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Calder6on—Zygmund operators acting on generalized
Carleson measure spaces

by

CHIN-CHENG LIN (Chung-Li) and KUNCHUAN WANG (Hua-Lien)

Abstract. We study Calderén—Zygmund operators acting on generalized Carleson
measure spaces CMO:’? and show a necessary and sufficient condition for their bounded-
ness. The spaces CMO{'? are a generalization of BMO, and can be regarded as the duals
of homogeneous Triebel-Lizorkin spaces as well.

1. Introduction. To generalize the Hilbert transform and Riesz trans-
forms, Calderén and Zygmund [3| [4] developed a class of singular integral
operators which are convolution operators. The L?-boundedness of such op-
erators follows from the Plancherel theorem. It is well known that Calderén—
Zygmund convolution operators are bounded on LP for 1 < p < oo, on
Hardy spaces HP for 0 < p < 1, and on BMO as well. However, for non-
convolution operators such as the Calderén commutators, the Cauchy in-
tegral on Lipschitz curves, the double layer potential on Lipschitz surfaces,
the multilinear operators of Coifman and Meyer, new methods have to be
developed to obtain L? estimates. The remarkable T'1 theorem given by
David and Journé [7] provides a general criterion for the L2-boundedness of
these generalized singular integral operators (cf. [1} 2, [5, [6]). In recent years,
the boundedness of Calderén—Zygmund operators on other function spaces
such as Hardy spaces, Sobolev spaces, Besov spaces, and Triebel-Lizorkin
spaces has been obtained by many authors; see [9, [13], 14, 21|, 24, 26] for
example.

The purpose of this article is to study the theory of Calderén—Zygmund
on generalized Carleson measure spaces CMO;? which are a generalization
of BMO. We begin by recalling some basic results about Calderén—Zygmund
operator theory. As usual, we denote by Z the set of C'™° functions with
compact support.
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We say that T is a singular integral operator, denoted by T' € SIO(¢), if
T is a continuous linear operator from Z(R™) into its dual associated to a
kernel K (x,y), a continuous function defined on R" x R"\ {x = y}, satisfying
the following conditions: there exist constants C' > 0 and 0 < ¢ < 1 such
that

(L1) K(a,y)| <Cle—y[™  forallz £y,
(1.2) K (2,y) - K(@,y)| < Cla — a'|[a -y "

for all z,2’ and y in R"™ with |z — 2/| < |z — y|/2, and
(1.3) K (z,y) = K(z,y)| < Cly —¢/[*|lz —y|7"*

for all y,y and = in R™ with |y — ¢/| < |z — y|/2. Moreover, the operator T'
can be represented by

(Tf.9)=\ | K(z,9)f(y)g(x) dy dax
R” R™

for all f,g € 2(R™) with supp(f)Nsupp(g) = (. We say that T is a Calderdn—
Zygmund operator, denoted by T" € CZO(¢), if T' € SIO(e) and is bounded
on L2.

Let C denote the space of continuous functions f with compact support
such that

f@) — [y
11l = sup L =T
Ty |:E - y|

Let T : C] — (CJ)', n > 0, be a continuous linear operator. We say that 7'
has the weak boundedness property, denoted by T' € WBP, if, for each n > 0,
there is a constant C' > 0 such that, for all cubes Q with diameter at most
t >0 and all f,g € CJ supported in Q,

(T f, )| < CEF2)| £lylgl

Next we recall the definitions of homogeneous Triebel-Lizorkin spaces
Fp9. We say that a cube @ C R” is dyadic if Q = Qx is defined by
{z = (x1,...,2p) e R" : 277k; < x; < 279(k; + 1), 71 =1,...,n} for some
j€Zandk = (ki,...,k,) € Z". Denote by £(Q) = 277 the side length of Q
and zg = 277k the “lower left corner” of Q when Q = Qjx- We use supg, and
ZQ for the supremum and summation over all dyadic cubes @, respectively.
Also, we denote the summation over all dyadic cubes @) contained in P by
ZQC p- For any dyadic cubes P and @), either P and () are non-overlapping
or one contains the other. For any function f defined on R™, j € Z and
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dyadic cube @ = @, set
- T —xQ /2 ¢ (o]
folz) =1Q 1/2f( >=2J (2 —k),
o) = 10121 (55 (2 ~ k)
fi@) =2"f(2x),
f(x) = f(==).
It is clear that g; * f(zg) = 1QI~V/2(f, 9Q), where (f, g) denotes the paring
in the usual sense for ¢ in a Fréchet space X and f in the dual of X.
Choose a fixed function ¢ in the Schwartz class . = .(R"), the collec-
tion of rapidly decreasing C'*° functions on R", satisfying
{Supp(@ c{¢:1/2<gl <2},
1B = c>0 if3/5<[¢[<5/3.
For o € R and 0 < p,q < oo, we say that f belongs to the homogeneous

