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Greedy approximation and the multivariate Haar system
by

A. KAMONT (Sopot) and V. N. TEMLYAKOV (Columbia, SC)

Abstract. We study nonlinear m-term approximation in a Banach space with regard
to a basis. It is known that in the case of a greedy basis (like the Haar basis H in Ly ([0, 1]),
1 < p < ) a greedy type algorithm realizes nearly best m-term approximation for any
individual function. In this paper we generalize this result in two directions. First, instead
of a greedy algorithm we consider a weak greedy algorithm. Second, we study in detail
unconditional nongreedy bases (like the multivariate Haar basis HY=H x...xHin
Ly([0, l}d), 1 < p < oo, p#2). We prove some convergence results and also some results
on convergence rate of weak type greedy algorithms. Our results are expressed in terms
of properties of the basis with respect to a given weakness sequence.

1. Introduction. This paper deals with nonlinear m-term approxima-
tion with respect to a basis. Let X be an infinite-dimensional separable
Banach space with a norm || - || := || - ||x and let ¥ := {1,,}32; be a nor-
malized basis for X (||¢,|| = 1, n € N). All bases considered in this paper
are assumed to be normalized. For a given f € X we define the best m-term
approzimation with regard to ¥ as follows:

om(f,¥) = om(f,¥)x = Inf Hf - Zbk¢k“xa
’ keA

where the inf is taken over coefficients b, and sets A of indices with car-
dinality #A = m. There is a natural algorithm of constructing an m-term
approximant. For a given element f € X we consider the expansion

M8

(1.1) f=2_alf¥)vs.

k

- L

We call a permutation o, 0(j) = kj, j = 1,2,..., of the positive integers
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decreasing and write o € D(f) if
|Ck1(f,W)‘ = ’ckz(fa W)| R

In the case of strict inequalities here D(f) consists of only one permutation.
We define the mth greedy approrimant of f with regard to the basis ¥
corresponding to a permutation ¢ € D(f) by

m

G (f.0) = G (£,9) == Gu(f. ¥, 0) Z

It is a simple algorithm which describes a theoretwal scheme (it is not com-
putationally ready) for m-term approximation of an element f. This algo-
rithm is known in the theory of nonlinear approximation under the name of
Greedy Algorithm (see for instance [T2], [T3], [W]) and under the more spe-
cific name of Thresholding Greedy Algorithm (TGA) (see [T8], [DKKT]).
We will use the latter name in this paper. The best we can achieve with the
algorithm G, is

or a little weaker

for all f € X with a constant G = C(X,¥) independent of f and m. The
following concept of a greedy basis has been introduced in [KT].

DEFINITION 1.1. We call a basis ¥ a greedy basis if for every f € X
there exists a permutation ¢ € D(f) such that

(1.3) 1f = Gu(f, ¥, 0)|x < Gom(f,¥)x
with a constant independent of f, m

The first result in this direction (see [T2]) was that the univariate Haar
basis is a greedy basis. We recall the definition of the Haar basis. Let H :=
{H}}?2, be the Haar basis on [0, 1) normalized in L3(0,1): H; =1 on [0,1)
and for k =2"+1, wheren=0,1,...and [ = 1,2,...,2",

2n/2 g e (20 —-2)27" 1 (21 - 1)27"7 1),
Hy(x) = ¢ =272 ze[(20—1)27 "1 21271,
0, otherwise.

We denote by H,, := {Hj,}72, the Haar basis H renormalized in L,(0,1).

The following weak type greedy algorithm was considered in [T2]. Let
t € (0,1] be a fixed parameter. For a given basis ¥ and a given f € X denote
by A (t) any set of m indices such that

1.4 i o) >t v
4 ity IO 28 iy el 1. 0)
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and define
G 0) = Y xS ¥).

k€A (1)

It was proved in [T2] that if X = L,, 1 < p < 0o, and ¥ is the Haar system
H then for any f € L,

(1.5) If = Gt (£, W)z, < Cp.t)owm(f W)L,

We note here that the proof of (1.5) from [T2] works for any greedy basis in
place of the Haar system H. Thus for any greedy basis ¥ of a Banach space
X and any t € (0, 1] we have, for each f € X,

(1.6) If = G (f,9)]lx < Clp, t)om(f,¥)x.
This means that for greedy bases we have more flexibility in constructing
nearly best m-term approximants.

Recently, in the theory of greedy algorithms with regard to redundant
systems the Weak Greedy Algorithm with an arbitrary weakness sequence
7 := {ti }32, has been studied (see [T7], [LTe], [T9]). In this paper we study
its modification aimed at a further weakening of the restriction (1.4). We
call this modification the Weak Thresholding Greedy Algorithm (WTGA).
Let a weakness sequence 7 := {t;}32,, ty € [0,1], k =1,2,..., be given. We
define the WTGA by induction. We take an element f € X and at the first
step we let

Al(T) = {n1}7 GI(f? W) 1= Cny Py s
with any n; satisfying

e, | > 1 max |cnl

where we write for brevity ¢, := ¢, (f,¥). Assume we have already defined
na () =GR (f W) = > et
nENA, 1 (T)
Then at the mth step we define
Ap(7) 1= A1 (F) U{nn}, G (f,0) = GRT(F,0) = > cnthn,
n€EAny (1)

with any n,, € A,,—1(7) satisfying

>ty max oyl
ngAm_1(7)

’ Cnm

Thus for an f € X the WTGA builds a rearrangement of a subsequence
of the expansion (1.1). If ¥ is an unconditional basis then we always have
GT.(f,¥) — f*. It is clear that in this case f* = f if and only if the
sequence {ng}; contains the indices of all nonzero ¢, (f,¥). We say that
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the WTGA corresponding to ¥ and 7 is convergent (converges) if for any
realization G7, (f,¥) we have

lf—GL.(f,¥)|—0 asm— oo

for all f € X.

