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On a binary relation between normal operators
by

TAKATERU OKAYASU (Yamagata), JAN STOCHEL (Krakow) and
YASUNORI UEDA (Yamagata)

Abstract. The main goal of this paper is to clarify the antisymmetric nature of a
binary relation < which is defined for normal operators A and B by: A < B if there exists
an operator T such that Fa(A) < T*Ep(A)T for all Borel subset A of the complex plane
C, where E4 and Ep are spectral measures of A and B, respectively (the operators A
and B are allowed to act in different complex Hilbert spaces). It is proved that if A < B
and B < A, then A and B are unitarily equivalent, which shows that the relation < is a
partial order modulo unitary equivalence.

1. Introduction. Let H and K be complex Hilbert spaces. The set of
all bounded linear operators from H to K is denoted by B(H, K). We shall
abbreviate B(H,H) to B(H) and write I for the identity operator on H.
The kernel, the range and the adjoint of A € B(H, K) are denoted by N (A),
R(A) and A*, respectively. As usual, |A| := (A*A)Y/2 for A € B(H,K). We
say that two operators A € B(H) and B € B(K) are unitarily equivalent
(in symbols A = B) if there exists a unitary operator U € B(H,K) such
that A = U*BU. Given an operator A € B(H) with closed range, we write
rank A for the orthogonal dimension of R(A) and call it the rank of A. For
two vectors u,v € H, we define the finite rank operator u ® v € B(H) by
(u ®@v)(h) = (h,v)u for h € H. The spectrum of A € B(H) is denoted by
o(A). Given two selfadjoint operators A, B € B(H), we write A < B (or
B > A) if (Ah,h) < (Bh, h) for all h € ‘H. The spectral measure of a normal
operator A € B(H) is denoted by E 4. Recall that if A € B(H) is a normal
operator, then

(1.1) o(A) is equal to the closed support of Ej4.

For this and related facts concerning normal operators we refer the reader
to the monographs [2]| and [17].
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Given an operator T' € B(H,K) and two normal operators A € B(H)
and B € B(K), we write A <7 B if

(1.2) EA(A) < T*Ep(A)YT  for all A € B(C),

where B(C) stands for the o-algebra of all Borel subsets of the complex
plane C. We shall abbreviate to By < T*EBT (the same convention
will be applied to other relations involving operator functions of A). We
write A < B if A <7 B for some T' € B(H,K). It is clear that the relation
< is reflexive and transitive. It is also obvious that if two normal operators
A € B(H) and B € B(K) are unitarily equivalent, then A < B and B < A.
Moreover, the relation < is compatible with & (i.e., A < B, A = A’ and
B = B’ imply A’ <« B’). Theorem which is the main result of this
paper, states that if A < B and B < A, then A = B. This means that the
relation < is a partial order modulo unitary equivalence.

It is worth mentioning that if A < B and B < A, then the spectral mea-
sures K4 and Ep are mutually absolutely continuous, and so their spectral
types coincide (cf. [2] for the terminology). Since, in general, the equality
of spectral types does not imply the equality of multiplicity functions, one
cannot expect normal operators with equal spectral types to be unitarily
equivalent @ (e.g. two normal operators with the same pure point spectra
but of different multiplicity are not unitarily equivalent). However, according
to the well-known result |3, Theorem 11.4], two star-cyclic normal operators
are unitarily equivalent if and only if their spectral types coincide. In view
of the above discussion, it is clear that this result implies a particular case of
Theorem for star-cyclic normal operators. Proofs of these two theorems
are completely different.

The concept of the relation <« is somewhat linked to the binary relation
<u, where A <,, B means that A, B € B(H) are selfadjoint and A < U*BU
for some unitary operator U € B(H) (cf. [9, [11]). Note that if B > 0, then
A <y B implies A < U*BU (cf. Proposition , but the converse is not
true, as is immediately seen by taking A = 0 and B = U = I. Though
selfadjoint trace class operators A, B which satisfy A <, B and B <, A
are necessarily unitarily equivalent, we can construct a unitary operator U
and selfadjoint operators A, B such that B < A < U*BU and A 2 B. It
is shown in [11l Theorem 5| that if B < A < U*BU, where A and B are
selfadjoint operators with null spectra with respect to the Lebesgue measure
on the real line R, and U is a unitary operator whose spectrum does not fill
up the whole unit circle, then B = A = U*BU.

The spectral order <, another concept which is linked to the relation <,
is defined as follows: given two selfadjoint operators A, B € B(H), we

(*) Recall that the spectral type and the multiplicity function form a complete set of
unitary invariants for normal operators (cf. [2] Theorem 7.4.3]).
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write A < B if
Ep((—00, \)) < Ea((—=o00, A]), X€R.

For commuting pairs, the spectral order < agrees with the usual one <. In
general, these two notions do not coincide (see [7, 12} [, [13]). Note that
B «; A implies A < B, but the converse is not true because, in general,
A < B does not imply A = B, while B <; A does (see Corollary .

