STUDIA MATHEMATICA 200 (2) (2010)

Monotone convolution semigroups
by

TAKAHIRO HASEBE (Kyoto)

Abstract. We study how a property of a monotone convolution semigroup changes
with respect to the time parameter. Especially we focus on “time-independent proper-
ties”: in the classical case, there are many properties of convolution semigroups (or Lévy
processes) which are determined at an instant, and moreover, such properties are often
characterized by the drift term and Lévy measure. In this paper we exhibit such properties
of monotone convolution semigroups; an example is the concentration of the support of a
probability measure on the positive real line. Most of them are characterized by the same
conditions on drift terms and Lévy measures as known in probability theory. These kinds
of properties are mapped bijectively by a monotone analogue of the Bercovici—Pata bi-
jection. Finally we compare such properties with classical, free, and Boolean cases, which
will be important in an approach to unify these notions of independence.

1. Introduction. Muraki defined a monotone convolution as the proba-
bility distribution of the sum of two monotone independent random variables
[15 [16]. Let Gu(2) (¢ € C\ R) be the Cauchy transform of a probability
measure p and H,(z) be the reciprocal of G,,(2). Then H,, is analytic and
maps the upper half plane into itself. Moreover, infiy, ,~0 Im H,(z)/Im z = 1.
Consequently, H,,(z) can be expressed uniquely in the form

(1.1) Hu(z)=z+b+ | 1:];+_sz n(dz),

R

where b € R and 7 is a positive finite measure (see [1]). The monotone
convolution p > v of probability measures p and v is characterized by

(1.2) H,ul>u(z) = H,LL(HV(Z))
Using this characterization, Muraki classified monotone (or - for short)
infinitely divisible distributions with compact supports. The complete clas-

sification including probability measures with unbounded supports was given
by Belinschi [4], as follows.
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THEOREM 1.1. There is a one-to-one correspondence among the follow-
ing four objects:

(1) a >-infinitely divisible distribution p;

(2) a weakly continuous monotone convolution semigroup {p} with
po = 0o, p1 = p;

(3) a composition semigroup of reciprocal Cauchy transforms {H;}i>o
(Hyo Hy = Hyy,) with Hy = id, Hy = H,,, where Hy(2) is a contin-
uous function of t > 0 for any z € C\ R;

(4) a vector field A(z) = limy o (H¢(2) — 2)/t on the upper half plane
which has the form

A(z):—’y—i-x -

where v € R and T is a positive finite measure.

The integral representation in (4) is the Lévy—Khinchin formula in mono-
tone probability. The correspondence of (3) and (4) is obtained through the
following ordinary differential equation (ODE):

(1.3) L H(:) = AUH(),  Holz) = 2,

for z € C\ R. The fact that the solution does not explode in finite time is a
consequence of [9]. We call A(z) the associated vector field. When 7 has all
moments, then the coefficients of the Laurent expansion of A coincide with
cumulants [14].

In this paper, we analyze monotone convolution semigroups, especially
supports and moments, comparing the results with the classical, free and
Boolean cases. We hope that our results will be of use in clarifying sim-
ilarity and dissimilarity between monotone independence and other kinds
of independence. This work is also expected to have connections with an
operator-theoretic approach [12] and a categorical approach [I1].

The contents of sections are as follows. In Section [2| we give a condition
for a probability measure to be supported on the positive real line, and show
how moments change under monotone convolution. In Section |3, we derive
a differential equation for the minimum of the support of a monotone con-
volution semigroup. In Section [4, we study how a property of a monotone
convolution semigroup changes with respect to the time parameter. A time-
independent property of a convolution semigroup is one that is determined
at an instant. We show that the following properties are time-independent:
symmetry around 0; the concentration of the support on the positive real
line; the lower boundedness of the support; the finiteness of a moment of
even order. All these properties are also time-independent in classical convo-
lution semigroups. In Section [5] a monotone analogue of the Bercovici—Pata
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bijection is defined. Many time-independent properties of the previous sec-
tion can be formulated in terms of that bijection. In Section [6] we study
convolution semigroups in free probability and Boolean probability. A re-
markable point is that the concentration of the support on the positive real
line is a time-independent property in the monotone, Boolean and classical
cases, but not in free probability.

2. Behavior of supports and moments under monotone convolu-
tion. We consider properties of probability measures which are conserved
under monotone convolution. Let u be a probability measure. Define the
minimum and the maximum of the support:

a(p) :=inf{z € suppp}, b(p) := sup{x € supp u}.
Here —oo < a(p) < 0o and —oo < b(p) < co. We say that p has an isolated
atom at ¢ € R if p({c}) > 0 and ¢ ¢ (suppu) \ {c}. In this paper we
occasionally consider analytic continuations of functions such as G, or H,
from C\ R to an open subset U of C which intersects R. If no confusion can
arise, for simplicity, we only say that a function is analytic in U, instead of
saying that a function has an analytic continuation.

LEMMA 2.1. Let p be a probability measure. We use the notation (1.1)).

(1) (supp p)°U(C\R) is the mazimal domain in which G, (z) is analytic.
Similarly, (suppn)®U(C\R) is the mazimal domain in which H,(z)
s analytic.

(2) {z € (suppp)%; Gu(x) # 0} C (suppn)®. Similarly, {x € (suppn);
H,(x) # 0} C (supp p)¢. In particular, a(n) > a(p) since G (x) # 0
for x € (—oo,a(pu)).

Proof. These statements easily follow from the Perron—Stieltjes inversion
formula. =

A classical infinitely divisible distribution necessarily has a non-compact
support, except for a delta measure. The situation in the monotone, free
and Boolean cases is different. For instance, a centered arcsine law is >-
infinitely divisible. For this reason the study of the maximum or minimum
of a support becomes important. It is known that if A = v > g and A has a
compact support, then the support of p is also compact [16]. We generalize
this and prove a basic estimate on supports.

PROPOSITION 2.2. For any probability measures v and p the following
inequalities hold.

(1) Ifsupprn(—o00,0] # 0 and suppvN|0,00) # 0, then a(p) > a(ve>pu)
and b(p) < b(v > p).
(2) Ifsuppv C (—00,0], then a(u) > a(ve>u) and b(v)+b(p) < b(v>p).
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(3) Ifsuppv C [0,00), then a(v) +a(p) > a(v > p) and b(p) < b(v>p).

Proof. For a probability measure p, we denote by p® the probability
measure d; > p. This is useful since v > u can be expressed as

(2.1) v u(B) = | 1w (B) v(da)
R
for Borel sets B [16].
Let A := v > p. We first prove the following inequalities for an arbitrary
probability measure p:

{&(Px) > a(p), b(p") <b(p)+=x forall x>0,
a(p®) > a(p) — |z|, b(p®) <b(p) forall x <O0.

