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The diagonal mapping in mixed norm spaces
by

GUANGBIN REN (Hefei and Aveiro) and JIHUAI SHI (Hefei)

Abstract. For any holomorphic function F' in the unit polydisc U™ of C", we con-
sider its restriction to the diagonal, i.e., the function in the unit disc U of C defined by
DF(z) = F(z,...,z), and prove that the diagonal mapping D maps the mixed norm space
HP%*(U™) of the polydisc onto the mixed norm space H?*¢!*I+(#/a+D =1 (77) of the unit
disc for any 0 < p < oo and 0 < g < 0.

1. Introduction. Let U™ be the polydisc in C" and T™ be its Shilov
boundary (see [Rul]). Denote by dm,, the normalized volume measure in
U™, and by do,, the normalized surface measure on T". For any Lebesgue
measurable function f in U", we define

1/
(1.1) My(r, f) = (§ 17001 don(©)) ™,
T’I'L
where 0 < ¢ < oo and r{ = (r1(1,...,mn(n). When ¢ = oo, as usual, we

define Mo (r, f) to be the essential supremum of |f(r()| over € T™. If
0<p<oo,0<qg<oo,and a=(ay,...,ap), oy > —1,Vj=1,...,n,let
n
(1.2) 1115 ge = § TICL =) My (r, £) dr,
I j=1
where I = [0,1)" and dr = dry - --dry,. The mized norm space LP@*(U™)
is then defined to be the space of functions f in U™ such that || f||,4.a < o0,
and the holomorphic mized norm space HPT*(U™) is its subspace consist-
ing of holomorphic functions. The mixed norm spaces have been studied
extensively; see, for example, [BP], [AJ], [J], [L], [Sh2], [Pa] and [SR].
The main purpose of this article is to consider the action of the diagonal
mapping on mixed norm spaces on U™.
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To each holomorphic function F' in the unit polydisc U™ of C", we asso-
ciate a function DF', defined on the unit disc U of C by

(1.3) DF(z) = F(z,...,z).

The operator D is called the diagonal mapping. In his book [Rul], Rudin
suggested the study of this mapping. Afterwards, the diagonal mapping has
been completely investigated in the Hardy spaces and Bergman spaces; see
[Rul], [HO], [DS], [Sha], [MR], [Sh], [Djs], and [RL]. For instance, Shapiro
[Sha] and Shamoian [Sh] proved that

(14) DHp,p,a(Un) — HP7P7‘OA|+2n—2(U)

for any 0 < p < oo and a; > —1,Vj =1,...,n, where |a| = a1 + -+ + .

In view of (1.4), the interesting phenomenon in weighted Bergman spaces
is that for any given weight «, the resulting weight |«|+2n—2 is independent
of p. But this fails in mixed norm spaces, i.e.,

DHI%q,Ot(Un) 7& Hp,q,\a|+2n—2(U)‘

In fact, taking f (21, 22) = (1—21) P (1—29) P2 with 8; = (1+0;)/2+4/5 for
i = 1,2, one can easily verify that f € H>1%(U?) but Df ¢ H2’1’|a|+2(U).
Our main result is the following theorem.

THEOREM 1.1. Let 0 < p < 00,0 < g < o0 and let a = (aq,...,an),
aj >—1,Vj=1,...,n. Then
(1.5) DHPL*(U™) = Hp,q,|a|+(p/q+1)(n—1)(U).

Theorem 1.1 also shows that, by the closed graph theorem, the compo-
sition operator Cg defined by

CoF =Fo®,

where &(z) = (z,...,2) for any z € U, is bounded from HP%%(U™) onto
Hp’q’|a‘+(p/q+1)(”*1)(U). For the theory of composition operators, we refer
to [CM].

The paper is organized as follows. In the next section, we provide an
integral representation for the diagonal mapping, given by the diagonaliza-
tion of weighted Bergman operators of U". Similarly, we provide an integral
representation for a right inverse operator of the diagonal mapping, given by
the polarization of weighted Bergman operators of U. In the third section,
we extend Hardy’s inequalities ([HL], [F1], [AB]) to higher dimensions, which
is a key tool to proving the boundedness of integral operators in mixed norm
spaces. In the fourth section, we show that the weighted Bergman projection
T3, which is the orthogonal projection from L*(U™, [T (1—Ju; %)% dmiy, (u))
onto H*28(U™), induces a bounded operator from LP%%(U™) to HP4~(U™).
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2. Diagonalization and polarization. Set o = («y,...