Some basic facts concerning the relation < are included in Proposition
2.1} The case when the spectral measure E4 is a perturbation of the positive
operator valued measure T* EgT by the Dirac measure at 0 with coefficient
I — T*T is discussed in Theorem Theorem asserts that A < B if
and only if B decomposes into an orthogonal sum of two operators one of
which is unitarily equivalent to A, or equivalently if and only if there exists
an operator V' € B(K,H) with dense range which intertwines B and A.
In turn, Theorem states that A < B if and only if S*E4S < Ep for
some operator S € B(K, H) with dense range. The concepts of the paper are
illustrated by examples in Section [0} In the Appendix we discuss conditions
(iii) and (iv) of Theorem [3.1]

2. Basic properties of <. We begin by formulating some preparatory
facts concerning the relation <.

PROPOSITION 2.1. Suppose that A € B(H) and B € B(K) are normal
operators and T € B(H,K). If A <7 B, then
(i) 0 < T*Ep(A)T — Ea(A) < T*T — I for A € B(C),

i) o(4) C o(B),
) rank F4(A) < rank Eg(A) for all A € B(C),
) ¢(A) < T*¢(B)T for any bounded nonnegative Borel function ¢

on o(B),

(v) ¢(A) <1 ¢(B) for any bounded complex Borel function ¢ on o(B),
(vi) |A|™ < T*|B|™T for all integers n > 0,
(vii) A" < T*B"T for all mtegers n > 0 provided that B > 0.

Proof. (i) Substitute C\ A into in place of A.
(ii) By (1.1]), we have
EA(C\ 0(B)) < T*Ep(C\ o(B))T =0,
which implies that E4(C\ ¢(B)) = 0. Hence C\ o(B) C C\ o(A).

(iii) By assumption, E4(A) < (T*Ep(A))(T*Ep(A))*. This combined
with [4, Theorem 1] yields R(E4(A)) C T*R(Ep(A)). Since (bounded and
linear) operators with dense range do not increase the orthogonal dimension,
we have

rank E4(A) < dimT*R(Ep(4)) < dimR(Ep(A)) = rank Eg(A).

(i
(iii

(iv
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(iv) By (ii), we have
(@(A)h,h) = | ¢(2)(Ea(dz)h, h)
o(B)
< | ¢(:)(Ep(d2)Th,Th) = (T*¢(B)Th,h), he™H.
o(B)

(v) Employ (ii) and the fact that for a normal operator N € B(H) and
a bounded complex Borel function ¢ on o(N),

Eyn)(4) = Ex(¢7'(4)), AeB(C).
Conditions (vi) and (vii) follow from (ii) and (iv). m
It follows from Proposition [2.1[i) that A <7 B implies
Ef(A) >T*Ep(A)T+1-T"T, AeB(C).
Replacing A by C\ A, we see that the converse is true as well.
In view of Proposition (i), the inequality I < T™*T is necessary for the
relation A <7 B to hold. Hence A <7 B and ||T|| < 1 imply that 7" is an

isometry. In this particular situation the inequality (iv) in Proposition
turns into equality.

COROLLARY 2.2. Suppose that A € B(H) and B € B(K) are normal
operators and T € B(H,K) is a contraction. If A <p B, then ¢(A) =
T*¢(B)T for any bounded complex Borel function ¢ on o(B).

Proof. Since T is an isometry, we infer from Proposition (1) that
(2.1) E (A)=T"E(A)T, AecB(C).
Arguing as in the proof of Proposition (iv) completes the proof. =
By Corollary 2:2] if A <7 B and T is an isometry, then
(2.2) ATAT =T*B"B**T, m,n>0,m+n>1.

We now discuss in more detail the relationship between (2.2) and A < B.
In what follows, x A stands for the characteristic function of a subset A of C.

THEOREM 2.3. Let A € B(H) and B € B(K) be normal operators and
T € B(H,K). Then (2.2) holds if and only if

(2.3) EA(A) =T*Ep(A)T + xa(0)(I —=T*T), AeB(C).
Moreover, if holds, then

(i) T is an isometry if and only if E4 = T*EpT,
1 <T*T if and only if Eo < T*EBT,
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Proof. Set 2 =0(A)Uo(B)U{0}.

We first prove that implies and assertions (i) to (vi). Assume
that holds. Take a continuous function f: 2 — C. By the Stone-
Weierstrass theorem, there exists a sequence {py }7° ; of complex polynomials

in two complex variables such that limy_,o sup,c |f(2) — pr(z,2)| = 0. It
follows from (2.2)) that

(24)  pu(AAY) = T'p(B. BT + pi(0,0)(I = T°T), k> 1.

After passage to the limit in (2.4) as k — oo (which is possible due to the
uniform continuity of the Stone-von Neumann operator calculus), we obtain

(2.5) fA) =T"f(B)T + f(0)(I -T*T), f: {2 — C continuous.