It is easy to prove that p® can be characterized by G,» = G, /(1 — 2G)). If
x > 0, then 1 —2G,(2) # 0 for z € C\ [a(p),b(p) + =] and G, is analytic
in this domain. Therefore, the first inequality holds. The second is proved
similarly.

Let J := supp A. In view of the relation A(A) = {; 4"(A) dv(x), we have
AJ€) = {x u"(J®) dv(z) = 0. Hence p*(J¢) = 0, v-a.e. x € R. Take any zg
such that p(J¢) = 0. Then a(p™) > a(A) and b(p*0) < b(A). If g > 0,
combining the inequalities a(p®) > a(p) — |x| and b(p”) < b(p) for p = pu*°
and x = —xg < 0, we obtain

a(p) = a(p™ ™) z a(A) = |zol,  b(w) = b(*™7*°) < b(A).
Similarly if ¢ < 0,
a() = a(N),  b() < b(N) + [l
Assume that supprv C (—00,0]. Then a(p) > a(A) and b(p) < b(A) + |b(v)]

since there is a sequence of such xy’s converging to b(v). Hence we have
proved (2). The statements (1) and (3) are proved in a similar way. =

COROLLARY 2.3. Let v be a probability measure and let n > 1 be a
natural number.

(1) If supp(v®") C (—o0,0], then supprv C (—00,0] and |b(v)| >
n=Hb(rPm)).
(2) If supp(v®") C [0,00), then suppv C [0,00) and a(v) > n~ta(v™").

This corollary puts a restriction on the support of a >>-infinitely divisible
distribution. The continuous time version of (2) will be proved in Section

Proof. Let X\ := vP™,

(1) Assume that both b(r) > 0 and b(\) = b(r®") < 0. Then two
cases are possible: (a) suppr N [0,00) # (0 and suppv N (—o0,0] # 0;
(b) suppv C [0,00). We apply Proposition replacing A and p with v>"
and v>"~1 respectively. In both cases (a) and (b), we have b(v>" 1) <
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b(A) < 0. This argument can be repeated and finally we have b(r) < 0, a con-
tradiction. Therefore, b(v) < 0. By the iterative use of Proposition [2.2)2)
we obtain b(v®™) > nb(v), from which the conclusion follows. A similar
argument applies to (2). =

The following statement is well known. We will need almost the same
argument in Proposition 2.5

LEMMA 2.4. For a finite measure 1, limy~ o 1yGpu(a + iy) = p({a}) for
all a € R.

Proof. This follows from the dominated convergence theorem. m

Now we prove a condition for a support to be included in the positive
real line. A similar result was obtained in [6].

PROPOSITION 2.5. We use the notation (1.1). Then supp p C [0,00) if
and only if suppn C [0,00) and H,(—0) < 0. Moreover, if suppn C [0,00),
the condition H,(—0) <0 is equivalent to

(+) AN =0, | Tdn@) <oo, bt | dnw) <0
0 0

Proof. If suppn C[0,00) and H,(—0) <0, we have H,,(u) <0 for all u<0
since H,, is strictly increasing. Then G, = 1/H,, is analytic in C\ [0, c0),
which implies suppp C [0,00). Conversely, assume supppu C [0,00). By
Lemma we have suppn C [0,00). If H,,(—0) were greater than 0, there
would exist ug < 0 such that H,(up) = 0. Then p has an atom at ug < 0,
which contradicts the assumption. Therefore, H,(—0) < 0.

We show the equivalence in the last claim. It is not difficult to prove that
(%) implies H,,(—0) < 0. For the converse, assume that A :=7n({0}) > 0. By
a similar argument to Lemma we can prove that lim,, o uH,(u) = =
Therefore, for u < 0 sufficiently close to 0, we have H,(u) > —\/2u >
0, which contradicts the condition H,(—0) < 0. Consequently, we have
n({0}) = 0. Since fy(z) := (1 + zu)/(x — u) is increasing with respect to
u, we can apply the monotone convergence theorem and obtain the two
inequalities of (). m

COROLLARY 2.6. Monotone convolution preserves the set {u; supp p C
[0,00)} of probability measures.

Proof. If supp p,suppv C [0,00), then H,y, = H, o H, is analytic
in C\ [0,00). Since Hp, is increasing in (—o00,0), we have H,,(—0) =
{IM o H,(—0) < H,(—0) < 0. By Proposition we obtain supp(p > v) C
0, OO) ]

REMARK 2.7. The above property is also true for Boolean convolution.
The proof is similar. We note that the corollary follows immediately if we
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use the operator-theoretic realization of monotone independent random vari-
ables in [12].

Next we consider moments. Let my, (1) := { 2" pu(dx) be the nth moment
of a probablility measure .

PROPOSITION 2.8. Let p be a probability measure and let n > 1 be a
natural number. Then the following conditions are equivalent:

(1) m27l(/’[’) < OO;
2) H, has the expression H,(z) = z+ a + p(ix), where a € R and p
o H R z—=z
is a positive finite measure satisfying man—2(p) < 00;

(3) there exist ay,...,as, € R such that

a2
(22) HM<2):z+a1+?+..._|_ 2n 1+O(‘Z’ (2n— 1))

for z =1y (y — o0).

If (3) holds, for any 6 > 0 the expansion (2.2) holds for z — oo satisfying
Im z > 0|Re z|. Moreover, agro =—mi(p) (0 <k <2n—2).

Proof. The equivalence (1)< (3) follows from Theorem 3.2.1 in [I] by
calculating the reciprocals. The implication (2)=-(3) is not difficult. The
proof of (3)=-(2) uses the same technique as in Theorem 3.2.1 of [1]. =

PROPOSITION 2.9. Let u and v be probability measures and let n > 1 be
a natural number. If mao, (@) < oo and may,(v) < 0o, then ma, (> v) < co.
Moreover,

(23)  mu(pev)
= my(p) + my(v) + Z Yo mlpmyy(v) - my,(v)

k=1 jo+j1++jr=l—k
0<jp,0<p<k

for1 <1< 2n.

Proof. We note that Im H,(z) > Im z. For any ¢ > 0, there exists M =
M (0) > 0 such that

(2.4) Im H,(iy) >y > 0|Re H, (iy)| fory > M.
By (2.2)), we obtain
(2.5)  Hu(H,(iy))

= H,(iy) + a1 + a2G, (iy) + - + a2, G, (iy)*" ' + R(H, (iy)),
where z*"1R(z) = ( % p(dz) — 0 as z — oo with Im z > §|Re z| for a
fixed 6 > 0. We have

v R(H, (iy))| < [H,y (i) R(H, (i) — 0
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as y — oo by (2.4). Thus R(H,(iy)) = o(y~(?"~Y). Expanding H,(z) in the
form (2.2)), we can see that there exist ¢y, ..., co, € R such that

HM(HV(Z>):Z+01+%+"'+ “n +o(]z|~®" V) for 2 = iy (y — o).