Triebel-Lizorkin space Fy'9 if f € '/ 22, the tempered distributions mod-
ulo polynomials, satisfies || f|| frgoa < 00, where

(1.4)

1/q
Iz = [{ D@l 7} 7| for0<p <o
keZ
and

- /
[ fll peva == sgp{\P\—l S Z (252, # f(x)|)qu}1 ‘

P k=—log, ((P)

When 0 < p < oo and ¢ = oo, the above {?-norm is modified to be the
supremum norm as usual, and Fixg™ is defined to be Bx™, that is,
£l powe :=sup sup 2"y % f ()| & Sup QI 2( £, p@)| < oo.

KeZ y(Q)=2"*
TEQ

Here we summarize some results on singular integral operators bounded
on Fp"9.
ProposiTION 1.1 ([I3, 21} 24]). Given € € (0,1], |o| < €,
n n n n
max{ , }<p<oo and max{ , }<q<c>o,
n+e nt+e+a n+e nt+e+a
if T € SIO(e), T € WBP and T(1) = T*(1) = 0, then T extends to a

bounded operator on 7,

This article is motivated by [16] [17]. To show the CMO?-boundedness
of Calderén—Zygmund operators, we cannot apply the duality argument di-
rectly. In [16], the authors introduced a weak density property to overcome
this difficulty. In this article, we adopt the same method to deal with the
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boundedness of Calderén-Zygmund operators acting on CMO>?. We now
recall the space CMO®? introduced in [22].

DEFINITION 1.2. Let ¢ € . satisfy (|1.4]). For o, € R and 0 < ¢ < o0,
the generalized Carleson measure space CMOZ? is the collection of all f €
S|P satistying || fllcyoee < 0o, where

/
Iflooze i=sup {IPI" § 3= (@17 2\(f, o) o) da}

PQCP
for 0 < g < co and

1 £llcaon= = sup sup |Q|™*/"2|(f, 0q)| = sup [QI™*/"2(f,0q)]-
P QCP Q

As usual, xg denotes the characteristic function of Q.

REMARK 1.3. Tt follows from [23 p.154, Theorem 4] that CMO?’2 =
BMO, and hence CMO:*? is a generalization of BMO. For a = 0, ¢ = 2
and r = 2/p — 1, the space CMOg’fp_1 reduces to the Carleson measure
space CMOP which was first introduced in [I§] for the multiparameter Hardy
spaces associated with flag singular integrals, and in [20] for the wavelet char-
acterization of the weighted Carleson measure space CMO? with constant

weight function.
We will prove the following main result of this article.

THEOREM 1.4. Let T be a Calderon—Zygmund operator with reqularity
exponent € and T*(1) = 0. Suppose —e < o < € and

max{ , }<p§1<q<oo.
n+ent+etao

Set r = q/p —q/¢. If T(1) = 0, then T can be extended to a bounded
operator from CMOX? to itself, and moreover there exists a constant C > 0
independent of f such that

IT(Hllemozs < Cllifllemoge  for all f &€ CMOA.

Conversely, for (i) —e < a<0and1 < qg< oo or(ii)a=0and2 < g < o,
if T admits a bounded extension from CMOX! to itself, then T'(1) = 0.

REMARK 1.5. Recently Lee [19] obtained the boundedness of Riesz trans-
forms acting on CMOZ. The key idea of his proof is that an almost orthog-
onality estimate can be applied to convolution operators, and hence the
assumption 7'(1) = T7%(1) = 0 is not used explicitly. In practice T'(1) =
T*(1) = 0 holds for any convolution operator 7. We do not use the almost
orthogonality estimate and consider more general non-convolution operators
here. Lee’s result is essentially a special case of Theorem whenever the
weight function w is constant, and our approach is easier.
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The article is organized as follows. In Section 2, we state two key lemmas
and use them to show our main result. Then we give the proofs of the key
lemmas in Section 3. Throughout, we use C' to denote a universal constant
which does not depend on the main variables but may differ from line to
line. Also, @ and P always mean dyadic cubes in R".

