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Abstract. “Generalized Weyl’s theorem holds” for an operator when the complement
in the spectrum of the B-Weyl spectrum coincides with the isolated points of the spectrum
which are eigenvalues; and “generalized a-Weyl’s theorem holds” for an operator when
the complement in the approximate point spectrum of the semi-B-essential approximate
point spectrum coincides with the isolated points of the approximate point spectrum
which are eigenvalues. If T' or T is p-hyponormal or M-hyponormal then for every f €
H(o(T)), generalized Weyl’s theorem holds for f(7'), so Weyl’s theorem holds for f(7T),
where H(o(T)) denotes the set of all analytic functions on an open neighborhood of
o(T). Moreover, if T* is p-hyponormal or M-hyponormal then for every f € H(o(T)),
generalized a-Weyl’s theorem holds for f(7") and hence a-Weyl’s theorem holds for f(T).

1. Introduction. Throughout this paper, B(H) and K(H) denote re-
spectively the algebra of bounded linear operators and the ideal of compact
operators acting on an infinite-dimensional separable Hilbert space H. If
T € B(H), we write N(T') and R(T) for the null space and range of T,
with n(T") = dim N(T') and d(T) = dim H/R(T); o(T') for the spectrum
of T'; 0,(T) for the approximate point spectrum of T'; Eo(T') for the isolated
points of ¢(T') which are eigenvalues of finite multiplicity; and E§(T') for
the isolated points of 0, (7T") which are eigenvalues of finite multiplicity. Let
0a(T) = C\ 0,(T).

An operator T' € B(H) is called Fredholm if it has closed finite-codi-
mensional range and finite-dimensional null space. The indez of a Fredholm
operator T € B(H) is given by ind(T) = n(T") — d(T).

An operator T' € B(H) is called Weyl if it is Fredholm of index zero, and
Browder if it is Fredholm of finite ascent and descent, or equivalently, if T'
is Fredholm and T — AI is invertible for all sufficiently small A # 0 in C. For
T € B(H), we write a(T) for the ascent of 7" and ((7") for the descent of T
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The essential spectrum oo(T), Weyl spectrum o (T'), and Browder spectrum
on(T) of T € B(H) are defined by

0o(T) ={X € C:T — A is not Fredholm},
ow(T)={\ € C:T — A is not Weyl},
op(T) ={\ € C: T — AI is not Browder}.
We say that Weyl’s theorem holds for T' € B(H) if
o(T) \ ow(T) = Eo(T),
and that Browder’s theorem holds for T' € B(H) if
ow(T) = op(T).
Let
SFL(H)={T € B(H) : R(T) is closed and n(T) < oo},
SF{(H)={T € B(H):T € SF,(H) and ind(T) < 0},
osp, (T) ={A € C:T — X is not in SF(H)}.
For T' € B(H), the essential approzimate point spectrum and the Browder
essential approximate point spectrum are defined by

USFI(T) ={Ae€C:T -\ isnot in SF (H)},
oan(T) = {ou(T + K) : TK = KT and K € K(H)}.

Recall that by [12, Theorem 2.1] a complex number A is not in o1, (7) if and
only if T'— A\ € SF{(H) and o(T — \I) < oc.
We say that a-Weyl’s theorem holds for T € B(H) if

0aT) \ 0 (T) = E3(T),
and that a-Browder’s theorem holds for T' € B(H) if Tgp (T) = oap(T).
It is known [7] that for any 7" € B(H) we have the implications:
a-Weyl’s theorem = Weyl’s theorem = Browder’s theorem,

a-Weyl’s theorem = a-Browder’s theorem =- Browder’s theorem.

For a bounded linear operator 7" and a nonnegative integer n, define Tj,
to be the restriction of T to R(T") viewed as a map from R(T") to R(T™)
(in particular Tjg) = T). If for some integer n, the range space R(T") is
closed and T}, is upper (resp. lower) semi-Fredholm, then T is called an up-
per (resp. lower) semi-B-Fredholm operator. Moreover if Ty 1s a Fredholm
(resp. Weyl, Browder) operator, then T' is called a B-Fredholm (resp. B-
Weyl, B-Browder) operator. Similarly, we can define the B-Fredholm spec-
trum opp(T"), B-Weyl spectrum opw(7") and B-Browder spectrum opp(7).
A semi-B-Fredholm operator is an upper or a lower semi-B-Fredholm oper-
ator.
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Let T'€ B(H) and let
AT)={neN:R(T")NN(T) C R(T™) N N(T) for all m > n}.