ZQn—l

Then the 2nth moment of > v is finite by Proposition The equality
(2.3) is obtained by the expansion of Gy (2) = GL(1/Gu(2)). =

3. Differential equations arising from monotone convolution
semigroups. Let {y}+>0 be a weakly continuous >-convolution semigroup
with pg = dg. We denote H,, by H; for simplicity. We sometimes write
H(t,z) to express explicitly that H;(z) is a function of two variables. By
, H; can be expressed as
(3.1) Hy(z) = by + 2+ |

R

r—z

dne(x),

where, for each t > 0, a; is a real number and 7 is a finite positive measure.
Throughout this paper we denote by A(z) the associated vector field.

In this section, we prove the following properties of the minimum of the
support of a convolution semigroup.

THEOREM 3.1. Let {ut}i>0 be a weakly continuous t>-convolution semi-
group with pg = dg. Assume that for every t > 0, s is not a delta measure
and py = \(t)dg) + vi with 0(t) ¢ supp vy, 0(t) = a(pe) and A(t) > 0.

(1) Assume a(1) > 0. Then four cases are possible:

(A) If A(up) = 0 for some ug € [—00,0) and A(u) < 0 on (—o0,up) and
A(u) > 0 on (ug,0) (when uy = —oo, we understand the condition
as A > 0), then \(t) > 0. Moreover, ug < 0(t) <0 for all t > 0.

(B) If A(u) < 0 on (—00,0) and A(0) = 0, then 0(t) = 0 and A(t) > 0
for allt > 0.

(C) If there exists ug € (0,
A(u) > 0 on (ug,a(r))
< 00.

(D) If A(u) < 0 on (—o0,a(T)), then there exists ty € (0,00] such that
A(t) >0 for 0 <t <ty and \(t) =0 forty <t < co.

If A(0) # 0 and X\(t) > 0, then \(t) = A(6(t))/A(0). If A(0) =0 (case (B)),
then \(t) = e~ Ot For the position of the delta measure, the following
ODE holds:

a(t)) such that A(u) < 0 on (—oo,up) and
, then 6(t) € (0,up) and A(t) > 0 for 0 < ¢

52) L0(1) = ~ A1),

6(0) = 0.
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(2) Assume a(1) > —o0. Then three cases can occur in terms of the signs
of the associated vector field:
(a) A(u) >0 on (—o0,a(T));
(b) A(up) = 0 for some ug € (—o0,a(r)) and A(u) < 0 on (—oo,ug) and
A(u) >0 on (ug, a(7));
(c) A(u) <0 on (—o0,a(r)).
In cases (a) and (b), we have the following ODE for a(vy):

3.3 { Salv) = ~Afa(m),
a(vo) = a(7).
In case (c), the equality a(vy) = a(T) holds for a.e. t and a(vy) > a(T) for
all t € 0,00). Moreover, if lim, oy A(u) <0, then a(v) = a(t) for all t.
ExAMPLE 3.2. We can confirm the validity of the ODEs for 6(t) and
a(vy), and the validity of the formula for the weight for a delta measure, in
each of the following examples.

e Arcsine law:

1
h e vEvm (D AR =

a(r) =0, a(iu) = —v/2t.
e A deformation of a-strictly stable distributions (0 < a < 2) with
parameter ¢ € C, Imc = 0,Rec > 0 (see [13]):

1 _
Mt = Htac, SUPP ftac = (_Oovc+t1/a]7 A(Z) = _a(z - C)l .

We can check that the solution of the ODE (3.3)) is ¢+ /e (the same
ODE (3.3]) holds for b(u)).

e The monotone Poisson distribution with parameter A > 0:
Az
1—2z’
where i sing is a delta measure at 0, and hence A(0) = 0 and A’(0) = A.
This is case (B). Therefore, p sing = € dp.

Ht(dﬂf) = Ht,ac + Mt sing A(Z) =

3.1. Differential equation of the delta measure. We summarize
three equalities, some of which were used by Muraki in [16].

LEMMA 3.3. Let {p}i>0 be a weakly continuous >-convolution semi-
group with py = dy. Then we have three equalities on C\ R:

(1) A(Hi(2)) = A(2) G2 (2);
(2) 5Gi(2) = A(2) §:Ge(2);
(3) %Ht(z) = A(z)%Ht(z).
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Proof. Since Hy(z) is a flow in C\ R, H; o Hy = Hy ¢ for ¢, s > 0. Now,
(1) follows by taking the derivative %| s=0; (3) follows from (1) and (1.3);
and (2) follows from (3) immediately. m

First we treat a distribution which contains a delta measure at the
minimum of the support. Suppose that {u}:>0 is a weakly continuous >-
convolution semigroup with pg = dg. Then p can be written as = Adg + v
with 6 € (suppv)®and 0 < A < 1. We use the integral representation in The-
orem|[L.1](4) for the associated vector field A(z). Throughout this subsection,
we assume that 7 # 0 and a(7) > 0. We shall show that there exists a delta
measure at the minimum point of the support for some (finite or infinite)
time interval. Moreover, the weight of the delta measure is calculated.

The derivative of A satisfies A’'(u) > 0 for all u € (—o0,0). This implies
that five cases are possible:

(A) A(u) >0 on (—o0,0);

(A") A(up) = 0 for some uy € (—00,0) and A(u) < 0 on (—o0,up) and
A(u) > 0 on (ug,0);

(B) A(u) <0on (—o0,0) and A(0) = 0;

(C) there exists ug € (0,a(7)) such that A(u) < 0 on (—oo,up) and
A(u) > 0 on (ug,a(r));

(D) A(u) <0 on (—o0,a(r)).

We consider the solution of the ODE on the real line as well as on

C\R.

Casgs (A) AND (A’). Case (A) reduces to (A') if we define ug := —o0.
Since H(t,u) is an increasing function of u € (suppn:)¢, there is a unique
point 0(t) satisfying up < 6(t) < 0 and

(3.4) H(t,0(t)) = 0.

O(t) is a zero point of H; of degree 1 since 0, H(t,u) > 1. Therefore, by
Lemma there is a delta measure A(t)dg) in pe with ug < 0(t) < 0.
By the implicit function theorem, 6(t) is of class C¥. Differentiating the
equation H(t,6(t)) = 0 and using Lemma we obtain

9 6(1))
O (1,6(1)

The initial condition is #(0) = 0.