2. Proof of the main result. Define a linear map S, from .’/ & into
the family of complex sequences by

Se(f) ={{f.eq)}ao
Let
S = {fey:gxkf(x)dx:()for all k € (NU{O})”}.

For g € CMO,, @4 define a linear functional L, by

(21)  Lg(f) = (Sp(9), S (f)) = D _{9:9Q)(f,0q)  for | € S
Q

The following duality result can be found in [22].

PROPOSITION 2.1. Suppose a € R, 0 < p <1 and1l < q < oo. Then the
dual of F,°1 is CMOq_,?‘I’Jq_q,/q in the following sense.

(i) For g € CMO;Z’)’J_/q,/q, the linear functional Lg given by 1} de-
Jined initially on S, extends to a continuous linear functional on
Fpt with || Lgll < Cligll gypo-eoor

q'/p—d’/aq .
(i) Conwversely, every continuous linear functional L on F,"? satisfies

— 7a7ql y
L= Lg for some g € CMO,, ", with HgHCMOq_/Z’,q_/q//q < C|L|.

In order to prove the main theorem, we need the following two lemmas.

LEMMA 2.2. Let e € (0,1]. For —e < o < ¢ and max{nLJrs, n+7;+a} <
p<1<gq<oo,letr =q/p—q/q. Then the space CMO>? N L? is
dense in CMOY in the weak topology (E, 7, CMOY?). More precisely,
for f € CMOX, there exists a sequence {fm} € CMO%? N L? such that
[ fmllemozs < Cllifllemona and for g € By T NL?, limpsoo(fim, 9) = (f, 9),
where the constant C' is independent of m and f.

LEMMA 2.3. Let T be a Calderon—Zygmund operator with reqularity ex-
ponent € and T'(1) =T*(1) = 0. For —e < a < ¢ and max{niﬁ, m} <
p<1<gq<oo,letr=q/p—q/qd. Then for f € CMOXY N L?, there exists
a constant C' > 0 independent of f such that

1T(f)lemoxe < Cllf llepoga-
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Assuming these two lemmas for the moment, let T be a Calderén—
Zygmund operator with regularity exponent ¢ and 7(1) = 0. (Note that
we have the assumption 7%(1) = 0.) We first define T'(f) for f € CMOX? as
follows. Given f € CMO®, by Lemma there exists a sequence { f,,} in
CMONL? such that || fm|loymoze < C|l fllepoes and, for g € Fp_a’q, nL?,
(fm>9) — (f,g) as m — oo. Thus, for f € CMOX, define

(T(f).9) = lim (T(fm),g) for g€ CMOP N L2

To see the existence of this limit, we write (T'(f; — fx), 9) = (f; — fx, T*(g))
since f; — fi and g both belong to L?, and both T, T* are bounded on L?.

By Proposition !7 T* is bounded on £, *? since (T*)* = T and hence

(T*)*(1) = 0. Therefore T*(g) € pra’q/ N L2. Consequently, by Lemma [2.2
again, (f; — fix, T"(g)) tends to zero as j,k — oo. It is also easy to see that
the above definition of T'(f) is independent of the choice of the sequence
{fm} satisfying the condition in Lemma

We now conclude the proof of Theorem as follows. We first prove
the “if” part. Given f € CMOY? by Lemma we choose a sequence
{fm} in CMOX N L? such that || fm[lcmozs < Ol fllemose and (T(f), g) =

limy, 00 (T'(fi), g) for g € pra’q/ﬂLQ. In particular, taking for g the function

@@ as in Definition[1.2} we get (T'(f), Q) = limum 00 (T'(fm), ¢q), and hence
Fatou’s lemma implies, for each dyadic cube P in R™,

{|P|—rs Z (‘Q|_a/n_1/2|<T(f)790Q>|XQ(33))qd1:}1/q

PQCP

<timint {|P[7 | 3 (1QI /" 2UT(fn). po) (@) o} "

m—00
PQCP

This yields

1T (f)llemoee < liminf [|T(fin) | cpoee < Climinf || fin [l cpose
< Ol fllemo2

where the second and the last inequalities follow from Lemmas [2.3] and [2.2]
respectively.