In Section 2 we prove the following three theorems on convergence of
the WTGA. The first one deals with an arbitrary Banach space X and any
basis ¥.

THEOREM 1. Let X be a Banach space with a normalized basis ¥. Let
T = {tn,n > 1} be a weakness sequence. The following condition (D) is a
necessary condition for the WTGA corresponding to W and T to be conver-
gent.

(D)  For each subsequence {ny,k > 1} of different indices, the series
Zzozl titn, diverges in X.

If the basis ¥ is unconditional, then (D) is also sufficient condition for the
convergence of the WTGA corresponding to W and 7.

In the case X = L,([0,1]%) we can derive from Theorem 1 a more specific
condition in terms of .

THEOREM 2. Let 2 <p<oo,d>1 and let ¥ be a normalized uncondi-
tional basis in L,([0,1]%). Let 7 = {t,,n > 1} be a weakness sequence. Then
the WTGA corresponding to ¥ and T converges if and only if T & L,,.

We do not have such a simple criterion in terms of 7 for X = L, ([0, 1]4),
1 < p < 2, and arbitrary unconditional basis ¥. In this case we have the
following result for the multivariate Haar basis Hg defined as the tensor
product of the univariate Haar bases: Hg :=H, x ... x H,. To formulate
the result, we introduce the following notation. For a sequence {tx,k > 1} of
nonnegative numbers such that limy_.o t; = 0, {t;,k > 1} is a nonincreas-
ing rearrangement of the subsequence {t,, ,k > 1} consisting of the positive
elements of {ty, k> 1}.

THEOREM 3. Let d > 1 and 1 < p < 2. The WTGA corresponding to
Hg and a weakness sequence T converges in Ly([0, 11) if and only if one of
the following conditions is satisfied:

(i) The sequence T = {ty} does not converge to 0.
(ii) limg—oo tx = 0 and
(1.7) > (1) (k(log k) ~)?/P71 = oo,
k=2
Along with convergence of the WTGA we study efficiency of approxi-
mation by G7 (-,¥). We compare accuracy of the WT'GA with best m-term
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approximation. In the case of a greedy basis and 7 = {t}, t € (0, 1], the re-
lation (1.6) shows that G7 (-, ¥) realizes nearly best m-term approximation.
There are two natural ways of adapting (1.6) to the case of nongreedy bases
or general weakness sequences. The first way (see [T5], [T3], [W], [Os]) is to
write (1.6) in the form

and look for the best (in the sense of order) constant C(m, 7, ¥).

We now formulate the corresponding results. For a basis ¥ we define the
fundamental function

p(m) := #ngpmH ZwkH-

We also need the functions

¢*(m) ;= sup HZM ;
#A=m T A

©'(m):= inf “Z¢k“

#A=m

It is clear that
@(m) = sup ¢*(n).

n<m

We now introduce some characteristics of a basis with respect to a weakness
sequence 7. For a subset V' C [1, m] of integers we define

¢(T m, V zwk

where the inf is taken over all sets {kz} of dlﬂerent indices. For two integers
1 <n <m we define

¢(T7 m7 n) = #glin ¢(T7 m7 V)?

and finally

m) := su 7805(71)
p(T,m) n<g S’

We have the following result.

THEOREM 4. Let ¥ be a normalized unconditional basis for X. Then

If = G (£, 0 < CW@) (T, m)om(f,¥).

In the case 7 = {1} Theorem 4 is known. The first result in this direction
was obtained for the multivariate Haar basis H{ (see [T3]). Then it was
generalized in [W] to other bases, in particular, to normalized unconditional
bases. Moreover, it has been proved in [W] that p,,({1},m) is an optimal
extra factor in the above inequality for 7 = {1}.

In Theorem 4 we compare efficiency of G7 (-, ¥) with o,,(-,¥). It is
known in approximation theory that sometimes it is convenient to compare
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efficiency of an approximating operator which is characterized by m param-
eters with best possible approximation corresponding to a smaller number
of parameters n < m. We use this idea in approximation by the WTGA. In
this paper we study a setting when we write (1.6) in the form

If =GR, (£ 0)| < C@)om(f, )
and look for the best (in the sense of order) sequence {v,,, } that is determined

by the weakness sequence 7 and the basis ¥. We need some more notation.
Define

-----

Assume that ¢(7, N) — oo as N — oo and denote by v, the smallest N
satisfying
o(1, N) = 2p(m).
We have the following result in this case.
THEOREM 5. For any normalized unconditional basis ¥ we have
If = GL, (L, D) < C@)om(f,¥).

It is interesting to compare this result with some recent results from
[DKKT]. It has been established in [DKKT] that the inequalities

with fixed A > 1 are characteristic for a special class of bases. We describe
this class now. Let us say that a basis ¥ is almost greedy if there is a constant
C so that for any f € X,

If = GuF ) <C | inf =3 enlF )|
’ keA

It is clear that each greedy basis is almost greedy. It has been proved in
[DKKT] that if (1.8) holds for some A > 1 and all f € X then ¥ is almost
greedy. It has also been proved in [DKKT] that (1.8) holds for any A > 1
and all f € X provided ¥ is almost greedy.

When the results of this paper were completed (see survey [KTe]) we
learned from P. Wojtaszczyk that he had also obtained results in the style
of Theorem 5 in the case 7 = {1} (see Theorem 4 of [Wo]).

