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Sequences of 0’s and 1’s: sequence spaces
with the separable Hahn property

by

MARIA ZELTSER (Tallinn)

Abstract. In [3] it was discovered that one of the main results in [1] (Theorem 5.2),
applied to three spaces, contains a nontrivial gap in the argument, but neither the gap
was closed nor a counterexample was provided. In [4] the authors verified that all three
above mentioned applications of the theorem are true and stated a problem concerning the
topological structure of one of these three spaces. In this paper we answer the problem
and give a counterexample to the theorem in doubt. Also we establish a new way of
constructing separable Hahn spaces.

Let x denote the set of all sequences of 0’s and 1’s and let x(E) denote
the linear hull of y N E. Given a sequence space E we consider the natural
order on it, i.e. for x,y € F with x = (z1), y = (yx) we set z < y whenever
xr < yi for every k € N. This order defines the positive cone

Et :={z€E|xz>0}={x€E|x; >0 (keN)}

on E.
For other notations and preliminary results we refer the reader to [1], [3]
and [2].

1. Introduction. In [1] (see also [5] and [8]) the authors considered
three types of Hahn properties. A sequence space FE is said to have the
Hahn property, the separable Hahn property and the matriz Hahn property
if the implication

xX(E)CF = ECF

holds whenever F' is any FK-space, a separable FK-space and a matrix do-
main cy4 respectively. Evidently the Hahn property implies the separable
Hahn property and the latter implies the matrix Hahn property. It was
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shown in [1, Theorem 5.3], and [8, Theorem 1.3] that the converse implica-
tions fail in general.

In [3] it was pointed out that the paper [1] by G. Bennett, J. Boos and
T. Leiger contains a nontrivial gap in the proof of Theorem 5.2. This theorem
is one of the main results of the paper and it was applied three times (cf. [1,
(G) in Section 6, Theorem 6.4, Theorem 5.3]): for the space |ac|p of strongly
almost-null sequences, £*° N 2% with z € £>°\ £, and ¢£*°(|)\]), where (\;) is
an index sequence satisfying

(1.1) At=1 and sup(Agr1 — Ap) = o0.
k

In Theorem 5.2 of [1] the authors stated that for a monotone sequence
space F containing ¢ the following conditions are equivalent:

(i) E has the matrix Hahn property;
(ii) E has the separable Hahn property;
(iii) x(F)? = EP.

However, in the proof of (iii)=-(ii) a false argument was used (see [3] for
details).

In [3, Theorem 2] J. Boos and T. Leiger showed that the equivalence
(i)« (ii) holds for any monotone sequence space containing . Moreover, it
is well known that (i)=-(iii) is valid for any sequence space E. So only the
implication (iii)=-(ii) has not been settled.

In [7] it was shown that the theorem in doubt is true for E = |ac|o
regardless of the validity of that theorem. In [4] a gliding hump argument
was applied to show that two other applications (for £*°(|A|) and £>° N z%)
of the theorem in [1] are valid.

We note that in the proof of the matrix Hahn property of ¢*°(|A|) the
authors actually made use of the matrix Hahn property of ¢°°. Using the
same idea of proof we will show in this paper that any sequence space

/\n+1—l
XA,l:z{wa’( m) EX}
(1A, 1) >l
has the matrix Hahn property (even the separable Hahn property) whenever
X is positively solid and has the matrix Hahn property. This also gives us a
way of constructing new separable Hahn spaces.
Now we will verify that the implication (iii)=-(ii) does not hold in general.

THEOREM 1.1. There exists a monotone sequence space E satisfying
x(E)?= EP, but failing to have the matriz Hahn property.

Proof. Let E := ((cocy N x) U ({z} - x)), where Cy is the Cesaro mean
operator and x is constructed as follows. Let z = 1/k for k = 1,..., A1,
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where A1 € N is chosen such that

1O

~ Z Tk <2 1

Mo
(this can be done since C; is regular). Now we set xp := 1 — 1/k for k =
A1+ 1,..., X\, where we choose Ay > Ay such that

1 & .