(3.5) 0'(t) = = —A(B(t)).

CASE (B). In this case, the same differential equation (3.5)) holds. Since
A(0) = 0, we have 0(t) = 0 for all ¢. This is true for a monotone Poisson
distribution.
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CAsEs (C) AND (D). These cases can be treated at the same time. We

define
uo  in case (C),
uy 1= .
a(t) in case (D).
In both cases, Hy is analytic in C \ [u1,00) (see Subsection for details).
Then there exists ¢t € (0, oo] such that u; includes a delta measure in (0, u)
for 0 < t < tg. We can prove that g = oo in case (C). In case (D), there
is an example where typ < oo holds (see the “Examples” section in [13]).
Moreover, tg = oo may occur if lim,, q(r) A(u) = 0. The measure pu; has the
form
_ { )\(t)(sg(t) + v, 0t <t,
M, to <t < o0,
where 0 < A(f) <1 and 0 < 0(t) < a(7) for 0 <t < to, and a(v4) > a(r) for
all 0 < t < oo. The differential equation (3.5 holds also in this case.

Weight \(t) in cases (A), (A’), (C) and (D). Tt is possible to calculate
the weight A\(¢). For the moment we skip case (B). Then we have A(0) # 0.
We expand Hy(z) in a Taylor series around 6(t) as Hy(z) = > o7 1 an(t)(z —
6(t))"™ with a1 (t) = 1/A(t). Also we expand A(z) as Y .~ bp2" with b, € R.
If we compare the coefficients of the constant term in the ODE (1.3)), we
obtain —6'(t)a1(t) = by = A(0). Hence

Weight A(t) in case (B). In case (B), we express the Taylor expansions
of Hy and A(z) at 0 respectively by Hy(z) = > 07 an(t)z" and A(z) =
> o2 bpz™ with aq(t) = 1/A(¢) and by = A’(0) > 0. Comparing the coeffi-
cients of 2" in the ODE ([.3), we obtain the equation a} () = A’(0)a1(t).
Therefore, a1 (t) = e (OF by the initial condition a;(0) = 1. Thus we obtain

A(t) = e O,

3.2. Differential equation of the non-atomic part. In the previous
subsection we considered the case a(7) > 0. Now we consider a more general
case. We investigate a(u) including the case where there is no isolated delta
measure at a(f;). Assume that the lower bound a(7) of the Lévy measure 7
is finite: —oo < a(7). Three cases can occur:

(a) A(u) >0 on (—o0,a(r));
(b) A(up) = 0 for some uy € (—o0,a(r)) and A(u) < 0 on (—o0,up) and
A(u) > 0 on (ug,a(r));
(¢) A(u) <0 on (—o0,a(r)).
p¢r may contain an isolated delta measure at a(u). If so, we write p; =
A(t)0g(r) +vi. We understand that A(t) = 0 if y; does not contain an atom at
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a(p), or if it does but the atom is not isolated. The motion of the position
0(t) of a delta measure was clarified in the previous subsection. To investigate
a(v¢), we define E: [0, 00) — (—o00,a(T)] by

B - sup{u < a(7); Hi(u) = a(7)} in cases (a) and (b),
1) = {a(T) in case (c)
for ¢ € [0,00). The definition in cases (a) and (b) may seem unclear since
H;(z) was only defined in C \ R. The precise definition is as follows. Since
cases (a) and (b) can be treated in the same way, we explain only case (b).
If u € (up, a(r)), let R(u) be defined so that Hy(u) exists for all ¢ € (0, R(u))
and limy ~p(,) Hi(u) = a(7). We observe that 0 < R(u) < oo for u €
(up,a(7)). Moreover, R is a bijection from (ug,a(7)) to (0,00). Therefore,
we can define a bijection E(t) := R™!(t), which we have denoted simply as
sup{u < a(7); Hy(u) = a(r)}.

a(v) is characterized by the following result.

LEMMA 3.4. Let pu be a t>-infinitely divisible distribution. Then p can be
expressed in the form p = \dg + v, where 0 = a(u) is an isolated atom. We
understand that p = v or A\ = 0 if u does not contain an atom at a(u), or
if it does but the atom is not isolated. Then

a(v) = a(n) = sup{zx € R; H, has an analytic continuation to C\ [x,00)}
under the notation (|1.1)).

Proof. The latter equality follows from Lemma (1) immediately and
we only need to prove that a(v) = a(n). First, if A = 0 we can easily prove
a(p) = a(n) by Lemma 2). Second, we assume that A > 0. We show
that a(v) # a(n) causes a contradiction. We notice first that the difference
a(v) # a(n) comes from the zero points of H,(x) or G, (x) by Lemmal[2.1(2).
If a(v) < a(n), then H,(a(v)) = 0. This, however, implies that G, contains
two atoms at a(v) and 6, which contradicts infinite divisibility (see Theo-
rem 3.5 in [I3]). If a(v) > a(n), then Gy(a(n)) = 0. Since L H,(z) > 1
in (supp p)¢ C R, Hy(z) is increasing. Therefore lim,, o) Hy(z) = oo and
limg q(p) Hp(7) = —o0. Also, limg o H,(7) = —oo. These imply that
there exist 1 < a(n) and xzp > a(n) such that H,(z1) = H,(z2). By
Rouché’s theorem, there exist distinct z1,20 € C with positive imaginary
parts such that H,(z1) = H,(z2) (this argument is similar to the proof of
Theorem 3.5 in [I3]); this contradicts the infinite divisibility again since the
solution of defines a flow of injective mappings. =

REMARK 3.5. If p is not >-infinitely divisible, the above property does
not hold. For instance, if y = $(6_1 + 1), then a(v) = 1 but a(n) = 0.

We define a(vp) := a(7) so that a(r) becomes a continuous function
at 0.
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THEOREM 3.6. In cases (a) and (b), the equality E(t) = a(v4) holds for
all t € [0,00). In case (c), the equality holds under the further assumption
hmu/a(T) A(u) < 0.

Proof. We can prove this equality by considering the region in which
H,(z) is analytic. We first consider cases (a) and (b). We prove that

(3.6) E(t) =sup{zx € R; H; has an analytic continuation to C\ [z, 00)}.

By reductio ad absurdum we show that H; never has an analytic continua-
tion beyond E(t). If H¢(z) had an analytic continuation to C\ [E(t) + 6, 00)
for some t > 0 and § > 0, the following three facts would follow: the im-
age of Hy(u) includes a(7) since OH/Ou > 1 and H(t,E(t)) = a(7); Hy
is injective in C \ [E(t) + 6, 00); we can take 6 > 0 small enough so that
A(z) is analytic in C\ [E(t) + ¢, 00) since E(t) < a(7). Then by the equality
A(Hy(2)) = A(z)%(z) in C\ R, we conclude that A(z) has an analytic con-
tinuation to the image of Hy. In particular, A is analytic around the point
a(7), a contradiction. Therefore, H; cannot have an analytic continuation
beyond E(t).