In Section 4 we discuss the greedy properties of subsequences of the
Haar basis Hg :=H, X ... x Hp that is the tensor product of the univariate
Haar bases H. It is known (see [T2] and [T3]) that H,, is a greedy basis for
L,([0,1]), 1 < p < o0, and Hg is a greedy basis for L,([0,1]9), d > 2, only
for p = 2. Let M be a subset of the set of indices n € Z‘i. We define

HEUM] = {Hnp,n € M},
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Ly[M] := {f € Lp([0,1]%) : (f, Hn) = 0, n ¢ M} = span{Hy[M]},

where the closure is taken in L, ([0, 1]%).
We introduce some more notation. Let us define the decomposition of
Hg into dyadic blocks. First, define

(1.9)  Up:={1,2}, Us:={neN:2°+1<n<2} fors>1.
For s = (s1,...,84) we set
(1.10) Us:={n=(ni,...,nq):n; €U, fori=1,...,d}.

We note that for each s the supports of the functions {Hy p,n € Us} have
the same shape and measure 27181, where |s| = s; + ... + s4. Moreover, if
s = (s1,...,84) with s; # 0 for all 1 < i < d, then #Us = 23/ and the
supports of the functions { Hy p,n € Us} are disjoint. For general s we have
olsl < 4U, < 281+ and at most 2¢ different functions from {Hpp,n € Us}
have the same support.

For a positive constant K we define two classes of subsequences M:

R(K) :={M:Vn#{s: MNUs #0, |s| =n} < K},
J(K) = {M:V¥s #(MNU) < K.

Denote by G(d) the set of all subsequences M representable in the form
M = M1 UMsy, where M; € R(K;) and My € J(K3) with some constants
Ky, Ks.

THEOREM 6. Let M € G(d). Then HE[M)] is a greedy basis for L,[M],
1 <p<oo.

It is clear that the condition M € G(d) is not necessary for HZ[M] to
be a greedy basis for L,[M]. Indeed, we can find a sequence M ¢ G(d) with
disjoint supports of Hy,, n € M. However, we will show in Section 4 that
Theorem 6 is sharp in a certain sense.

In Section 5 we present results on relations between {o,,(f, H%),} and
{en(f,HE)}. We give some embedding theorems in terms of the Lorentz
spaces and their slight modifications.

Let us agree to denote by C' various positive absolute constants and
by C with arguments or indices (C(q,p),C, and so on) positive numbers
which depend on the arguments indicated. For two nonnegative sequences
a={a,}%, and b = {b, }2°, the relation (order inequality) a,, < b, means
that there is a number C(a,b) such that a,, < C(a,b)b,, for all n; and the
relation a,, =< b, means that a,, < b,, and b, < a,,.

Acknowledgements. We would like to thank Professor P. Wojtaszczyk
and Professors S. J. Dilworth, N. J. Kalton and D. Kutzarova for letting us
know early versions of their papers [Wo|] and [DKK].
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2. The convergence results. In this section we will prove and discuss
Theorems 1-3.

Proof of Theorem 1. We begin with the necessity part. Our proof is by
contradiction. Suppose that >~ | txt),, converges in X for some sequence
{nk, k > 1} of different indices.

First, we consider a special case. Let {ny,k > 1} be a sequence of differ-
ent indices such that 220:1 trtn, converges in X and there is a v € N such
that ny # v for all k € N. Take

o0
f = wl/ + Ztkd)nk
k=1
Then we can take the following realization of the WTGA:
Gr(f,0) = tithn,.
k=1

Thus

o

f—GL(f,Q’)ZT/}u+ Z tk¢nk

k=m-+1
and ||f —GT,(f,%)| # 0. Consequently, the WT'GA corresponding to ¥ and

T is not convergent.

We now reduce the general case to the above special case. Let {ng, k > 1}
be a sequence of different indices such that Y - ; t41,, convergesin X. This
implies that limy_, o tx = 0, so there is a subsequence {k;, > 1} with k; =1

such that
oo
Ztkl < 0.
=1

Clearly, then both

oo oo
Z tkl wnkl and Z tklwnkl-u
=1 =1

converge in X, and
o [e.e] o o0
Zﬁﬁ%k - Ztkld)nkl + Ztkld)nkl+1 = Z tkdjsk?
k=1 =1 =1 k=1

Nk if k £k foralll>1,
Sk_{nle if k = k; for some [ > 1.

where

Note that {sx,k > 1} is a sequence of different indices such that s; # ny
for all k& > 1. Therefore we are in the special case considered above. This
completes the proof of the necessity part.
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We now proceed to the sufficiency part. Our proof is again by contradic-
tion. Assume that ¥ is an unconditional basis. Suppose that f € X is such
that

G (f.¥) # f
in X. By definition,

Gr(f,0) =" cnythony.
k=1

where

(2.1) |en,| > tisup |en],  |cn,| >tk sup lcn|  for k > 2.

neN NFENY ey Mg —1
As GT,(f,¥) # f and the basis ¥ is unconditional, there is p € N with
¢y # 0 such that ny, # p for all k& € N. Hence (2.1) implies that t;, <
|cn,|/lcul. Since the basis ¥ is unconditional, it follows that the series
> pe | tktn, converges in X. Theorem 1 is now proved.

REMARK 2.1. In the case of conditional bases, the condition (D) is not
sufficient for convergence of the corresponding algorithm. For example, it is
clear that for TGA (7 = {1}) this condition is always satisfied. However,
the TGA may not converge for some bases. For instance, it was proved in
[T5] (see also [CF] for 1 < p < 2) that the TGA may diverge in L,, p # 2,
for the trigonometric system.

Let us note that convergence of TGA can be used as a defining condition
for a class of bases called quasi-greedy bases (see [KT], [W]; more precisely,
the definition of a quasi-greedy basis in [KT] is different, and in [W] the
equivalence of this definition and convergence of TGA is proved). It is clear
that any unconditional basis is a quasi-greedy basis. It is known (see [KT])
that there is a quasi-greedy basis that is not an unconditional basis. For more
examples of conditional quasi-greedy bases see [W], [DM]. We also remark
that the question of existence of quasi-greedy bases in Banach spaces, in a
very general setting, has been treated in the recent paper [DKK].

