STUDIA MATHEMATICA 216 (2) (2013)

Estimation of the Szlenk index
of Banach spaces via Schreier spaces

by

RYAN CAUSEY (College Station, TX)

Abstract. For each ordinal a < wj, we prove the existence of a Banach space with
a basis and Szlenk index w**! which is universal for the class of separable Banach spaces
with Szlenk index not exceeding w®. Our proof involves developing a characterization of
which Banach spaces embed into spaces with an FDD with upper Schreier space estimates.

1. Introduction. Two types of questions have long been of significance
in Banach space theory: those of universality and those of coordinatization.
One early result which answers a question of each type is that of the univer-
sality of C[0, 1] for the class of all separable Banach spaces. This result also
affirmatively answers the question of whether any separable Banach space
can be embedded in a space with a basis. Other questions of coordinatization
which naturally follow this one include determining when one can embed a
particular type of Banach space, such as a reflexive space or an Asplund
space, into a Banach space with a coordinate system which has the same or
related properties.

Two other important results concerning universality are those of Petczyn-
ski [14], who showed that there exist Banach spaces X, X,, with a basis and
an unconditional basis, respectively, so that if Y is any Banach space with
a basis (respectively unconditional basis), then Y embeds complementably
in X (respectively X,). In fact, the basis of Y is equivalent to a subse-
quence of the basis of X (respectively the basis of X,,), and the closed span
of this subsequence is a complemented subspace of X (respectively X,,).
Some early major results concerning coordinatization are those of Zippin
[17], who showed that any separable reflexive space may be embedded into
a space with shrinking and boundedly-complete basis, and any space with
separable dual can be embedded into a space with a shrinking basis. It is
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no coincidence that we have linked these two types of questions here. The
power of bases and other coordinate systems can greatly simplify embedding
and universality questions. For example, Schechtman’s space W, which has
a finite-dimensional decomposition and the property that any space with a
finite-dimensional decomposition embeds almost isometrically into W [15],
was used to construct universal spaces in [I3], [3]. The technique we use for
making questions of universality more tractable will be to embed a space with
certain properties into a space with FDD with the same or related properties.

Another tool used in the study of universality is the Szlenk index. With
it, Szlenk [16] answered in the negative whether there exists a separable, re-
flexive space which is universal for the class of all separable, reflexive Banach
spaces. Since then, this and other ordinal indices have seen fruitful use in Ba-
nach space theory. The Szlenk index completely characterizes up to isomor-
phism the separable C(K) spaces [§]. It was shown by Odell, Schlumprecht,
and Zsak that Tsirelson spaces act as a sort of upper envelope, via subse-
quential tree estimates, for certain classes of Banach spaces with bounded
Szlenk index [I3]. Tree estimates were shown to be the uncoordinatized ver-
sion of the notion of block estimates. In Section 2, we define the relevant
notions to relate the results concerning tree and block estimates.

Filling a role similar to that played by the Tsirelson spaces are the
Schreier spaces. In Section 3 we will define for each ordinal @ < w; the
Schreier family S, a family of subsets of the natural numbers, and then use
the family S, to define the Schreier space X, and deduce some facts about
them. The proofs of our main theorems are presented in Section 5. In that
section, we begin by observing that we can weaken slightly the hypotheses
of a theorem from [3] connecting tree estimates to block estimates. We then
establish the following connection between Szlenk index and Schreier space
estimates.

THEOREM 1.1. If X is a Banach space and « is a countable ordinal with
Sz(X) < w®, then X satisfies subsequential X, -upper tree estimates.

We conclude that section by proving a universality result.

THEOREM 1.2. For every countable ordinal «, there exists a Banach
space Z with FDD E = (E,,) satisfying subsequential X, -upper block es-
timates such that if X is any separable Banach space with Sz(X) < w®, then
X embeds into Z.

Combining this theorem with a result of Johnson, Rosenthal, and Zippin
and a result of Odell, Schlumprecht, and Zsak, we can deduce the following.

COROLLARY 1.3. For every countable ordinal «, there exists a Banach
space W with a basis and Sz(W) < w®*! such that if X is any separable
Banach space with Sz(X) < w® then X embeds into W.
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This is a strengthening of a theorem from [3], which proved the above in
the case that o = Sw for some § < wy.

2. Definitions and notation. Throughout, unless otherwise stated,
Banach spaces are real, separable, and infinite-dimensional.

A sequence (E,) of finite-dimensional spaces is called a finite-dimensional
decomposition (FDD) for a Banach space Z if for each z € Z there exists
a unique sequence (z) so that z, € E, and z = > 7, z,. Let Z be a
Banach space with an FDD E = (E,,) and n € N. We let PZ denote the nth
coordinate projection Pf : Z — B, defined by > z; + z,, where z; € E; for
all i € N. For z € Z, we define suppg z = {n : Pz # 0}. If no confusion is
possible, we may write supp z for suppy 2. For A C N finite, Pf = nea PE.
The projection constant K(E,Z) of (E,) is defined by

K = K(E,2) = sup|PE, ..
m<n

By the Principle of Uniform Boundedness, K is finite. We call an FDD E

for Z bimonotone if K(FE,Z) = 1. If a space Z has an FDD E, one can always

endow Z with an equivalent norm which makes E a bimonotone FDD for Z.

A sequence (F},) is a blocking of (E,) if there exist 1 =my < my < ---

such that F, = @ !  Ej for all n € N. If (E,) is an FDD for a Banach

J=Mp_
space Z, then the blocking (F},) is an FDD for Z with projection constant
not exceeding that of (E,,).
For any sequence (E,) of finite-dimensional spaces, we let

Coo(@En) = {(zn) tzn € E,VneN, {i eN:z, #0} is ﬁnite}.
n=1

This space is dense in any Banach space for which (E,,) is an FDD.

If Z is a Banach space with FDD (E,,), we let Z*) denote the closure of
coo(P,, E;) in Z*. We call an FDD (E,,) for a Banach space Z shrinking
if Z* = Z™ . It is not necessarily true that the embedding Er — Z* is
isometric unless (E,,) is bimonotone. The norm on E is that induced by Z*,
and not the norm it inherits as the dual of E,,. If (E,) is bimonotone, then
AQIQ 4

An FDD (E,) for a Banach space Z is called boundedly-complete if when-
ever z, € E, and supyey || 320, 2| < o0, then 32°°, 2, converges in Z.
Any space with a boundedly-complete FDD is naturally a dual space.

A sequence (finite or infinite) of finitely supported nonzero vectors (z;)
so that

max suppg zn, < Minsuppg Zn+1
for all appropriate n is called a block sequence with respect to E. When no
confusion is possible, we simply call (z,) a block sequence.
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Throughout, we will through an abuse of notation conflate a basis for
a Banach space (e,) with the corresponding FDD in which each finite-
dimensional space is the span of the corresponding basis vector.