Fix A € B(C) and h € H. Since the measures u(-) := (Ea(-)h,h) and
v(+) := (Eg(-)Th,Th) are regular (cf. [I5, Theorem 2.18]), there exist an
ascending sequence { K, }>° ; of compact sets in C and a descending sequence
{Gp}22 of open sets in C such that K,, C A C Gy, (G \ K,,) < 1/n and
v(Gp \ Kp) < 1/n. There is no loss of generality in assuming that 0 € K,
for all n > 1 provided that 0 € A, and 0 ¢ G,, for all n > 1 provided that
0¢ A Set Koo = U2 Ky, and Goo = () G- Then Ko, Goo € B(C),
Ko CAC Goo, 1(Goo \ Koo) = 0 and v(Goo \ Koo) = 0. For every n > 1
there exists a continuous function f,: C — [0, 1] such that f,(K,) = {1}
and f,(C\ G,) = {0}. It is now clear that lim, .~ fn(z) = xa(z) for all
2z € C\(Goo\ Koo ). Hence limy, o0 f(0) = xa(0) and lim,, o fn(2) = xa(z)
for almost every z € C with respect to u and v. By Lebesgue’s dominated
convergence theorem, we have

1 £2(A)h = Ea(A)R|* = | |fo — xal*dp— 0  as n — oo
C
Similar reasoning gives limy,, oo T f,,(B)Th = T* Eg(A)Th. Hence, by (2.5)),
we have Eq(A)h = T*Ep(A)Th + xa(0)(I — T*T)h, which yields (2.3).

(i) Necessity follows from (2.3)), while sufficiency from with A = C.

(ii) Necessity follows from (2.3)), while sufficiency from Proposition [2.1f).

(iii) Argue as in the proof of (ii).

(iv) Suppose contrary to our claim that 0 ¢ o(A) U o(B). Then there
exists an open set A in C such that 0 € A and AN (6(A) Uo(B)) = 0.
Hence, by and , we have T*T" = I, which is a contradiction.

(v) This can be deduced from by substituting A = C\ o(B).

(vi) If 0 ¢ o(B), then there exists an open set A in C such that 0 € A
and ANo(B) = (. This and imply that I —T*T = E4(A) > 0.

To complete the proof it is therefore enough to show that im-
plies . It follows from that

(2.6) ¢(A) =T¢(B)T + ¢(0)(I = T°T)
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for any simple Borel function ¢: C — C. Applying the standard approxi-
mation procedure, we see that (2.6) holds for any bounded complex Borel
function ¢ on (2. In particular, substituting ¢(z) = z™z" (z € {2) into (2.6),

we get (2.2)). m

COROLLARY 2.4. Let A € B(H) and B € B(K) be selfadjoint operators
and T € B(H,K). Then A* = T*B*T for all k > 1 if and only if

(2.7) EA(A)=T*E(A)T + xaA(0)(I =T*T)  for all Borel sets A CR.
Moreover, if (2.7) holds, then the assertions (i) to (vi) of Theorem [2.3] hold.

Combining Corollaries and we see that if A € B(H) and B €
B(K) are selfadjoint operators and T' € B(H, K) is an isometry, then E4 <
T*EgT if and only if E4 = T*EgT, or equivalently if and only if A¥ =
T*BKFT for all k > 1.

For examples illustrating Theorem [2.3 we refer the reader to Section [0]

(see Examples and . It is shown there that (2.3) may hold with
[—T*T 0.

3. Characterizations of <

THEOREM 3.1. Suppose that A € B(H) and B € B(K) are normal
operators. Then the following conditions are equivalent:

(i) there exists T € B(H,K) such that A <7 B,
(i) there exist T € B(H,K) and a surjective contraction V € B(KC, H)
such that VB = AV and VT =1,
(it") there exists an operator V. € B(K,H) with dense range such that
VB = AV,
(iii) there exists an isometry W € B(H,K) such that A = W*BW and
R(W) reduces B,
(iv) there exists an isometry W € B(H,K) such that E4 = W*EgW
and R(W) reduces B,
(iv") there exists an isometry W € B(H,K) such that Ex = W*EgW.

Moreover, if T is as in (i), then the same T can be chosen in (ii), and vice
versa. This is also true for W appearing in (iii) and (iv).

REMARK 3.2. By the Putnam-Fuglede theorem (cf. [14]), if A € B(H)
and B € B(K) are normal operators and V € B(K,H), then VB = AV
if and only if VEp = E4V. Arguing as in the proof of the implication
(iii)=-(iv), we see that (iii) is equivalent to the existence of a closed linear
subspace N of K reducing B such that A = B|r. For a discussion concerning
the assumption that R(W) reduces B, which appears in (iii) and (iv), we
refer the reader to the Appendix. It is clear that if F4 = W*EpW, then W
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is an isometry. It follows from Proposition [7.3]in the Appendix that if W is
as in (iv'), then R(W) reduces B.