We will prove one technical result that we will need later on. Let M =
{mg,k > 1} be a sequence of different indices, and let 7 = {tx,k > 1} be a
weakness sequence. Consider a new weakness sequence 7(M) = {n,,,n > 1},
where

B {tk when n = my, for k > 1,
M = .
0 otherwise.
We have the following corollary of Theorem 1.
PROPOSITION 2.1. Let ¥ be a normalized unconditional basis in o Ba-

nach space X. Then the WTGA corresponding to ¥ and 7(M) is convergent
if and only if the WTGA corresponding to ¥ and T is convergent.
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Proof. 1t is clear that if 7(M) does not satisfy the necessary and suffi-
cient condition (D) from Theorem 1, then neither does 7. Thus if the WTGA
diverges for 7(M) it diverges for 7. We now prove that if 7 does not sat-
isfy (D) then 7(M) also does not satisfy (D). Assume that > oo, txtn,
converges. Then ¢, — 0 and we let K := {k;}52; be an infinite set such that

o0
Z tkj < oQ.
j=1

Let £ := N\ K and note that the series ), _ » tx%n, also converges.

We now assign to each n,,, = ti, k € L, from the sequence 7(M) a basic
function ,,, . We split the infinite set K into a union of two infinite sets Ky
and K. Then we set up a one-to-one correspondence k < k'’ between K and
K1 and assign to each n,,, = tx, k € K, a basic function 1,,,; to different
m = 0 we assign different basic functions ¥, with s € (J,.o s {nt}. Then the
corresponding sum from the condition (D) for 7(M) will be

Z tkwnk + Z tkwnk/ .

kel ke

This series converges and therefore 7(M) does not satisfy (D). By Theo-
rem 1 we conclude that the WTGA corresponding to 7(M) diverges. This
completes the proof of Proposition 2.1.

Proof of Theorem 2. Since ¥ is a normalized unconditional basis in
L,([0,1]%) with p > 2, for any set {ny} of different indices and N € N
we have

N
H Z tkwnk
k=1

Therefore, by the sufficiency part of Theorem 1 the WTGA with a weakness
sequence 7 converges if 7 & [,,.

Assume now that 7 € [,,. Then it is known (see [KP, Theorem 4]) that
an unconditional basis ¥ = {1,,}5°; of L,([0,1]¢), 1 < p < oo, contains a
subsequence {1y, }32; such that each series Y ;- ; apthy,, converges provided
{ar}32, € l,. Specifying aj, =t and applying Theorem 1 we conclude that
the WTGA with the weakness sequence 7 does not converge. This completes
the proof of Theorem 2.

N

o § (St @R) )" > (i)
=1 k=1

0,14k

The case of L,([0,1]¢) with 1 < p < 2 is different—the condition on the
weakness sequence 7 depends now on a particular unconditional basis V.
Let ¥ be a normalized unconditional basis in L,([0,1]%) with 1 < p < 2.
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Then for any coefficients {a,,} and N € N we have

N 1/2 N N 1/p
Cl(Z]an\Q) < Hzanwn pSCQ(Z’an’p>
n=1 n=1 n=1

Thus by Theorem 1 if a weakness sequence 7 € [, then the WI'GA corre-
sponding to ¥ and 7 is not convergent in L, ([0, 1]9). Also, if 7 ¢ I3 then the
WTGA corresponding to ¥ and 7 is convergent in L,([0,1]%). In addition,
as L, ®ly is isomorphic to L,, there is an unconditional basis ¥ in L,([0, 1]¢)
(1 < p < 2) for which the condition 7 ¢ 5 is also a necessary condition for
the WTGA corresponding to ¥ and 7 to be convergent.

Let us consider in detail the case of the Haar system Hg.

Proof of Theorem 3. If 7 = {tx, k > 1} is a sequence of nonnegative num-
bers which does not converge to 0, then lim sup,_, . tx > 0, and convergence
of the WT'GA corresponding to Hg and 7 is an immediate consequence of
Theorem 1.

It remains to consider sequences 7 such that limy .o, tx = 0. By Propo-
sition 2.1, it is sufficient to consider a sequence 7 with ¢y # 0. Set

m—1

=#{n:|suppH,|=2""}, wv9=0, v,= Z gj form >1.
§=0

Note that ¢, =< m?~12™ =< v,, and log q,, < m =< logv,, for m > 1. As the
sequence {t;,k > 0} is nonincreasing, for v, < k < vp,41 we have

Cu(ty,,,,)?2" /0 < (1) (k(log ) /P < Cu(ty, ) P20,
which implies that
(22) Y (5)*(k(logk)'=)*/P ! <00 & Z L P < o
k=1 m=1

Let us recall (see Lemma 3.1 below for more detail) that for any N
different indices ny,...,ny,

(2.3) H f: Ha

For any sequence {ny, k > 1} of different indices,

|2ttt =[St = o (S5 | 55 o))

_ym

> C(p,d)(log N)d=DA2=Yp) NI/P 1 < <2,

where nj is such that ¢} = t;- and nj = ng-. By (2.3) we continue the
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estimate:

- 1/2
> O, d)( 305, (loggn) 2 70g)p)?)