Then the degree of stable iteration dis(T) of T is defined as dis(7T) =
inf A(T). Let T be a semi-B-Fredholm operator and let d = dis(7"). It fol-
lows from [5, Proposition 2.1] that T 1s a semi-Fredholm operator and
ind(7},,,)) = ind(7jq)) for each m > d. This enables us to define the index of
a semi-B-Fredholm operator 7" as the index of T]g.

In the case of a normal operator T' acting on a Hilbert space, Berkani
[2, Theorem 4.5] showed that opw(T") = o(T) \ E(T'), where E(T) is the
set of all eigenvalues of T' which are isolated in the spectrum of 7. This
generalizes the classical Weyl’s theorem. So we say that T' obeys generalized
Weyl’s theorem ([4, Definition 2.13]) if

opw(T) = o(T) \ E(T).

Similarly, let SBF; (H) be the class of all upper semi-B-Fredholm oper-
ators, and SBF (H) the class of all T € SBF (H) such that ind(T") < 0.
Also let

TSBF (I')={Ae€C:T — X is not in SBF(H)},

called the semi-B-essential approximate point spectrum. We say that T' obeys
generalized a-Weyl’s theorem if

OSBFZ (T) = oa(T) \ E*(T),

where E?(T') is the set of all eigenvalues of T which are isolated in o,(T)
([4, Definition 2.13]). From [4, Theorem 3.11], we know that each T satisfying
generalized a-Weyl’s theorem satisfies a-Weyl’s theorem and hence Weyl’s
theorem, but the converse is not true (see [4, Example 3.12]).

An operator T' € B(H) is said to be p-hyponormal if (T*T)P > (TT*)P,
and M-hyponormal if there exists a positive number M such that

MI|(T — ADz|| > |(T — AI)*z|| for all A € C and all = € H.

In this paper we show that if T is p-hyponormal or M-hypomormal, then
generalized a-Weyl’s theorem holds for f(T") for every f € H(o(T)), hence
a-Weyl’s theorem holds for f € H(o(T)), where H(o(T)) denotes the set of
all analytic functions on an open neighborhood of o (7).

2. Preliminary results. Let
Ay(H)={S e B(H):ind(S — A)ind(S —pl) >0
for all \, u € C\ 0¢(95)},
Ay(H)={S € B(H) :ind(S — AXI)ind(S — puI) > 0
for all A, € C\ ogr, (5)}.
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An operator T € B(H) is called approzimate-isoloid (abbr. a-isoloid) if
every isolated point of o0,(7) is an eigenvalue of T, and isoloid if every
isolated point of o(7') is an eigenvalue of T'. Clearly, if T is a-isoloid then it
is isoloid. However, the converse is not true.

THEOREM 2.1. If T' € B(H) obeys generalized Weyl’s theorem and it is
isoloid, then the following statements are equivalent:

(1) T'e Ay(H);

(2) ow(f(T)) = flow(T)) for every f € H(o(T));

(3) oBw (f(T)) = f(ow(T)) for every f € H(o(T));

(4) Weyl’s theorem holds for f(T) for every f € H(o(T));

(5) generalized Weyl’s theorem holds for f(T') for every f € H(o(T)).

Proof. (1)<(3). By [3, Remark iii], ind(7 —AI) ind(T'— 1) > 0 for each
pair A\, u € C\ 0o(7) if and only if ind(T" — A\I)ind(T" — pI) > 0 for each
pair \,u € C\ opp(T). From [3, Corollary 3.3] and [2, Theorem 3.2], the
spectral mapping theorem for the B-Weyl spectrum may be rewritten as the
implication, for arbitrary n € N and \; € C,

F(T) = (T = MI)(T = NoI) - (T = AuD)g(T) B-Weyl
= T — \jI B-Weyl for each j =1,...,n,
where ¢(7') is invertible. Now if ind(7"— AI) > 0 on C\ opr(T), then