" S g >1-2

k=1

(here we also make use of the regularity of C7). Proceeding in this way, for
1> 1 we set xp := 1/k§ for k = MXg;_o+1,..., 91, where Ag;_1 > Xog;_o is
chosen such that

1 A2i—1
1.2 zp <270
(12) A2i—1 ;

and then we set x; :=1— 1/k for k = Ag;—1 + 1,..., Ag;, where Ag; > Aogj—1
is taken such that

1 A2;
(1.3) — xp>1-—27"
A2 i
Evidently, F is monotone, £ C ¢*° and it can be verified that £ Ny =
cocy M X-

We will prove that E® = (E N x)P. First we note that since 7 C E N
X C ¢ and 7P = ¢!, we have (E N x)? = ¢'. In view of the inclusions
EnNy C E C (®, also E° = (1. On the other hand, in view of (1.2) and
(1.3), x € ccyy 80 E ¢ ccy.

Hence the implication (iii)=-(ii) of Theorem 5.2 in [1] does not hold.

Now coming back to the spaces £>°Nz% and ¢>°(|)\|), we answer the prob-
lem stated in [4]. It was shown there that both ¢>° N 2% and ¢*°(|\|) as well
as their 5-dual spaces are solid BK-spaces. Moreover, the linear functional
defined by any element y of the B-dual was shown to be continuous. For
£°(|A]) the authors proved that the norm of this functional is equal to the
norm of y in the -dual space while for /°° N z% they only succeeded in veri-
fying that the norm of the functional is less than or equal to the norm of y.
So they asked whether equality holds. The following example demonstrates
that the answer is negative.

EXAMPLE. We use the notation of [4]:
E:=(nz" and F:=E°=0+¢>°. {z}.

1 1 1
e={z and y= 2_k+E

We consider
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Evidently y € ¢! + ¢ - {z}. To evaluate ||y|/r, consider a representation
Yy = v + wz, where

2k K

For oy, = k/2F (k € N) we get [|w]|oo + [[v]l1 = 3/2, so ||y|lr < 3/2. We will
show that ||w||eo + |[v]j1 > 3/2 for (ag) # (k/2F), hence ||y|lr = 3/2 follows.
Note that for all () we get

1
v:(— ak)efl and w=(1+ag) € .

[w]loo + [l

1
Z|1+a1|+’§—a1-

_ Tk
kg
If o € [-1,1/2], then |1+ as| +[1/2 = 1| =14+ a1 +1/2 — a; = 3/2. For
ap < —1lweget|l+ar|+|1/2—ai|=—-2a; —1/2 > 3/2 and for oy > 1/2
we get |1+ a1 +|1/2 — a1 = 2a1 + 1/2 > 3/2. So ||y||r = 3/2.

In order to determine the operator norm || f,|| of f, we fix x € E with
|lz[|E = [|z|loo + Dok |zk/k| = 1. We estimate

S| <SR SR <SR e S
k
=Z%+nx|m=1.
k

Therefore || fyll <1 < ||yl F-

2. Generalization of /°°(|A|). Throughout this section we assume that
1 < p,g < c0. For p € (1,00) we define p’ to be the number satisfying
1/p+1/p' = 1. We also use the usual convention that p’ = oo for p = 1
and p’ = 1 for p = co. Most of the proofs in this section are carried out for
p € (1,00). The argument for the cases p =1 and p = oo is analogous.

Given a subset X of w, an index sequence (\y) satisfying (1.1) and p
with 1 < p < oo we define

X(IM,p) = {z € w| T7(z) := (|71 —2P=l),),) € X,

Note that setting X = ¢? we obtain the space £(\, p, ¢) introduced in [6].

If X is a sequence space, then X (|\|,p) is closed under scalar multipli-
cation. To guarantee that X (|A|,p) is also closed under vector addition, we
need to demand that X is positively solid, i.e., satisfies the condition

ue X, 0<v<u = velX.