Proof of Theorem [3.1] (i)=>(ii). Let Ay,..., A, € B(C) and hq,..., Iy,
€ H be fixed finite systems. Then there exist finite systems Af,..., Al
€ B(C) and Ji,...,J, C {1,...,m} such that A} N A} = 0 for all k& # [,
and A; = ;e ;, A for all i € {1,...,n}. Set by = 371, x,(j)hi for j €
{1,...,m}. Then we have

(3.1) |3 Bacanm| = [ 323 Bacayn
i—1 i=1 je;
— S5 ) Eaan|
i=1 j=1
=1 Ea@) (X wam) |
=1 i1
=S UEA(A 1.
=1
Similar reasoning leads to
(3.2) | Bs(anTh, C =S (Bp(A)TH, TH).
i=1 =

Since F4 < T*EBT, we infer from (3.1)) and (3.2]) that
(3.3) H ZEA(Az‘)hi < H ZEB(Ai)Thi
i=1 i=1

for all finite systems Aj,..., A, € B(C) and hi,...,h, € H. Define the
space N by N = Vaenc) EB(A)R(T). It is clear that R(T) € N and
N reduces Epg. It follows from (3.3)) that there exists a unique contraction
Vo € B(N,H) such that VoEg(A)Th = E4(A)h for all A € B(C) and
h € H. Define V € B(K,H) by Vf = VuPf for f € K, where P € B(K)
is the orthogonal projection of K onto A. Then V is a contractive linear
extension of Vj such that
(3.4) VER(A)T = Es(4), AeB(C).
Substituting A = C into (3.4)), we get VT = I. It follows from (3.4]) that

VER(A)(Eg(A)Th) = VEg(ANA)Th

= EA(ANAYh = EA(A)V(E(A)Th)

Q) Vaenc) EB(A)R(T) stands for the closure of the linear span of the set
UAe‘B(C) Ep(A)R(T).
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for all h € H and A, A" € B(C). Hence VER(A)|xy = Ea(A)V |y for all
A € B(C). Since N reduces Ep, we deduce that VEg(A)|lkeny = 0 =
EA(A)V|kon for all A€ B(C). Hence VEg= E4V, which implies VB = AV.

(il)=(it’). Evident.

(it")=(iii). Let V = U|V| be the polar decomposition of V. Then U €
B(K,H) is a partial isometry with initial space R(|V|) and final space H
(because R(V) = H). By the Putnam-Fuglede theorem, VB = AV implies
V*A = BV*. This yields

\VI?’B=V*VB=V*AV = BV*V = B|V|*.
By the square root theorem, |V|B = B|V| and thus R(|V|) reduces B. Hence
UB(VIf)=UWV[Bf =VBf=AVf=AU(V|f), [eK,

which yields UB]W = AU\W. Since UB|IC9R(\V|) 0 = AUl commn AL
we get UB = AU. Set W = U*. Then W is an isometry, W*BW = UBU* =
AUU* = A and R(W) = R(U*) = R(|V]), which shows that R(W) re-
duces B.

(iii)=(iv). Since W is an isometry, the space R(W) is closed. Define
the operator | W e B(H,R(W)) by Wh = Wh for h € H. Then R(W)
reduces B, Wis a unitary operator and A = W* (B IRW) )W This implies
that R(W) reduces Ep, and E4 = W*(EB|R )W Hence E4 = W*EBW,
as is easily verified.

The implications (iv)=-(iv") and (iv')=(i) are obvious.

We now proceed to the proof of the “moreover” part. If T' is as in (i), then
in view of the proof of (i)=-(ii) the same T" can be chosen in (ii). Conversely,
if T is as in (ii), then by the Putnam-Fuglede theorem VEp = E4V, and
therefore

(Ea(Q)h,h) = |EA(A)VTh|* = ||V Ep(A)Th|?
< |EB(A)Th||? = (Eg(A)Th,Th), heH,AcB(C).

In turn, if W is as in (iii), then by the proof of (iii)=-(iv) the same W can
be chosen in (iv). Conversely, if W is as in (iv), then obviously the same W
works for (iii). This completes the proof. m

COROLLARY 3.3. If A € B(H) and B € B(K) are normal operators such
that Eq = T*EBT for some T € B(H,K) and \/ peqn(c) EB(A)R(T) = K,
then T is a unitary operator and A = B.

Proof. Taking a quick look at the proof of the implication (i)=-(ii) of
Theorem [3.1] we conclude that V' = Vj is a unitary operator, VI' = I
and VB = AV. This implies that 7' = V! and therefore T is a unitary
operator. m
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COROLLARY 3.4. Let A € B(H) and B € B(K) be normal operators and
T € B(H,K). Suppose that A <1 B. If any of the following two conditions
is satisfied, then A = B:

(i) T has dense range.
(ii) H is finite-dimensional.

Proof. (i) Let V be as in Theorem [3.1](ii). Since T*T > I, the range of T
is closed, and so R(T) = K. As a consequence, we see that T is a bijection.
It follows from VT = I that V is a bijection as well. Since VB = AV,
the normal operators A and B are similar, and so they are automatically
unitarily equivalent (cf. [14]).

(ii) It follows from T*T > I that T is injective and thus surjective.
Applying the previous case completes the proof. m

A normal operator A € B(H) is said to be star-cyclic if there exists a
vector e € H, called a star-cyclic vector of A, such that the closure of the
linear span of the vectors {A"™A*"e: m,n > 0} is equal to H.

COROLLARY 3.5. If A € B(H) and B € B(K) are normal operators
such that A < B and B is star-cyclic, then A is star-cyclic.

