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Poincaré inequality and Hajlasz—Sobolev spaces
on nested fractals

by

KATARZYNA PIETRUSKA-PALUBA (Warszawa) and
ANDRZEJ STOS (Clermont-Ferrand)

Abstract. Given a nondegenerate harmonic structure, we prove a Poincaré-type in-
equality for functions in the domain of the Dirichlet form on nested fractals. We then
study the Hajlasz—Sobolev spaces on nested fractals. In particular, we describe how the
“weak”-type gradient on nested fractals relates to the upper gradient defined in the context
of general metric spaces.

1. Introduction. The interest in analysis on fractals arose from math-
ematical physics, and dates back to the 80’s of the past century. The first
object to be meticulously defined was the Kigami Laplacian on the Sier-
piniski gasket [K2|, and, somehow in parallel, the Brownian motion on the
gasket [BP]. Since then, we have seen an outburst of papers focusing both on
analytic and probabilistic aspects of stochastic processes with fractal state
space. The analytic approach, concerned mostly with Dirichlet forms, their
domains and generators, proved particularly useful while constructing pro-
cesses on fractals. On the other hand, derivatives on fractals have been de-
fined [K1 [Kul [St2l [T] and their properties studied. For an account of results
from that time, as well as an extended list of references, we refer to [K3]
(analytic) and [B] (probabilistic).

In the present paper, starting from the definition of the gradient on
nested fractals from [Kul [T], we prove certain Poincaré-type inequalities
on nested fractals, for functions belonging to the domain of the Brownian
Dirichlet form (which can be seen as a fractal counterpart of the Sobolev
space W12(R%)). We will then be concerned with Poincaré-Sobolev spaces
and spaces of Korevaar—Schoen type, and our analysis will be much in the
spirit of [KM] and [KST].
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In the last paper mentioned, the authors consider general metric measure
spaces equipped with a Dirichlet structure (£, D(E)), much like the nested
fractals we consider. However, in order to proceed, they make a standing
assumption that the intrinsic metric related to the Dirichlet structure,

dp(z,y) = sup{¢(z) — d(y) : ¢ € I, dir(9, ¢) < dp},

where I is a p-separating core of £, induces the topology equivalent to the
initial one. This assumption fails for fractals: the metric dg is degenerate
there (see [BBK| p. 6]). So, in order to extend the results of [KST], one
should either modify the definition of dg or choose a different approach.

A discussion of gradients with connection to the Poincaré inequality (P.I.,
for short) and relations between various function spaces can be found in
the recent paper |[GKZ|. While three types of gradients are considered, the
one used in P.I. is the so called upper gradient, a notion that depends on
rectifiable curves. In the context of nested fractals there may be no such
curves at all. Again, for a meaningful theory a different notion of gradient
should be considered.

We propose a hands-on approach based on discrete approximations of
nested fractals and Kusuoka gradients. By a limiting procedure, the gradi-
ent can be reasonably defined for functions belonging to the domain of the
Dirichlet form, although it is usually hard to decide whether the limit exists
at a given point for functions other than m-harmonic. This gradient can be
used in Poincaré-type inequalities and in defining variants of Sobolev spaces
on fractals.

We start with a local version of P.I., which then yields a global P.I. on
nested fractals. We obtain inequalities of the form

1/2
) S falaesotB (5§ (whavar)
B B(zo,Ar)

where p is the d-dimensional Hausdorff measure on the fractal, v is the
Kusuoka energy measure on the fractal (see Section for a precise def-
inition), d,, is the walk dimension of the fractal we are considering, d its
Hausdorff dimension, and (V f, ZV f) replaces the square of the norm of the
gradient. The measure v is typically singular with respect to the Hausdorff
measure, but does not charge points. Observe that in the Fuclidean case we
have d,, = 2, and so the scale function in P.I. will be linear as it should.
Poincaré inequalities involving the Dirichlet energy measure in a general
setting have been investigated [BBK], but that paper did not involve the
definition of gradients on fractal sets. A choice, or even the existence, of a
gradient is not obvious on fractals. We propose to use a weak-type gradient
with energy measure (cf. Section .
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As an application, in the second part of our paper, we compare several
possible definitions of Sobolev-type functions on fractals. On metric spaces,
several definitions of Sobolev-type spaces have been considered (see e.g.
[FHK], [H], [KS]), and nested fractals are of particular interest in this con-
text. In the present paper, we introduce Poincaré-inequality based Sobolev
spaces on fractals and examine their relation to Korevaar—Schoen spaces
and Hajlasz—Sobolev spaces. While in a typical situation on metric spaces
the scaling factor in a Poincaré inequality is r, the radius of a given ball, it
turns out that on nested fractals this does not yield an interesting inequal-
ity. To deal with relevant Sobolev spaces, one should take into account the
specific geometry of the fractal and use a scaling factor r%/2, as in . For
some preliminary relations between Hajtasz—Sobolev and Korevaar—Schoen
Sobolev spaces on fractals we refer to a paper by Hu [Hul.

2. Preliminaries. We use C' or ¢ to denote a positive constant depend-
ing possibly on the fractal set, whose exact value is not important for our
purposes and which may change from line to line. We will write f < g (on
a set D) if there exists a constant C' > 0 such that for every € D one has
C~lg(x) < f(z) < Cg(z). For an m-integrable function f and a set A of
finite measure we adopt the notation

1
fa _ifdm_ (A | fdm.

2.1. Nested fractals. The framework of nested fractals is that of Lind-
strom [L]. Suppose that ¢1,...,¢p, M > 2, are similitudes of RY with
a common scaling factor L > 1. When A C R", then we write ¢(A) for
Uf\i 19i(A), and @™ for @ composed m times. There exists a unique non-
empty compact set (see [F], [L]) £ € RN such that

M
(2.1 K= J oK) = 2(0).
=1

It is called the self-similar fractal generated by the family of similitudes
o1,...,0p. Since the set K has a finite nonzero diameter, for simplicity we
can and will assume that diam IC = 1.

