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Weighted integrability of double cosine series
with nonnegative coefficients

by

CHANG-PAO CHEN and MING-CHUAN CHEN (Hsinchu)

Abstract. Let fe(z,y) = ZJOO 12 heq k(1 — cos jz)(1 — cos ky) with aj;, > 0 for
all j,k > 1. We estimate the integral S S a=lyB=14(fo(x,y)) dedy in terms of the
coefficients a1, where o, 3 € R and ¢ : [0,00] — [O7 o0]. Our results can be regarded as

the trigonometric analogues of those of Mazhar and Méricz [MM]. They generalize and
extend Boas [B, Theorem 6.7].

1. Introduction. Let aj; > 0 for all j,k > 1. We consider the double
cosine series

x,y) = Z Zajk(l —cosjx)(1 — cos ky).

j=1k=1
The purpose of this paper is to estimate the following integral:

P 2y o fe(w, y)) da dy,
00
where a, 3 € R and ¢ € A(p,q) for p > g > 0. As defined in [MP], ¢ €
A(p,q) means that ¢(t) > 0 on [0,00], ¢(0) = 0, ¢(c0) = o0, ¢(t)/tP is
nonincreasing and ¢(t)/t9 is nondecreasing on [0, 00). We shall prove
THEOREM 1.1. Letp > q >0, ¢ € A(p,q), and ajr, >0 (j,k > 1). Then
for a, B8 € R,

™ T

(1.1 [V (Lol ) dr dy
00
Z Kp,a,,@ i imZpaanpﬂ1¢<4§: n ajk>'
m=1n=1 j=1k=1
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THEOREM 1.2. Let 1 < p < oo, p >q >0, ¢ € A(p,q), and aj;, > 0
(j,k > 1). Then for a, 3 > —q,

(1.2) 2y (fo(x,y)) dx dy

m=1n=1 j=mk=n

O ey
O ey

The constants K o 3 and K, 4,3 in Theorems 1.1 and 1.2 depend on
the indicated parameters only. We adopt the same convention whenever we
mention constants of this type later on. Applying Theorems 1.1 and 1.2 to
the case ¢(t) = |t|P, we obtain

COROLLARY 1.3. Let 1 < p < oo and ajr > 0 (j,k > 1). Then for
—p<a,B<0 and s,t > 1, there exists a constant K = K, o g5+ > 0 such
that

(1.3) K ! i im_o‘_ln_ﬂ_l‘ i iajk‘p
m=1n=1 j=mk=n

T T

V a1 Sl )P da dy
00

PP
(1.4) -1 ZZm*Sp a=ly=F= 1‘

m=1n=1

IN

oo

| /\

)

(oo} o0 P
o] 55,
1 j=mk=n
o
Z %k‘
T T :
J Sfca*lyﬁ’l!fc(x, Y|P dz dy
00
oo o0 m o
K22 merme i ?s > |
m=tn=l j=1k=n

(15) K! i im_“qp_a_ln_tp_ﬁ_l‘stizn:jsktajk‘p

HMS

IN

| /\

)

m=1n=1 j=1k=1
T T
<\ Va2 fe(a, )P de dy
00

oo oo m n p
<K Z Z m—sp—a—ln—tp—ﬁ—l‘stz stktajk‘ .

m=1n=1 Jj=1k=1
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Corollary 1.3 can be regarded as the trigonometric analogue of the result
of Mazhar and Méricz [MM]. Whenever a;x >0 (j,k>1) and 3272, 3777 | ajk
< 00, the Weierstrass M-test theorem ensures f.(z,y) = f(0, O) f(z,0) —
f(0, y) + f(x,y), where f(x,y) = Z;‘;l > pey ajk cos jz cos ky. In this case,
the double integral in (1.3)—(1.5) can be replaced by

™ T

(1.6) {12777 £(0,0) = f(2,0) = £(0,y) + f(,y)|? da dy.
00

Moreover, one of the sums appearing on the right sides of (1.3)—(1.5) is finite
if and only if

(L7) a7 f (2 y) — f(x,0) = f(0,y) + f(0,0)[” € L([0,] x [0, 7]).
On the other hand, if 1 < p < oo and (1.7)—(1.9) are satisfied by some
negative numbers «, ., 3 and G,:

(1.8) 21 f(2,0) = £(0,0)[F € L*([0,]),
(1.9) y> 7 F(0,9) — £(0,0)[” € L*([0, 7)),
then by the Holder inequality, we get
V ey f (@ y) = f(2,0) = £(0,9) + f(0,0)| dz dy
00

T

< (S Voot ! f (@, y) = f(,0) = £(0,9) + £(0,0)|” da dy)l/p
00

™ T

« ((S] (S] 1m0/ (=0 ~1-5/(-1) g, dy) 1=t/

< Q.