Conversely, for any u < E(t), Hy(z) has an analytic continuation to the
region C\ [u+ §,00) for some d > 0 by the solution of the ODE ([1.3)). Thus

the equality (3.6)) holds.
The proof of the equality E(t) = a(1;) in case (c¢) under the assumption

lim, q(r) A(u) < 0 is similar. For all t > 0, we have lim,, ~o(r) Hi(u) < a(7).
Assume that Hy(z) has an analytic continuation to C \ [E(t) 4 0, 00) for
some t > 0 and § > 0. We can take ¢ small enough such that H;(u) €
(—o0,a(r)) for all u € (—oo, a(7)+3). This contradicts the equality A(H(z))

= A(z)a{g‘ (2). m

In case (c), if lim,, ~q(r) A(u) = 0, the question whether E(t) = a(1;)
holds for all £ > 0 or not has not been clarified yet. A partial answer is given
in the following proposition.

PROPOSITION 3.7. In case (¢) we have a(vy) = a(T) a.e. with respect to
the Lebesgue measure on [0,00) and a(vy) > a(T) for all t > 0.

Proof. Step 1. First, we prove that if limsup, ; a(vy) > a(vy,), then
A(z) is analytic in the region (—o0, a(vy,)) and a(vy,) = a(1) (= E(tp)). Fix
€ € (0,1). Take a sequence {t,}°°, such that a(v,) > a(vy,) — €/2 for all
n > 1 and define a sequence of analytic functions in (—oo, a(r4,) — €) by
_ Hy,(2) — Hi(2)

o

A (2)

for n > 1. For any compact set K C C\ [a(7) —¢€,00), we can prove that the
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sequence {AS} is uniformly bounded on K for sufficiently large n. Hence
we obtain the analyticity of 0,H (to, z) in (—00,a(vy,) — €). Since 1 > € > 0
is arbitrary, we conclude that 0,H (%o, 2) is analytic in (—o0, a(v4,)). The
function A(z) has an analytic continuation from C\ R to C\ [a(r,),00) by
the equality A(z) = 0.H (to, 2)/0,H (to, 2).

Now we show a(7) = a(vy,). As explained before, the solution Hy(z) of
the ODE exists for all time and for any initial position z € C\ [a(7), 00).
Therefore, a(vy) > a(7) for all ¢ € [0,00). Moreover, a(t) > a(vy,) by the
analyticity of A(z) in (—oo,a(vy,)).

Step 2. We note that a(r4) is Borel measurable. This is easy since the
coefficients of the Taylor expansion of H; are measurable (by the Cauchy
integral formula), and a(v;) can be expressed as their upper limit. We define
a Borel set B by

B :={t € [0,00); there exist € = €(t) > 0 and n = n(t) > 0 such that

la(ve) — a(vs)| > € for all s satisfying 0 < |s —t| < n}.
If t € B¢, then a(v:) = E(t) by Step 1. It is known that a Borel measurable
function on an interval is continuous except on an open set with arbitrar-
ily small Lebesgue measure, by Lusin’s theorem (see [10]). Therefore, the

Lebesgue measure of B is 0. The inequality a(v;) > a(7) was already men-
tioned in the proof of Step 1. =

So far we have proved that E(t) = a(v4) in generic cases. Next we find
an ODE for the function E(t). For € > 0 define an approximate family by

E(t) :=sup{u < a(7); Hi(u) = a(1) — €}.

This approximation is needed to use the implicit function theorem in the
proof of Theorem

LEMMA 3.8. In cases (a) and (b), E. and E enjoy the following proper-
ties:

(1) Ec < E for all € € (0,1). In addition, E. converges to E pointwise
as € — 0.
(2) supesg ter | Ee(t)| < oo for any compact set I C [0,00).

The proof is easy and we omit it.

THEOREM 3.9. In cases (a) and (b), E(t) satisfies the ODE

d
&E(t) = —A(E(t)) for 0<t< oo,

E(0) = a(r).
In particular, E is in C*(0,00) N C[0,00).
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Proof. We note that 0H/0u > 1. Thus the implicit function theorem is
applicable to the equation H = a(7) — € because H is defined in the open
set {(t,u); 0 <t < 0o, —00 < u < E(t)} which contains (¢, E(t)) for all ¢.
Therefore, E. is in C*(0,00) and its derivative is

A ) _ _OH(LE(D)

dt 7 O, H(t Ec(t)
by Lemma After integrating the above, we take the limit ¢ — 0 using
Lemma [3.8] to obtain

—A(Ec(t))

t1
E(t) = | A(E(s)) ds + E(t1).
t
This implies that F is in C*¥(0, 00) and the ODE holds. The right continuity
of E at 0 follows from the fact that limy g Hy(2) = 2. »

4. Time-dependent and time-independent properties of a mono-
tone convolution semigroup. In classical probability theory, it is often
true that a property of a convolution semigroup p is completely determined
at an instant. Such a property is called time-independent. In this section, we
exhibit such properties for monotone convolution semigroups.

LEMMA 4.1. Let {u}e>0 be a weakly continuous t>-convolution semi-
group with py = &, and A(z) be the associated vector field. If there exists
to > 0 such that supp pg, C [0,00), then A(z) is analytic in C\ [0, 00).

Proof. We have supp py,/, C [0,00) by Corollary (1) Let An(2)
be defined by A, (z) := (Hyn(z) — 2)/(to/n). Then A, is analytic in
C\ [0, 00) since supp 1y, /n C [0,00) from Lemma 2.1. By definition A(z) =
lim,, 00 An(z) for z € C\ R. By Montel’s theorem, it suffices to show that
the RHS is uniformly bounded on each compact subset K of C\ [0, c0). Since
Hy(i) = by + (1 + ni(R)) is differentiable, there exist M, M’ > 0 such that
n(R)/t < M and |b/t| < M’ for all t € [0, tp]. Then

777t()/n(x> S M/ =+ L/

‘OOI—I—xzn
+1 )
o T2 to

n
An(2)] < ]tobto/n

for all n and z € K, where L’ > 0 is a constant depending only on K. =

Using Proposition [2.5] and Lemma [£.1], one can prove the monotone ana-
logue of the subordinator theorem. For the classical version, the reader is
referred to Theorem 24.11 of [17].