Each of the mappings ¢; has a unique fixed point v;. Such a point is called
an essential fized point if there exists another fixed point v; such that for
some transformations ¢, ¢; one has ¢ (v;) = ¢;(v;). The set of all essential
fixed points will be denoted by V() = {vy,...,v,}. For m = 1,2,... we set
Vi) = gm(V(0) and V(*®) = |J, 5, V™. For nondegeneracy, we assume
that r = #V(© > 2,

The system {1, ..., ¢} is said to satisfy the open set condition if there
exists an open, nonempty set U such that #(U) C U and for all i # j one has
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¢i(U)N¢;(U) = 0. If the open set condition is satisfied, then the Hausdorff di-
mension of the self-similar fractal K is equal to d = d(K) = lﬁ) ggJ‘L/I
note the d-dimensional Hausdorff measure on K normalized so that p(KC) = 1.
For m > 1, by a word of length m we mean a sequence w = (wq, ..., W)
C {1,...,M}™. The collection of all words of length m is denoted by Wy,;
Wy = Um>1 Wi consists of all words of finite length; and W is the collection
of all infinite words. When w € W, then |w| denotes its length. If w € W is
an infinite word, then [w],, denotes its restriction to the first m coordinates,
iLe. for w = (wy,wa,...), [Wm = (Wi,...,wy). When w = (w,...,wy) is
given, we will write ¢y = @y, © -+ 0 @y, , and for a set A, Ay, = ¢y (A).

. By p we de-

DEFINITION 2.1. Let m > 1.

(1) An m-simplex is any set of the form ¢, (K) with w € W, (m-
simplices are just scaled down copies of K). The collection of all
m-simplices will be denoted by 7,,. The 0-simplex is just K.

(2) For an m-simplex S = ¢, (K), w € Wy, let V(S) = ¢, (V) be the
set of its vertices. An m-cell is any of the sets ¢w(V(O)). Two points
z,y € V™ are called m-neighbors, denoted z ~ y, if they belong to
a common m-cell.

(3) If A € T, m > 1, we denote by A* the union of A and all the
adjacent m-simplices, and by A** the union of A* and all m-simplices
adjacent fo A*.

(4) For any z € K\ V() and m > 1, let A,,,(z) be the unique m-simplex
that contains z.

(5) For any z,y € K\ V™, we define ind(z,y) = min{fm > 1 :
Ap(z) N Ap(y) = 0}, When ind(z,y) = n, we set S(z,y) =
Ap—1(z) U Ap_1(y).

(6) When an m-simplex A = ICy, = ¢,(K) with w € W), is given and
w € W, is another finite word, then Ay denotes the (m +n)-simplex
¢w711(’c)‘

From now on we will assume that for every S,T € 7T,,, m > 1, with

S # T, one has SNT =V (S)NV(T) (nesting). Define the graph structure
E(1) on V) as follows: we write (z,y) € E( if z and y are 1-neighbors.
Then we require the graph (V(l),E(l)) to be connected. For z,y € V(O let
R, , be the reflection in the hyperplane bisecting the segment [z, y]. Then
we stipulate that

(natural reflections map 1-cells onto 1-cells).

The self-similar fractal I is called a nested fractal if it satisfies the above
open set condition, nesting, invariance under local isometries, and the con-
nectivity assumption.
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Part of our results will require the following property (P) of the fractal:

PROPERTY (P). There exists @ > 0 such that for all n = 1,2,... and
r,y nonvertex points such that y € Ay (x) \ 4}, () one has
(2.2) p(z,y) > af/L".

REMARK 2.2. Property (P) holds true for nested fractals such that the
similitudes (¢;)i=1,...,m have the same unitary part. This class of fractals
contains the well-known examples such as Sierpinski gaskets, snowflakes, the
Vicsek set etc. A proof of this statement is given in the Appendix.

Clearly, if ind(z,y) = n, then A,_1(z) N Ap—1(y) # 0. These sets either
coincide or are adjacent (i.e. they meet in exactly one point). Moreover,
under Property (P), the index ind (x,y) is closely related to the Euclidean
distance of x,y.

LEMMA 2.3. (i) For any fized x € K\ V(™) and n > 2, one has
(2.3) {y:ind(z,y) =n} = 4,1 (2) \ 4,().

(ii) Assume additionally that the fractal KC has property (P). If ind(x,y)
=n then
(2.4) plz,y) <L,
p(x,y) being the Fuclidean distance.

Proof. Fix x € K\V(*®) andn > 2. Observe that y € A% (z) if and only if
An ()N AL (y) # 0, which is equivalent to ind(z,y) > n+1. Since {A(z)},

is a decreasing sequence of sets, (2.3) follows. Relation (2.4]) follows from
(2.3) and property (P). =

2.2. Gradients of nested fractals. To proceed, we need to define
the gradient. The material in this section is classical and follows mainly
[K3| and [T]. For other results concerning gradients on fractals we refer to
[Kul, K1l [St2].

2.2.1. Nondegenerate harmonic structure on K. Suppose that K is the
nested fractal associated with the system {¢1,...,¢dp}. Let A= [ar,y]x,yev(o)

be a conductivity matriz on V() ie. a symmetric real matrix with nonneg-
ative off-diagonal entries and such that for any z € V() > yev© Azy = 0.

For f: VO = R, set EQ(f, f) = L3, v toy(f(2) — £())?. Then we
define two operations:

(1) Reproduction. For f € C’(V(l)) we let

5A (f, f) = ZEA fodi, fodi).
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The mapping Sg]) — gg) is called the reproduction map and is de-

noted by R.
(2) Decimation. Given a symmetric form £ on C(V (D), define its restric-
tion to C(V(0), &y, as follows. Take f : V() 5 R, then set

Elyo (f, f) = mt{E(g.9) 19 : VY = R and glyo = f}.
This mapping is called the decimation map and will be denoted
by De.

Let G be the symmetry group of V(@ ie. the group of transformations
generated by the symmetries Ry, z,y € V(. Then we have ([L], [3]):

THEOREM 2.4. Suppose K is a nested fractal. Then there exists a unique
number p = p(K) > 1 and a unique, up to a multiplicative constant, irre-
ducible conductivity matriz A on VO invariant under the action of G, and
such that

0 1 .0
(2.5) (DeoR)(EY) = ;553.
A is called the symmetric nondegenerate harmonic structure on K. By

analogy with the electrical circuit theory, p is called the resistance scaling

actor o . e number d,, = dy (= —=—= > 1 is called the wa
f f K. Th ber dy = dyy(K) = B2 > 1 s called the walk

dimension of K. For further use, note that p = L% ~9,
2.2.2. The canonical Dirichlet form on K. Suppose A is the nondegen-
erate harmonic structure on K. Define £©) = 51(40) and then let

EM(f )= Y EO(fodu, fodu), feCVM).

lw|=m
The sequence Em) ig nondecreasing, i.e. for every f : V() 5 R, one has
EM(f, £) <EM(FF), m=0,1,2,....
Set D= {f: V() R :sup,, EM(f, f) < oo} and for f € D,
(2.6) E(f.£) = Jim EM(f, ).