> ind(T — M\I) = ind [ [(T = \1) =0

= 7=t = ind(T—M\NI)=0(j=1,...,n)
and similarly if ind(T" — AI) < 0 off opp(T'). If conversely there exist A\, u €
C\ 0e(T) for which ind(T' — AI) = —m < 0 < k = ind(T — ul), then
f(T) = (T—XI)*(T—pI)™ is a Weyl operator whose factors are not B-Weyl.
This is a contradiction.
(1)&(2). See [9, Theorem 5.
(2)<(4). Generalized Weyl’s theorem implies Weyl’s theorem for 7.
Moreover, [11, Lemma)] tells us that if 7" is isoloid, then

fe(T)\ Eo(T)) = o(f(T)) \ Eo(f(T)) for every f € H(a(T)),

thus Weyl’s theorem holds for f(7') if and only if o (f(T)) = f(ow(T)).

(3)=(5). Forevery f € H(o(T)), we need to prove o(f(T))\opw(f(T))
=E(f(T)). Let p € o(f(T)) \opw(f(T)), that is, f(T) — puI is B-Weyl and
wis not in f(opw(7T)). Let
(a) F(T) = pl = (T = \I)-- (T = Ap)g(T),
where ¢(T) is invertible. Then 7' — \;I is B-Weyl, and, in particular, an
operator of topological uniform descent. Since generalized Weyl’s theorem
holds for T, it follows that T — A;I has finite ascent and descent for every
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i € {1,...,m} ([8, Corollary 4.9]). Then f(7') — pI has finite ascent and
descent. Suppose a(f(T) — pl) = B(f(T) — pul) = p. Then p is a pole of
f(T) and hence u € E(f(T)).

Conversely, let © € E(f(T)). Using (a), without loss of generality, we
suppose \; € o(T). Thus A\; € isoo(T). Since T is isoloid, we see that
Ai € E(T). Since generalized Weyl’s theorem holds for T, it follows that
T — M\l is B-Weyl and hence f(T') — ul is B-Weyl ([3, Corollary 3.3] and
[2, Theorem 3.2]). Thus p € o(f(T)) \ opw(f(T)). So we have proved that
generalized Weyl’s theorem holds for f(T).

(5)=(4). See [4, Theorem 3.9]. m

Recall that if T" is an upper semi-Fredholm operator, then T'— A is upper
semi-Fredholm and N (T'—XI) C (22, R[(T'—AI)"] if |A| is sufficiently small.
The same holds if T is upper semi-B-Fredholm. In fact, [5, Corollary 3.2]
tells us that if |A| is sufficiently small, then T'— AI is upper semi-Fredholm.
Let dis(T) = d. Then T}y is upper semi-Fredholm. Hence if || is sufficiently
small, then

38

N(Tig — M) C () RI(Tiq — ﬂ (T — AI)"

I
—

n

Since N(T — M) C R(T%), it follows that

N(T = M) = N(T — \I) N R(T") = N(Tjy — AI) C () BT — A)").
n=1

THEOREM 2.2. If T € B(H) obeys generalized a-Weyl’s theorem and it
s a-isoloid, then the following statements are equivalent:

(1) T € Ao(H);

() o5 (F(T) = Floge(T)) for cvery | € H(o(T)):
(3) ogpp- (f(T)) = flogpp (T)) for every f & H(o(T));
(4) a- Weyl s theorem holds for f(T) for every f € H(a(T));
(5) generalized a-Weyl’s theorem holds for f(T) for every f € H(o(T)).

Proof. (1)<(3). By [5, Corollary 3.2], ind(T — AI)ind(T — pI) > 0 for
each pair A\, u € C\ ogp, (T) if and only if ind(T" — AI) ind(T — pl) > 0 for
each pair A\, u € C\ ospr, (7).

= For every f € H(o(T)), let po € JSBF;(f(T)) and suppose g is not
in f(O’SBF; (T')). We also suppose that

(b) F(T) = pol = (T = M) - (T = A D)™ g(T),
where ¢(T') is invertible, \; is not in USBF;(T) and \; # A\; if i,j =
1,...,m. Then f(T) — pol is upper semi-B-Fredholm ([5, Proposition 4.3])
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and ind(f(T) — pol) = >0, ind(T — N\I)™ < 0. That is, po is not in
JSBF;(f(T))' This is a contradiction. Thus USBF;(f(T)) - f(chBFI (7).