Zc(pad)<i Zm+1)2(m+1)d7122m/p)1/2.

m=

3
o

o

Thus, it follows from (2.2) and Theorem 1 that if a weakness sequence 7
satisfies the condition (1.7), then the WTGA corresponding to Hg and T
converges.
Suppose now that
(2.4) > () (k(log k)= 1)*/P7! < o0,
k=1
Take a sequence {ng, k > 1} of different indices satisfying
|supp Hp,, p| =27™ for vy, +1 <k < vy,

i.e. we order the functions Hy, , according to the measure of their supports
(more precisely, the sequence |supp Hy, | is nonincreasing). Note that with
this ordering we have Y7, | |Hyn, p(x)* < (m + 1)4=122m/P for each
x € [0,1]%. Then, using unconditionality of Hd, we obtain

/
Hztk ng,p <Cp, S <Z|tk nk,p )p2d$

[0,1]¢ k=1

o0 ) Vm+1 ) p/2

<Cpd) § (D, Y Hup@P) do

[0,1]d m=1 k:V7YL+1
e 2 d—152m/p\P/?
< C(pyd) (Y (5, 40)(m + )220
m=0

The above inequality combined with Theorem 1 and (2.2) implies that for
T satisfying (2.4) the corresponding WTGA is not convergent.

3. Proof of Theorems 4 and 5. This proof uses an idea from [T2]
(see also [KT]). The following proposition is a well known fact about uncon-
ditional bases (see [LT, vol. I, p. 19]).

PRrROPOSITION 3.1. Let ¥ be an unconditional basis for X. Then for
every choice of bounded scalars {\}52,, we have

|3 M < K sup | 3 aw |
k=1 k k=1
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Take any € > 0 and find
pm(f) =" brti

keP
such that #P = m and

(3.1) 1f =P (DI < om(f,¥) +e.
For any finite set A of indices we denote by S, the projector

Salh) =3 el ).

keA
Proposition 3.1 implies that
(3.2) 1f = Sp(HIl < K(on(f,¥) +e).
Let
Gr(f,®) = (£, 0) e = So(f).
keQ
Then
(3.3) 1f =GN (D) < |If = Sp(N)I +1Sp(f) = Sq(H)Il-

The first term on the right side of (3.3) has been estimated in (3.2). We now
estimate the second term. We have

(3.4) Sp(f) = Sq(f) = Sp\(f) = So\p(f)-
Similarly to (3.2) we have
(3.5) ISo\p (NI < K(om(f,¥) +¢).

We now estimate [[Sp\q(f)||. Let J be the set of indices i such that the
elements of P N @Q were chosen at steps i € J. Set

= ).
a krgggQICk(f, )l

Then from the definition of the WTGA we obtain
SQ\P(f) = Z ck(f, O)
keQ\P

and {cx(f,¥)}reqg\p can be enumerated by indices i € V := [I, N]\ J in
such a way that
|Cki(fag/)| Ztia, 1eV.

Then by Proposition 3.1 we have
(3.6) ISe\p (NIl = K~ ag(r, N, V)

and

(3.7) 1SP\o(NIl < Kag®(#(P\ Q).
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Thus in the case of N = m (Theorem 4) setting n := #(P\ Q) = #(Q \ P)
we get

ISmo(Nll < K2 52 180up()]| < Kutr.m)lISay (]

In the case of N = v, (Theorem 5) we obtain

(38)  S(r.NV) 2 o(rN) = |t

ieJ

> ¢(1,N) — p(m) = ¢(m).

Combining (3.6)—(3.8) we get

ISP\ (HIl < K2[[Sq\pll.

It remains to substitute this inequality and (3.5) into (3.4) and use (3.3).
Theorems 4 and 5 are proved.

Let us make some comments on Theorems 4 and 5. First we consider the
case when V¥ is a greedy basis. Then by Definition 1.1 we have (1.3) satisfied.
Let us see what Theorem 4 gives in this case. We recall a result from [KT].

DEFINITION 3.1. We say that a normalized basis ¥ = {3}, is a
democratic basis for X if there exists a constant D := D(X,¥) such that
for any two finite sets of indices P and @) with the same cardinality we have

oa |5 o <2l 5 ol

The following theorem was proved in [KT].

THEOREM 3.1. A normalized basis is greedy if and only if it is uncon-
ditional and democratic.

Thus by Theorem 3.1 a greedy basis satisfies (3.9). It is easy to see
that (3.9) implies ¢®(m) < D¢(m) and therefore for 7 = {1} we get
({1}, m) < D. This means that Theorem 4 states that for any greedy basis
¥ we have (1.3) for any p € D(f).

We now apply Theorems 4 and 5 for ¥ = ’Hg, 1 < p < oo, with the
weakness sequence 7 = {1}. We will use the following known inequalities.

LEMMA 3.1. Let A be a set of indices with #A=m. Then for 2<p<oo,

)

C’; dml/p min ||ep Hallp < H E annH
neA )
ncA

< Cz dml/p(k)g m)h(p’d) max lenHallp,
3 ne
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and for 1 <p <2,
3 1/ —h(p,d) s
C3 g/ (1og m) ") i |len Ha | < | > enltn

< Cpgm"/? max |ea Hal .

where h(p,d) := (d—1)[1/2 —1/p|.

Lemma 3.1 in the case d = 2, 4/3 < p < 4 has been proved in [T3] and
in the general case in [W]. Lemma 3.1 implies that for 1 < p < oo,

p({1},m) = C(p,d)(log m)\¢~VI/2=1/P,
U = C(p, d)m(log m)@—DIp/2=1
Therefore Theorem 4 gives the known result (see [T3], [W])
(3.10)  |If = G (£, H) Iy
< C(p,d)(logm) =D/ rlg (£ HE),, 1<p<oco.