DEFINITION 2.1. If (e,) and (f,,) are sequences in some Banach spaces

and C > 0 is such that
(S < S

for all (a,,) € coo, then we say that (e,,) is C-dominated by (fy), or that (fy)
C-dominates (e,). We say (ey), (fn) are C-equivalent if there exist con-
stants A,B > 0 so that AB < C, (e,) A-dominates (f,), and (f,) B-
dominates (ey,).

We say (fy) dominates (ey,), or (ey,) is dominated by (fy), if there is some
C > 0 so that (f,) C-dominates (ey). We say (e,,) and (f,,) are equivalent if
there exists some C' > 0 so that they are C-equivalent.

DEFINITION 2.2. Let V be a Banach space with normalized, 1-uncondi-
tional basis (v,). Then (v,) is C-right dominant (respectively C-left domi-
nant) if for subsequences (ky,), (In) of N so that k, < I, for each n, (vg,)
is C-dominated by (respectively C-dominates) (v;,). We say (v,) is right
dominant (respectively left dominant) if it is C-right dominant (respectively
C-left dominant) for some C' > 1.

We say that (vy,) is C-block-stable if whenever (zy,), (y,) are normalized
block sequences in V' with

max (suppy (zn) U suppy (¥n)) < min(suppy (rn41) Usuppy (¥n+1)),

then (z,,) and (y,) are C-equivalent. We say (vy,) is block-stable if it is C-
block-stable for some C'.

DEFINITION 2.3. Let Z be a Banach space with an FDD E = (E,,), let
V be a Banach space with a normalized, 1-unconditional basis (vy,), and let
1 < C < o0. We say E satisfies subsequential C-V- upper block estimates
in Z if any normalized block sequence (z,) in Z is C-dominated by (vs,,, ),
where m,, = minsuppg z,. We say E satisfies subsequential C-V-lower block
estimates in Z if any normalized block sequence (z,) C-dominates (e, ). We
say E satisfies subsequential V-upper (respectively lower) block estimates in
Z if there is some C' such that E satisfies C-V-upper (respectively lower)
block estimates in Z.

A standard perturbation argument gives the following, which allows flex-
ibility in choosing the indices for norm estimates of block sequences.

PROPOSITION 2.4. Let V' be a Banach space with normalized, 1-uncondi-
tional basis (vy), and let Z be a Banach space with FDD (E,,) which satisfies
subsequential C-V -upper (respectively lower) block estimates in Z. Then if
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(xn) s a normalized block sequence in E and (ky,) is a subsequence of N with
max supp & < kpt1 < min supp x,41 for all n, then (x,) is C-dominated
by (respectively C-dominates) (v, ).

Next, we define the uncoordinatized version of block estimates, which
was first considered in [12].

DEFINITION 2.5. For [ € N, we define
Ty ={(n,...,n) :n1 <--- <my, n; €N}

and
oo oo
T =1, 71 =Tu
=1 =1

An even tree in a Banach space X is a family (z¢)iereven in X. Sequences
of the form (z(;k))k>ky,_1> Where n € N and t = (k1,...,kon—1) € T, are
called nodes. A sequence of the form (k2,—1, T (... ko)1 With by < ko < -+
is called a branch of the tree. An even tree is called weakly null if every node
is a weakly null sequence. If X is a dual space, an even tree is called w* null
if every node is w* null. If X has an FDD E = (E,,), a tree is called a block
even tree of E if every node is a block sequence of E.

If T C T2 is closed under taking restrictions so that for each t € TU{0}
and for each m € N the set {n € N : (t,m,n) € T} is either empty or infinite,
and if the latter occurs for infinitely many values of m, then we call (x¢)ier
a full subtree. Such a tree can be relabeled to a family indexed by T3y and
the branches of (x¢);c7 are branches of (z)sereven, while the nodes of (¢)ser
are subsequences of the nodes of (x¢)screven.

DEFINITION 2.6. Let V be a Banach space with normalized, 1-uncondi-
tional basis (v,) and C > 1. Let X be an infinite-dimensional Banach space.
We say that X satisfies subsequential C-V-lower tree estimates if every nor-
malized, weakly null even tree (z;)iereven in X has a branch (k2n—1, (g, ... ko))
so that (Z(k, .. ke,))n C-dominates (vg,, ,)n. We say X satisfies subsequen-
tial C-V-upper tree estimates if every normalized, weakly null even tree
(7¢)tereven in X has a branch (kon—1, Tk, k) 50 that (T, ken))n 18
C-dominated by (vg,, ,)-

We say that X satisfies subsequential V-upper (respectively lower) tree
estimates if it satisfies C-V-upper (respectively lower) tree estimates for
some C > 1.

If X is a subspace of a dual space, we say that X satisfies subsequential
C-V-lower w* tree estimates if every w* null even tree (z4)icreven in X has

a branch (2, n,,))52; Which C-dominates (vn,,_, ).

For C' > 1, let Ay (C) be the class of Banach spaces which satisfy sub-
sequential C-V-upper tree estimates, and Ay = (Jos; Av(C). We prove in
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Section 5 that this class has a universal element. That is, it contains an
element into which any other element of this class embeds.

The upper and lower estimates are dual notions in a very natural way.
We make this precise below.

ProposITION 2.7 ([I2, Lemma 3|). If Z is a Banach space with
FDD (E,), and V is a Banach space with normalized, 1-unconditional ba-
sis (vy), then the following are equivalent:

(1) (E,) satisfies subsequential V -upper block estimates in Z.
(2) (E¥) satisfies subsequential V*)-lower block estimates in Z*).

LEMMA 2.8 (|3, Lemma 2.7]). Let X be a Banach space with separable
dual, and let V. = (vy,) be a normalized, 1-unconditional, right dominant
basis. If X satisfies subsequential V -upper tree estimates, then X* satisfies
subsequential V) -lower w* tree estimates.

We will, using established embedding theorems and a particular method
of constructing new Banach spaces with FDDs from old, find spaces with
FDDs with the desired properties. Our usual space for doing so will be the
space ZV.

DEFINITION 2.9. If Z is a Banach space with FDD E = (E,) and V is a
Banach space with normalized, 1-unconditional basis (v,), we define a new

norm on coo(,-; En) by

n
2|l zv = maX{HZ HP[EM_I,m,')ZHZUmFl - 1<mo<---<mp,n, mj€ N}.
=1

We then let ZV be the completion of coo(EDS° ; F,,) under the norm || - || v

Then (E,) is an FDD for ZV with K(F,Z") < K(E, Z). We connect some
properties of the FDD (E,,) for ZV and of the basis (v,,) of V.

PROPOSITION 2.10 ([12, Corollary 7, Lemma 8]). Let V be a Banach space
with a normalized, 1-unconditional basis (vy,), and Z a space with FDD (E,,).

(1) If (vy) is boundedly-complete, then (Ey,) is a boundedly-complete FDD
for ZV.

(2) If (vy) is a shrinking basis for V and (Ey,) is a shrinking FDD for Z,
then (E,) is a shrinking FDD for ZV.