Further, D = D(€) = {f € C(K) : flywe) € D}, E(f, f) = E(flyers flyeo)
for f € D.

Then (€,D) is a regular local Dirichlet form on L?(K, ), which is in-
variant with respect to the group of local symmetries of K. This Dirichlet
form is also called the Brownian Dirichlet form on K, and will be essential
in defining the gradient. It satisfies the following scaling relation: for any

feD,
(2.7) E, 1) =p" D E(f o du, fodu).

wWEWm
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2.2.3. Harmonic functions on K and energy measure

DEFINITION 2.5. Suppose f : V(© — R is given. Then h € D(&) is called
harmonic on K with boundary values f if £(h,h) minimizes the expression
E(g,9) among all g € D(E) such that gl = f. The unique harmonic
function that agrees with f on V() will be denoted by H f.

Denote by H the space of all harmonic functions on K. It is an 7-
dimensional linear space, which can be equipped with the norm

I, = my + (32 A)”

zeV(0)

Further, 7 denotes the orthogonal complement in # of the (one-dimensional)
subspace of constant functions, and let P :H — H be the orthogonal pro-
jection onto H. The norm on H is given by [|A]|2 = £(h, h) (note that || - || is
a seminorm on H, vanishing on constant functions), and the corresponding
scalar product on H will be denoted by (-, ).

Next, for i = 1,..., M, we define the map M; : H — H by M;h = ho ¢;,
and M; : H—H by M; = P o M;. From the scaling relation 1) we deduce
that for h € H and m >0,

(2.8) IRl? = o™ D M,
|w|=m

where by Mwh we have denoted Mwm 0---0 Mwlh = ﬁ(h 0 Py)-
For f € D, we define the energy measure associated with f as the measure
whose value on any given m-simplex Ky, = Ky, ., 1S equal to

(2.9) Vf(lcw) = p"E(f © Puwy [ o buw).
When h € H is a harmonic function and w € Wy, then v, (Ky) =p™||Myh|?.
Let hq,...,h,.—1 be an orthonormal basis in /. Then the expression

r—1
(2.10) Vi= thi
i=1

does not depend on the choice of the orthonormal basis and its value on an
m-simplex IC,, is equal to

v(Ky) =pmTr M;Mw
The measure given by ([2.10)) is called the Kusuoka measure, or the energy

measure on K. This measure has no atoms, and typically is singular with
respect to the measure pu.

2.2.4. Gradients. When x € K is a nonlattice point, then x has a unique
address, an (infinite) sequence w = wiwsy... such that z = (_; Ko]m
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(recall that we have denoted [w],, = (wi,...,wy)). For such a nonlattice
point, let
]f\/jﬁv]mmw]m if rank M, >0
(2.11) Zm(x) = Ty M, M, [wlm ’
0 otherwise.

It can be shown that Z,,(-) is a bounded, matrix-valued martingale with
respect to v, and as such it is convergent v-a.s. to an integrable function Z(-).
For a nonlattice point x with address w, set

Vi f(@) = My (PH)(foépu,), m=12,....
Then the gradient of f at z is the element of H given by
V()= lim Vi),

provided the limit exists. For the discussion of ‘pointwise gradients’ and their
properties we refer to [T], [PT] and [Hi|. But even if the pointwise limits of
Vo are not known to exist, we do know (see |[Ku, Lemmas 3.5 and 5.1],
and also the discussion in [T} p. 137]) that when f € D, then there exists a
measurable mapping Y (-, f) such that

(2.12) E )= VY, ZOY () dv ().

K
With abuse of notation, we will write V f for Y (-, f), which is defined v-a.e.
When we will use the pointwise value, it will be clearly indicated.

DEFINITION 2.6.

(1) A continuous function f : L — R is called m-harmonic if f o ¢y, is
harmonic for any w = (w1, ..., wy) € Wp,.

(2) There exists a unique m-harmonic function with given values at
points from V™). For a continuous function f on K, we denote by
H,, f the unique m-harmonic function that agrees with f on V"),

REMARK 2.7. When f is m-harmonic, then for any nonlattice point x €
with address w € Wy, one has

me($) = vm+nf(x)

for any n > 0, and so Vf(x) exists at nonlattice points (which are of full
v-measure); note also that V,,, f — f (and thus also V f — f) is constant inside
each IC,, with |w| = m.

3. Poincaré inequality on nested fractals. The Poincaré inequalities
on nested fractals that one can find in the literature (see e.g. [BBK] and its
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references) are usually written in the form

(3.1) VIf = fol?du < cr(R) { dI'(f, f),

B B

where B is a ball of radius R, ¥ : Ry — Ry is a scale function (most
commonly, ¥(R) = R?), and I'(f, f) is the energy measure associated with
the Brownian Dirichlet form on fractals.

Poincaré inequalities P(q,p), on a metric measure space (X, p, 1), with a
doubling measure p and another Radon measure v, are similar in spirit, but
usually involve two functions. One says that a pair of measurable functions
(f, g) satisfies the (g, p)-Poincaré inequality when

(32 (517~ folan) " < or( § lopav)”,

B oB

where o > 1 is a given number, and ¢ B denotes the ball concentric with B,
but with radius o times the radius of B. For an account of Poincaré inequal-
ities in metric spaces, we refer mainly to [HK], and also to [H].

The Poincaré inequalities on nested fractals that we will be concerned
with will be variants of two-weight inequalities. The measure p appearing
on the left-hand side will be the Hausdorff measure on X, while the measure
v on the right-hand side will be the Kusuoka energy measure. Recall that
in most cases the measure v is not absolutely continuous with respect to p.
The difference from the classical case is that the integral on the right-hand
side will not be a barred integral with respect to v, but it will be divided by
the p-measure of the underlying set.

We start with a fractal version of Poincaré inequality—where balls are
replaced with simplices. This version does not require property (P) of the
underlying fractal. If L is the scaling factor as at the beginning of Section
[2.1] the precise statement reads as follows.

THEOREM 3.1. Let f € D(E), and let A be any m-simplex, m > 0. Then

. o 1 1/2
39§15~ faldute) < Cldiam 4) (o A§*<Vf,ZVf>dV)

1/2
< QLM /? (L*md | (vf,2vf) dy) :

A*
where A* denotes the union of A and all m-simplices adjacent to A.