(B, Bn)-

HypoTHESIS 2.1. Throughout the paper, we assume that

;) and 8=

(i) 0<p<ooand0 < q< oo;
(i) a; > -1, VYj=1,...,n

aj +1 1 .
> 9 Vi=1,...,
(i) 5 p min(q, 1) J "

By Hypothesis 2.1, it is clear that always 3; > —1. We remark that
Hypothesis 2.1(iii) is required only to assure the validity of technical lemmas
in our applications, i.e., Lemmas 3.2, 3.3 and 4.2 below.

For any w € U™ and r € I", we write u = (u1,...,uy) and r =
(ri,...,r). We shall often use the polar coordinates formula:

n n
| TI = 2% P @) P dm () = 27 § [ r(2 = 12)% M2 (r, F) dr

Un j=1 Imj=1
for any measurable function F' in U™. Further, if F' is holomorphic, then it
is well known (see [Shl]) that

n n
§ 10~ P P @ dima(w) = § [T =) ME (0, F) dr,
Un j=1 Inj=1
where A ~ B means K 'A < B < KA. Here and afterwards, K always
denotes some positive absolute constant which may vary from line to line.

Our starting point is the weighted Bergman projection operator. For any
function F' in U™ and v € U™, we let

ey Tr@ =16+ | D o) )
. gt (v) = j + u) dmp(u).
j=1 ’ Un H (1 - UJ )ﬁj+2 "
It is well known that 73 is the orthogonal projection from the Hilbert space
L2(U™, [T, (1 |u|?)% dmy,(u)) onto its holomorphic Hilbert subspace, i.e.
the weighted Bergman space H>2°(U™).
We also consider the diagonalization and polarization of the Bergman

projection. For any functions F'in U™ and f in U, we define functions DgF'
in U and £3f in U™:

(2.2) DgF(z) ﬁ (Bj+1) S H;L 1 ‘Uj|2)ﬁj2 F(u)dmy(u),
L+ o a7+

_ [5[2)81+2n—2
e f(z) dm(2)

2.3 Egflu)=(|B] +2n—1 - =
(23)  Efw = (3] N
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It is clear that Dg is the diagonalization of the weighted Bergman operator
T3 of U™, and &g is the polarization of the weighted Bergman projection
7\5+2n—2 of U. We shall see that, when restricted to holomorphic mixed
norm spaces, Dg coincides with the diagonal mapping D, while £3 plays the
role of a right inverse of D.

THEOREM 2.2. Under Hypothesis 2.1,

() Tof = f for every f € HPa(U™);

(ii) Dg : HP2(U") — HP@ll+®/a+D)(n=1)(1]) s bounded;
(iif) Eg : HPalel+@/ar D=1 (1) — HP@(U™) is bounded.

COROLLARY 2.3. Under Hypothesis 2.1, for any F € HP®Y(U™), we
have DF € HP¢lel+@/a+)(n=1)(17) gnd

(2.4) D = Dglypacany -
Proof. From (1.3), Theorem 2.2(i), (2.1) and (2.2), we have
(2.5) DF(z) = F(z,...,2) =13F(z,...,2) = DgF(z).

Therefore Theorem 2.2(ii) shows that DF € HP:®lel+@/atD)(n=1) (7)) u

COROLLARY 2.4. Under Hypothesis 2.1, for f € HP@lal+®/at)(n=1) 17y,
we have Egf € HPP*(U™) and

(2.6) D(Esf) = f.

Proof. Let 8 be a multi-index satisfying Hypothesis 2.1. For any f €
HP@lel+@/a+1)(n=1)(17) Theorem 2.2(iii) shows that Egf € HP%(U™).

Let A(U™) be the space of functions holomorphic in U™ and continuous
in the closure of U™. When n = 1, it is known [Sh2 (I), Proposition 2.3] that
A(U) is dense in HP¢Y(U) for any v > —1. From (2.4) and the boundedness
of Dg and &3, as shown in Theorem 2.2(ii), (iii), we need only show that

Ds(Esf) = f, VYfeA{U).
Fix w € U and define
hw(u) = [[(1 = uwm) @ wev
j=1

Then h,, is a bounded holomorphic function in U™, so that 7gh,, = hy by
Theorem 2.2(i). Recalling #(z) = (z,...,2), we thus have

Tshu(P(2)) = hu(B(2)) = (1 - 2w) =120,

From (2.2) and (2.3), Fubini’s theorem shows that for any f € A(U) and
z e U,
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Ds(Esf)(2) = (18] + 2n = 1) § (1 — [w]) "2 T3k, (8(2)) f (w) dmi (w)
U

(1 _ ’w‘2)|,8|+2n72
= (8 +2n—-1) — ™
lS] (1 — zw)‘,@|+2

= ﬂﬂ‘-f—?n—?f(z) = f(z). =

Theorem 1.1 is a direct consequence of Corollaries 2.3 and 2.4.

f(w) dmy(w)

3. Extended Hardy inequalities. In order to prove the boundedness
of integral operators in mixed norm spaces, we need to establish some useful
inequalities concerning mixed integrals over I™ or I, which are closely related
to Hardy’s inequalities when n =1 (see [HL], [F1], [AB]).