We conclude this section with generalizations of Lemmas 2 and 10
from [12]. The proofs are very similar, but we include them for completeness.
The difference is that we do not assume block stability of (v,,), but only that
(vp,) satisfies lower block estimates in itself. This means that for a normal-
ized block sequence () in V' with min supp x,, = m,, there is some C' > 1
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such that (x,) C-dominates (vy,, ). We will use the following abbreviation. If
M = (m,,) is a subsequence of N, and (v,,) is a basis for the Banach space V/,
we let Vs denote the closed linear span of (vy,,) in V.

LEMMA 2.11. If V is a Banach space with normalized, 1-unconditional
basis (vy) which satisfies subsequential C-V -lower block estimates in itself,
and Z is a space with FDD (E,,), then (E,) satisfies subsequential 2C-V -
lower block estimates in ZV

Proof. Fix a normalized block sequence (z,) in Z" and (a,) € coo. Let

my, = minsupp z,. For each n € N, fix an increasing sequence (kgn))z o of
natural numbers so that
v
(n)

Because the basis (vy,) is bimonotone, we can assume that ky~ < m,
< k:(n) and kl(:) = My1. For each n and 1 < ¢ < ny, put mgn) = k:gn). Put

m(()n) = my,. Then because kl(n) = mgn) for each i > 0, we get
)1 )V
2n = PE

In ln
E _ E
HZ IPE ) oy zallzto || = HZ 187y oy znll 20,
1 ‘V}

Using the triangle inequality and noting that P[
ln
E
2 I oyl 20

1=

k<n) gy Znllz0 )

i—1

Zn,

we see that

1< 2max{||an<n) miyalz |

(n) Zn”ZU (n)

.

Let y, = Zl L ||1PE ) (n))anzv (m - We note that minsupp y,, = m,,.

We have already shown that lynl > 1/2. Let (a;) € coo and let (k;)i_,

be the concatenation of the sequences (m(n))ﬁlo foreach 1 < n < M =

K
max supp(a;). For z = >, anzy,, we get

[oe)
— HZZanHP (n))anz’U ()

n=1i=1

cH;“nW’l””mn vz ch;%”mn v

2l zv > HZHP e P

|5 en],
;nnv

This gives the result. m
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REMARK 2.12. We cannot omit the initial part of the proof above in
(n) (n)

,~ tothe m, . That is, we could not have assumed

which we pass from the &
that l{:(()n) = minsupp 2z, and 1 = HZigl ”P[f(m k<"))Z”HZUk§")1 HV In fact, the
i—17 i—

factor of 2 which occurs above is sharp.

To see this, let V' =R @1 ¢y and let (v,,) denote the natural basis for V.
Then (v,,) is normalized and 1-unconditional. If we let (e,,) denote the canon-
ical ¢g basis, and let z,, = %egn + %62714_1, (zn) is a normalized block sequence
in cg . To see this, observe that

1 1
H||P[1,2n+1)2n||covl + ”P[2n+1,2n+2)2n||cov2n+1HV = 5 + 3 =1
But if 2n < kg < k1 < --- < kj, then
l l 1
HZ ”P[kifhki)znncovki—l v = HZ ||P[ki—1:ki)ZnHCkai—1 i < 9
i=1 i=1

LEMMA 2.13. Let V be a Banach space with normalized, 1-unconditional
basis (vy,) which satisfies subsequential V-lower block estimates in V. If
M = (my,) is a subsequence of N and Z is a space with FDD E = (E,) sat-
isfying subsequential Vs -lower block estimates in Z, then W = Z @ Vi
has an FDD satisfying subsequential V -lower block estimates in W .

Proof. Let C' be such that (v,) satisfies subsequential C-V-lower block
estimates in V and such that E satisfies subsequential C-Vj;-lower block
estimates in Z.

We define an FDD F = (F,,) of W by

{span(vn), n¢ M,

F, =

Ey, n = mg.

Let P and @ be the projections onto Z and Vi, 5y, respectively. Let (z,) be a
normalized block sequence in W, and let b, = minsuppy z,. Let z, = Pz,
Yn = Qzp. Let Ny = {n: z, # 0}, No = {n : y, # 0}. We note that (y,)nen,
is a block sequence in V' with b, < minsuppy yn < bpy+1 for each n € Na.
Applying Proposition 2.4, we get

|2 awl|, = 7| X anllvallon,
neNg neNa

v

Next, we note that (xy,)nen, is a block sequence in E. For n € Ny, let
Pn = minsuppg x,. Unraveling the definition of Vjs-lower block estimates

in Z gives
| 2 ane
neNy

207 S anllznllzvm,,
neNy

v
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We note that, by construction, b, < m,, < b,41. Applying Proposition 2.4
to (Vp, Jnen, and (Vpm,, Jnen, shows that

| > anlealizvm,, || = 7| Y anlizalizen, |

neNy neNy
Letting z = >_°°

n=1

o0 o0
|2 anen. |, < |32 anllanllz + lyalvios, ||,

n=1 n=1
< || X anllaallzvs, |, + | D anllallves, |,

neNy neNs
Z anllynllvve,
neNa

< 2maX{H > anll@allzoe,
€Ny
< 2maX{C2H Z AnTn CH Z AnYn }

= 2maX{C2HPZIIZ, CllQzlv} < 2C’ZHZHW- .

We quote a fact from [3] relating the concept of infinite games to trees and
branches. For more information about these infinite games, see [10]. First we
must recall some of their notation. If X is a Banach space, A C [N x Sx|*,
and € € (0,1), we let

Ac ={(kn,yn) € INXSx]: I(ln, 2p) € A, Uy <k, ||xn—yn|| <£27" ¥Yn € N}.

ApZp, We get

)

o)

In the following proposition, the closure A, is with respect to the product
topology on [N x Sx]“. For it, we also need the following definition.

DEFINITION 2.14. Let E = (E,) be an FDD for a Banach space X and
let § = (8,) with 6, | 0. A sequence (z,,) C Sy is called a §-skipped block
with respect to (Ey) if there exist integers 1 = kg < k1 < -+ so that for all
n €N,

|’P(l;zn,1,kn)yn — Ynl| < On.

PRrROPOSITION 2.15 ([3, Proposition 2.6]). Let X be an infinite-dimen-
stonal closed subspace of a dual space Z with boundedly-complete FDD (E,,).
Let A C [N x Sx]¥. The following are equivalent:

(1) For all ¢ > 0 there exists (K,) C N with K; < Ky < -++, § =
(6n) C (0,1) with 6, L 0 and a blocking F = (F,) of (E,) such
that if (xn) C Sx is a 6-skipped block sequence of (F,) in Z with
|z, — PE | < 6pn for alln € N, where 1 <rg <ry <---, then

(Tn—lyrnl
(Ky, ,,2n) € A-.
2) For all e > 0, every normalized w* null even tree in X has a branch
( " y
mn A..
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3. Schreier families, Schreier spaces. Throughout this section, we
will assume subsets of N are written in increasing order. Let [N]<“ denote
the set of all finite subsets of N, and [N] the set of all infinite subsets of N. We
associate a set F' with the function 1 € {0, 1} and consider this space with
the product topology. We consider the families [N], [N]<“ as being ordered
by extension. That is, the predecessors of an element are its initial segments.
We write £ < F if maxF < min F. We write n < F if n < min F. By
convention, min ) = oo, max () = 0. A family F C [N]<% is called hereditary
if, whenever ¥ € F and F' C F, then F' € F. Note that a hereditary family
is compact if and only if it contains no strictly ascending chains.