The proof will be given later on. Now, we start with a local version of
Poincaré inequality for adjacent lattice points.
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PROPOSITION 3.2. Suppose f € D(E), and let = ~ y. Let K, be the
m-simplex that contains both points x,y, with address w € Wy,. Then
(3.4) f(x) = F)PP < C(diam )™~ | (Vf, 2V f) dv.

Proof. Set c(z,y) = a;,;, where /.y € V(O are such that z = ¢, (')
and y = ¢, (y') (the matrix A = [a,,] was introduced in Section [2.2.1)).
Then

|f(z) — f(y)|2 < c(z,y)) Z aup|f © Puw(u) — fo ¢w(v)‘2

u,weV (0)

:c( y)ED(fo ¢w,fo¢w)§5(fo¢w,fo¢w>
= c(,y) [ (V(f 0 $u), ZV(f 0 b)) dv

K

< e [(V(fodu), ZV(f o du))dv
K
where ¢; = sup{ag, : z,y € VO}.
Since diam /C,, = L™™, the scaling relation from Lemma below gives
the desired statement.

LEMMA 3.3. Let f € D(E), and let Ky, be an m-simplex. Then
(3.5) WV (f o du), ZV(f o ¢u))dv = L™= D {(Vf ZVf)dv.

K Kuw
REMARK 3.4. The right hand side of (3.5)) is well-defined since (V f, ZV f)
exists v-a.e. and {,.(Vf, ZVf) dv < oo (see [T}, Theorem 4]).

REMARK 3.5. While v(K,,) in general depends on w, the scaling factor
on the right hand side of depends only on m = |w|. Thus, the lemma
is not tantamount to a simple change of variables but reflects an interplay
between Vf and Z.

Proof of Lemma [3.3 STEP 1. Assume that f is m-harmonic. Then
Vf(y) exists at all nonlattice points y and V f(y) = V,, f(y). Observe that
Vi f(+) is constant (v-a.e.) inside each m-simplex KC,, and that it differs
there from M, 'f(-) by a constant only. It follows that

V(VF2VF) dv =\ (Vouf, 2V f) dv = Tim V (V. 2oV f) dv

Kuw Kw Kuw
To justify the last statement, observe that the random variables X, =
(Vorfy Zo N f) converge to X = (Vo f, ZVf) in LY(K,dv). This is so
because X,, > 0, X,, — X in measure v and

| Xndv = \(Vonf, ZuVimf) dv = E(Huf, Hof ) = E(f, f) = | X dv.

K K K
The convergence in L!(/C, dv) then follows from Scheffé’s theorem.



Poincaré inequality and Hajtasz—Sobolev spaces 11

For short, let us write F' = V,,f € H. Let n > m be fixed, and let
i = (imt1y--rin) € Wyh_m so that wi € W,. Since Z,, is constant on
n-simplices, once n > m we have

\(F.Z,Fydv= >\ (F2,F)dv

Ko li|=n—m Kuy;

M, F |2 VR

N L

il (M M) 7

= L@ N My F 2
il =n—m

= L") N E(F 0 gui, F o pu).
|Zi|l=n—m

From the scaling property of &,
Y. EFodunFodu)= Y  E(Fody)odi(Fody)od)

|i|l=n—m |i|l=n—m
- L—(n—m)(dw—d)g(p 0 Guy, F 0 ).
We know that F' o ¢, and f o ¢,, differ by a constant only, so that
g(F 0 ¢y, F'o ¢w) = g(f ° Qu, f o ¢w)

Piecing everything together, we obtain

\ (F, 2, F) dv = L™= DE(f 0 gy, f 0 py)

Kw
= L™= (Y (f 0 ), ZV(f © pu)) dv
K
The right-hand side does not depend on n, thus we can let n — oo, obtaining

B3).
STEP 2. Let now f be n-harmonic, with n>m. Then Iy, :U\i|=nfm Kwi
and ;
(3.6) V(v zvhydv= > (V£ 2ZVf)dv
Kow li|=n—m Kuw;

To each of the integrals on the right-hand side of (3.6) we apply Step 1,
obtaining

B6) =L~ >~ [(V(f 0 bui), ZV(f © buy)) dv

li|=n—m K

= prlde=d) S [Ommdedg (£ o 6,) 0 gy, (f 0 bu) 0 b1),

lil=n—m
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which, from the scaling property, is equal to
L™ DE(f 0y f 0 pu) = L™ =D {(V(f 0 pu), ZV(f © $u)) dv.
K
STEP 3. Let now f be any function from D(£). Then

and

(3.7) E(fobw, [oduw) = lim EHu(f o duw) Hu(f 0 du))-

From Step 2 we have, for n > m,
(38)  \(ValHnf 0 du), ZVu(Hnf © du)) dv

K
= L= N (Y (H, f), ZV(Ho f)) dv
Kuw

and the assertion follows from the limiting procedure: the left-hand side of

is cqual to E(Hnf © dus Hnf © ¢u) “=% E(f 0 du, f 0 du). As to
the right-hand side, since V(H,f) = V,f, and V, f converges to Vf in

the seminorm (S,C(‘, Z-) dv)Y/?, we also have convergence in the restricted
seminorm (S,Cw (-, Z-ydv)'/?, which gives the desired convergence. m

From Proposition we derive the local Poincaré inequality for nonlat-
tice points.

THEOREM 3.6. Suppose that KC has property (P). Let f € D(E) and
z,y € K\ V(). Then

(@) = F@)I? < Cpla, g ———— | (Vf,2Vf)dv

S )
where S(z,y) was introduced in Definition 2.1|6).

Proof. STEP 1. Suppose z € V(™ is a vertex of A € Ty, and let y €
Int A. Then one finds a chain z = zg, 21, ..., 2r — y such that for all £ =
1,2,... the points zx_1 and zj are (m+ k)-neighbors. Denote by A(zx_1, k)
the (m + k)-simplex they belong to. From Proposition we have, since
A(zps1,21) C A,

Foke) — Fa)P < Cldiam Az, )™ | (VF, 2V ) dv
A(zi—1,21)

< C(diam A(zp—1, 2)) ™~ (V £, 2V f) dv
A
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Since f is continuous, summing over k we obtain

WE

1f(2) = fW)l < 3 1f (k1) = ()]

=
Il
—

1/2

Nk

< S (diam A(zp_1, zk))ww*d)/?( {(vr.zvy) du)

A

e
Il
—

1/2

e

[, (m+k)(dw—d) /2( S (Vf, ZVf) du)
1 A

= CLm D2 (((Vf, 29 ) dv) vz
A

B
Il

and consequently
(3.9) f(2) = fy)PP < CL™ ) {(V £, 2V f) dv
A

STEP 2. Suppose z,y belong to a common m-simplex A. Then choose a
vertex v € V(A), write |f(z) — f(y)|* < 2(|f(z) — f(0)]* + |f(v) = FW)),
and apply Step 1 in order to get (3.9) for = and y.