THEOREM 4.2. Let {ut}i>0 be a weakly continuous t>-convolution semi-
group with g = 6g. Then the following statements are equivalent:

(1) there exists tg > 0 such that supp pz, C [0,00);
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(2) supp pt C [0,00) for all 0 <t < oo;
(3) supp7C0,00), T7({0})=0, {72~ dr(z) <oc and >z~ dr(z).

REMARK 4.3. (i) The equality 7({0}) = 0 in condition (3) means that
there is no component of a Brownian motion in the Lévy—Khinchin formula.
(ii) The equivalence also holds in the classical and Boolean Lévy—Khin-

chin formulae. In the free case, however, (1) and (2) are not equivalent (see
Section [6]).

Proof of Theorem 4.2. We note that (3) is equivalent to (3'): A is analytic
in C\ [0,00) and A < 0 on (—00,0), by an argument in Proposition

(1)=(2), (3'): If {u} is a delta measure, then the statement follows
immediately. Assume that p; is not a delta measure for some t > 0. This is
equivalent to assuming that p; is not a delta measure for all ¢ > 0. Then
7 is a non-zero positive finite measure. A(z) is analytic in C \ [0,00) by
Lemma and hence supp 7 C [0,00). Three cases are possible: (a) A(u)
> 0 on (—00,0); (b) A(up) = 0 for some uy € (—00,0) and A(u) < 0 on
(—o0,ug) and A(u) > 0 on (ug,0); (¢) A(u) <0 on (—o0,0).

In cases (a) and (b), we have a(u) < 0 for all ¢ > 0 by Theorem [3.1)2).
In case (c), we have a(u:) > a(r) > 0 again by Theorem [3.12). Hence only
case (c) does not contradict the assumption.

(3")=-(1): This was actually proved at the end of the proof of (1)=-(2). =

We can prove that the lower boundedness of the support is determined
at one instant.

THEOREM 4.4. Let {pt}+>0 be a weakly continuous >>-convolution semi-
group with pg = &g. Then the following statements are equivalent:

(1) there exists to > 0 such that supp pu, is bounded below;
(2) supp p is bounded below for all 0 < t < oo;
(3) supp T is bounded below.

REMARK 4.5. The same kind of theorem also holds in the free and
Boolean cases. The classical case is exceptional since condition (3) has to

be replaced by supp7 C [0,00), 7({0}) = 0 and 81_1 lz| 7t dr(x) < oo [1T].
Therefore, the boundedness below is not mapped bijectively by the mono-

tone analogue of the Bercovici-Pata bijection defined in Section

Proof of Theorem 4.4. (1)=-(3): When a(ut,) > 0, the claim follows
from Theorem We consider the case a(ut,) < 0. By Proposition
we have a(p) > a(py,) > —oo for all ¢ < ¢y. By the same argument as in
Lemma one can show that A is analytic in (—oo, a(pu,)).

(3)=(2): The lower boundedness of the support of y; for all t > 0 comes
from Theorem [3.11 =
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Next we consider the symmetry around the origin. We say that a measure
p on the real line is symmetric if u(dr) = pu(—dz). The proof depends on
the assumption of compact support. We have not been able to prove the
result for all probability measures.

THEOREM 4.6. Let {t}i>0 be a weakly continuous >-convolution semi-
group with po = dg. Assume that the support of each py is compact (this is
a time-independent property). Then the following statements are equivalent:

(1) there exists tg > 0 such that pu, is symmetric;
(2) e is symmetric for all t > 0;
(3) v =0 and T is symmetric.

Proof. We prove this theorem in terms of moments. We use the repre-
sentation of the vector field A(z) = —y+{ L do(z), do(z) = (1+2?)dr(z),
where o has a compact support. We write m,(t) = m,(u) for simplicity.
We notice that the symmetry is equivalent to the vanishing of odd moments
for a compactly supported measure. Define a sequence {r,}2°; by r1 =7,
Tn = my_2(c) for n > 2. Then A(z) = — > °° /2" !. By Lemma (2),

we get the differential equations dmg(t)/dt = 0 and

dmy,(t)
dt

n
= Z krp_grimig_1(t) forn >1
k=1

(4.1)

with initial conditions mg(0) = 1 and m,(0) = 0 for n > 1.

Now we prove the implications (1)=-(2) and (1)=-(3). We can easily show
that maop4+1(to) = 0 and 79,41 = 0 for n > 0, and so ma,+1(t) = 0 for all
t > 0and n > 0. Then ¢ and p; are both symmetric for all ¢ > 0. The proof
of (3)=(2) is similar. =

We now exhibit some time-dependent properties.
PRrOPOSITION 4.7.

(1) Absolute continuity is a time-dependent property.
(2) Existence of an atom is a time-dependent property.

Proof. Consider the following example [I3]. Let {1 }+>0 be the monotone
convolution semigroup defined by

(4.2) Ht(a’l’c)(z) —c+{(z—0)*+t}/* for0<a<l.

Then u; contains an atom for 0 < ¢t < |¢|* and p; is absolutely continuous
for t > |c|“. =

The property may (u) = (g 2" p(dz) < oo is also time-independent. That
is, we prove the following theorem which is also true for the classical and
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free probabilities 5l I8]. In addition, it also extends Theorem 4.9 in [16] to
higher order moments.

THEOREM 4.8. Let {ut}i>0 be a weakly continuous t>-convolution semi-
group with pug = 6o and let n > 1 be a natural number. Then the following
statements are equivalent:

(1) there exists to > 0 such that may(ty) < 0o;

(2) may,(t) < oo for all 0 < t < oo;

(3) man(T) < 0.

Proof. (1)=(2): We use the notation yuj := §, > p; introduced in .
For 0 <t < tg, we set A = pugy—¢ and v = . Then ({22 pf (dz) pyy—1(dy) =
§g ¥ pty (dz) < 0o, which implies map (1f) < oo for some y € R. By Propo-
sition we obtain may, (t) < oo for 0 < t < tg. For arbitrary 0 < s < oo,
we can write s = ktg + ¢t with £ € N and 0 < ¢ < ty9. Then ma,(s) < co by
Proposition

(2)=-(3): We first note that my(¢) is a Borel measurable function of
t > 0 since p; is weakly continuous. Moreover, we show that there exist
r1,...,T2, € R such that

l tk k
(4.3) my (t) = Z Z H ip_lrip_ipfl
k=1 1=ig<i1 <-<ig_1<ip=I+1  p=1

for 1 <1 < 2n. For the proof we use the equality
(4.4)  my(t+s)