Indeed, if X is positively solid and z,y € X(|A],p), then by the Minkowski
inequality,
0<TP(x+y) <TP(x) +T7(y),
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hence TP(x+y) € X, implying z+y € X (|\|,p). So if X is a positively solid
sequence space, then X (|A[, p) is a sequence space.

On the other hand, we will show that if X is not positively solid, then
X (JAl, p) is not a vector space . Indeed, by assumption we can find u,v € w
with 0 < v < wand v € X, but v ¢ X. We set =), = vy, Ty, 41 =
(uh — VR)YP, yn, = n, Y41 1= —(uh — oB)1/P (n € N) and 2 := yg := 0
for k & {A\n, A\n + 1| n € N}. Then

/\n+1*1 /\n+1*1

> ) = (% k) = u mem,

k=Xn k=Xn
So z and y are in X (|A|,p). On the other hand,

Ans1—1

1/p
> leetml) =20 (neN),
k=X\n

sox+y & X(|A|,p). Hence X (|\|,p) is not a vector space.

Evidently any solid space is positively solid. On the other hand, bs and
cs are positively solid spaces which are not solid. It is easy to verify that
a sequence space is solid if and only if it is monotone and positively solid.
Note also that if X is positively solid, then X (|\|,p) is solid. Hereafter we
suppose that X is positively solid and contains ¢. Hence the space (XT) is
solid.

Evidently, X (|\|,p)=X"(]\|,p). Hence in particular £(|\|, p)=cs(|A], p)
= bs(|A|, p) and more generally, X1 (|A|,p) = Xa(|\[, p) if X;” = X

PROPOSITION 2.1. Let & € {a,3,7}. Then (X (|A|,p))¢ = (XH)(|A,p).

Proof. Since X (]|, p) is solid, it is sufficient to show that (X (|A],p))* =
(XAl p). Let y € (XT)*(|\|,p’) and x € X (|\|,p). Then by Holder’s
inequality,

Ans1—1 1/ Ans1—1 ,
P N 1/P
E lyres| < E ( E |$k|p) ( E |yk’p)

= (TP (@)]n[T (y)]n < o0

Hence (X (|A[,p))* D (XT)*(|Al,p').

Now suppose, contrary to our claim, that there exists y € (X (|A|,p))* \
(XH)(|\|,p). Then u := T (y) & (X)*, so we can find z € X* such that
Yo lunzn] =37, unzn = co. We choose a sequence (ey,) with 0 < &, < up,
(n € N) such that >, epz, < 1.
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For every n € N we consider the functional

Ant1—1

fo: BT SR () =) Uktkoani1s
k=n

These functionals are continuous and satisfy

An 1 /
1ol = (i), = [T7 (W)]ln =un  (n€N).
So we can find x € w such that
A1 — /
[T @)]n = 20 and | fu((@)33 D> (17 @))n — )z (nEN).
Hence T?(x) = z € X+ C X, therefore x € X (|A|,p). On the other hand,

n+1 1

Z LA DY ‘ wkyk‘ > (T (W)ln = en)on > Y tnzn — 1 = o0,

n k=MAn
hence y & (X(|A],p))®. This contradiction proves that y € (XT)*(|\|,p).
Hence (X (|A[,p))* = (X)*(|Al,p).
LEMMA 2.2. Let (X, 7x) be a K-space with the topology generated by the

system of seminorms {p | p € P}. Then X(|\|,q) is a K-space with the
topology T generated by the system of seminorms {p | p € P} defined by

p(x) = p(T(x)) (z € X(A,q); p€P).

Proof. To show that X (|\|,¢) is a K-space, we suppose that (z(™) con-
verges to x in (X (JA],q), 7). Then, since X is a K-space, we have

)\i+1_1 1/
[Tz — z)); = ( Sl - al?) "0 asn—oo(ieN).
k=\;
Since
Al 1/q
]xgl) — .%'k‘ < ( Z ’x;n) — .T}j‘q) (AZ <k< )‘i+1; i,k} € N),
J=X\i

the K-property of (X(|A],q), ) follows.