PROPOSITION 3.1. Let bj > a; >0,¢; >0,Vj=1,...,n,6 >0, and let
g:I" —[0,00) be measurable. Assume either 0 < k < 1 and g is increasing
in each variable, or 1 < k < co. Then

. _ [l (1- Tj)cj_l
i 1 kla|—1 J
o Jo-o (Ve
< K(a,b,c,k) | ﬁu — )Mt gk () drs
Im j=1

n n _ +.)¢i—1 k
(i) SlT(l—m’“”‘l(SHF”1 g _g<t>dt) dr
K

g(r) dr) ' do

n H?:1(1 —rjt;)b

n
Imj=1

iii — ka;—1 (1 — 9)5_1 k ;
@) § [Ja-r) <§H?:1(1_rjg)bj g(g)dg) d

< K(a,b,6,k) | (1 — )* I~ P01 gk (9) dp.
I

For the proof we need some technical lemmas.

LEMMA 3.2. Let bj >a; >0,j=1,...,n, and r € I". Then

i (1 — Q)M—l . 1 '
v VTG o 2= K@D g e
(ii) | 1L tj)aj__l dt < K(a,b) 1

In H?:l(l —rjt;)% H?:l(l — 1)l
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Proof. (i) When n = 1, the inequality is well known (see for example
[SW]). We now apply induction on n to deal with the general case. Assume

that (i) holds for n—1. For any given r = (rq,...,r,) € I", let rg = min{r; :
j=1,...,n}. Then
i (1- Q)‘“l_l < (1 —7p)™ i (1- Q)a2+--~+an—1 p
- 40 > — ag
B TR A 3 T iy (A s

< 1 K
SO T -

Since []7_;(1 - rjo)~% < IT-. (1 - 0)~% for any g € [0,1), we also have

70 1
(1— o) 1 1
~dp < K ——7—— < K p——
§ H?:l(l - 7"]'@)[)‘7 (1 —ro)lbi=lal H?:l(l - 7"j)bj “
This proves (i).

(ii) This is obvious since the integral can be decomposed as the product
of integrals over I. m

Applying the standard technique of Hardy-Littlewood [HL], we obtain
the following inequality in the case of small indices.

LEMMA 3.3. Let 0 <p <1andbj >0,¢c; >0,Vj =1,....,n, and let
g:I" — [0,00) be increasing in each variable. Then there exists K = K(p,b)
such that

(1=t P " (1 —ty)pei—l
(3.1) {S HJn—l( ) - g(t)dt} <K | Hﬂn—l( ) — g"(t) dt.
In Hj:l(l — 7jt;)% In Hj:l(l — 7yt )P
Proof. Let A, = 1 —27% and I}, = [T} [M;—1, Ak;)- Then in I, we
have

1-— )\kj < 1 —t]‘ < 2(1 — )\kj), 1-— Q/\k]. < 1-— Qt]‘ < 2(1 — Q)\kj),

g(t) < ge), [Tkl =TT =),
j=1
where A\, = (Mg, Ak, ), 0 € I and t = (ty,...,t,) € Ii.
We claim that

H;L:1(1 - tj)cj_l P H;L:1(1 - tj)pcj_l »
62 U TEm o 0 <K S om0

Indeed, the integrand on the left side of (3.2) is enlarged if we replace t; by
the constant A, and g(t) by the constant g(\x), up to a constant indepen-
dent of k. Then we can calculate the resulting integral and its pth power.
The result is further enlarged if we replace \; by ¢ € I;11, so (3.2) holds.

I q
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Now we write the integral over I™ as the sum of integrals over [, and
then apply the inequality (a 4+ b)? < a? + b for 0 < p < 1. The desired
conclusion follows from (3.2) by summing over k. m

Now we can prove the generalized Hardy inequality.

Proof of Proposition 3.1. (i) First assume that 1 < k < co. Set
H?:l(l — ;)%

T a=rer !