=my(t) +my(s +Z > mg(t)mgo(s) - - - mj, (s)

k=1 jo+j1++jr=l—k
0<Jp, 0<p<k

for 1 <1 <2n.Forl=1, (4.4) becomes mi(t + s) = my(t) + mi(s). This is
Cauchy’s functional equation and there exists r; € R such that mi(t) = rqt
by measurability (for a simple proof of this fact, see [2]). We assume that
there exist rq, ...,y € Rsuch that (4.3) holds for 1 <1 < g. For an arbitrary
rgi1 € R, we define
q+1 tk k
(4.5)  Mgra(t) == 1ot + Z Z T Ip—1Tip—ip 1 -
k=2 1=ip<i1 <--<ip_1<ir=q+2  p=1
Then

(4.6)  Mg1(t+s) = mgr1(t) + mgy1(s)
+)° > s (E)mo (s) - - - my, (s);

k=1jo+ji1++jk=q+1-k
0<i, 0<i<k
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this will be proved in Proposition Therefore, and imply that
M1t + 5) — Mgr1(t +5) = mgr1(t) — mgp1(t) + mgya(s) — 77Lq+1( s). This
is again Cauchy’s functional equation, and hence there exists r 1 € R such
that mg41(t) = Mmg+1(t) +ry 1t The above argument runs untll qg=2n-1,
and thus we conclude that there exist rq,...,r9, € R such that holds
for 1 <1< 2n.

From the equality % 9G c(t, 2) = A(z)%—f(t, z) we obtain

G(l,z) -1
Alz) = —i—2,
(2) Sé%(s,z)ds

which implies

m1(1) 4t man (1) —|—0(|z| Qn-‘rl)

(4.7)  Az) = - p T :
x+ 2l () ds oru()ds | .4 Gt )ZSSTLTS"(S) ® 4§y Rs(2) ds
where
m + 1 x2n+1 1 xQn—&-l
Rs(2) = otz S Zius(dx) T ol S (2 — )2 ps(dix)
R

Since may,(s) is a polynomial, x2" is integrable with respect to the measure
ps(dz)ds on R x [0, t]. We can easily show that 8[1) R (iy) ds = o(y~("+2) by
the dominated convergence theorem. Therefore, there exist ui,...,us, € R
such that
LN U2 U2n, —(2n—1)
A(Zy)—ul—l-E—l—"'-i-W—i-O(y ).
By Proposition we have mg,(7) < oo (the equivalence between (2) and
(3) in Proposition is true for A(z): the proof needs no changes).
(3)=-(2): Since ma,(7) < 0o, we have the expansion

U U,

A(Z):U]_‘l—f-f- 23 1+Q()
where

Q) = 5 |2 (1t a?) ()

Z '_22”—1Rx—z z7) T(dx).
We obtain
t u t u t
2 2n

(4.8) Hy(z )—z+u1t+§)Hs(Z) ds+~--+§)}st+§Q(Hs(z))ds

from the equality dth(z) A(H,

—

z)). We can prove that

2n—1t¢ t
Z S szzl s+ S Q(H,(iy)) ds = o(y~ V)
k=p 0 ° 0
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since | Sf) H,(iy)~% ds| < t/y*. In addition, Sé Q(H,(iy)) ds = o(y~ =) for
any t > 0 by the dominated convergence theorem.

Now we show by induction that there exist polynomials ¢ (t) of ¢ (1 <
k < 2n) such that

(4.9) Hy(z) = Z+Cl(t)+022(t)+- o+ 6222(1) +o(]z|~® V) (z =iy, y — o0)

for any ¢ > 0. First H;(iy) = iy +uit + “2t + 0( ) by (4 . Next we assume
that there exist polynomials c(t) (1 < k: < 2q) such that

Cgit)+"'+022?1(1)+Pt( );

(4.10) Hi(z) =z+c1(t) +

where P, (iy) = o(y~24=Y) for any ¢t > 0. We can write

1 x2q71

Pi(z) = pe(dz),

ETE
R
where p; is the positive finite measure of Proposition (2) Then we obtain
the asymptotic behavior S Py(iy) ds = o(y~(2=1). Substituting into

the right hand side of , we obtain the expansion

ba(t b t
@1)  EE =z a2 el e,

where by (t) is a polynomial of ¢ (we note that by(t) = cx(t) for 1 < k < 2¢q
by the uniqueness of the expansion). This induction goes until ¢ = n — 1
and we obtain (4.9)). The conclusion follows from Proposition n

REMARK 4.9. In the proof of (2)=-(3) we have proved that mg(t) is a
polynomial of ¢. This property might seem to be too strong: what we needed
was the integrability of my(t) in a finite interval. The author however could
not find an alternative proof of the integrability.

The following result completes the above theorem.

PropoSITION 4.10. For any complex numbers ry, n > 1, the functions
my(t) defined by

n tkk:

(4.12) ma(t) = Z Z il Ip—1Tip—ip 1

k=11=ig<i1<---<ip_1<ip=n+1  p=1

satisfy the equality
(4.13)  myu(t+s)
= ma(t) + mn(s) + Z > my(t)my, () - - - myy, (s)

k=1 jo+j1++jr=n—k
0<jp, 0<p<k

for anyn > 1.
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Proof. Every series in this proof is a formal power series. We define
A(z) = =32 /2" 1. We solve the differential equation in the
sense of formal power series. There exists a unique solution of the form
Hi(z) = > .02 an(t)/z". It is easy to prove that Hyys(z) = Hi(Hs(2)) in
the sense of formal power series with respect to ¢,s,z. If we define Gy(z)
to be 1/Hy(z), then Lemma holds with the same proof. We can eas-
ily prove that my(t) are given by Gi(z) = Y02 my(t)/2" T using Lem-
ma [3.3(2). Finally, follows from the power series expansion of G4 4(z)
=G(1/Gs(z)). m

5. Connection to infinite divisibility in classical probability.
Now we consider the correspondence between classical and monotone prob-
ability. The usual Lévy—Khinchin formula is given by

51 ) =ew (mu ] (e 1= ) S ),

a 1422 x

where v € R and 7 is a positive finite measure. We show that the identifi-
cation of (7, 7) in Theorem and in is important. For instance, the
support of a classical infinitely divisible distribution is concentrated on the
positive real line if and only if (see Theorem 24.11 in [17])

1 1 00 1
(5.2) suppt C [0,00), T({0}) =0, S;T(dx) <oo, 7y | —7(da).

0 0
These conditions are exactly the same as in Theorem [4.2] Then it is natural
to define the monotone analogue of the Bercovici—Pata bijection (for the
details on the Bercovici—Pata bijection in free probability, the reader is re-
ferred to [7]). Let ID(>>) be the set of all >>-infinitely divisible distributions;
let ID (%) be the set of all classical infinitely divisible distributions. We define
a map Ay : ID(x) — ID(>) by sending the pair (v,7) in to the pair
(v,7) in Theorem [1.1(4). This map enjoys nice properties. Let Dy be the
dilation operator defined by

| f(@) Dap(dz) = | f(Ax) pu(dx)
R R
for all probability measures p and all bounded continuous functions f.