Theorem 5 gives a new result. We note that for functions f with slow
decay of o, (f, He), Theorem 5 gives a better estimate than (3.10). Consider
for example oy, (f, HZ), < m~. Then (3.10) gives

. — G/, < (logm )" ST < p <00,

(311 |If = Gu(f, Hp)llp < (logm) @V el e g

while Theorem 5 gives

3.12 f = Gm(f, HY |, < (m(logm)~@-DIp/2=1=a " 1« < o0,
p/llp

For av < 1/p the estimate (3.12) is better than (3.11).
Let us now discuss optimality of the sequence {v,,}.

THEOREM 3.2. Let X be a Banach space with a normalized uncondi-
tional basis W. Let 7 = {t,,n > 1} be a weakness sequence such that the
WTGA with respect to ¥ and T is convergent. Let {v,,,m € N} be a se-
quence of natural numbers with v,, > m. Then the following two conditions
are equivalent.

(i) There is a constant C such that for each pair of natural numbers
n <m and any set V C [1,v,,] with #V = v,, —m + n we have

IS0 <cl S
jeA eV

for any two sets of indices A and B := {k;,i € V} (all ki, i € V, are
different) satisfying AN B =0 and #A = n.
(ii) There is a C > 0 such that for all f € X and m € N,

(3.13) If = G (F0)| < Com(f, ).
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Proof. The implication (i)=-(ii) can be proved in the same way as The-
orem 5. We will not dwell on it here. We only note that we use (i) with
A=P\Qand B=Q\ P to get from the following analogs of (3.6) and
(3.7):

(B.14)  [SoueDll = K| Yt B={kiiev),
eV
(3.15) ISpQ(Nll < Kal| 37 wnl|.
neA

the inequality
ISpv@ (NI < CEZ[ISo\p(f)]-

We now prove that (ii)=(i). Let n < m be given and let V', A, B satisfy
the conditions of (i). Let Y be such that #Y =m —n and ANY = () and

BNY = 0. Consider
=) bt D>t

nc€AUY i€V

We take the following realization of the WTGA. For steps i € V we take
n; = k; and for steps ¢ € V we take different n; € Y. Then we get

G;m(f,W) - Z Y + Ztlwkb
ney eV
This implies by (ii) that
| > wa| = 17 = G110l < Conlf0) < O 3 tiws,
eV

ncA

This completes the proof of Theorem 3.2.

Let us make some more comments on Theorems 4 and 5.

It is well known that for 7 = {1} and a normalized unconditional ba-
sis ¥, the extra factor ({1}, m) in Theorem 4 is finite and p({1},m) < Cm
(see e.g. Corollaries to Theorem 5 in [W] or formula (1.8) in [Os]). However,
even for 7 = {1} it may happen that there is no sequence {v,,} such that
inequality (3.13) holds for all f € X and m, with a constant C' indepen-
dent of f and m. A simple example of such a space X and an unconditional
basis ¥ is X = l; @ ¢p with ¥ = {e,,n € N} U {fn,n € N}, {e,,n € N}
and {f,,n € N} being the unit vector bases in [; and ¢y, respectively: for
any finite A C N one has ||}, _4en| = #A and || >, .4 full = 1, which
means that condition (i) of Theorem 3.2 cannot be satisfied by any sequence
{vm}. This example has been suggested to us by the referee and replaces
our previous, more complicated example.
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4. Greedy subsequences of the multivariate Haar basis. It is well
known that for p # 2 and d > 2 the d-variate tensor product Haar system
Hg is not a greedy basis in the corresponding L,([0,1]¢) space. However,
for some functions the Thresholding Greedy Algorithm may give an order
of approximation comparable with the order of best approximation. In this
section we address the question: For what functions does the TGA realize
nearly best m-term approximation? Let us recall that for s = (s1,...,s4),
the dyadic block Us is defined by (1.10), and the Haar functions Hy, , with
n € Ug have the same shape of supports.

We are interested in the influence of some “structural constraints” im-
posed on a function on the efficiency of TGA with respect to the Haar
system Hg. By “structural constraints” we mean constraints imposed on
the number of nonzero coefficients in dyadic blocks or on the number of
dyadic blocks with nonzero coefficients. These constraints are expressed in
terms of classes of sequences R(K), J(K), and G(d) (see the Introduction).
We begin by proving Theorem 6.

Proof of Theorem 6. For any sequence M the system 'Hg [M] is an uncon-
ditional basis for L,[M], 1 < p < co. Thus by Theorem 3.1 it is sufficient to
establish that H2[M)] is democratic provided M € G(d). This follows from
Lemmas 4.1 and 4.2 below.

LEMMA 4.1. Let 1 < p < 0o and M € R(K). Then for any different
ny,...,n, € M we have

= m!/P
P

|2 e
k=1

with constants depending only on K, d and p.

LEMMA 4.2. Let 1 < p < o0 and M € J(K). Then for any different
ni,...,n, € M we have

= m!'/P
p

|5

with constants depending only on K, d and p.

For d =1 Lemma 4.1 with M = N was proved in [T2]. That same proof
works for d > 2 under the assumption M € R(K) (see also the proof of
Lemma 9 in [W]). Let us prove Lemma 4.2.

Proof of Lemma 4.2. We recall (see Lemma 3.1) that by the Littlewood—
Paley theory we have

m
13t
k=1

< Cp,d)ym*? forl<p<?2
p
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and
m
C(p,d)ym*/? < HZHHM, for 2 <p< oo
k=1 P
for any different ny,...,n,,. To prove the upper estimate in the case 2 <

p < oo, we use the following inequality, which is a special case of Lemma
2.3 of [T1]: for 2 < p <ocand f =)  fs with fs =3 ;. cn(f)Hn,

1/p
(4.1) 11y < Cpa( 3o @HO2P £ 2))
S

For each s, let mg be the number of n’s in Ug. Note that
H S Huyy|| =280y,
kngeUg
and therefore by (4.1),

H Zan’pHp < Op’d(zm€/2> 1/’P.
k=1 s

Taking into account that m = > _ms and ms < K by the assumption
M e J(K) we get

|22
k=1

with the constant depending only on p,d and K.