In order to spread an FK-property from X to X(|A],¢q), we assume that
the topology of X is consistent with the natural order. More precisely, we
asssume that seminorms {py} generating the FK-topology of X satisfy

(2.4) wveX, 0<u<v = pp(u) <pp(v) (keN).
Moreover, we require the condition
(2.5) pr(w) = suppr(ul) (ke N;ue XT).

n

Note that (2.5) is stronger than the AB-property and, on the assumption
that (2.4) is satisfied, weaker than the AK-property. Obviously the norms
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| [l (1 < g <o0)and || [[ps satisfy both (2.4) and (2.5) while || ||, fails to
have both (2.4) and (2.5).

PRrROPOSITION 2.3. Let X be an FK-space with the topology Tx generated
by a system of seminorms {py} satisfying (2.4) and (2.5). Then X (|A|,q) is
an FK-space with the topology T generated by the system of seminorms {py}
defined by

Pu(@) = e(TU(@)) (& € X(A\]q); k € N).

Proof. In view of Lemma 2.2 it is sufficient to prove that (X (|A|,q),7)
is complete. Suppose that (z(™) is a Cauchy sequence in (X (|\|,q), 7). By
the K-property of (X (|A|,q), 7) the sequence (;rén)) is a Cauchy sequence for
every k € N, hence (z(™) converges coordinatewise to some x € w. Since

)~ [T < [T - 2O G e,
(2.4) implies that T9(z(™) is a Cauchy sequence in (X, 7x), hence converges
to some z € X. By the K-property of (X, 7x) we have

)\¢+1—1

1/
[79(2(™)]; = ( Z \x,g")]q> g zi asn— oo (i €N).
k=X;

On the other hand, by the K-property of (X (|A],q),7) it follows that

Xig1—1 Aig1—1
( i |:U§€")|q> Ha — ( i |£L’k|q) a asn — oo (1 € N).
k=X\; k=X;

Hence T9(x) = z € X, implying = € X ()|, q). Now we prove that (™ — z
in (X(|A],q), 7). We set u(™ :=T9(2(™) —z) (n € N). Let ¢ > 0 and k, s € N.
We choose N € N such that py(T%(z() — z9))) < /2 for 7,7 > N. In view
of the K-property we can choose 79 > N such that

Aey1—1

- €
S (a0 —wlprle”) < 5

r=1
Then for every i > N by (2.4) we get

/\s+1—1

Pr((W)ED) < (T — 200)) 4 3 2l0) — 2 pp(e”) < e.

r=1

Then by (2.5) also pj(ul?) < e for i > N, hence (™ — z in (X(|\|,q),7),
implying that (X (|A|,q),7) is complete.

LEMMA 2.4. If 1 <p < q < oo, then X(|A|,p) C X(|A],q).
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Proof. For p<q,n €N and r € w we get
0 < [T%2)]n < [T"(2)]n (n €N).
Since X is positively solid, 7P(z) € X implies TY9(z) € X.

REMARK 2.5. 1) Evidently X (|\|,p) = X(|]A],¢) for any 1 < p,q < oo
if X* = |w|. We also construct an example of X which satisfies the first
equality, but X* C |w|. Let (\,) be an index sequence satisfying (1.1). We

set
X:={zew| ™17%/|z,| — 0}
and note that X is solid. Since
Apt1—Ap/ Too n < Apt1—An / Tl n < Apg1— A\/ Too( )]
for every n € N, we get

lim *+17 /[T (2)], = lim 17 %/[T1(x)],.
Hence Lemma 2.4 implies X (|\|,1) = X (||, p) = X (|\|, 00) for every p > 1.
2) For any p,q with 1 < p < ¢ < co we have
(AN = 22(AL 1) S (AL p) & (AL @) G (AL 00) = £
To prove 600(] l,p) € £°(|A],q) for 1 < p < ¢ < oo we define xj, :=
/(g1 — An)V4 for An < k < Ang1 and 1 € N. Then

sup [T9(z)]n =1,  sup [TP(z)]n = sup Anyp1 — An) TP/ P = .