THEOREM 5.1. Aps has the following properties:

(1) Aps is continuous.

(2) Apr(8q) = 94 for all a € R.

(3) Dyo Ay = Apro Dy for all A > 0.

(4) Ay maps the Gaussian with mean 0 and variance o2 to the arcsine

law with mean 0 and variance o2.
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(5) Aps maps the Poisson distribution with parameter X to the monotone
Poisson distribution with parameter \;

(6) Apr gives a one-to-one correspondence between the set {u € ID(x);
supp p C [0,00)} and the set {v € ID(>>); suppv C [0,00)}.

(7) For all a € (0,2), Ay gives a one-to-one correspondence between
strictly a-stable distributions and monotone strictly a-stable distri-
butions.

(8) If supp T is compact, the symmetry of u € ID(x) is equivalent to the
symmetry of Apr(p).

(9) For each n > 1, Ap; gives a one-to-one correspondence between
the set {u € ID(x); {x x* p(dz) < oo} and the set {v € ID(>);
(g z*" v(dz) < oo}

REMARK 5.2. Since monotone convolution is non-commutative, A,; does
not preserve the convolution structure: Ans(p * A) # Apr(u) > Apr(N) for
some [, A.

Proof of Theorem 5.1. It is known that the convergence of a sequence
{pn} C ID(*) to some p implies the convergence of the corresponding pair
(Yn, ) to some (7, 7). Now we have the family of ODEs driven by

An(z) = —Tn + S

we denote the flow by {H,,+}. Since (v, 7,) converges to (v, 7), A, converges
locally uniformly to A. By the basic result of the theory of ODE, it follows
that H, 1(2) — Hi(z) locally uniformly, which implies that p, converges
weakly to p.

(2), (4) and (5) are proved easily by using the Lévy—Khinchin formulae
[16, 7.

(3) and (7) follow from direct computations of the Lévy—Khinchin for-
mula. See [13] and [17].

Property (6) follows from Theorem

(8) and (9) are direct consequences of Theorems and .

6. Time-independent properties of free and Boolean convolu-
tion semigroups. We prepare tools to study convolution semigroups in
free and Boolean probabilities. The notation is chosen in order that the
correspondence becomes clear among the Bercovici-Pata bijections in free,
monotone and Boolean probability theories. We define

1+2zz dr(z).

r—z

(6.1) Kpu(2) =2 — Hy(2) = v — |
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As proved in [19], the Boolean convolution pWv of probability distributions
p and v is characterized by

(6.2) Ko = K, + K.

Every probability measure is Boolean infinitely divisible.

We summarize results on infinitely divisible distributions in free proba-
bility (see [3} [§] for instance). For a probability measure pu, there exist n > 0
and M > 0 such that H, has an analytic right inverse H 1 defined on the
region

Iyv ={2€C; |Rez| <nllmg|, Imz| > M}.

The Voiculescu transform ¢, is defined by ¢,(2) := H,, 1(2) — z in the region
where H is defined. For probability measures p and v, the free convolution

of p and v is characterized by the relation

(63) ¢uEEy = ¢u + (bl/'

THEOREM 6.1. Let p be a probability measure on R. Then p is B-infi-
nitely divisible if and only if there exist a finite measure T and a real number
~v such that

(6.4) dulz) =~ + S 1;__:2;2 dr(z) for ze€ C\R.

R

In this section we prove time-independent properties of free and Boolean
convolution semigroups to clarify similarity and dissimilarity of the Berco-
vici—Pata bijections for free, Boolean and monotone convolutions. First we
show that the subordinator theorem is valid in the Boolean case but not in
the free case.

THEOREM 6.2. Let {p}1>0 be a weakly continuous Boolean convolution
semigroup with uy = dg. Then the following statements are equivalent:

(1) there exists to > 0 such that supp py, C [0,00);
(2) supp s C [0,00) for all 0 <t < oo;
(3) supp7C[0,00), 7({0})=0, {2~ dr(z) <oo and y= ;" =t dr(x).

This type of theorem does not hold in free probability: condition (1) is not
equivalent to (2).

Proof. In the Boolean case, the proof is easy by Proposition In
free probability, we give an example of a convolution semigroup for which
(1) does not imply (2). Since the problem is symmetric around the origin,
we show a counterexample concerning the condition suppp; C (—o0,0].
We define ¢,(2) := a — (z — ¢)'/? with a,c € R. Then the corresponding
convolution semigroup {pu}+>0 with p1 = p, po = o is characterized by

(6.5) Hy(z) =z —at +t2/2 +t\/2 — (at — t2/4 + ¢).
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It is easy to show that suppu; C (—o0,0] for sufficiently large ¢, but
supp pt € (—00,0] for small ¢. =

Symmetry around the origin is a time-independent property also in the
cases of Boolean and free independence. The proof is easy.

PROPOSITION 6.3. Let {p}+>0 be a weakly continuous Boolean (free)
convolution semigroup with puy = dg. Then the following statements are
equivalent.

(1) there exists to > 0 such that g, is symmetric;
(2) e is symmetric for all t > 0;
(3) v =0 and 7 is symmetric.

We can also show that the property SR 22" duy(z) < oo is time-indepen-
dent in the Boolean case. In free probability, this result has recently been
obtained in [5].

PROPOSITION 6.4. Let n > 1 be a natural number. For a weakly contin-
uous Boolean convolution semigroup {i}i>0, the following statements are
equivalent:

(1) §g2®" du(z) < oo for some t > 0;

(2) (g™ dui(z) < oo for all t > 0;

(3) (g dr(z) < co.

Proof. This follows from Proposition .

Now we can compare the properties of the Bercovici—-Pata bijections in
free, monotone and Boolean probability theories. Boolean (strictly) stable
distributions have been classified in [19], and they have the same character-
ization as in the monotone case. Considering the material of this section,
we obtain the Boolean analogue of properties (1)—(9) in Theorem It
might be fruitful to consider the validity of property (6) in the Boolean and
monotone cases in terms of the embeddings into tensor independence [11].
In free probability, most of the results of Theorem are already known
(see [3 [7]) except for the failure of the free analog of property (6).

Another similarity between free and monotone independences is that the
number of atoms in a H-infinitely divisible distribution is restricted in a sim-
ilar way to the case of a >-infinitely divisible distribution (see Theorem 3.5
in [I3] and Proposition 2.8 in [4]).
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