Given two (finite or infinite) subsequences (ky), () C N of the same
length, we say (1) is a spread of (k) if k,, < 1,,. We call a family F C [N]<¥
spreading if it contains all spreads of its elements.

We next recall the definitions of the Schreier families. Let

So={{n} :n e N}U{0}.

Next, let a < w;y and assume that Sg has been defined for all ordinals 5 < a.
Let

m
Sa+1:{UEnim§E1<---<Em,En€Sa foralln}.
n=1

If & < wy is a limit ordinal, take a;, so that a, T «. Define
Soe={F:In<FesS,,}

The Schreier families thus defined are compact, hereditary, and spread-
ing. Note that for a a limit ordinal, S, depends upon the choice of the
sequence (ay,). This will not affect the properties of S, relied upon in this
paper.

Recall that cop denotes all finitely nonzero sequences in R. For z = (z,,) €
cop and E € [N]<¥, we define Ex = (xg(n)z,), the projection of x onto E.
For a countable ordinal «, define the norm || - || on cog by

= Ezx|).
|7l = max| Ex])

Here, ||-||1 denotes the £; norm. We let X, be the completion of ¢oy under the
norm || - ||o, and call this space the Schreier space of order a. We note that
the canonical basis (ey,) for cpo becomes a normalized, 1-unconditional basis
for X,. Moreover, since the Schreier families are spreading, X, is 1-right
dominant for each o < wy.

PROPOSITION 3.1. The basis (en) of Xo satisfies subsequential 2-X,-
upper block estimates in itself.

Proof. First, choose sequences (my,), (k,) with m,, < k, < myu41. We
prove that (ep,,) 2-dominates (eg,). Fix (an) € coo. Let @ = Y07 | anem,,,
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Yy =>.02 aney,. Fix E € S, so that ||Eyll1 = ||y|la- Let N ={n: k, € E}
and K ={k,:ne N}, M ={m,:ne N} Then K C E, and K € S,,.
We note that ||Ey|li = ,cn lanl.
If |amin v > 3 >onen an] = 2ylla, let F = {mmpinn}. Otherwise, let

F={mp:neN,n#mnN}.

In the second case, F'is a spread of {k, : n € N, n # max N} C K. We note
that the first case failing means N must have at least two elements, so this
set is nonempty. In either case, F' € S,.

In the first case, | Fz|l1 = |amin n| > 5[|y[la- In the second case,

1 1
IFzllhi=" lan| 2 3 D lanl = Syl

neN neN
n> min N

Thus ||z||a > [|ylla, and we see that (e,,) 2-dominates (ey,, ).

Next, fix any normalized block sequence (x,) C X4. Let minsupp x,
= my,. Fix (a,) € ¢cpo, and choose F € S, so that

o0 oo
HEZanmnH = HZanxn
1 a
n=1 n=1

Let N = {n: ENsuppz, # 0}. For each n € N, choose k,, € E Nsupp zy,.
Then

HZ AnTn

=|E 3 anta = 3 loal 150l
eEN
< Z lan| = HE Z anek, < HZ e, ||

<7H ane <7H ane
<5 | < 2SS awem|,
neN n=1

The space X, is embeddable in C([1,w*"]) [I]. Consequently, X, is co-
saturated for each a < wq, and it easily follows that X, cannot be block-
stable for 0 < «a. This means (e,) cannot satisfy subsequential X,-lower
block estimates in X. For our purposes, however, one-sided estimates will
suffice.

We conclude this section by recalling a theorem of Gasparis from infinite
Ramsey theory.

THEOREM 3.2 ([4]). If F,G C [N|<% are hereditary and N € [N], then
there exists M € [N] so that either

FN[M]|cCcG or GNM]™¥ CF.
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4. Ordinal indices. Let o be an arbitrary set. We let <% denote all
finite sequences in o, including the sequence of length zero, denoted (0).
A tree on o is a nonemptyset subset F C 0<% closed under taking initial
segments. We call a tree hereditary if every subsequence of a member of F
is a member of F.

Ifx=(x1,...,2m) and y = (y1,...,Yn), we denote the concatenation of
x with y by (x,y). If F C 0<% and x € 0<%, then

F(x)={ye€o¥:(x,y) € F}.
If F is a tree on o and F(x) # 0, then F(x) is also a tree on o. If F is
hereditary, so is F(x) and F(x) C F.
If o“ is the set of all (infinite) sequences in o, S C 0%, and F is a tree
on o, we define the S-derivative F§ of F by

Fo={x€ 0¥ :3(y;) € S so that (x,y,) € F for all n}.
We next define higher order derivatives of the tree F:
FY = F,
]:éaﬂ) = (Féa))’s for all a < wy,

féa) = m féﬂ) for a limit ordinal o < wy.
B<a
It is clear that these collections are decreasing with respect to containment
as the ordinal increases, and that F éa) # () is a tree whenever it is nonempty.

We define the S-index of F by Ig(F) = min{a : ]-"éa) = (0} if such an
a < wy exists, and Ig(F) = wy otherwise.

We outline the indices which will be of particular interest to us. If
F C [N]<% is a hereditary family, we can consider it as a hereditary tree
on N. If S is the set of strictly increasing subsequences of N and F is com-
pact and hereditary, then Ig(F) = Ics(F), the Cantor-Bendizson index of
F as a topological space. We note that the Cantor-Bendixson index is a
topological invariant. Moreover, if F,G C [N]<“ are compact, hereditary,
and F C G, then Icp(F) < Icp(G).

If o is any set and S = 0%, then the index Ig(F) is called the order of
the tree F, denoted o(F). We note that, since S is as large as possible, the
order is the largest possible ordinal index. That is, if S’ C ¢ and F is a
tree on o, then Is/(F) < o(F).

Next, we consider the case of a Banach space X and the collection S of
all weakly null sequences in the unit sphere Sx. In this case, for a tree F
on Sx, we denote this index, called the weak index, by Is(F) = L,(F).

Our last example is the block indez. If Z is a Banach space with an FDD
E = (E,), a block tree of (Ey) in Z is a tree F on Sz so that each element
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is a (finite) block sequence of (Ey,). We let S be the set of infinite normalized
block sequences of (E,) in Z. In this case, the S-index of a block tree F,
denoted I, (F), is the block index of F. We note that (E,) is shrinking if
and only if every normalized block sequence is weakly null. This means that
for any block tree F in Sz, Ini(F) < I,(F). In all cases with which we are
concerned, the block index will be with respect to a specified FDD or some
blocking thereof. Since the block index of a tree with respect to one FDD is
the same as that of the same tree with respect to any blocking of that FDD,
there will be no ambiguity.

