have

fzo;x’—xo (t) = Dm’—zof(xo + t(xl - CCO)) =0, te [Ov 1]5

and ]?mo;m’—mo is constant. We now define the function g by 4(z) = f(Y (2)),
where f(Y(z)) is the constant value of f on the hyperplane Y'(z). Hence
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f(@) = ¢({(z,y)) for all 2. Moreover, §(z) = f(x.) where z, is any clement
in Y(z). If z1 € Y(1) is arbitrary then z, = zz; € Y(z) for any given z.
Hence §(z) = f(zx1) and ¢ is entire. Since f € PZ(E) is a polynomial of
degree at most d, ¢ must be a polynomial of degree less than or equal to d.

If 1 € Y(1), then q(z) = f(zx1) and hence
(9) ¢M(2) = D§, f(za1).

Thus if p; # 0, and hence p; # 0 by assumption, for z = p; and x; = p;/p; €
Y (1) we obtain, for k < k; — 1,

a0 B;) = Dy, J(p) = D, F(07) = (w1, 9) 0 (5;) = 19 (3y).
On the other hand, if p; = 0, and hence p; = 0, for z = 0 = p; and arbitrary
z1 € Y(1) we obtain

¢"(0) = a™(5;) = D}, f(p)) = D5, f(ps) = (w1, )™ (3;) = 1™ (0)
for £ < k;j — 1. Summing up, ¢ is a polynomial of degree at most d and

interpolates h at the points p; in the sense of (1). Hence ¢ = ¢ and we are
done. =m

As a consequence we obtain the following.

COROLLARY 10. Let (E,F) be a Banach pairing where F has the ap-
prozimation property. Let II : Hxn(E) — PE(E) be a continuous PDE-
preserving projector. Then II cannot interpolate function values at more
than d + 1 points in E in the sense of (2).

Proof. Assume that there is a PDE-preserving projector II that interpo-
lates function values at the points p = (po, ..., p4+1) in the sense of (2). By
Theorem 9, II is the Kergin projector with respect to the first d 4+ 1 points
(po,---,pq)- By Remark 1, the Kergin polynomial for every entire func-
tion is the same for the points (po,...,pq) as for the points (po, ..., Pd+1),
Pj = (pj,y), for every y € F. This is impossible and the proof is complete. m

We now derive an error formula for Kergin approximation. Let B, denote
the closed ball with radius r centered at the origin. By Theorem 3 with
P = B, and B = B,,

RN ZAYAL
IF =Ky fllz, < e (5) Wl R =R(r,5) =3r+ 0+ s(r+0).

However, our objective is to give an error formula in terms of the seminorms
on Hyp(E). In the finite-dimensional theory, such error formulae have been
studied in [2], [8] and [10].

THEOREM 11. Let (E,F) be a Banach pairing and let f € Hnp(E).
Then for any sequence (po,p1,...) of points in the closed ball B, we have,
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for any j and o > 0,

(10) 1f = Ky fllvee < Hf - zj:anN:[2(2r+9)]
n=0
(= ffp@r+mwwmu)
n=j+1

where p? = (po, ..., p;)-
Proof. By Lemmas 2 and 4 we have

(1) [f~Kpfl@ = | Dipy..-Dacpyf

[p7 ]
=3 | Doy Dapyfu=Y. Fulw)
n=j+1 [p z] n=j+1

for f =5 fn in Hxp(E). Let fr, = > M (-, yk)™ be an arbitrary representa-
tion of f,, € Pn("E). Then F,, is a finite sum of terms of the form
(12) \ DI'Dyy... Dy frn m<j+1,
[p7 2]
where ¢; € {po,...,p;}. We note that
(13) D;ano DQJ mfn

o0

n...(n— NNz, ye) ™ (G0, k) - - - (Qj—ms yr) (- yp)
k=1

Now F"'(x) = Sst Di'Dy, ... Dy, fn(§(s) + sj112) ds where

£(s) =po+ s1(p1 —po) - --8j(pj — o) + 8j+1(=po) € 3B, s € Sji1.
The binomial formula gives

n—

2 ] -1 i n—j—1—i
(€(s) + sjt1z, yx)" Z < > T, Y)' $541(€(8), yk)" T
—0

Hence, the expression (12) for F7" can be rewritten as
B (:B)

0 n—j-1 o
Z” (n—1j < . )Ak<QOvyk>---<Qj—mvyk>§njk<$ayk> *

= Z po ()™, g = S s% 1 (E(s), ye)" T ds.

=0 k= SjJrl

Hence F™ = 3" p (-, )™ € Px("™E). In fact, since £(s) € 3B, and
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SS s = 1/4!, we see that |7 | < [37|lyel]"7~17/(j + 1)! and

i, m+z‘<”-'-(”_]) n—j—1 j=m+lig,an—j—l=i|y | n

n n—j—1\ ,_ L
= () (")

This implies ™ € Px(™TE) and
, n n—j—1\ ,_ L
s < () (71 )
Hence
n—j—1
1o = 3 O
1=0

n—j—1

< ||ann<] j_ 1) g —matl Z < _] o 1) [Br]n—j—l—igi

= ||fn”n< N 1) erj—m—i-l[?)r + Q}n—j—l.

Now, F,, is a finite sum Z 0 F,.. and each F,, is a sum of (j;rll) terms
of the form F]". By the binomial formula,

Jj+1 J—f—]_ '
| Fllng < anun(.ﬂ)[gwgn - 12( + )Nmﬂgm

m=0
—||fn||n( )[3r+g1”“[r+@1f“ e + 267 Ful:

Substituting into (11) completes the proof. m

Estimate (10) shows that for any bounded sequence of interpolation
points and f € Hnp(E), the corresponding sequence of Kergin polynomials
converges to f. More generally, from the proof it follows that for an arbitrary
sequence of interpolation points, the estimate (10) holds with r replaced by
r; = max{||p;|| : 0 < i < j}. This gives a sufficient condition on a function
in order that its sequence of Kergin polynomials converges. This holds for
f € Hnp(E) when the (increasing) sequence zn 077 0" fnlln is bounded
for every ¢ > 0 (compare with [7, Theorem 7.1}).
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