Proof. Let V' be as in Theorem (ii) and let e be a star-cyclic vector
of B. It follows from VB = AV and the Putnam—Fuglede theorem that
VB™B*e = A™A*"Ve for all m,n > 0. This and R(V') = H imply that Ve
is a star-cyclic vector @ of A. m

REMARK 3.6. Note that Corollary [3.3]is also a direct consequence of the
following fact whose proof goes through as for Theorem [3.1]

If A€ B(H) and B € B(K) are normal operators and T' € B(H, K),
then E4 = T*EBT if and only if there exists a (unique) partial isom-
etry V € B(K, H) with initial space \/ pcqn(c) EB(A)R(T) and final
space H such that VI =1 and VB = AV.

By Proposition if Eqa =T"EpT, then \/ ycq(cy EB(A)R(T) = R(T).

4. Variations on <. In this section we analyze the connections between
the relations F4 < T*EgT and S*E4S < Ep. We begin with the following
simple observation.

PROPOSITION 4.1. If A € B(H) and B € B(K) are normal operators
and S € B(K, H) is a bijection such that S*E4S < Ep, then A= B.

Proof. 1t follows from S*F4S < Ep that A <g-1 B. Hence, by Corol-
lary the operators A and B are unitarily equivalent. m

(3) We can also show that if e is a star-cyclic vector of B and W is as in Theo-
rem iii)7 then W*e is a star-cyclic vector of A.
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It turns out that if the assumption on the bijectivity of S in Propo-
sition [4.1] is weakened to the requirement that S have dense range, then
AL B.

THEOREM 4.2. Let A € B(H) and B € B(K) be normal operators. Then
the following two conditions are equivalent:

(i) A B,

(ii) there ezists S € B(K, H) with dense range such that S*E4S < Ep.

Moreover, the operator S in (ii) can always be chosen to be a surjection.

Proof. (i)=(ii). Take W € B(H,K) as in Theorem [3.1|iv). Then the
operator S := W* is a surjection. Since R(W) reduces B, and WW* is the
orthogonal projection of K onto R(W), we deduce that WW* commutes
with B and thus with Fp. This fact combined with £y = W*EgW gives
(S"EA(A)SF, f) = [WW” Ep(A)f|* < (E(A)f. f), e, AeB(O)

(ii)=(i). As in the proof of the implication (i)=-(ii) of Theorem we

show that
15 masil = |50

for all finite systems Ay,..., A, € B(C) and f1,..., f, € K. Hence, there
exists a unique contraction V' € B(K, H) such that

(4.1) VEp(A)f = E4(A)Sf, feK,AecB(C).

This implies that Vf = VER(C)f = E4(C)Sf = Sf for all f € K, which
means that V = S. As a consequence of (4.1)), we have SEp(A) = E4(A)S
for all A € B(C), which by the Putnam-Fuglede theorem is equivalent to
SB = AS. As R(S) = H, we infer from Theorem (ii’) that A< B. =

It follows from the proof of the implication (i)=-(ii) of Theorem |4.2| that
if W e B(H,K) is an isometry such that A = W*BW and R(W) reduces B
(cf. Theorem (iii)), then £y = W*EgW and WEAW* < Ep.

The relation S*E 4S5 < Ep, when considered in a general setting, can be
characterized as follows.

PROPOSITION 4.3. Assume that A € B(H) and B € B(K) are normal
operators and S € B(K,H). Then the following conditions are equivalent:

(i) S*EaS < Ep,
(ii) S is a contraction and SB = AS.

Moreover, S*FE4S = Ep if and only if S is an isometry and SB = AS.

Proof. (i)=-(ii). Argue as in the proof of the implication (ii)=-(i) of The-
orem
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(ii)=(i). By the Putnam-Fuglede theorem, we have SEp(A) = E4(A)S
and S*E4(A) = Eg(A)S* for all A € B(C). Hence

S*SER(A) = S*E4(A)S = Ep(A)S*S, A e B(C).
This fact combined with [|.S]] <1 yields
(S*EA()Sf. f) = (S"SEp(A)f, f) = [(5*9) 2 Ep(A) £
< |Bp(M)fIIP = (Es(A)f, f), [eK, AeB(C),

which means that S*E 45 < Ep.
The proof of the “moreover” part proceeds along the same lines as that
of (i)<(ii) (see also Appendix). =

As a consequence of Proposition we see that if T € B(H,K) and
V € B(K,H) are such that V' is a contraction, VB = AV and VT = I (cf.
Theorem [3.1](ii)), then E4 < T*EpT and V*EV < Ep.

COROLLARY 4.4. Let A € B(H) and B € B(K) be normal operators.

(i) If S*EAS < Ep for some S € B(K,H), then there exist closed linear
subspaces M and N of H and K, respectively, such that M reduces A,
N reduces B, Alpm = Bly and dim M = dim N = dim R(S).

(ii) If there exist closed linear subspaces M and N of H and K, re-
spectively, such that M reduces A, N reduces B, and A|pm = By,
then S*EAS < Ep for some partial isometry S € B(K,H) with ini-
tial space N and final space M; in particular, dim M = dim N =
dim R(S5).