A set S C 0¥ contains diagonals if every subsequence of a sequence in S
also lies in S and for every sequence (x,) C S, there exist i; < iy < --- in
N so that (xy,) € S, where x,, = (25,);- The sets S used above to give
the Cantor-Bendixson index, the order, and the block index of a tree all
clearly contain diagonals. If X* is a separable Banach space, then the weak
topology on Bx is metrizable and the set of weakly null sequences in Sx
contains diagonals.

Given a tree 7 C [N]<* on N, a family (zr) pe 7\ (g} in o will be considered
as the tree

{(m{ml}wr{ml,mz}v s 7m{m1,...,mk}) 1k >0, {mla .. -7m/€} € ]:}
on o.

With this convention, we can state a special case of a proposition which
has been very useful in computing certain ordinal indices.

PRrROPOSITION 4.1 (|13, Proposition 5]). Let o be an arbitrary set and let
S C o<¥. If S contains diagonals, then for a tree F on o and for a countable
ordinal «, the following are equivalent:

(1) w* < Ig(F).
(2) There is a family (xF)pes,\foy C F so that for all F € S, \MAX(S,),
the sequence (xpu{n})n>maxp isin S.

We need a few more pieces of notation to relay some useful propositions.
If X is a separable Banach space, F C S5, and € = (e,) C (0, 1), we write

Let Z be a Banach space with FDD E = (E,,), and let F be a block tree
of (Ey) in Z. We write X(E, Z) for the set of all finite, normalized block
sequences of (E,,) in Z. For € = (&,) C (0,1), we let

B,Z
Fr? =FZNX(E,Z).
Finally, the compression F of F is
F={Fec N H(Zn)lﬂl € F,F ={minsuppg z, :n=1,...,|F|}}.
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PRrROPOSITION 4.2 (|13, Proposition 6]). Let X C Y be Banach spaces
with separable duals, and let F C S5 be a tree on Sx. Then for all € =
(en) C (0,1) we have L,(FY) < I, (F).

PROPOSITION 4.3 ([13, Proposition 8|). Let Z be a Banach space with
FDD E = (E,). Let F be a hereditary block tree of (Ey) in Z. Then for
all € = (g,) C (0,1) and for all limit ordinals o, if Ibl(]:gE’Z) < a, then
IcB(J%) < .

Next, we have the Bourgain #; index of a Banach space. For a Banach
space X and K > 1, we define

T(X,K) = {(xn) € S5
(zn) is K basic, KH Z GnTn

Similarly, if X has basis (e,), we define Tp(X, K, (e5)) = T(X,
Y((en), X). These are hereditary trees. We define I(X, K) = o(T(X, K)
the order of the tree T'(X, K). We define I,(X, K, (e5,)) = 0
Finally, we define

I(X) = Is(u>p1](X’ K) and Iy(X,(en)) = Ii’i%lb(X? K, (€n)).

Roughly speaking, the index I gives some measure of the complexity of the
finite-dimensional /; structures contained within X. The I index gives some
measure of the complexity of the finite-dimensional ¢; structures contained
within the block basic sequences of X. It is important to note that, in general,
I is distinct from the previously defined block index Iy;. Moreover, by [}
Theorem 3.14|, I(X, (en)) = wy if and only if X contains an isomorphic
copy of /7.

We now recall the Szlenk index of a separable Banach space. Let X be a
separable Banach space, and K a weak™ compact subset of X*. For ¢ > 0,
we define

(K). = {z € K : for all w*-neighborhoods U of z, diam(U N K) > ¢}.
It is easily verified that (K). is also weak* compact. We let
Py(K, ) = K,
P.i1(K,e) = (Py(K,e)).  for a < wy,

P,(K,e) = ﬂ P3(K,e) for a < w1, a a limit ordinal.
B<a

If there exists some « < wy so that P, (K, &) = (), we define

n(K,e) = min{a : P, (K) = 0}.
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Otherwise, we set 1(K, ) = wi. Then we define the Szlenk index of a Banach
space X, denoted Sz(X), to be
Sz(X) = sup n(Bx+,¢€).
e>0
The Szlenk index is one of several slicing indices. The following two facts
come from [16]:

(1) For a Banach space X, Sz(X) < wy if and only if X* is separable,

(2) If X <Y, then Sz(X) < Sz(Y).

The above definition of the index is, in some cases, intractable. A con-
nection between weak indices and the Szlenk index has been very useful in
computations. For this, we will be concerned with a specific type of tree.

For a Banach space X and p € (0, 1], we let

’H;( = {(xn) €Sy HZanxn > pZan Y(ay) C R+}.

Clearly ”Hg( is a hereditary tree on Sx for all p € (0, 1]. We collect two tools
which will facilitate the computation of the Szlenk indices of the Schreier
spaces.

THEOREM 4.4 (I, Theorems 3.22, 4.2]). If X is a Banach space with X*
separable, there exists some ordinal B < wy so that Sz(X) = wB. Moreover,
Sz(X) = sup Iw(Hf).
pe(0,1)

COROLLARY 4.5. Let V' be a Banach space with normalized, 1-uncondi-
tional, shrinking basis (vy,). If Z is a Banach space with shrinking FDD E
which satisfies subsequential V -upper block estimates, then Sz(Z) < Sz(V).

Proof. The proof is a generalization of Proposition 17 of [13].

Let @ < w;y be such that Sz(V) = w®. Assume Sz(Z) > w®. By Theo-
rem 4.4 there exists some p € (0,1] so that I,(#Z) > w®. Then by Propo-
sition 4.1 there exists some normalized tree (zg)pes,\p3 C HZ so that
for each £ € S, \ MAX(Sa), (ZEu{n})n>max £ is weakly null. We can, by
shrinking p and using standard perturbation and pruning arguments, as-
sume that (zg)ges,\(g} 13 a block tree with the added requirement that
each branch is a block sequence. Let C' > 1 be such that F satisfies subse-
quential C-V-upper block estimates in Z. Then (vp,,) is a normalized block
tree, where mp = min supp xg. Because the branches of this tree C' dominate
the branches of the tree (vr)ges,\{0}, (Vmp)Ees.\{0} C /HXC*I'

Moreover, since all nodes are block sequences, mp(,}; — 00 as n — oo if
E € S, \ MAX(S,). Because the basis for V' is shrinking, (vaU{n})n>maxE
is weakly null for such E. But the existence of such a tree, again by Propo-
sition 4.1, means Sz(V) > w®. This is a contradiction, and we have the
result. m
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Now, we make an observation regarding the spaces which will be our
main tools.

PROPOSITION 4.6. For a < wy, Sz(X,) = wt.