Conversely, suppose (o € f(USBF; (T')) but o is not in TSBE; (f(T)), that
is, f(T') — po! is upper semi-B-Fredholm and ind[f(T") — pol] < 0. Then T'—
Ail is upper semi-B-Fredholm ([5, Corollary 4.4]). Since ind(f(7") — pol) =
Yo ind(T — NI)™ < 0, we know that ind(T" — X\;I) < 0. Thus T — N1 €
SBF7 (X) and therefore jiq is not in f (USBF;r (T")). This is a contradiction.

< Assume the contrary; then there exist Ag, po such that T — Agl,
T — pol € SF4(X) and ind(T — Aol) < 0, ind(T — pol) > 0. Let m =
—ind(T — Xol) and n = ind(T — pol). Thus n is finite. If m is finite, let
f(T) = (T — XoI)™(T — poI)™ or else let f(T') = (T — NoI)(T — p10I). Then
f(T) € SFL(X). So 0 is not in O‘SBF;(f(T)). But po € TSBF (T'), hence
0 = f(uo) € f(USBF; (1)) = ISBE; (f(T)). This is a contradiction. Hence
the result is true.

(1)&(2). Argue as for (1)<(3).

(2)<(4). Suppose that Tsp; (f(T))= f(USFjr (T)) for every f € H(o(T)).
Since a-Weyl’s theorem holds for 7', it follows that Tgp (T) = ou.p(T).
We know that Browder essential approximate point spectrum satisfies the
spectral mapping theorem, so Tsp (f(T)) = f(USF; (T)) = floan(T)) =
oab(f(T)). Therefore a-Browder’s theorem holds for f(7). Now let u €
E§(f(T)). Using (b), without loss of generality, we suppose that A\; € o,(T);
then \; € isoo, (7). Since T is a-isoloid, we infer that \; € Ef(T"). General-
ized a-Weyl’s theorem implies a-Weyl’s theorem, so 7' — \;I € SF (H) and
hence f(1') — pud € SF(H). Thus a-Weyl’s theorem holds for f(7'). Con-
versely, suppose a-Weyl’s theorem holds for f(T') for every f € H(o(T)).
Then o (/(1)) = 0w (f(T) = f(oa(T)) = flogp- (T)).

(3)=(5). For every f € H(o(T)), we need to prove that

aa(f(T) \ ogpp- (f(T)) = E*(f(T))-

Let p € aa(f(T)) \ USBF;(f(T)), that is, (7)) — pud € SBF, (H) and p is
not in f(chBFI (T)). By (b), then T" — \;I € SBF_(H). We can suppose
that \; € 0,(7). Since generalized a-Weyl’s theorem holds for 7" and T is
a-isoloid, it follows that 7" — A;I has finite ascent for every i € {1,...,m}
([4, Theorem 2.8]). Thus f(T') — pI has finite ascent. Let dis(f(7)) = d.
Then R[(f(T) — )9 is closed. Now [10, Lemma 2.5] and the perturbation
theory of upper semi-B-Fredholm operators imply that p € isoo,(f(T)), so
we B((T)).

Conversely, suppose p € E*(f(T)). Then \; € isoo,(T"). Since T' is a-
isoloid, we find that T'— \;I € E*(T'). Generalized a-Weyl’s theorem holds
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for T', so T'— N\;I € SBF(H) and hence f(T') — ul € SBF_(H). Thus we
have proved that generalized a-Weyl’s theorem holds for f(7T).
(5)=(4). See [4, Theorem 3.11]. u

3. p-hyponormal and M-hyponormal operators. We start with
some elementary results about p-hyponormal and M-hyponormal operators.
We call T € B(H) paranormal if for any x € H, |Txz|* < |72z ||z|. If T
is paranormal, then ||T|| = sup{|A| : A € o(T')}.

LEmMA 3.1 ([14], [16]). If T is p-hyponormal for some p such that 0 <
p < 1 or T is M-hyponormal, then the restriction T|p to any invariant
subspace F' is also p-hyponormal or M -hyponormal.

LEMMA 3.2 ([15]). (1) If T is p-hyponormal, then T is paranormal.
(2) If T is invertible and p-hyponormal, then T~ is also p-hyponormal.
(3) If T is M-hyponormal and o(T) = {\}, then T = AI.