Proof. (i) It follows from Proposition that SB = AS. Hence, by |5,
Lemma 4.1], the spaces M := R(S) and N := K&SN(S) have all the required
properties.

(ii) By assumption, there exists a unitary operator U € B(N, M) such
that B|y = U*A|pmU. This implies that M reduces E4, N reduces Eg, and
Ep|ny = U*E4|mU. Define S € B(K,H) by Sf = UPf for f € K, where
P € B(K) is the orthogonal projection of I onto A. Clearly, the operator
S is a partial isometry with initial space N' and final space M. Since N
reduces Ep, we have PEg(A) = Eg(A)P for all A € B(C). Hence

(S*EA(A)ST, ) = (U EA(A)|MUPF, Pf) = (E(A)Pf, Pf)
= |PER(A)fIIP <|IEB(A)fI? = (EB(A)f, f), [eK, AeB(C),
which means that S*E4S < Epg. This completes the proof. m

In analogy with the relation <, we can define a binary relation = for
normal operators A € B(H) and B € B(K) by: A £ B if S*E,S < Ep for
some S € B(K,H). However, this relation is uninteresting because A X B
for all normal operators A € B(H) and B € B(K).
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The following corollary should be compared with Theorem 4.2}

COROLLARY 4.5. Let A € B(H) and B € B(K) be normal operators.
Then S*EAS = Eg for some S € B(K,H) if and only if B < A.

Proof. The “only if” part is obvious. In turn, the “if” part follows from

Theorem [3.1|(iv’). =

5. Antisymmetry of the relation <. We start by stating a result
originally proved by Ernest (cf. [6, Theorem 1.3]) and recently rediscovered
by the present authors. It can be thought of as an operator analogue of
the Cantor—Bernstein theorem from elementary set theory. We include its
proof (which is different from that given by Ernest) to keep the exposition
as self-contained as possible.

THEOREM b5.1. Let A € B(H) and B € B(K) be arbitrary operators.
Suppose there exist closed linear subspaces M and N of H and K, respec-
tively, such that M reduces A, N reduces B, A= B|x and B = A|rq. Then
A=~B.

Proof. We split the proof into two steps.

STEP 1. Let A € B(H) be an arbitrary operator, U € B(H) be an
isometry and N be a closed linear subspace of H such that R(U) C N,
R(U) and N reduce A, and A = U*AU. Then A and A|y are unitarily
equivalent.

Indeed, it follows from Proposition [7.1] in the Appendix that UA = AU
and UA* = A*U. Hence

(5.1) U'A=AU" and U"A" = A*U"™ for every integer n > 0.
This implies that R(U™) reduces A for all n > 0.

Set Hy = ey R(U™) and M,, = U"(H © R(U)) for n > 0. By the
von Neumann-Wold decomposition theorem [10, Theorem 4.7.1], H © H, =
Doy M,,. Since M,, = R(U™) SR(U™) for all n > 0 and R(U™) reduces
A for all m > 0, we deduce that H, and M,, reduce A for all n > 0. Set
Ay = Aly, and A, = A|m,, for n > 0. It follows from ({5.1) that
(5.2) A Uh = AU"h = U"Ah = U"Aph, h € My, n>0.

By assumption, P := N © R(U) reduces A, and P C M,. Hence P and
Q := My © P reduce Ap, and My =P @& Q . Since R(U) = Hy & {0} ©
MidMa® -, weget N =POR(U)=Hy ®POM; B MyD---. Define
X € B(N,H) by

X(ha ®@Upo@ UN(p1 @ 1) @ U2 (p2 @ q2) ® -+ -)
=ha®@U(po®q1) ®U (p1 ® q2) DU (p2 @ g3) - - -
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for hy € Hy, pp € P and ¢, € Q. Then, by (5.2), X is unitary and AX =
X(Aln)-

STEP 2. Let A € B(H) and B € B(K) be arbitrary operators. Suppose
there exist isometries W € B(H,K) and V € B(K,H) such that A =
W*BW, B=V*AV, R(W) reduces B and R(V') reduces A. Then A = B.

Indeed, set U = VW. The operator U is an isometry on H. It follows
from Proposition that WA = BW, WA* = B*W, VB = AV and
VB* = A*V. Hence UA = VBW = AU and UA* = VB*W = A*U,
which implies that R(U) reduces A. Moreover, A = W*BW = W*V*AVW
= U*AU. Applying Step 1 with N' = R(V), we get A = Alg(y). Since
B = ‘A/*(A|R(V))‘A/, where V € B(K,R(V)) is the unitary operator defined
by ‘A/f =V f for f € K, we conclude that A = B.

Using Step 2 and Remark completes the proof. m

Applying Theorem (iii) and Step 2 of the proof of Theorem we
obtain the main result of this paper.

THEOREM 5.2. If A € B(H) and B € B(K) are normal operators such
that A< B and B < A, then A and B are unitarily equivalent.

COROLLARY 5.3. Let A € B(H) and B € B(K) be normal operators and
let S € B(K,H) and T € B(H,K) be operators with dense ranges such that
S*EAS < Eg and T*ET < E4. Then A and B are unitarily equivalent.