This says that 21y~ f(2,y) — f(z,0)— £(0, y)+ £(0, 0)] € L*([0, 7] x [0, 7]).
Analogously, 21| f(2,0) — £(0,0)] € LL([0,]) and y~1|£(0,) — £(0,0)| €
L'([0,7]). Applying a multidimensional analogue of the Dini test (cf [Z])
to this case, we conclude that > °° i1 > reqajr < oo. Hence, Corollary 1.3
generalizes [B7 Theorem 6.7]. Boas’s result corresponds to the case that
a=-pr+1,0=-1/2,s =t =1, aj, = \; for k =1, and aj; = 0 for
k> 1.

The validity of (1.7) with & = # = 0 and p = 1 has been investigated by
several authors. For details, we refer the reader to [CHJ.

2. Preliminaries
LEMMA 2.1. Letp>q >0, ¢ € A(p,q), and t,,, > 0 for m > 1. Then
(2.1) Po(t) < p(Ot) < 0lp(t) (0<H<1;t>0),
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o0 o0 p
(2.4) ¢(Z tm) < {Z 1/p(tm)} .
m=1 m=1
Proof. For (2.1) and (2.4), we refer the reader to [MP, Lemma 1]. Let
6 > 1and ¢t > 0. Then 0t > t, and consequently, ¢(6t)/(0t)? < ¢(t)/tP. This
leads to (2.2). For z,y > 0, we have

oz +y) < {87 (2) +¢'/P ()} < 2P max{g(x), ¢(y)} < 2°(¢(2) + ¥(y))-
This proves (2.3). =

Let (1,n) denote the interval {1 < z < n} and let A,, denote the closure
of A, in R. The relation k € A,, means that k runs over all positive integers
in A,,. The following lemma generalizes [CL, Lemma 3.2]. The result of Chen
and Luor corresponds to the case ¢(t) = tP.

LEMMA 2.2. Let Appp, >0 (m,n =1,2,...) and let each of {Ax}2, and

[BL}, be of the form {(Lk)}=, or {(k,00)}=,. Assume there crists
0 <71 < oo such that

(2.5) Z Ajin < TMApy  (Mmyn > 1),
JEAm

(2.6) Z Ak < TNAmn (m,n >1).
keB,

Then for 1 < p < oo, ¢ € A(p,q) with p > q > 0, and @y > 0 (Mm,n > 1),
we have

(2.7) i At 3 > an)

m=1n=1 j€(1,00)\ A, k€(1,00)\Bn

< TPpP Z Z mn)P X (@ )-

m=1n=1

Proof. This lemma can be verified by using (2.4) and [CL, Lemma 3.2]:

S350 Y Y an)

m=1n=1 F€(1,00)\Arm k€(1,00)\ By,
oo 00 p
< /\mn< > > ¢1/p(ajk)>
m=1n=1 JE€@,00\Am, k€(1,00)\Bp

< 72Pp?P Z Z (mn)PApn@d(Gmn ). w

m=1n=1
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Employing Lemma 2.2, we can easily derive the following lemma, which
generalizes [L, Lemma 3| and will be used to establish Theorem 1.2 and
Corollary 1.3.

LEMMA 2.3. Let Apun, 7, P, q, ¢, and .,y be as in Lemma 2.2.
(i) If both (2.5) and (2.6) are satisfied by Ay, = By = (1,k), then

(2.8) i i )\mn¢(i i ajk> < 72Pp2p i imp*(sﬂ)qnp*(ﬂrl)q

m=1n=1 j=mk=n m=1n=1
m n
X Amngb(stzz:jsktajk) (s, > 0).
j=1k=1

(i) If (2.5) is satisfied by Ax = (1,k), then

3
[
o
3
[
o
.
I
N
b
|
3

(iii) If both (2.5) and (2.6) are satisfied by Ay = By = (k,0), then

(2.10) i im(sl)pn(tl)pAmngb(stiijsktajk)

m=1n=1 j=1k=1
< (st)Pr2Pp?P Z Z(mn)p)\mngi)( ajk) (s,t>1).
m=1n=1 j=mk=n
(iv) If (2.5) is satisfied by Ay = (k,00), then

(2.10) i i m*(sfl)pAmnqﬁ(S i i jsajk)

m=1n=1 j=1k=n
o o0 (oo} o0
o 3 S (5 ) 621
m=1n=1 j=mk=n
Proof. Let A,p = Z;nzl S or_y i%k'aji. Summation by parts implies
o oo o oo
SPILTETS 35 SIESISRIN
j=mk=n j=mk=n

We know that ¢ is nondecreasing and m=*"1n=t=! < 1. By (2.1) and (2.7),
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we get
oo o0