THEOREM 3.3. If T* is p-hyponormal or M -hyponormal, then gener-
alized a-Weyl’s theorem holds for f(T') for every f € H(o(T)). Hence a-
Weyl’s theorem holds for f(T') for every f € H(o(T)).

Proof. Suppose T* is p-hyponormal. By Theorem 2.2, we need to prove
that T is a-isoloid, T" € As(H) and generalized a-Weyl’s theorem holds
for T'. First we prove that T is a-isoloid. Since T is p-hyponormal, a-Weyl’s
theorem holds for T' ([6]) and o(T) = 04(T). Let A € isoo,(T) = isoo(T);
then A € isoo (7). Since T* is p-hyponormal, T* is isoloid ([15, Theorem 1]),
so N(T* — M) # {0}. As N(T* — XI) C N(T — XI) ([15, Corollary 3]), we
have N(T — M) # {0}, which means that T is a-isoloid.

Since N(T* — XI) C N(T — AI), it follows that if A € C\ osp, (T), then
ind(T'— AI) > 0. Therefore T' € Ay(H).

Next we prove that generalized a-Weyl’s theorem holds for T, that is,
oa(T) \ TSBF; (T) = E*(T). Let X\g € 0a(T) \USBF:L (T). Then there exists

e > 0 such that T'— A\l € SF (H) and

N(T = A) C [\ RUT =AD" if0 <[ =Xl <e.
n=1
Since a-Weyl’s theorem holds for 7', it follows that (7" — AI) < oo and
hence

N(T = M) =N(T =)0 () RUT — A" = {0} if0<|A—Ao| <e
n=1
([13, Lemma 3.4]). Thus 7' — AI is bounded from below, which means that
Ao € is00,(T). Thus Ao € E*(T).
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_Conversely, if \g € E*(T), then Ag is an isolated point of 0,(T) = o(T),
so Ao € isoo(T™). Now using the spectral projection
1
=— \ (T*=AD)"ldr
0By
where By is an open disk of center \g which contains no other points of
o(T*), we can represent 7™ as the direct sum

T* = T1 ) TQ, where O'(Tl) = {XO} and O'(TQ) = O'(T*) \ {Xo}
Then Ts — Aol is invertible.

Case 1: Ag = 0. Then o(T1) = {0}. Since T; is p-hyponormal, it follows
that 77 = 0 ([15, Corollary 2]). Thus T* — X\oI = 0@ Ta — \ol.

CASE 2: A\g # 0. Since T3 is invertible and paranormal, it follows that
T, ! is paranormal. Then ||T}|| = [Ao| and || Ty || = 1/|Ao|. For any 2 € R(P),
1 1
Aol ol
which implies that (1/)\g)T} is unitary. Thus 7} is normal and hence so is
T1 —Xol. Since T1 — oI is quasinilpotent and the only normal quasinilpotent

operator is zero, it follows that 7% — Aol = 0@ Tb — \ol.

Since Th — Mol is invertible, we know that T* — Ao has finite ascent
and descent. Then T — Aol has finite ascent and descent, and therefore
Ao € 0a(T) \ ISBE; (7).

From the above proof, we see that generalized a-Weyl’s theorem holds
for T'. Using Theorem 2.2, we conclude that generalized a-Weyl’s theorem
holds for f(T) for every f € H(o(T)).

If T is M-hyponormal, then since M-hyponormality is translation-in-
variant, it suffices to show that 0 € o,(T) \ TSBF; (TY< 0e E&(T). If0 €
oa(T) \USBFI (T), then T—XI € SFL(H) and N(T—XI) C(,—; R[(T—XI)"]
if |A| is sufficiently small. Since T™ is M-hyponormal, it follows that
a(T* = X) = B(T — M) < oo, hence T — A is Browder. Then N (T — \I) =
N(T—=X)N(,2; R[(T —AI)"] = {0} and therefore 0 is an isolated point in
0a(T) = o(T'). We have thus proved that o,(T") \USBF:L (T) € E*(T). Con-
versely, suppose 0 € E*(T). Then 0 is an isolated point of o,(T") = o(T).
Applying the projection P defined above, we have a direct sum T = T1 $Th,
where o(T1) = {0} and o(T2) = o(T™*) \ {0}. Then 71 = 0 and 7% is invert-
ible. Thus T™ has finite ascent and descent and so 7" has finite ascent and
descent. This implies that 7" is B-Weyl and 0 € 0,(T) \ IBE; (T). Thus T