Proof. Employ Theorems and .

COROLLARY 5.4. Let A € B(H) and B € B(K) be normal operators.
Suppose that there exist operators V. € B(K,H) and W € B(H,K) with
dense ranges such that VB = AV and WA = BW. Then A and B are
unitarily equivalent.

Proof. Apply Theorems [3.1fii’) and [5.2]

6. Examples. In this section {a,}5%, {Bn}22, and {\,}52, are as-
sumed to be bounded sequences of complex numbers such that A, # 0 for
all n > 1. Let A € B(¢?) and B € B(¢?) be diagonal operators with diag-
onals {a,}°°; and {3,}22,, respectively, and let T' € B(¢?) be a weighted
shift with weights {\,}°2 (i.e., Ae, = anen, Bey, = Bre, and Te,, = Apepta
for n > 1, where {e,}°; stands for the standard orthonormal basis of ¢?).
The operators A, B are known to be normal. Their spectral measures are
given by

(6.1) Ea(A) = (s0T) Y en®en, A€ B(C)

n>1
an€A
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(6.2) Ep(A)=(s0T) Y en®en, Ae€B(C),

n>1
BneA

where both series in (6.1) and (6.2)) are convergent in the strong operator
topology. Since in general X (u ® v)Y = (Xu) ® (Y*v) for u,v € H and
X,Y € B(H), we get

(6.3) T*Ep(A)T = (so1) > |Anlen @ en, A€ B(C),

n>1
6n+1€A

(6.4) TEA(A)T* = (s01) Y |Anl’ent1 @ eny1, A€ B(C).

n>1
an€A

All the examples that follow come from the above triplet (A, B,T) by
specifying the sequences {a, }5° 1, {6n}22; and {\,}22 ;. We begin with two
examples illustrating Theorem [2.3]

EXAMPLE 6.1. Fix an integer > > 2 and a complex number v # 0, and
set
a1 =-=0a;-1=0, a,=7v forn> s,
61:"'26%:07 ﬁn:7 forn2%+17
Ap=1 forn > .
We claim that A, B, T satisfy (2.3). Take A € B(C) and consider four pos-
sible cases relating 0 and v to A. If 0 ¢ A and v ¢ A, then the equality in

(2.3]) follows from (6.1)) and (6.3]) directly. If 0 ¢ A and v € A, then by (6.1])
and ((6.3) we have

EA(A) =T*E(A)T = (sor) i en @ en,

which means that the equality in (2.3) is valid. In turn, if 0 € A and v ¢ A,
then

(6.5) Ea(A) —T*Ep(A)T .&.Z —PaPen@en @ 111
n=1

Finally, if 0 € A and v € A, then the equality in (2.3) holds automatically.
This proves our claim. The present example can be summarized as follows:

the operators A, B, T satisfy ([2.3)),
A and B are not unitarily equivalent (as dim NV (A) < dim N'(B) < co),

o(A) =a(B) = {0,7},

any of the two possibilities A <7 B and A &«r B may occur (cf.

(6.5)),

e for fixed A and B, there exist infinitely many operators T satisfy-

ing .
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Employing (6.2)) and (6.4]), we can also show that

o Ep(A)=TEA(A)T* + xa(0)(I —TT*) for all A € B(C),
o [—TT* =37 (1—|\—1]?)en @ e, with g = 0, and so the relation
B <7+ A never holds.

Note that if triplets (A, Bp,Ty,), n > 1, are as in Example (diagonals
of Ay, B, and weights of T,, may vary with n) and sup,,~;(|An| + || Bnl||
+ |T,]l) < oo, then the operators A := @22, An, B = @2, B, and
T := @, | T, satisfy , A = B and any of the two possibilities A <1 B
and A €7 B may occur. Moreover, if {T},}°2  is suitably chosen, then the
operator I — T*T may not be compact.

EXAMPLE 6.2. Fix a complex number v # 0, and set

ap =0 foroddn >1, ap, =~ forevenn>1,
Bn=0 forevenn>1, (,=+v foroddn>1,

Ap =1 forevenn > 1.
Now we can verify that

e the operators A, B, T satisfy ,

e A and B are unitarily equivalent (indeed, the operator U € B(¢?)
defined by Ues,, = e9,—1 and Ueg,,_1 = eg, for n > 1 is unitary and
U*AU = B),

o o(A) = o(B) = 0,1},

o [ —T*T = (SOT) Y 51 n odall — IA\n]?)en @ en, and so any of the
two possibilities A < B and A <1 B may occur with noncompact
I —-T*T.

We conclude this section with yet another example showing that A <7 B
may not imply A = B.

EXAMPLE 6.3. Suppose that {3,}°2; is a (bounded) strictly decreasing
sequence of real numbers, o, = B, for all n > 1, and inf,>; |A\,| > 1. It
follows from and that 4 < T*EBT, i.e., A <p B. Since (3 €
o(B) \ 0(A), the operators A and B are not unitarily equivalent. Note also
that if A € B(C) and 81 ¢ A, then by and (6.4), Eg(A) < TEA(A)T™.
Moreover, if S € B(f?) is a weighted shift with weights {u,,}2, C C\ {0}
such that sup,,> |un| < 1, then by and (6.3), S*EpS < Ea. Finally,
if \,=1 for all n > 1, then T is an isometry and E4 = T*FEgT (though
A% B).