To complete the proof, recall that the lower estimate in the case 1 < p < 2
follows from the upper estimates for all 2 < p < oo by duality. Using the
Holder inequality we obtain

< Cp,dml/p for 2 < p < o0
P

m= Z S Hl‘llwp(l‘) ) an,P'(:C) dx
k=10,1]4

(S ) (St
k=1

[0,1]¢ k=1
m
: H § :anvp/
P =

m
g
k=1

which gives the lower estimate in the case 1 < p < 2 with a constant
depending only on p,d and K.
This completes the proof of Theorem 6.

)
p

m
§C’m1/”,H H,.

We now proceed to a discussion of in what sense Theorem 6 is sharp. We
need some more notation describing the structural constraints on functions.
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Let A ={)s,s = (s1,...,5q4) € Z1} be a sequence of integers satisfying
(4.2) 0 < As < #Us.
Define

V(A) = {M: #MNUs) < A}
For 1 < p < oo consider the following sets of functions:
(4.3) Lp(/l) = U LP[ML
Mev(A)

i.e. L,(A) consists of f € L,(]0,1]9) with at most As nonzero coefficients in
blocks Us, s € Z‘i.

We describe a distribution of Ag’s for a given sequence A by defining, for
nonnegative integers u, M,

(4.4) aym(A) :=#{s:|s| =pand A\s > M}.

Now, let A := {a, »m} be a sequence of nonnegative integers satisfying
(4.5) apn, < ap v, for My > Mo,
(4.6) auo=#{s=C(s1,...,5q):|s|=pn}, aum =0 for M > max#Us.

Is|=n
Note that the sequence {a, ar(A)} defined above satisfies these conditions
for any A.
To formulate the next result, we define a type of a sequence A and full
range sequences.

DEFINITION 4.1. Let A = {a, m} be a sequence satisfying (4.5) and
(4.6), and let A = {As} be a sequence of integers satisfying (4.2). A is called
a type A sequence if o, pr(A) = ay pp for all p, M > 0 (where oy, ar(A) is
given by (4.4)).

DEFINITION 4.2. Let A = {a, m} be a sequence satisfying (4.5) and
(4.6). It is called a full range sequence if limsup,_, . a, p = oo for each
M > 0.

Take a sequence M € G(d) and define
aym(M) :=#{s:|s| =pand #(MNUs) > M}.
From the definition of G(d) we get
M=M UMy, M;eR(Ky), MsyeJ(K,).

Thus for M > K we have a,, (M) < K;. Therefore any M € G(d) has a
distribution that is not a full range sequence. It follows from Definition 4.2
that the opposite is also true: if {a, ar(M)} is not a full range sequence then
M € G(d). Theorem 4.1 below states that if constraints on the structure of
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a function are given in terms of the distribution sequence {a, rs(M)} then
Theorem 6 is the best possible.

THEOREM 4.1. Let A = {a,,m} be a sequence satisfying (4.5) and (4.6).
Letd> 2,1 < p<oo, pz#2. Then the following conditions are equivalent:

(i) A is not a full range sequence.

(ii) There is a constant C = C(A,d,p) (depending only on A, d and p)
such that for each A = {)As,s = (s1,...,84)} of type A we have, for all
feLy(A) and m € N,

Proof. If A is not a full range sequence, then for some M, L we have
aym < L for all p > 0, and each M satisfying a, p(M) < a,n can
be written as M = M; U My with M; € R(L) and My € J(M). The
implication (i)=-(ii) now follows from Lemmas 4.1 and 4.2.

We now prove that (ii)=-(i). For any given sequence A of full range we
will construct a A of type A such that (4.7) does not hold. We begin with a
construction which will provide us with building blocks of the counterexam-
ple sequence M. This construction is a modification of a construction from
[T3, Section 4].

For a given pair of natural numbers k and [ such that | < k we consider
the following special polynomials. First, set

I(k,l):={s:|s|=kd,s; >k—1,j=1,...,d}.

Then
#I(k,1) = 1971,

Consider the cube [0, 2!7%)4 and define
Us(k,1) :={n:n € U and supp Hy, C [0,2'7%)9},

E(k,l):= |J Us(k,1).

sel(k,l)

Gkl = Z Hy p-

neE(k,l)

Define a polynomial

By the Littlewood—Paley theory we have

48 lgealo = |[( X Hap@)?)
neE(k,l)

The supports of ZneUs(k’l) Hpp, s € I(k,1), cover the cube [0,2!7%)¢ and

therefore from (4.8) we obtain

(4.9) g5,

1/2‘

, 1<p<oo.
P

, = 2ld/py(d=1)/2
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The number m := m(k, ) of terms of the polynomial g ; satisfies
(4.10) Cr(d)1%712M < m < Cy(d)14— 12,

Take a companion (to gi,;) polynomial

e i Hy, p
i=1

such that n; € E(k,l) fori=1,...,m and

supp Hy, Nsupp Hy, =0, i # j.
Then
(4.11) Rl < m/P.

Considering the function f := gi; + 2h,, in the case 2 < p < oo and
f = 29k + hy, in the case 1 < p < 2 we will get, for an M containing
E(k,l) and {n;}",

1f = G (f. HylMD /o (f, Hy[M]) > (log m) 4= DI/P=1/21,

Let A be a full range sequence. Then there is an increasing sequence {y; }
such that

(4.12) gyt > CL7H 41,
where C' is such that #1(k,1) < C197! for all k,I. We define

(UEM, )) U ({m2),

where {n;}32, is such that
(4.13) supp Hy, C [1/2, )¢, supp Hy, Nsupp Hy, =0, i#j.