obeys generalized a-Weyl’s theorem. Theorem 2.2 tells us now that general-
ized a-Weyl’s theorem holds for f(7') for every f € H(o(T)). =

lell < IT7 Tl = o 1Tl < i Pol llzll = flell,
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COROLLARY 3.4. If T or T™* is p-hyponormal or M-hyponormal, then
generalized Weyl’s theorem holds for f(T) for every f € H(o(T)). Hence
Weyl’s theorem holds for f(T') for every f € H(o(T)).

Proof. If T* is p-hyponormal or M-hyponormal, then the result is true
by Theorem 3.3. If T is p-hyponormal or M-hyponormal, then Weyl’s the-
orem holds for 7', T' € A;(T') and T is isoloid. By Theorem 2.1, we need
to prove that generalized Weyl’s theorem holds for 7, so we need to prove
o(T)\ opw(T) = E(T).

Suppose A\g € E(T). Using the same method as for Theorem 3.3, we can
prove that 7' — Aol has finite ascent and descent. Suppose a(T — A\ol) =
B(T —XoI) = p. Then H = N[(T — XI)P] ® R[(T — MoI)?], therefore
(T'— Xol)pp) is Weyl and so Ao € o(T') \ opw(T).

Conversely, if A\g € o(T)\opw(T), then T'— \I is Weyl and N(T'—\I) C
Moy RI(T — X" if |\ — Ao| is sufficiently small. The fact that Weyl’s
theorem holds for T implies that T'— AI is Browder and hence N(T'— \I) =
N(T = X)) N2, RI(T — AI)"] = {0}, so T'— A is invertible if |\ — A
is sufficiently small. Therefore Ao € isoo(T'). If N(T — A\oI) = {0}, suppose
dis(T — N\oI) = d. Then o(T — A\oI) = 0. Since T'— Aol is B-Weyl, we know
that (T — Aol)g is invertible and hence R[(T — XoI)*™*] = R[(T — AoI)%).
Thus B(T — Xol) = a(T — XoI) = 0, that is, T'— Aol is invertible. This
contradicts the fact that A\g € o(T"). Thus \g € E(T). Therefore generalized
Weyl’s theorem holds for 7'. =

COROLLARY 3.5. If T is p-hyponormal or M -hyponormal and if ogw(T)
= {0}, then T is normal.

Proof. Since generalized Weyl’s theorem holds for 7', by assumption,
every nonzero point of o(T') is an isolated point of o(7T") and an eigenvalue.
Hence o(T') \ opw(T) is a finite set or a countably infinite set whose only
cluster point is 0. Let o(T)\opw(T) = {An}, with |A1| > [A2] > -+ > 0, and
let E,, be the orthogonal projection onto N(T'— A\, I). Then TE, = E,T =
ME, and E Ey = 0if n # m. Put E = @, E,. Then T = @, M E, ®
T(1—pyr with o(T(;—pyr) = {0}. Since T{;_pg)y is also p-hyponormal or M-
hyponormal, it follows that T(;_g)z = 0. Hence T' = D, A\nEy is normal. =

4. Berberian spectra. Suppose that T' € B(H) is reduced by each of
its eigenspaces. We write (7" for the set of eigenvalues of T'; moe(T") for
the eigenvalues of finite multiplicity; mp;(7) for the eigenvalues of infinite
multiplicity. If M is the closed linear span of the eigenspaces N (T — \I)
(A € mo(T)), then M reduces T. Let T1 = T|p and T = T|p;1. Then
([1, Proposition 4.1]):

(1) T3 is a normal operator with pure point spectrum;
(2) mo(T1) = mo(T);
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(3) o (T1) = clmo(T);
(4) mo(T2) = 0.
In this case, Berberian [1, Definition] defined
T(T) = U(Tg) U aCCTI'()(T) U 7T01(T).
We shall call 7(7) the Berberian spectrum of T'. Berberian has shown that
7(T') is a nonempty compact subset of o (7).
Let
LD(H) = {T € B(H) : a(T) < oo and R(T*T)*1) is closed},
op(T)={A e C:T — X is not in LD(H)}.
The following theorem shows the relation of TSBE; (T), oLp(T), and

Berberian spectra. We also give a relation of opw (7'), opp(7’) and Berberian
spectra.