STEP 3. The result of Step 2 extends immediately to the case when z,y
belong to two adjacent m-simplices: when z € Ay € Ty, y € Ay € Ty, and
Ay, Ay are adjacent, then A; and Ay share a vertex z € V™. One applies
Step 1 to the pair (z, z) and then to (y, z), getting

(3.10) f(z) = fy)|? < oLm@d) (v f,ZVf)dv
A1UAs

STEP 4. Now take any z,y € K\ V(). Let ind(z,y) = m. Then
S(z,y) = Apm—1(z) U Ap—1(y) is composed either of a common (m — 1)-
simplex or two adjacent (m — 1)-simplices. In the former case, apply Step 2,
in the latter case, Step 3. In either case, u(S(z,y)) < L=™"D4 and p(z,y)
= L™, so the theorem is proven. m

Proof of Theorem[3.1 Choose A € Tp,. By Jensen’s inequality we have
) 1/2
f1£(2) = fal dutz) < (§ @) = falPdu(@))
A

and further

fI7 () = fal? diu() Hf — 1 )du()\ dp(z)
A A A
I3
A

3G

) du(w)| du()

[>'-—l'ﬁ
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<tf 1 dpy) dp(z)
AA

1
= /Wii 1f(@) = f()I? duly) du().

Points x and y under the integral belong to a common m-simplex A, and so
ind(x,y) > m (without loss of generality we can and do assume that z,y are
nonvertex points). Using Lemma we split the inner integral as follows:

311 VIf@) = @) duly)

A o0
= > | (@) = F() duly)
n=m+1 {ycA:ind (z,y)=n}
= D, | £(2) — F) P duly).

n=m+1 (47 _,(2)\4}(z))NA
If ind(z,y) = n, then p(z,y) < L™" and moreover there exist two adjacent
(n — 1)-simplices, say S and T', such that x € S,y € T (S = T is permitted).
Let v € V("1 be a common vertex of S and T. Then, according to
(3.10) (which is true without property (P) as well),

f(@) = f)P < CL =D [ (Vf,2Vf)dv
sSuT
<cor =\ (VF ZVf)dv
AL (@)
< ( _1(z)) < L™ each of the integrals
S Vf ZV f) dv. Consequently,
)d

( )

<C Z L\ (VEZVE) dvdp(x).

n=m-+1 AN (@)

Let w € Wy, be such that A = ¢,,(K) and for i € Wy,_1_,, set A; =
¢wi(K) C A. Observe that on each A; the mapping « — A} _;(z) is constant
and equal to A7. It follows that

As p(AN(AG 1 () \ A% (2)))
in (3.11)) is bounded by C' L4

312) | [ If(@) = F@) P duly

AA

B13) | | vrzvhdvdu) = D | (V£ 2V dvdu(x)
A A

5 (@ iEWn_1-m A; AT

- 5 (V129 dv(A) <C S L S (VI 2V ) dv
1EWn_1—m AF 1EWn—-1-m

- 2

~

i
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The sets A are not pairwise disjoint, but each of them consists of at
most M + 1 simplices from 7,,_1. Therefore, if in we decompose each
of the integrals over Af into a number of integrals over corresponding (n—1)-
simplices, then each of these (n — 1)-simplices will appear at most M + 1
times in the sum. Furthermore, since for any ¢ € W,,_1_,, one has A7 C A*,
and Uy, ,_, Ai =4, it follows that :

(3.14) S (V£ 2Vfydrv < C \(Vf, ZV ) dv.
1€EWn—1-m A A*

Collecting (3.12)—(3.14]) we obtain

VVIF@) = F@)P duty) dute) < Y L7 \(Vf, 2V f) dv
AA n=m++1 A*

=CL ™ Lm \ (VF, 2V f) dv.
A*

To complete the proof, observe again that L=™% = cu(A). =

Below we derive a Poincaré inequality that uses balls instead of simplices.
This statement requires property (P) and will be used throughout the next
section.

THEOREM 3.7. Suppose that K satisfies (P). Suppose f € D(E). Let
xo € KL\ V() be a nonvertex point and let r > 0 be given. Denote

B = B({I:Oar) = {y eEL: p(x()ay) < T}'
Then there exist C' > 0 and A > 1 (independent of xo and r) such that

1/2
15 §l-saldes el (5§ (vhzvna)
B B(zo,Ar)

Proof. Only minor changes need to be introduced in the proof of Theorem
3.1] From property (P) there exists o € (0,1) such that for every nonlattice
x €K, and any m > 1,

(3.16) B(z,a/L™) C A} (z) C B(x,2/L™).
Let ng be the unique integer such that L~ (m0+1) < r/a < L7 so that
B(z,7) C B(z,aL ™) C A% ().

As before, we get

1
i\f — fel?dp < I é; f () = f(u)? dp(z) dps(y).




16 K. Pietruska-Paluba and A. Sto6s

Since B C 4}, (o) and A}, (z0) = S1U---USk is the sum of a finite number
of neighboring ng-simplices, we estimate the inner integral as

(3.17) VIf @) = f@) P dute) duty) =DV If@) = f)? duly).
A; i S

Now we work with the integral over each S; separately. Observe that when
z,y are as in the integral in (3.17)), then A, (z) N Ap,(y) # 0, so that
ind(z,y) > ng + 1. Therefore, for any i = 1,..., K, we have

VIf@) = fo)Pduy) = > | f(x) = f()I* duly)
Si n=no+1 S;N{y: ind(z,y)=n}

(e o]

> | f (@) = f(y)? dp(y)

n=no S;N(A},(2)\A}, ()

<c i Lde (V£ ZVf)dv.

n=no SiNA% (x)
From now on we proceed as in the proof of (3.3)), ending up with
VU= felPdpdp < {7V £() = F)1? duly) du(z)
BB B i S;
< Lot oM NNV f, ZV F) dy
i S
<cLTmdpTrod o (VFZVf)dy

B(zo,2Lr/a)

1
< erdw S W1, EV ) dv,
IU,(B(x07 2LT/04) B(zg,2Lr/a)

where we have used the inclusions S C Ay C B(zo,2L ") C B(xo, 2Lr/a).
Set A = 2L/a. The proof is complete. m

4. Sobolev spaces on fractals. On metric spaces, several definitions of
Sobolev-type spaces are possible (see e.g. [FHK], [H], [KS]). We recall some
of them below. Their mutual relations and connections with the Poincaré
inequality form now a well established theory (JHK], [H]). Below, we briefly
recall the relevant definitions.