Proof. By [1, Theorem 5.5], we know I,(X4, (€,)) = w®l. Then X,
contains no copy of i, or else I(X,) = wj. Since the canonical basis is un-
conditional, this means it must be shrinking. Therefore the tree (eémax ) Ees.,
is such that all nodes are weakly null. Moreover, each branch is of the form
(en)nep for some E € S,. This branch is isometrically l|1E‘, and so this tree
is contained in ’Hf“. By Proposition 4.1, Iw(’H{(“) > we.

Thus we need only show that Sz(X,) < w®"!. If not, there must exist
some p € (0,1] so that Iw(Hg(‘*) > w*tl By standard perturbation argu-
ments, we can assume that there is a block tree (rg)ges, ., \(g} C Hg(ﬁ. This
means that if (x,,) is a branch in the tree and (a,) C RT,

Hzanxn > pzan-

But because (zy,) is a block sequence and the canonical basis for the Schreier
space X, is l-unconditional, this means p~!|| > anzn| > 3 |an| for all
(an) C R. Thus (xE)Eesa+1\{@} C Tb<Xa,p71, (en)) Then

W™ = I(Xa, (en) = Iy(Xa, p ", (€n)) = 0(Sas1) > w .

This is a contradiction, and we get the result. m

5. Proof of main theorems. We include the proof of the first theo-
rem here for completeness. It can be found in [3], where slightly stronger
hypotheses were used.

THEOREM 5.1 (|3, Theorem 1.1]). If V' is a Banach space with normal-
ized, 1-unconditional, shrinking, right dominant basis (v,) which satisfies
subsequential V -upper block estimates in V', and X s a Banach space with
separable dual, then the following are equivalent:

(1) X satisfies subsequential V -upper tree estimates.

(2) X is a quotient of a space Z with Z* separable and Z satisfying
subsequential V -upper tree estimates.

(3) X is a quotient of a space Z with a shrinking FDD satisfying subse-
quential V -upper block estimates.

(4) There exists a w*-w* continuous embedding of X* into Z*, a space
with boundedly-complete FDD (F}) satisfying subsequential V*-lower
block estimates.

(5) X is isomorphic to a subspace of a space with a shrinking FDD sat-
isfying subsequential V -upper block estimates.
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Proof. First, we note that (5)=-(1) and (3)=-(2) are trivial.

(1)=(4). Let D > 1 be such that (v,) is D-right dominant. By the re-
mark preceding Proposition 1 of [12], (v}) is D-left dominant. By [2, Corol-
lary 8|, there exists a space Z with shrinking, bimonotone FDD E = (E,,)
for which there is a quotient map @ : Z — X. The map Q* : X* — Z* is
an into isomorphism. After renorming X if necessary, we can assume that X
has the quotient norm induced by @, and so Q* is an isometric embedding.
By Lemma 2.8, X* satisfies subsequential C-V*-lower w* tree estimates for
some C' > 1. As Q*X™* C Z* is w* closed, we may apply Proposition 2.15
with

A = {(in,zn)p2q € [N x Sg+x+] : (2,) C-dominates (v;,)}
and € > 0 so that
A C {(in,xn) € [N X Sgrx+] : (z5) 2C D-dominates (v;,)}.

This gives sequences (K,) € [N] and 6 = (§,) C (0,1) and a blocking
(F,) of (E}) such that if (z,,) C Sg+x+ and ||z, — PE an < 20, for

(rn—1,"n
some sequence (r,,) € [N], then (K, _,,z,) € A.. Hence, the sequence (zy,)
2C D-dominates (vg, ).

Take a blocking G' = (G,) of (F},) defined by G, = @}, | Fj for
some (m,,) € [N] such that there exists (e,) C Sg+x~ with ||e, — P%ey,| <
dn/2 for all n. In order to continue, we need the following result from [10]
which is based on an argument due to W. B. Johnson [5]. [10, Corollary 4.4]
was stated for reflexive spaces. Here we state it for w* closed subspaces of
dual spaces with a boundedly-complete FDD: The proof is easily seen to
work in this case. Also note that conditions (4) and (5) in 5.2 which were
not stated in [I0] follow easily from the proof there.

PROPOSITION 5.2 ([10, Lemma 4.3, Corollary 4.4]). LetY be a w*-closed
subspace of a dual space Z with boundedly-complete FDD A = (A;,) having
projection constant K. Let 1 = (n,) C (0,1) with n, | 0. Then there ex-
ists (Np)22, € [N] such that the following holds: Given (ky)32, € [N] and
x € Sy, there exists xp, € Y andt, € (N, ,, Nk, ) for alln € N with Ny = 0,
and tg = 0 such that

(1) 2=30%2n

and for all n € N we have

(2) either ||$nH < or ||zn — P(I?n,htn)xn” < 1@,
(3) Hxn - tn 1 tn)x” < T,

(4) llznll < K +1,

(5) 1Pzl < -
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We apply Proposition 5.2 to Y = Q*X*, A = G, and 7j = §, which gives
a sequence (V). We set H,, = @QLN"AH G; for each n € N. To make
notation easier we deduce Vy; = (v}, ) be the subsequence of (v},) defined
by M,, = Koy, -

Fix x € Sg+«x+ and a sequence (k)22 € [N]. The proof of [I2, Theo-
rem 4.1(a)| shows

[o.¢]
HZ IPE lzevhy, HV < AD?C(1 424 +2) +2 + 3A.
n=1

where A = 3>, 6,,. Thus the norms || - ||z« and || - H(Z*)Vztf are equivalent

on Q*X*. As the norm on each H, is unchanged, a coordinatewise null
sequence in Q*X* C Z will still be coordinatewise null in (Z *)Var. Hence the
map Q* : X* — (Z*)Vir is still w*-w* continuous.

We see (Z*)Vm has a boundedly-complete FDD (H,,) which satisfies sub-
sequential Vy,-lower block estimates by Proposition 2.4 and Lemma 2.11.
We can now fill in the FDD as in Lemma 2.13 to get W = (Z*)Va @4 Vi
with FDD (F},). The natural embedding of (Z*)V™ into W is w*-w* contin-
uous. Hence there is a w*-w* continuous embedding of X* into W. Finally,
from the fact that (H,) satisfies subsequential V}-lower block estimates
in (Z*)Var, we deduce that (F},) satisfies subsequential V*-lower block esti-
mates in W.

(4)=-(3). This is clear because if (F}) is a boundedly-complete FDD
of Z*, then (F),) is a shrinking FDD of its predual Z, and a w*-w* con-
tinuous embedding T : X* — Z* must be the adjoint of some quotient
map @ : Z — X. Also, (F) having subsequential V*-lower block estimates
is equivalent to (F},) having subsequential V-upper block estimates by Propo-
sition 2.7.

(3)=(1). Let (F,) be a bimonotone, shrinking FDD which satisfies sub-
sequential B-V-upper block estimates in Z, and @) : Z — X be a quotient
map. Let D be such that (v,) is D-right dominant. There exists C' > 0 such
that Bx C Q(CByz). We will need a lemma from [3].