7. Appendix. We begin by proving a general fact which is closely re-
lated to Theorem [3.1](iii) and the proofs of Theorems and
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PROPOSITION 7.1. Let A € B(H) and B € B(K) be arbitrary operators
and let W € B(H,K) be an isometry. Then the following two conditions are
equivalent:

(i) A= W*BW and R(W) is invariant for B,
(i) WA = BW.

Moreover, the following two conditions are equivalent:

(iii) A=W*BW and R(W) reduces B,
(iv) WA= BW and WA* = B*IV.

Proof. (i)=-(ii). Since R(W) is invariant for B, and WW™* is the orthog-
onal projection of I onto R(W), we have WA = WW*BW = BW.

(ii)=(i). The equality WA = BW immediately implies that R(W) is
invariant for B. In turn, multiplying WA = BW on the left by W*, we get
A=W*BW.

Applying the equivalence (i)<(ii) to the pairs (A, B) and (A*, B*), we
obtain (iii)<(iv). =

In general, WA = BW does not imply WA* = B*W even if W is an
isometry and A = B. Indeed, let W € B(¢?) be the unilateral shift and let
A € B(f?) be an operator represented by a lower triangular Toeplitz matrix
which is not diagonal (see [1, p. 109| for a necessary and sufficient condition
for a formal Toeplitz matrix to represent a bounded linear operator on £2).
Then WA = AW and WA* # A*W. As a consequence, A = W*AW and
R(W) is an invariant subspace for A that does not reduce A.

Of course, if A € B(H) and B € B(K) are normal operators and WA =
BW then, by the Putnam—-Fuglede theorem, WA* = B*W regardless of
whether W is an isometry or not. The natural question which now arises is
whether the implication

A=W*BW = R(W) is invariant for B

holds for all normal operators A € B(H) and B € B(K) and all isometries
W € B(H,K). In general, the answer is no even if A = B. Indeed, if W €
B(#?) is the unilateral shift and A € B(¢?), then the equality A = W* AW
holds if and only if the operator A is represented by a Toeplitz matrix (cf.
[1, Proposition 4.2.3|). Hence, if A is represented by a symmetric Toeplitz
matrix which is not diagonal (it is enough to consider a band matrix), then
A =W*AW, A is selfadjoint and R(W) is not invariant for A. In fact, the
operator A can be chosen to be positive and invertible. Indeed, if W is the
Hardy shift on the Hardy space H? and A is a Toeplitz operator on H? with
a symbol ¢ € L such that ¢ is not a scalar multiple of the unit 1 of L*°
and ¢ > §1 for some positive real number §, then A = W*AW, R(W) is
not invariant for A (because there exists an integer n # 0 such that the
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nth Fourier coefficient of ¢ is nonzero) and A > §1, which implies that A is
invertible in the algebra B(H?). For more information on Toeplitz operators
we refer the reader to [1, Section 4.2]).

We now indicate two situations in which the equality A = W*BW implies
that R(W) reduces B. The first one requires the subspace R(W) to be
invariant for B. The other one does not require this, and is closely related
to Theorem [3.1{(iv").

PROPOSITION 7.2. Let A € B(H) and B € B(K) be normal operators
and let W € B(H,K) be an isometry. If A = W*BW and R(W) is invariant
for B, then R(W) reduces B.

Proof. Since A = W*(Bhg(w))ﬁ/\, where W € B(H,R(W)) is the uni-
tary operator defined by Wh=Whforh ¢ H, we see that B|gyy) is normal.
As B is normal, the space R(W) reduces B (see, e.g., [I6, Corollary 1]). m

PROPOSITION 7.3. Let A € B(H) and B € B(K) be orthogonal projec-
tions and let W € B(H, K) be an isometry. Then the following two conditions
are equivalent:

(i) A=W*BW,
(i) W(R(A)) C R(B) and W(H & R(A)) C K& R(B).

In particular, if A =W*BW, then R(W) reduces B.

Proof. (i)=(ii). Since A and B are orthogonal projections, we get
(7.1) |AL||> = (AR, h) = (W*BWh,h) = |BWh|*>, hecH.
This yields

)
Iwhl = Il = 4] & 1wl < Wi, 5 e R(A)

Hence Wh € R(B) for any h € R(A), which means that W (R(A)) C R(B).
In turn, if h € H© R(A), then Ah = 0, which together with (7.1) gives
BWh =0. Thus W(Ho R(A)) C K ©R(B). As a consequence,

B(R(W)) = B(W(R(A))) + BW(H & R(A))) = W(R(A)) € R(W),
which shows that R(W) reduces B.

(ii)=(i). Note that if f € R(A) and g € H © R(A), then

W*BW (f +g) = WBWf + W*BWg=W*Wf=f=A(f+g).

This completes the proof. m
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