> S (3 D)

m=1n=1 j=mk=n

< 3 iAmncé(Stiij_s_lk_t_lAjk)
m=1n=1

j=m k=n

< 72Pp?P Z Z mn)P A d(stm ™0 AL

m=1n=1

< 3 Y (430 )
m=1n=1 Jj=1k=1

This is (2.8). For (2.10), let Ay, =372 3707 ajr,. We have

33 P € 3 e € 303 A
j=1 k=1 j=1 k=1 j=1k=1
By (2 2) and (2.7), we obtain

Z Zm (s=Dpp—(=Dpy qﬁ(sti ]Sktajk)

m=1n=1 Jj=1k=1

3

_ (St)pszpzp Z Z(mn)pkmngé(z Z ajk)
m=1n=1 j=mk=n

This verifies (2.10). By modifying the above proofs, we can easily derive
(2.9) and (2.11) by using the one-dimensional version of (2.7). We leave the
details to the reader. m

3. Proofs of the main results
Proof of Theorem 1.1. Let z,y € (0, 7). We know that 1—cos§ > 202 /7>
for 0 <0 <50 fu(w,y) > 4d(x/m)(y/m)? S SN (k) 2aje. By (2.1),

we obtain

[x/z] [x/y]

O(fel.1)) 2 <;)2p(%>2p¢(4 > > Gk an).

j=1 k=1
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Therefore,

™ T

3.1 [Jao P fel@y)) dudy

00
> 4PZZVQP’2P <4§:Zn: ajk),
m=1n=1 j=1k=1
where
w/m T/n
(3.2) st = X S sty 8=l g dy.

w/(m+1) w/(n+1)
We have 2% > K, , gm~ 2P~ 1p=2P=F=1 Plugging this into (3.1) yields
(1.1). m

Proof of Theorem 1.2. We have |1 — cos kt| < min(k|¢|,2). Let 0 < z,y
< 7. Then

[7/a] [7/y] [r/z] oo
(x,9) <:L‘yz Z]ka3k+2xz Z Jjajk
7j=1 k=1 J=1 k=[x /y]
oo [m/y]
+ 2y Z Zkajk—i-él Z Z ajp.
=[n/z] k=1 j=[r/z] k=[7/y]

By (2.1) and (2.3), we get

[7/=] [x/y] [7/z] oo

Ol 9)) < Kpg{ ()0 ( D2 D dhage) +a%6( D" - jage)
j=1 k=1 J=1 k=[rn/y]
oo [7/y]
+yq¢< > ikajk>+¢< > Z agk)}
J=lm/z] k=1 j=r/x] k=[r/y]
This implies
(33) | |e" 0P () da dy
00
SKPvQ{i i’)/mn (ZZ]/-CC@k) + iifygf?n (ii]a]k>
m=1n=1 7j=1k=1 m=1n=1 j=1k=n
30D et Yokan) + 303 aho(3 Do)}
m=1n=1 j=m k=1 m=1n=1 j=mk=n

p,q{El + 22 + 23 + 24} say,
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where 75! is defined by (3.2). An elementary calculation gives
< Kapsgm 0 In™t 071 (5t >0; mn>1).

On the other hand, the hypothesis o, f > —¢q indicates that (2.5) and (2.6)
are satisfied by Ay = By, = (k,00), Ay = m~ 9727197~ "and

9atq 1 98+q 1
7‘=max<max< , 1+ ),max( , 1+ ))
a+q a+q B+q B+q

Applying (2.10) to the case s =t =1, we get

(3.4) Ky q.a ,5227717’ g-a-lpp—q—F-1 (i iajk).

m=1n=1 j=mk=n

Similarly, it follows from (2.11) that

(3.5) Kp,g,a ﬁzzmp matinThe ¢(ZZ Jk')’

m=1n=1 j=mk=n
(3.6) Kpg.a ﬁZZm a=lpp=q=F- lqb(Z Za]k>
m=1n=1 j=mk=n

We have p — ¢ > 0. Putting (3.3)—(3.6) together gives (1.2). m

Proof of Corollary 1.3. Obviously, (2.5) and (2.6) are satisfied by A =
Br = (LK), Apn = m™ % In™71 and 7 = max(—1/(2%), —1/(2°3)).
Hence, (2.8) with p = ¢ leads to

(3.7) i i m_a_ln_ﬁ_lqb<§: i ajk)

m=1n=1 j=mk=n
o o m n
< Kpop 2 Do m I g (30 Y T ke ).
m=1n=1 j=1k=1

Conversely, applying (2.10) to the case Ay,, = m P~ In~P=F~1 we obtain

(3.8) i i m_sp_a_ln_tp_ﬁ_léf)(Sti ijsktajk)

m=1n=1 j=1k=1
0o 00 0o oo
—a—1_—-pB—-1
< Kpoapse y, p m *'n™’ ¢<§: E:w«)-
m=1n=1 j=mk=n

Consider ¢(t) = [t|P. Putting (1.1), (1.2), (3.7), and (3.8) together yields
(1.3) and (1.5). As for (1.4), it follows from (2.9) and (2.11). =
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