LEMMA 5.3 (|3, Lemma 3.2]). Let X and Z be Banach spaces, F' = (F},)
a bimonotone FDD for Z, and Q : Z — X be a quotient map. If (x,,) C Sx
is weakly null and Q(CBz) D Bx for some C > 0, then for all ¢ > 0
and n € N, there exists N € N and z € 2CBz such that P 2 = 0 and
1@z — znll <.

Let (z¢)teTeven C Sx be a weakly null even tree in X, and let n € (0,1).
By Lemma 5.3 we may pass to a full subtree (z})jcreven so that there ex-
ists a block tree (z;)iereven C 2CBy such that [|Q(z) — @} < 27! for
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all [ € Nand t = (ky,...,ky) € T Now choose 1 = k; < kg < ---
such that maxsupp z(x,, . k.,) < k2nt+1 < MINSUPD Z(k,, . konso) fOT all n.
Then (z(k,,... ky,)) 18 2BC-dominated by (v,,_, ), and hence (m’(khu_’k%)) is
3BC-dominated by (vg,, ,) provided n was chosen sufficiently small. Finally,
the branch (k%—l’x,(kl,...,kgn)) corresponds to a branch (l2n—1, %, . 1,,)) N
the original tree with k, < [, for all n. Since (v,) is right dominant, it
follows that (z(;,. 1,,)) 18 3BCD-dominated by (vy,,_,). Thus X satisfies
subsequential 3BC D-V -upper tree estimates.

(2)=(1). We assume that X is a quotient of a space Z with separable
dual such that Z satisfies subsequential V-upper tree estimates. By (1)=(3)
applied to Z, Z is a quotient of a space Y with shrinking FDD satisfy-
ing subsequential V-upper block estimates. X is then also a quotient of Y,
so by (3)=(1) we deduce that X satisfies subsequential V-upper tree esti-
mates.

(1)=(5). Our proof will be based on the proof of [I2, Theorem 4.1(b)].
Assume X satisfies V-upper tree estimates. By a theorem from Zippin [17],
we may assume, after renorming X if necessary, that there is a Banach
space Z with a shrinking, bimonotone FDD (F},) and an isometric embedding
i: X — Z. Also, by [2, Corollary 8] there is a Banach space W with shrinking
FDD (E,) and a quotient map @ : W — X. Thus we have a quotient
map ¢* : Z* — X* and an embedding Q* : X* — W*. We can assume,
after renorming W if necessary, that @Q* is an isometric embedding. Note
that (F)), (E}) are boundedly-complete FDDs of Z* and W*, respectively,
and that X™* has the quotient norm induced by ¢*. Let K be the projection
constant of (Ey) in W.

By Lemma 2.8, X* satisfies subsequential C-V*-lower w* tree estimates
for some C' > 1. Choose D > 1 so that (vy,) is D-right dominant. Since Q* X*
is w* closed in W*, we can apply Proposition 2.15 as in (1)=-(4). That is,
after blocking (E}), we can find sequences (K,,) € [N] and 6 = (§,) C (0,1)
with &, | 0 such that if (z},) C Sg«x+ is a 2Kd-skipped block of (E:)

with ||z — PE yZnll < 2K6y for all n, where 1 < ro < 11 < -+,

(Tnf 1,"n

then (v, 1) is 2C D-dominated by (z}) and, moreover, using standard

perturbation arguments and making ¢ smaller if necessary, we can assume
that if (w}) C W* satisfies ||} — w}| < J, for all n, then (w}) is a basic
sequence equivalent to (z) with projection constant at most 2K. We can
also assume A =Y > §, < 7L

Choose a sequence (g,) C (0,1) with €, | 0 and 3K(K +1) Y% &, <42
for all n. After blocking (E}) if necessary, we can assume that for any sub-
sequent blocking (D;) of E* there is a sequence (ey,) in Sg«x+ such that
len — PPey| < e,/2K for all n.
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Using Johnson and Zippin’s blocking lemma [7] we may assume, af-
ter further blocking of our FDDs (E}) and (F)) if necessary, that given
k<1 if 2% € Depy Fr with [[27] < 1, then ||P[?;)Q*Z*Z*H < ¢ and
1P

[lm)Q*i*z*H < €7, and that this holds if one passes to any further block-
ing of (F)¥) and the corresponding blocking of (E}). Note that the hypotheses
of the Johnson—Zippin lemma are not satisfied here, but the proof is seen to
apply since we have boundedly-complete FDDs and the map Q*¢* is w*-w*
continuous.

We now continue as in the proof of [12, Theorem 4.1(b)]. We replace
F* by the quotient space F, = i*(F*). We let Z be the completion of
coo(@ Fy,) with respect to the norm || - || defined in [12] on coo(DS; F)

to be m
L X
17l = max szz (2n)
n=

where Z = > Z,. We obtain a quotient map i: Z — X*. We note that
the results corresponding to [12, Proposition 4.9(b),(c)|] are valid here as
their proof does not require reflexitivity (part (a) is not required, nor valid,

here).
Finally, we find a blocking (G,,) of (Fy,) and a subsequence Vj; = (v7, )

Mmn

)

such that 7 is still a quotient map of ZVar(G) onto X* and it is still w*-w*
continuous (note that (G,) is boundedly-complete in ZVir(G) by Proposi-
tion 2.10). To find suitable G and (m,) we follow the proof of [I2, Theo-
rem 4.1(b)] verbatim. We only need to note that [12, Lemma 4.10] is valid
since we are working with boundedly-complete FDDs and w*-w* continu-
ous maps. Note that G satisfies subsequential V}-lower block estimates in
ZVi1(G) by Lemma 2.11. Again, we fill out the FDD as in Lemma 2.13
to obtain Y = ZVi1(G) @ N with FDD satisfying subsequential V-
lower block estimates in W. Since the corresponding FDDs in the sum are
boundedly-complete, so is the FDD for Y. The quotient map onto Y we have
obtained is therefore the adjoint of an embedding of X into the predual of Y.
By Proposition 2.7, since Y satisfies subsequential V*-lower block estimates,
the predual satisfies subsequential V-upper block estimates.
This completes the proof of Theorem 5.1. u

The following proof is similar to that contained in [3] of a similar state-
ment with the hypothesis of block stability. For completeness, we include a
proof of the more general statement with weaker hypotheses. In it, we make
reference to the class Ay, which was introduced before Proposition 2.7.

THEOREM 5.4 ([3, Corollary 3.3|). Let V' be a Banach space with nor-
malized, 1-unconditional, shrinking, right dominant basis (vy,) which satisfies
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subsequential V -upper block estimates in V. Then the class Ay contains a
uniwersal element Z which has shrinking, bimonotone FDD.

Proof. By a result of Schechtman [I5], there exists a space W with bi-
monotone FDD E = (E,) with the property that any space X with bi-
monotone FDD F = (F},) naturally almost isometrically embeds into W.
Moreover, for any ¢ > 0, there exists a (1 4 ¢)-embedding T : X — W and
(kn) € [N] so that T(F,) = Ej, and >_,°, P is a norm-1 projection of W
onto T'(X).