Suppose (X, p, 1) is a metric measure space, where p is a doubling Radon
measure on a metric space (X, p). Any nested fractal K fits into this defi-
nition, with p not only doubling but even Ahlfors regular. In the following
definitions of Sobolev-type spaces we suppose p > 1.
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(1) The Hajtasz—Sobolev space M*P(X) consists of those f € LP(X) for
which there exists LP(X), g > 0, such that

(4.1) If(z) = fy)] < Cp(x,y)(9(x) + 9(y))

for p-almost all x,y € X.
(2) The space PLP(X) consists of those f € L{ (X) for which there

loc

exist 0 > 1 and g € LP(X) such that for every ball B = B(z,r),

(4.2) &‘f_fB‘dHST( | gpdu)l/p'
B B(z,or)

(3) The Korevaar-Schoen Sobolev space KSP(X) consists of those func-
tions f € LP(X) for which

[f(z) = f(y)]

lim sup S & " ’ du(z) du(y) < .

e—0 X B(z,e)

One also considers the Newtonian spaces N1(X), based on an upper gra-
dient which involves integrals over rectifiable curves. On nested fractals, the
family of rectifiable curves might be empty or not rich enough to yield a
nondegenerate object.

In general, the inclusions M*P(X) C P1P(X) c KS'?(X) hold true, but
not always can they be reversed. In some cases however, for example in R%,
all three definitions yield the same function spaces. We refer the reader to
[IKM]| and [H] for more details.

We are now going to adapt the definitions of the spaces M'P, PLP and
KS'? to the fractal setting. As already mentioned in the Introduction, the
scale r is not natural here, and it will be replaced by r%/2. Let us mention
that in many cases (Euclidean spaces, some manifolds) the walk dimen-
sion dy,, read off from the heat kernel estimates on the underlying space, is
equal to 2, so that the scale r%/2 is just r.

DEFINITION 4.1. Let K be the nested fractal defined in Section [2.1}
let p > 1 and 0 > 0 be given. Recall that u denotes the normalized
d-dimensional Hausdorff measure on K, and v the Kusuoka measure. We
say that a function f € LP(IC, 1) belongs to:

e the space Ma?(K, 1) when there exists a nonnegative g € LP(KC, 1)
such that for p-a.e. x,y € K,

(4.3) |f(z) = f(W)] < p(z,9)7(9(x) + 9(y));

e the space ya (K) when there exists a nonnegative g € LP(K,v) such
that for any «x € K and 0 < r < diam /C,
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1 1/p
4.4 — dpy <71’ ———— Pd
( ) § |f fB(a:,r)| H=r (M(B(l‘,AT)) S g V) )
B(z,r) B(z,Ar)
with some A > 1; (4.4) will be called the (1, p, 0)-Poincaré inequality;
e the space KSLP(K) when
|f(x) = fy)P

lim sups S e du(x) du(y) < oo;

=0 i B(z,e€)

e the Besov-Lipschitz space Lip(o,p,00), o > 0 (see [J]) if
| £llLip = sup alf)(f) < oo,
m>0
where

1/p
a@(f) =L (L] 1f@) — ) du() duty))
p(zy)<co /L™
with some ¢y > 0. Note that different values of this constant yield the
same function space with equivalent norms.

It is immediate to see that the spaces Lip(a, p,o0)(K) and KSLP(K) co-
incide and that their norms are equivalent.

We now turn to relations between the Poincaré—Sobolev and Korevaar—
Schoen Sobolev spaces on fractals. The inclusion Pa (K) € KSLP(K) is true
under the usual constraints on parameters (p > 1, o > d/p), and it can be
reversed for p =2, 0 = d,, /2.

PROPOSITION 4.2. Suppose that the fractal KC has property (P). Letp > 1
and o > 0.

(1) If o > d/p, then PyP(K) C KSLP(K).
(2) If o = dy/2, then PE*(K) = KSL2(K).

Proof. Once (1) is proven, the inclusion ‘C’ in (2) follows from the re-
lation d,, > d (true for any nested fractal). As to the opposite inclusion,
Theorem implies that the (1,2, d,/2)-Poincaré inequality holds true for
any f € D(E). As D(E) = Lip(dy/2,2,0) = Ksjﬁ/z( ) [PP, Theorem 5],
the inclusion ‘D’ in (2) follows.

Therefore we need to prove (1). Our proof is a modification of the proof
of [KM, Theorem 4.1]. See also [HKl, Theorem 5.3 and its proof].

Assume that f € PaP(K) and that the pair (f,g) satisfies the (1,p,o)-
Poincaré inequality. We introduce a fractal version of Riesz potentials:

00 1/p
o) = L1 (Lo § aaa)

=0 n+m (:L‘)
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The potentials J,(g,n,x) are well-defined for all nonlattice points of K
(this is a set of full y-measure).

We will show that there exists a constant kg > 0 such that for p-a.a.
x,y € K with ind(z,y) > ko one has

(45) ‘f(ﬂ?) - f(y)’ < C(‘]p(gv ind(ﬂs,y) - k‘o,fL’) + Jp(g, 1nd(x,y) - kOa y))
Since by assumption f € LP(K,u) C L' (K, 1), p-almost every point of K is
a p-Lebesgue point for f (cf. [Tol):

f(z) = lim B(§ )f (v) dpa(y) = i f(e-

Let z,y be two nonlattice Lebesgue points for f and let ng = ind(z,y).
We use a classical chaining argument. Denote 7, = a/(AL™), where A > 1
is the constant from the Poincaré inequality (4.4)), and o € (0, 1) comes from
. Using the Jensen inequality, the doubling property for u, the Poincaré
inequality and , we obtain the following chain of inequalities:

(4'6) ‘f(x) - fB(z,rnO)‘ < Z ‘fB(xo,rnO_,_m) - fB(x,rn0+m+1)|
m=0

<Y N @) = By di(z)

m=0 B(I7rn0+m+1)

<> b R By d0(2)

m=0 B(CtvrnOﬂLm)

3 g 1 P v(z
SC%T"(J*’"(u(B(x,AmMm)) | o)

B((I),A’I‘no +m)

1/p

] 1/p
<oy pommr( o | rea)

m=0 no+m (.27)) A20+nz(m)

= C‘]P(g’ il’ld([L‘, y)v [L‘)
A similar estimate holds for y:

(47) |f(y) - fB(y,'/‘nO)| < CJp(ga ind(l‘, y)7 y)

From Lemma [2.3] there exists a universal constant C; > 0 such that when

ind(z,y) = no, then p(z,y) < C1 L™ = (C1A/a)ry,. For short, denote
R=(1+CiA/a)ry,.