To show the “only if” part, we assume that T € CZO(e) is bounded on
CMO2% for —e < a < 0 and 1 < ¢ < oo. Then T* is bounded on L? and

pro"ql, the predual of CMO%?. Now for g € .75, we have g € L? N pra’q/
and T*(g) € L* N F,, “? since T is bounded on L? and on CMO®4. By the

embedding theorem (cf. [25, p. 129] or [26, Theorem 2.4]), ;%7 — 02 =
HP' where —¢ < a < 0 and a +n/p = n/p;. Thus, T*(g) € L?> N HP* and
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hence (cf. [I5], Corollary 1.4])
22) 0= |T"(9)@)de= | | 9()K(y,2)dyde = (T(1),9)
R"L Rn Rn
for all g € .4, which implies T'(1) = 0. For the case a = 0 and 2 < ¢ <

oo, we use the embedding Fg RN FZ? 2 — HP to obtain {i again. This
completes the proof of Theorem

3. Proofs of the key lemmas. Let us recall a result on the p-transform
introduced by Frazier and Jawerth in [10, 111 [12].

LEMMA 3.1. Suppose ¢ € (R™) satisfies (1.4). Then there exists a
function ¢ € L (R™) satisfying (1.4) such that

F =Y {feQ)vq,
Q

where the series converges in L*(R"), 7o (R™), and (Zs) (R").
For m € N, let
2 = {Q dyadic cube in R" : 27" < /(Q) < 2™ and Q C [-2™,2™]"}.
For f € CMO>1, set
(3.1) fm=Y_ {f et
QEZm
Note that the cardinality of 2,, is finite and hence f,, € L.

LEMMA 3.2. Let f € CMO? and f,, be given by (3.1). Then f,, €
CMO? and
[fmllemoze < Cllf llemoga,

where the constant C' s independent of m and f.

Proof. It follows from [22, Lemma 3.2] that any almost diagonal operator
is bounded on CMO"?. Hence

[ fmllemogs = S‘;P{|P|7T§ > (\Qra/”*l/z\(fm?<PQ>!XQ(3?))Qdﬂ?}

POCP
= [[An(f)llemoze < Cll fllomozas

where A, is the almost diagonal operator defined by

YOS <Z<g,¢R>wR,¢Q>wQ

QEZn, R

= > ) W)y er)tg.

QEZ2n R

1/q



238 C.-C. Lin and K.-C. Wang

Hence A,, is bounded on CMO;*? and its norm is dominated by the norm
of A defined by

Alg) =)D (Wr. Q) (g, vr) V.
Q@ R

This shows that the constant C is independent of m and f. =

We now apply Lemmas[3.1] and and Proposition to prove Lemma

Proof of Lemma . For each h € .7, by (3.1)),
(= fmh) = (3 (fow@)van)y = (£, Y (hvalee).
QE2m QE2m
Lemma [3.I] implies that
> (hbo)eq
QE2m
tends to zero in .5, as m — o0o. Since %4 is dense in pra’ql, this implies

that for each g € pra’ql, (f — fm,g) tends to 0 as m — co. Indeed, for any
given € > 0, there exists h € . such that |[g—hl| ..., < €. By Proposition

first and then Lemma B2 (ie. | fmllovior < Cllfllenos),
I(f = frr D) < (f = frnsg = )|+ {f = fm, 1)
< Cllf = fmllomogallg = hll pa + [(F = fin, )]

< Cel|fllemosa + [(f = fm, B,
which implies (f — fim,9) = 0asm —o00. m

Lemma [2.3] follows from Propositions [I.1] and

Proof of Lemma . Let f € CMO%?N L% and g € Fp_a’q/ N L2. By

Proposi‘;ions and [1.1| (i.e. T* is bounded on E, ¢ for max{ =, i}
<psl),

KTy )l = [T < [ fllemog e I T () -aw
< Cllfllomog-allgll oo

This implies that for each f € CMOYNL2, ¢4(g) = (T(f), g) is a continuous
linear functional on £, ¢ N L2. Note that £, ¢ N L2 is dense in £} *7 .

Thus, £;(g) = (T(f),g) belongs to the dual of £5,*9 | and the norm of this
linear functional is dominated by CI||f||cpoee. By Proposition again,
there exists h € CMO®? such that (T'(f),g) = (h,g) for g € S and
IPllcpoxe < sl < Ol fllcmoea- In particular, taking for g the function
¢q as in Definition we conclude that (T'(f), ¢q) = (h, pg) for each Q.
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Therefore,

T enor+ = S‘ép{uj‘ﬂ"ﬂ > (!QI"“/”””\(T(f%soQ>\xQ(x))qda;}”q
PQCP
= sup {|P\77‘ S Z (’Qra/n—lﬂ‘(h’ SOQHXQ(JU))qu}l/q
r PocP

= HhHCMO?’q < CHfHCMO?’q- L]
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