n

So x € £°(|A|,q) \ £2°(|A|, p). To verify £>°(|A],q) € £>° we consider x = e.
In [4, Proposition 2.1] it was shown that
(N (AL D)™ = (A 1)) = €1 (Al 00) = [€|%(|Al, 00).

We will prove that the same statement holds if we take X instead of /*° on
assumption y(X)* = (X 1) (which is satisfied for X = £*°).

LEMMA 2.6. Let X satisfy x(X)® = (XT)*. Then

D) (xNX (A1) = (x N X (A, 1))7 = (XF)*(|A[, 00);
2) (x N X (Al 00))* = (x N X (|Al,00))7 = (XF)*(|A], 1).

Proof. 1) Since x N X(|Al,1) is monotone and (x N X(|A|,1))* D
(X (|A], 1)), it is sufficient to prove that (x N X (|Al,1))* C (X(|A,1))* =
(XF)(1A], 50). Let y € (xnX (A, 1))\ (X ) (|\], 00). Then u = T ()
(XT)* = x(X)*, sowe can find z € xNX with > |upzn| =, unzn = 00.
We put x¢, = 2, and z; := 0 for i € {{;, | kK € N}, where , is the minimal
index ip € [An, Ant+1) with |yi,| = max{|yi| | A\n < i < A1} (n € N).
Evidently z € x N X(]A[,1). On the other hand,
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> lykak] =D unza = oo,
k n

which contradicts y € (x N X (JA],1))*.

2) The proof of 2) is analogous to 1) except that the definition of z is
now xy := zp for A, <k < A1 (n €N).

REMARK 2.7. The equality (x N X(|Al,p))* = (XN)*(|\|,p’) for p > 1
may fail even for X satisfying x(X)® = (X T)“. Note that for ¢ € [1,00) we
get

XNLO(A,q) ={x € x|sup|{k € N |z =1} N [An, Ang1)| < 00}

So by Lemma 2.6, (x N £>°(|A],p))® = £1(|A], 00).

We will now verify that the converse statement for Lemma 2.6 holds even
if we replace 1 with p and co with p'.

LEMMA 2.8. If X(|Al,p)* = (xNX(JA,p))?, then (XT)* = (xNn X))~

Proof. Tt suffices to prove that (YN XT)* C (XT)* Soletwe (xy N X+)*.
Then Y, |wiug| < oo for every u € x N X 1. We set yy, := w; (i € N) and
yp := 0 for k & {)\; | i € N}. We verify that y = (y;) € (x N X(|A|,p))*
Indeed, let © € x N X(|A|,p) and set u; := Ty, := zy, (1 € N), T, := 0
for £ ¢ {\i | i € N}. Since X(|A|,p) is solid, £ € x N X(|]A|,p). Then
u = (u;) =TP(z) € x N X . Therefore

Z lyrer| = Z [y, zx; | = Zwiui < .
k 7 7

Therefore y € (x N X(|Al,p))* = X(|A],p)*, hence >, |yrxi| < oo for every
z € X(JA\|,p). So if we take u € X+ and consider x with z), = u; (i € N)
and xp = 0 for k € {\; | i € N} we obtain v = T?(z) and

D lwiwi| = Jawys| < oo
i p

Hence w € (X ).

THEOREM 2.9. If o C X and (X™) has the matriz Hahn property, then
X (|A],1) and X(|A|,00) have the separable Hahn property.