Rewrite the integrand of J as the product of

J =

(r)dr.

n n
[T —=rpbmesm=" V] (1 = ory)
j=1 j=1

and
n

n
[T = rpsttart=tATT(1 = orj) =% g(r).
j=1 j=1
Here ¢ is a sufficiently small positive number and & is the conjugate index
of k. Applying Holder’s inequality and Lemma 3.2(ii), we have

(3.3) Jk < K S H?;l(l — rj)k(cj*bﬁaﬁs)fl
IR [T72 (1 = orj)™e

Note that here we used the assumption b; > a;.
For 0 < k <1, Lemma 3.3 shows that

JF<K | [Ty (1 —ry)*e
N In H?:l(l - er)kbj

Consequently, for any 0 < k < 0o, J¥ can be estimated by the integral
over I"™, so that Fubini’s theorem and Lemma 3.2(i) yield the desired result.

(ii) Since the expression in brackets in (ii) is again J, and J* can be
estimated by the integral over I™, the desired result follows from Fubini’s
theorem.

(iii) Set

gk(r) dr.

q" (r)dr.

_ _ )
| Q=0 o) ap.

J =\ =3 :
7 = (1= rj0)"

For 1 < k < oo, we take € > 0 sufficiently small and rewrite the above
integrand as the product of

n
(1 i Q)\b|—|a|—ns—1/k/ H(l - ,r_jg)a]-—bj
j=1
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and
(1 _ 9)6—\b|+|a|+na—1/k H(l _ rjg)_“jg(g).
Jj=1

Then from Hélder’s inequality and Lemma 3.2(i),

— o)k(—=[bl+|al+ne)—1
‘]k <K : ke S <1 S) ka;
H (1 =75) 7 Hj:1(1_rj9) !
If 0 < k < 1, Lemma 3.3 shows that J¥ can be estimated by the integral

over I. The desired result now follows from Fubini’s theorem and Lemma
3.2(ii). =

9" (0) do.

4. Weighted Bergman projections. In this section, we consider the
boundedness of weighted Bergman operators on LP%%(U™). We refer to
[FR], [SW] for boundedness properties of weighted Bergman operators on
LP spaces in the unit ball of C™.

THEOREM 4.1. Under Hypothesis 2.1,

(i) 7z : LP2(U") — HPP(U™) is bounded provided 1 < p < oo and
1 < ¢ < oo

(ii) 75 : HP2(U™) — HP2(U") is always bounded.

Let 4, be the Kronecker delta, i.e., d;, = 1 if j = k, and 0 otherwise.

LEMMA 4.2. Let w = (u1,...,up) € U™ and rj = |uj|, j = 1,...,n. If
aj > 1, then for any o€ I and t € I,

i do(C) % 1 '
0 - i < KO oy
i don (¢) 1

(ii) TSn T 11— t¢m) < K(a) oo™

Proof. The case of n = 1 is well known (see [D]). Assertion (i) then
follows from the inequality

n n
H!l—QCﬂj!_"‘] H 1 —orj)~ .
j=2 j=2

Assertion (ii) is obvious since it can be reduced to the case n =1. m
Proof of Theorem 4.1. For any function F' in U™ and

oj; +1 1
>
bi p min{q, 1}

-2, o;>-1, Vi=1,...,n,
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let

n

(4.1) Go(u) = F(u) [T — 5juy) =+

for any v,u € U™. By (2.1) and the polar coordinates formula,
n
(4.2) 1 TsF ()| < K | J[(1 = r))% Mi(r,Gy) dr.
Inj=1
Assume that 1 < ¢ < oo. Minkowski’s inequality shows that

n

(4.3) My(t, T3F) < K | [](1 = )P My(t, My (r, Gy)) dr.

Inj=1

Let v,u € U™ and t; = |vj|, rj = |u;|. We claim that

(4.4) M, (t, My(r,Gy)) < KM, (r, F) ﬁ<1 — tjry)"BtD,
j=1

From this claim together with (4.3), we find

(4.5) M,(t, T;F) < K S H?:l(l —rj)ﬁj

i Ll (1= trg) ot

Therefore, applying Proposition 3.1(ii) with b; = ¢; = 8;+1, aj = (oj+1)/p,
k=pand g(r) = My(r,F) we get

My(r,F)dr.