Let ko be the smallest number such that B(z, AR) C A}, () forany z € K

(cf. (3.16))). Using the Poincaré inequality (4.4) and the Ahlfors regularity
of u we get
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(4.8) | fB(@rng) = [Brng)| < | fB@rmg) = [B@R) + | [Byrng) — [B@.R)

< & |f(2) = fB@.r)|du(2) + § |f(2) = [B(a,r)| dp(2)
B(z,rng) B(y,mng)

u(B(z, R)) | p(B(z,R)) - )
: <M<B<mo>> i u(B(y,rm))) B(jR) |£(2) = Foml du(2)

1
<or(
I

1/p
awnm ), 700)

B(z,AR)
< CJP(g) il’ld(l‘, y) - k()u $)
The estimate (4.5 follows when we sum up ((4.6)—(4.8).

The proposition will be proven once we show that
sup (alf) ()" < oo,

m>ko
where
(@B () =rmertd | f (@) = f)IP dute) du(y).
plzy)<a/L™
We have
49 @@Hr<\ | 1f@) = f@)P duly) du(z)
K Ay, (2)

<{( X 1@ = )P duly)) du(o).

K k=m+1 A5 | (2)\A%(z)

Since y € A;_;(x) \ Aj(x) is tantamount to ind(x,y) = k + 1, we can use
the estimate (4.5)) to get

| |f(z) = f(y)IP du(y)
A (@)\Ag ()
< C( | JE(g,k — ko, ) du(y) + | I8 (g, k — ko, y) du(y))
A1 (@)\A5 (z) Ap(@NAL L ()
= C(Iy(x) + 1x(x)).
To estimate these two parts we need a lemma, which is similar to [KM)|
Lemma 4.3(ii), (iii)]:

LEMMA 4.3. Let N > 1, p > 1, 0 > 0 be given and let the functions
feLP(K,u) and g € LP(K,v) satisfy the (1,p, 0)-Poincaré inequality. Then
for p-almost all x € K,

(4.10) | (g, Ny duy) <cL N | gPdy
A (@) Ay (z)



Poincaré inequality and Hajtasz—Sobolev spaces 21

and
(4.11) | 72(9, N, y) du(y) < CL™NP | P dv.
K K
Proof. Fory € Ay (x) and k > N one has Aj(y) C Ay (y) C Ay (x) and
therefore

1/p
Ip(9, N, y) ZL (mt+N)o (M S 9" (2) dy(z))

Ntm N+m (y)

<C Z L*(U*d/p)(Ner)( S ¢"(2) dy(z))
m=0 AN ()
= CL_(U_d/p)N( S 9’ (2) dI/(Z)) l/p.
AN (2)
Since p(A%(z)) < LN, follows.
To see , observe that, using ,

V7200, Ny du(y) = > VI8, Ny duy) <C > L7 | gPdv.
K A€eTn A A€eTN A**
A covering argument as the one used to conclude the proof of Theorem
gives (4.11). m
Conclusion of the proof of Proposition[{.J Since
Ik(x) < :U'(Altfl(x))‘];g(.% k— ko,:(}) < CL_kdjg(gv k — ko,.%'),

one has, using (4.11)),

(4.12) V(@) du(z) <\ JB(g,k — ko, ) du(y) dp(=)
K K Af(x)
< C\ J2(g.k — ko, 2)u(A5(2)) dp()
K
< QLD | gp .
K
To estimate the other part, we use (4.10)):
(4.13)
VITy(z)dp(z) < |\ JB(g. K — ko, y) duly) du(=)
K K Aj (x)
<c\ | 729k koy) duly) du()
KAy ko (z)
<C S L kor S g’ dvdu(x) < C' 1~ k(d+op) S gP dv.
K A (z) K

k—kq
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Summing (4.12)) and (4.13) over £ > m we find that the right-hand side of
(4.9) is no greater than

C Z [, ~k(d+op) S g dv = ¢ L~"d+op) S g? dv,
k=m K K
so that
@ () < [ dv.
K
once m > ky. The proposition follows. u

We now turn our attention to the relation of Poincaré—Sobolev spaces
P;’p(lC) to Hajlasz—Sobolev spaces M;’p(IC). It has been proven by Hu that

MyP(K) € KSLP(K) for all p > 1 and o > 0 (JHul, Theorem 1.1]). Moreover,
Hu’s theorem asserts that KSMP(K) c Mi}p(lC) for all 0 < ¢/ < 0. It is
not known whether the inclusion KSL?(K) € My (K) holds true on nested
fractals, even if property (P) holds.

Recall that for p > 1, the ‘weak’ LP, or the Marcinkiewicz space LL,(KC, ),
consists of those measurable functions f for which

suptPu{x : |f(x)] >t} < oo.
>0

We can also consider ‘weak’ Hajtasz—Sobolev spaces.

DEFINITION 4.4. Let p > 1 and o > 0. One says that f € LP(KC, u) be-

longs to the weak Hajlasz—Sobolev space (Ma?),,(K) if there exists a function
g € L, (K, ) such that (4.1)) holds true.

PROPOSITION 4.5. Suppose that the nested fractal K has property (P).
Assume p > 1, 0 > 0. Then:

(1) PaP(K) C (MAP)(K) M;’p/(lC) with any 1 < p' < p (the last
inclusion requires p > 1).

(2) If p=2 and o = dy,/2, then My*(K) C Py2(K).

Proof. (1) Once we prove estimates for fractal Riesz potentials, this result
is immediate. Let f € P;’p(IC), and let (f, f) satisfy the (1,p,o)-Poincaré
inequality.