Proof. First we verify that X (|A|,1) has the separable Hahn property.
In view of [3, Proposition 1 and Theorem 2] it is sufficient to prove that
XN X(JAl,1) C ¢pa implies X (|A|,1) C cga. We define

bni 1= ;€ N
ni /\iSIilgf\(Hl |ank| (n, (S )

and verify that x N X C cop. Since (aui)r € (x N X(|A,1))?, by Lemma 2.6
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we have (by)r € (X1)® (n € N). If we suppose on the contrary that

anzkuk > 4e (Z € N)
k

for some € > 0, u € x N X and an index sequence (n;), then by the usual
gliding hump argument we may choose an index sequence (k;) and a subse-
quence (m;) of (n;) such that

kp

oo
D bk =38, D bk < e,
k=kp_1+1 k=kp+1
(2.6) v ’
k1
mepk.uk <e¢ (p S N)
k=1

For p € Nand k € N with k, 1 < k < k, let § denote the minimal index
J with A\, < j < Apy1 such that [am,;| = max{|am,i| | A < i < Apgr}
We set ¢, = sgn(am,e, )ur for k € N with k, 1 < k < kp and z; := 0 for
i & {& | k € N}. Then = € x(X(|A|,1)). Applying (2.6) for every p > 2 we
have

)‘kp_1+171 kp_l >\i+1_1 k‘p_l
‘ E Am,yiTi| < max |ampk;|‘ § xk‘ = § bmpiui <eg,
‘ ° Ai<k<Xit1 ‘
=1 i=1 k=X\; i=1
o 00 Aig1—1 00
‘ E Am,iTi < max |ampk\‘ E (Ek‘ = E bmpiui < E.
. k Ai<k<Ait1 :
Z:Akp+1 1=Kp k:)\z Z:kp
Now for every p € N we get
Akp_q+1—1 kp 0o
§ AmyyiTi = E Ay Ti + § b, kU + § AmnyiTi > €,
i i=1 k=kp_1+1 =1

contrary to x € cpa. Hence x N X C cop, implying X C cop.
Now for every x € X(|\|,1) we get

i+1—1

A
Y e <30 Jamd okl <D bulT @) (n € N),
k i k=) i

SO T € coA.

For X (|A|,00) we use the same idea of proof except that we define B =
(bni) and z by setting by, = 2;*;;1 lank| (n,1 € N) and x; := ugsgn(am,;)

for p,k,j € Nwith k,_1 <k <k, and A\ < j < Ay
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REMARK 2.10. 1) Note that X (|A], 1) may fail to have the Hahn property
even if (X*) has the Hahn property. As an example consider the space
(A, 1) (cf. [4, Corollary 2.5]).

2) In view of Remark 2.7 the space X (|A|, p) for p € (1, 00) fails in general
to have the matrix Hahn property.

The following result demonstrates that X (|A|,1) has the separable Hahn
property if and only if (X*) does.

ProposITION 2.11. If X(|Al,p) has the matriz Hahn property, then
(X™T) has the separable Hahn property.

Proof. Since (X) is solid, by [3, Proposition 1 and Theorem 2] it is
sufficient to prove that x N (XT) C cop implies (X ) C cop.

Suppose on the contrary that we can find a matrix B = (b,;) and u € X+
such that y N X+ C cop, but u & cyp.

We define the matrix A = (anx) and the sequence x = (xy) by apy, = bp;,
xy, = u; (n,i € N) and apg, = :=0for k ¢ {\; | i € N} and n € N.
Evidently, z € X (||, p).

We will verify that x N X (|A],p) C coa, but © &€ coa, which would imply
that X (|A|,p) does not have the matrix Hahn property.

To prove the first statement let y € x N X(JA\|,p) and set vy = yy,
(k € N). Since 0 < v < [TP(y)]x (k € N), we have v = (vg) € xNXT C cop.

So
liinz Cnili = lirrlng Ap) Y, = lizn; bprvr = 0.
1

Hence y € ¢y, implying x N X (||, p) C coa.
On the other hand, (3, ank@i)n = (D j bukUr)n & co, that is, x & coa.
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