n n
VIJa-)omee, TRy dt < K | [](1 =)™ M2(r, F) dr.
Imj=1 I j=1
Here we used Hypothesis (2.1)(iii), which assures b; > a;.
To prove the case 1 < g < oo, it remains to prove claim (4.4). Rewrite
Gy(u) = Ggl)(u)Gg,Q)(u), where

G (w) = F(u) [ [0 = mjuy)~ 5270,

j=1
G () = [ (1 = )=+
j=1
From Hélder’s inequality we have

(4.6) My (r,Gy) < My(r, G My (r, G{P))

< K(q, 8)My(r, G T] (1 = tyry) =Pt/
7=1
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If ¢ = oo, then G = F and ¢’ = 1, so that (4.4) follows from (4.6). If
1 < ¢ < o0, notice that by (1.1), the definition of Gg,l) and Lemma 4.2(ii),

ME(t, Mo(r, GV)) = | { 1G) (r€)19 don(€) dora ()
TnTn

< KMI(r, F) Hl—tr —(B5+1)

and the claim also follows from (4.6).

Assume now that 0 < ¢ < 1 and that F is holomorphic in U". Then G,
is holomorphic in U" for any given v € U™, so that M (r,G,) is increasing
in each rj, j =1,...,n. Thus from (4.2) and Lemma 3.3, we obtain

n
TFI < K | [[(0—r) @10, G,)
I j=1
Combining this with

n

Mi(r,G H 1— )07 MY(r, Gy),

which holds since G, is holomorphlc (see [Fr]), we deduce that
HJ L1 — Juy| )q(ﬂj+2)
Hj:l 1- Ujuj’q(’BJH)

TP < K |

UTL

Now, integrating over 7™ and changing the order of integration, from Lemma
4.2(ii) we have

|[E ()| dman(u).

[T (1 —ry)20st2)2
q J= q
M(t, TgF) < K,Sn Tty T = MJ(r, F) dr.

By applying Proposition 3.1(ii), we obtain

n n

VI[Ja—e)vmp, TsF)dt < K | [[Q1 - )™ ME(r, F) dr.

I j=1 Im j=1

This completes the proof. m

5. Proof of Theorem 2.2. This section is devoted to proving Theo-
rem 2.2.

Proof of Theorem 2.2(i). By applying the method of [Sh2 (I), Propo-
sition 2.3], every function in LE?%(U™) can be approximated by its slice
functions, so A(U™) is dense in HP9*(U™). We claim that

T ) = 1d.
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In fact the case n = 1 is well known (see [FR]) and the general case follows
from this special case by iteration. More precisely, let F' € A(U™) and rewrite
(2.1) as

n n _ 2Bk
— [Teo( — Jugl?)
Lrw) =[G+ 1 US T (L = ogm) ez ) - dimi (un)
(1 — |w[?)™
. 1)—————— F . d .
i‘](ﬁl + )<1 — U1ﬂ1)51+2 (u17 7un) ml(U1)
Note that the second integral is equal to F'(v1,us,...,u,). By continuing

this procedure, we finally have
T3F (v1,...,v,) = F(v1,...,0p),

as desired. Thus the boundedness of 73 ensured by Theorem 4.1(ii) implies
that

(51) 77@|Hp,q,a([]n) == Id ]
Proof of Theorem 2.2(ii). Let z € U, w € U™ and ¢ = |z|, ; = |u;|. Let

(5.2) Ga(u) = F(u) [J(1 —zuy) @,
j=1
By (2.2) and the polar coordinates formula,

n
(5.3) DsF(2)| < K | [J(1 = rp)% Myi(r,G.) dr.
Inj=1
Assume that 0 < ¢ < 1 and that F' is holomorphic on U™. Then G, is
holomorphic on U™ for any given z € U. By Lemma 3.3,

DsF(2) < K § ] —rp)® 0= M (r, G dr.
I j=1
Since M{(r,G.) < K(q) [Tj—;(1 — ;)9 ' M{(r,G.) (see [Fr]), we have
[Ty (1 oy 02

DsF(2)7 < K | =L ——
Usn [T, 11— 2a;|4%+2)

Consequently, Lemma 4.2(i) shows that

no(1 — i )2(Bi+2)—2
M{(0,DsF) < K | [ (= 7y) MI(r, F)dr.

o T (1= ory)?Pit2)=0m 4

|F(uw)|?dmy,(u).

Applying Proposition 3.1(i), we obtain

S(l — Q)\a|+(p/t1+1)(n*1)M5(Q’ DsF)do < K S
Imj

I
This proves the case 0 < g < 1.