THEOREM 4.1. If T € B(H) is reduced by each of its eigenspaces, then

(1) ogpp- (1) = oup(T) < 7(T);

(2) UBW(T) = JBB(T) g T(T)

Proof. Let M be the closed linear span of the eigenspaces N(T' — \I)
(A € m(T)) and write T4 = T|p and To = T|;;.. From the preceding
arguments it follows that 7} is normal, mo(T}) = 7o(T) and moe(T3) = 0.

(1) First we will prove that TsBp- (T) C7(T) and opw(T) C 7(T).

Suppose A € o(T)\ 7(T). Then T — AI is invertible and A is an isolated
point of 7o(77). Since also mi(T) C 7(T), we have A € moo(T1). But T is
normal, hence Weyl’s theorem holds for 77. Therefore T1 — Al is Weyl. Thus
T — M is Weyl. Now we conclude that X is not in TSBF (T) Uopw(T).

(2) Second we will prove that orp(T") = I$Bp; (T') and o (T) = opw(T).

iti - - . - .

By definition, Ospp; (T) € oLp(T). Let Ao € o(T) \ OSBE; (T'). Then
T—X € SF(H)and N(T—XI) C (2, R[(T—XI)"]if [A\—\o| is sufficiently
small. Suppose that there exists A such that |A — Ag| is sufficiently small
and A € 0,(T). Since m(T2) = 0, it follows that 77 — A\ € SF (M) and
T5 — Al is bounded from below. The fact that T} is normal implies that
a(T1 — M) < oo, and hence (T —AI) < oo. Thus N(T—XI) = N(T—-XI)N
N R(T — XI)"] = {0}, so T — X is bounded from below. This is a
contradiction. Thus A\g € isoca(T) or Ao € ga(T). Now [4, Theorem 2.§]
shows that Ag is not in opp(7"). Similarly, we can prove that opw(T) =
O'BB(T). ]

COROLLARY 4.2. If T € B(H) is reduced by each of its eigenspaces,
then

Ua(T) \O-SBFjr (T) - Ea(T)’ U(T) \UBW(T) g E(T)
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An operator T is called reduction-isoloid (resp. reduction a-isoloid) if
the restriction of T to any reducing subspace is isoloid (resp. a-isoloid). It
is well known that every hyponormal operator is reduction-isoloid.

THEOREM 4.3. If T € B(H) is reduced by each of its eigenspaces and
is reduction a-isoloid (resp. reduction-isoloid), then f(T') obeys generalized
a- Weyl’s theorem (resp. generalized Weyl’s theorem) for every f € H(o(T)).
Hence in this case, f(T) obeys a-Weyl’s theorem (resp. Weyl’s theorem) for
every f € H(o(T)).

Proof. By Theorem 2.2 and Corollary 4.2, we only need to prove E#(T") C
0a(T) \ ogpp- (T). Let A € E*(T). Since H = N(T' = M) & N(T — )L, we
have T'— A = 065, where S = (T —AI)|yr_xpyL- If O € 0a(5), then 0 is an
isolated point of o, (.5). But T is reduction a-isoloid, hence 0 € m(,S). This is
a contradiction. Therefore 0 is not in 0, (.5), which means that S is bounded
from below. Then R[(T — AI)*] = 0@ R(S*) is closed for every k € N and
a(T'—\I) < oco. Suppose a(T'—AI) = p. Then N(T—AI)NR[(T—XI)P] = {0},
and hence (T'— A1), is upper semi-B-Fredholm. Thus A € o,(T) \JSBFI (7).
Now we conclude that generalized a-Weyl’s theorem holds for T'. »

COROLLARY 4.4. If T is p-hyponormal or M-hyponormal and T is re-
duction a-isoloid (resp. reduction-isoloid), then f(T) obeys generalized a-
Weyl’s theorem (resp. generalized Weyl’s theorem) for every f € H(o(T)).
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