It is clear that {n;}2°; with the properties (4.13) can be chosen in such a
way that a, n(M) < ayar for all g, M. To complete the proof of Theorem
4.1, it is enough to take any A of type A such that M € V(A).

We note that the above argument implies even more.

PROPOSITION 4.1. Let A= {a, m} be a full range sequence and d > 2,
1 <p<oo. Let {C(m,A,d,p),m € N} be a sequence of reals such that for
each A = {\s} of type A, f € L,(A) and m € N,
1f = G (£, H) o < Clm, A, p)awm(F,Hy)p-
Then
C(m, A,d,p) = (logm)d—DI/2=1/pl,

5. Some direct and inverse theorems in m-term approximation
with regard to Hg. In the case d = 1 the Haar basis is a greedy basis for
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L,,1 < p < oo. The following characterization theorem has been established
in [T3] (for the case p = 2 see [St], [DT]). We will use the notation

an(f,p) = lew, (f, Hy)l
for the decreasing rearrangement of the coefficients of f.

THEOREM 5.1. Let d=1,1 < p < oo and 0 < q < co. Then for any
positive r we have the equivalence

Y om(fHEIM T <00 > an(f,p) TP < oo,

Let us recall the definition of the Lorentz spaces of sequences and intro-
duce new spaces which provide a finer (logarithmic) scale. For a sequence
{2r}2y let {z,m) )72, be a decreasing rearrangement

o] = [2p2)| = -+

For r > 0 and 0 < g < oo let
t = oz D gl 7h7 1 < o0}
k=1

or, equivalently,

by = {{xk}zozl : Z | 5(20y 1277 < oo}.

s=0
Forr>0,beRand 0 < q < o let

Eg’b = {{$k}io:1 : Z(|x9(25)

s=1

278 s0)7 < oo}

It is clear that 62’0 =Ly
The proof of Theorem 5.1 was based on the following two lemmas.

LEMMA 5.1. For any two positive integers N < M we have
ax(£,p) < Cp)on(f,H)p(M — N) =177,

LEMMA 5.2. For any sequence mg < my < ... of nonnegative integers
we have

G, (F.H)p < C)'S e, (F.p)(migr — mi) /7.

We will prove in this section the following multivariate analogs of the
above lemmas.
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LEMMA 5.3. For any two positive integers N < M we have
an(f,p) < Cp,d)on (f; H)p(M — N)~H/7, 2<p<oo,
an(f.p) < C(p.d)on (f. H)p(M = N)"V/P(log M)" ™D, 1< p<2,
with h(p,d) := (d —1)|1/2 —1/p|.

LEMMA 5.4. For any sequence mg < my < ... of nonnegative integers
we have

Om. (f,HY), < Clp, d) Z am, (f,p) (M1 — m;) /P (log mgr) "D,

2<p<oo,

om, (f,H) < C(p, d) Zami(fvp)(m’H-l —m)'/P, 1<p<2.
Proof of Lemmas 5.3 and 5.4. Lemma 5.4 follows directly from Lemma
3.1. To prove Lemma 5.3, for given f = Y cnHn p, let Ay and {un,n € Ax}
be the set of indices with #Ax5 = N and coefficients such that

[£= 3 wnns| < 20w(f,7%,.
nEAN p

Moreover, let Gy = {n1,...,ny}, where ax(f,p) = |cn,|. By uncondition-
ality of Hg we have

‘ f — Z Can,p‘ <C f — Z Uan,p < 200_N(f’ Hd)P7
neAyn p neAyn p
aM(fap)H Z Hn,pH <C Z Can,p )
nEGM\AN p nGGM\AN p
<C|f - Z Can,p
neAy p

As #(Gy \ An) > M — N, Lemma 5.3 now follows from Lemma 3.1.

Using Lemmas 5.3 and 5.4 one can establish the following embedding
theorem in the same way as Theorem 5.1 was deduced from Lemmas 5.1
and 5.2 in [T3].

THEOREM 5.2. Let 1 < p < co. Define
a()p = A{om(FH)pbmors  alfop) = {an(f0) )iy
Then we have the implications:
(5.1)  o(f)p e’ = a(f.p) € rri/rt, 2 < p < oo,
(5.2) o(f)p € EZ’b = a(f,p) € €Z+1/p’b*h(p’d), 1<p<2,
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(5.3) a(f,p) € LTHPY = o(f), € (rb7MPD 2 < p < oo,
(54)  a(f,p) € TP = o(f), €477, 1<p<2.

Let us discuss in more detail the implication (5.1). We want to under-
stand what smoothness classes are natural for m-term approximation with
regard to the basis H? which is the tensor product of the univariate Haar

basis H. We consider the relation a(f,p) € £5 /P for a special choice of

b=0and g = ¢ := (r+ 1/p)~ L. Then a(f,p) € €2+1/p is equivalent to
> an(f,p)* < oo or

(5.5) > llen(f)Halls < 00, where f =" cn(f)Han.

Next, for n € Ug we have
llen () Hallp = lea(f) Hulle2™ BP9 = Jlen(f) Halle27.
Thus (5.5) is equivalent to

(5.6 S (27 Y len(f)Hale)” < oo

S nelUg

The above relation says that f belongs to the mixed smoothness Besov
class M B[ (L¢). Thus we conclude that the multivariate classes with mixed
smoothness are natural for studying nonlinear m-term approximation with
regard to a basis which is a tensor product of univariate bases. There is an
extensive literature on approximation theory in function classes with mixed
smoothness. For the linear theory see [Tel], [Te2] and for some results on
nonlinear m-term approximation see [T4] and [T6].
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