(1—r)® MP(r, F) dr.
=1
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Let 1 < g < oo. By (5.3), Minkowski’s inequality shows that
n
Mq(Q,DQF) g K S H(l - Tj)ﬁqu(Qa Ml(ra GZ)) d?".
I j=1
We claim that

(5'4) Mq(g, Ml(’l“, Gz)) < KMq(Ta F) H(l - Tjg)_(ﬂj+1+(1_5jl)/q).
j=1
From (5.4), we have

[T~ (1= Tj)ﬁj
(55)  My(0.DsF) < K | . 1
S H (1= or; )Pit1+(1=; )/a

and apply Proposition 3.1(i) to obtain the desired result.
It remains to prove (5.4). We rewrite G, (u) = Ggl)(u)Gg)(u), where

H 1— ZU ﬁJJFQ)/q
7j=1

G (u) = H<1 _ guj)—(ﬁfr?)/q’_
j=1

My(r,F)dr,

From Hoélder’s inequality and Lemma 4.2 we have
(5.6)  My(r,G.) < My(r, G My (r, G<2>)

S K(q, H Z|fr ﬂ]+1)/q

If ¢ = oo, then G = F and ¢’ =1, so that claim (5.4) follows from (5.6).
If 1 < ¢ < oo, notice that

M (0, My (r. G)) = | | 1GS) ()| dora () dors ()
TT™

< KMJ(r,F) [T (1 = rjo) 270,
j=1
Hence claim (5.4) also follows from (5.6). This ends the proof. m
Proof of Theorem 2.2(iii). Let f be holomorphic on U and let

(5.7) Gu(z) = f(z) H(l _ zﬂj)_(ﬁj'f‘Q)

7=1
for any uw € U™ and z € U. From (2.3),
)

(5.8) Eaf(u)| < K\ (1 0) 72201y (0, Gy) do.
I
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First assume that 0 < ¢ < 1. Since GG, is holomorphic on U for any given
u € U™, it follows from Lemma 3.3 with n = 1 that
[ (w)|? < K (1 - o)1 P20 =D=10r] (0, G do.
I
Notice that M{ (0, Gy) < K(q)(1— 0)?7 *M{ (0, G,). Recalling the definition
of Gy, in (5.7) we have

[Eaf (u)]? < K |
U
so that Lemma 4.2(ii) gives

(1 — |z|2)a(Bl+2n)-2
H;L:I 11— Zﬂj|q(ﬂj+2)

£ (2)| dma(2),

Mq( < f) < KS (1 — Q)Q(|ﬁ|+2n)72 Mq( f) d
r, = n ) _ 0, 0,
q B ) Hj:1(1 _ er)q(ﬁjn) 1774

and Proposition 3.1(iii) implies
n

J [T —r)ME(r Esf)dr < K § (1 — o)/ D0=Dagb (o, f) do.
I j=1 I
Now we assume that 1 < ¢ < co. Then, from (5.8), Minkowski’s inequal-
ity shows that
(5.9) My (r,Esf) < K\ (1= 0)/P*2m=2 My (r, My (0, Gu)) do.
I
We claim that, for r € I" defined by r; = |u;| and o = |z| € I,

(5.10)  My(r, Mi(0,Gy)) < KMgy(o, f) H(l — p;0)” Bit1HA=81)/a)
j=1

From this claim and (5.9), we find

(1 — p)lpl+2n=2
(5-11) My(r,€pf) < K§ 11— o) Pt (1=8;1)/d’

Therefore, applying Proposition 3.1(iii) we get the desired result:

n

J [T =)o M, Epf) dr < K § (1= o)/ o, £) do.

I j=1 I

It remains to prove the claim in (5.10). To this end, write G,(z) =
G&l)(z)Gq(f)(z), where

GD(=) = () [ (1 = zy) =2,

J=1

GO () = [J(1 - zm;) -2/

J=1
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From Holder’s inequality and Lemma 4.2(i) we have, for any 8; > —1,
(5.12) Mi(e,Gu) < My(o, GV My (0, G?)

< K(Q?ﬁ) Q, G(l) H ‘u ’Q —(Bj+2—6;1)/d

If ¢ = oo, then G = = f and ¢ = 1 so that (5.10) follows directly from
(5.12). If 1 < ¢ < o0, notice that in virtue of (1.1), Fubini’s theorem and
Lemma 4.2,

M (r, My(0.GD)) = | §1GE) (0¢)|? dor () don ()
T

< KMo, /) [T = ri0) 40,
j=1
Then (5.10) follows from (5.12) and Lemma 3.2(i). This completes the
proof. m
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