The function g (corresponding to the upper gradient), needed in the

definition of Hajtasz—Sobolev spaces, will be a fractal variant of the Hardy—
Littlewood maximal function: for z € K\ V() we set

S fP dV) 1/7"

A (@)

N 1
o(a) = )= sup (ot

It is obvious that for any n > 1,
(4.14) Jp(fin, @) < CL™"g(x)
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with some universal constant C' > 0. Recall the estimate (4.5):
|f($) - f(y)| < C(Jp(.fv md(x,y) - k‘o,l‘) + Jp(fa 1nd(x,y) - kOv y))

(ko was a universal index depending only on the geometry of the fractal), so
that further, taking into account (2.4),

1f(z) — f(y)| < CL™7 ™) (g(2) + g(y)) < Cp(z,y)° (g9(x) + g(y)).

The argument that proves g € L}, (K, v) is also classical. Fix ¢t > 0 and
suppose that g(z) > t for some z € K\ V() By the definition of g, there
exists m = m(x) such that

N 1
(4.15) WA (@) < =

S 17 dv.

A (@)

Consider the covering of the set A(t) = {z € K : g(z) > t} by the balls
B(z,2L~™®)), x € A(t) \ V(*). By the 5r-covering lemma there is a count-
able subcollection of these balls, B; = B(x;, p;) with p; = 2L~™®i) such
that the B;’s are pairwise disjoint, yet A(t) C |J; B(zi, 5p;). Due to (3.16),
the sets A:n(x )(xl) are disjoint. Then, by the doubling property of p,

i

plfa s g@) > 1) < (U B(ai5p)) < €Y u(Blai.p)

~

<CY p(Blai,al ") < CY o p(AL,,)

Since u(K) < oo, we have L5, (K, n) € L¥ (K, u) for p’ < p. This way (1) is
proven. Assertion (2) follows from Hu’s inclusion My*(K) € KSLP(K) and
Proposition [£.22) above. =

5. Appendix. We will now prove the statement from Remark Set
ap = inf{dist(A,B): A,B€ Ty, ANB=0} and o= Lay.
More precisely, we will be proving the following.

PROPOSITION 5.1. Let KC be the nested fractal associated with similitudes
{pi}i_, with contraction factor L. Suppose that the ¢;’s share the same

unitary part, i.e. there is an isometry U : R™ — R"™ such that ¢;(x) =
(1/L)U(x) + t;, t; e R™, i =1,...,r. Then (P) holds.

The key argument in the proof is provided by the following lemma.
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LEMMA 5.2. Let n > 1. Suppose A, B are two neighbouring n-simplices,
and let Ay C A, By C B be two (n + 1)-simplices that are disjoint. Then
diSt(Al,Bl) > al™".

Proof. We proceed by induction on n. Clearly, the statement is true for
n=1.

Suppose it is true for 1,...,n — 1. Let A, B € T, and Ay, B1 € Tp4+1 be
as in the statement; let (i1, ...,14,) be the address of A and (w1, ..., w,) the
address of B. Define ko = min{l : ¢; # w;}. One has 1 < kg < n.

If kg > 1 then A, B C ,Cilu-iko—l S 7}0,1. Set

A= 72_1.1..ik0,1(A)7 B = z'_l.l..iko,l(B> (We have Alv B e 7:1*160+1)7

Al = -1 (A1), Bj= —1 (B1)  (we have A}, B} € Tp_ko+2)-

i1y -1 i1y -1
Those simplices satisfy the assumptions for n — kg +1 < n — 1 and the
statement follows.
Now, suppose that kg = 1. We have

Kiy D Kiyiy D+ D Kiyiy = AD A1 = Kiyining1s
ICw1 D) lewQ DD IC’LUl---’lUn =BD Bl - ]Cwl...wnwn+1‘
Let v be a junction point of A and B. Because of the inclusions above,
v e ICZ‘”‘Q N ’Cwlw2 C ICil N ’Cwl as well.

We will now show that &C;, i, UK, w, 1 similar to K;, UKC,,, . More precisely,
we will see that
(5.1) Kijio —v=5S(Ki, —v) and Kyw, —v=5(Ky, —v),
where S = (1/L)U is the similitude such that ¢; = S + ;.

Since v € K, N Ky, € VW, there exist 21,20 € V) and maps ¢;,, ¢,
such that z; is the fixed point of ¢;,, I = 1,2, and v = ¢;,(21) = dw, (22).
Further, since v € K;,4,, there exists another essential fixed point u such
that v = @iy, (u). Then ¢;, (21) = ¢iyi, (u) and so z; = ¢i,(u). In particular,
21 € Ki, N Kj,. By L Proposition IV.13], any element in V(%) belongs to
exactly one n-cell for each n. It follows that j; = 73. The same argument for
Kuwiw, glves jo = wo.

Since S is linear, we have
S(K;, —v) = S(¢i, (K) — ¢i,(21)) = S(SK +t;, — Sz — t5,) = S*(K — 21).
On the other hand, since z; = ¢;,(z1), we get

Kijiy — v = ¢4y (6iy (K)) — ¢4y (21) = S(iy (K)) — S(21)
= 5(¢i (K) = ¢in(21)) = S(SK — 521) = S*(K — 21).

Identical arguments hold for the pair Ky, and Ky, w,, and the proof of (5.1)
is complete.
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Now,
A=8SYA-v)+v, B =8YB-v)+u,
1=8"1YA —v)+v, B =8B —v)+v

are two pairs of (n — 1)- and (n — 2)-simplices satisfying the assumptions,
hence dist(A4], B}) > o/L™"!, and thus dist(Ay, B1) > o/L". =

Proof of Proposition[5.1. We proceed by induction on n.

If n=1andy ¢ Aj(zx) \ A5(x), then the 2-simplices Az(x) and Az (y)
are disjoint. Thus, p(z,y) > dist(Aq(x), A2(y)) > a9 = /L.

Suppose now that the statement is true for 1,...,n — 1, and take y €
Ay (x) \ Ay 1 (x). Then the sets A,y 1(x) and Ay,11(y) are disjoint, whereas
Ap(z) and A, (y) are not. There are two possibilities: either A, (z) = A, (y),
or they are adjacent n-simplices. Let (i1,...,%,) be the address of A, (x) and
(wi,...,wy) be the address of A, (y).

If Ay(x) = A,(y), we consider the points 2/ = ‘151_111”,1(33) and ¢y =

;1_1“%71 (y). Then Ag(2’) and As(y') are disjoint 2-simplices, so by assump-
tion we get p(2’,y") > «/L, thus p(z,y) > «/L".

If A,(z) and A,(y) are adjacent n-simplices, we apply Lemma to
A= Ay(z), B=Au(y), A1 = Any1(2), B1 = Any1(y). =
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