Since the basis (v};) of V* is boundedly-complete, Proposition 2.10 implies
that the sequence (E}) is a boundedly-complete FDD for the space (W )V",
It follows that (E,) is a shrinking FDD of the space Z = (W®)V")*) and
that Z* = (W)™ We denote by || - [lw, || - e, || - ||z, and || - ||z« the
norms of W, W®), Z and Z*, respectively.

By Lemma 2.11, (E,) satisfies subsequential V*-lower block estimates
in Z*. By Proposition 2.7, (E,) satisfies subsequential V-upper block esti-
mates in Z. This is because Z* = Z*).

If X is any space with separable dual and then subsequential V-upper
tree estimates, then X embeds into a space Y with shrinking, bimonotone
FDD which satisfies subsequential V-upper block estimates. If we prove the
result for Y, this will imply the result for X, so we can assume that X
itself has a shrinking, bimonotone FDD F = (F},) satisfying subsequential
V-upper block estimates. By our choice of W, we can also assume X is
a l-complemented subspace of W and that (F,) = (E}),) for some subse-
quence (k) of N. It suffices to show that the norms || - || and || - ||z are
equivalent on X.

Let C > 1 be chosen so that (Ej ) satisfies subsequential C-V*-lower
block estimates in X*, and (v,) is C-right dominant and satisfies subse-
quential C-V-upper block estimates in V. This means (v}) is C-left dom-
inant and satisfies subsequential C-V*-lower block estimates in V*. Let
w* € coo(P Ey, ). Clearly [[w*|[yy e < [[w*|| 2+

Choose 1 < mg < mq < --- < my so that

l
E*
lwtlize = | D IPE: el -
n=1

By discarding terms from the tuple (my,), we can assume Pff;il W 70
for each n. We must, however, be judicious about choosing how to discard
elements from the tuple, since discarding elements from (m,,) affects which

of the vectors v, occur in the sum above. If an* w* = 0, we delete
n n—1,Mn)

Mp_1, Not my,, from the tuple. This leaves the sum above unchanged. If we

instead delete m,, when Pg: )w* = 0, this may change the value of the

[ n—1,Mn
above norm if (v}) fails to be 1-right dominant.
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*

Choose j1 < --- < j; so that k;, = minsuppg- P[E’Ln—l mn)w*. Then
!
E‘*
lwliz = | D IPE, e, .
n=1
l
E*
< X2 0BG el |
n=1

< CPllw [l

V*

l
F*
= CQHZ 175, @ e v,
n=1

The first inequality comes from the fact that (v}) satisfies subsequential
C-V*-lower block estimates in V* and an application of Proposition 2.4.
The second comes from C-left dominance. The third comes from the fact
that (F}) satisfies subsequential C-V*-lower block estimates in X*.

This proves that | - ||y, and [ - ||z« are equivalent on coo (€D Ej, ). Since

X is 1-complemented in W, X* is 1-complemented in W®). Since don Pkn*

——Z
is still a norm-1 projection from Z* onto coo(€P Ek,) , it follows for any
w e Coo(@ Ek‘n) that

Cwllw < Jlwliz < wlw,
which gives the claim. =

In the following theorem, X, denotes the Schreier space of order «, de-
fined before Proposition 3.1, and (e;) is the unit vector basis of X,.

THEOREM 5.5. Let @ < wy and C > 2. Let Z be a Banach space with
a shrinking, bimonotone FDD (E,), and let X be an infinite-dimensional
closed subspace. If Sz(X) < w® then there exists M = (my,)s2, € [N]

with 1 = mg < my < --- and § = (6,) C (0,1) so that if (x,) is a
normalized §-block sequence of H = (H,,), where H, = @;Z;;n{l E;, with
lxn — [sn—lsn)an < O for some 0 < so < s1 < ---, then (zy) is C-

dominated by (em, ) C Xa-
Proof. Fix 2 < D < C. Choose p € (0,1/3) so that 2(1 — p)~2 < D. Let
Fn = {(1‘]) €S HZ aja:jH > 2p" ! Zaj V(aj) C R+}.

Then F, is a hereditary tree on S5 for each n. Next, for each n, fix &, =
(€in)i2y C (0,1) so that 10) ", &5 < p"*t1 and both functions i,n — &;,,
are decreasing. We note that the requirement that 103, €; , < p" means

(5.0)  (Fa)foe, € {() €55+ | Yz 2 01D lay) c R
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Let G, = X(E,Z)N (]—"n)an This is a hereditary block tree of (E,) in Z.
Let G, be its compression. By Proposition 4.2, I,((Fn)Z ) < Lu((Fu)ie,)-

Because of the containment in (5.1), Theorem 4.4 implies I,((Fn){yz, )
< Sz(X).

Since (Gn)27 € (Fu)é., we have In((Gn)2?) < L((Fa)%,). Since
Sz(X) is a limit ordinal, Proposition 4.3 gives

ICB(gn) < Sz(X) < w™.

Put My = N\ {1}. We note that S, and G; are hereditary trees
on [N]<“. By Theorem 3.2, there exists some M; € [My \ {min My}] so
that either

Sa N [M1]<w C g~1 or g~1 N [M1]<w C Sa.
(1)

If we let M, = (mg)), then the map n — my,’ induces a homeomorphism
between S, and S, N [M;]<¥. Since Icp(Sa) = w® + 1, we cannot have the
first containment. Thus G; N [M;]<% C S,.

Next, assume we have chosen My D My D --- D M; so that min M,, <
min M, 1 for each 1 < n < [ and Gn N [M,]<¥ C S, for each 1 < n <.
Apply Theorem 3.2 again to get a set M;11 € [M;\ {min M;}] so that either

Sa N [M1]™ C Giar or Guyr N [My4]<¥ C S,.

For the same reason as before, the first containment cannot hold. Thus we
have a decreasing sequence (M,,) C [N] so that 1 < min M; < min Ms < -
and G, N [M,]<¥ C S, for each n. We let mg = 1, m,, = min M, and
M = (mp)n>0. Note that (m;);>, C M, for each n.

Fix a sequence § = (J,) C (0,1) so that for each n,

(5.2) 30, < min{epn, p "'},
oo
(5.3) 3 6, <C-D.
n=1
Suppose () is a d-block sequence in the blocked FDD G defined as in
the statement of the theorem using the chosen m,, and 1 < s; < s9 < -+ i8

such that HPG — Zpl|| < 0p. Define

1757n) Tn
H

o P[an,sn)x"

n — T —o -

||P[iflvsn)xn”

It follows from this definition that ||z, — x| < 20,. Let (w,) be a normal-

ized block sequence so that suppy w, C suppy zn, ||zn — wnl < dn, and

minsuppg w, = ms, ;. Then ||z, — wy| < 3J, for each n. From (5.3), it

suffices to prove that (wy) is D-dominated by (em, ) to show that (z) is

C-dominated by (em,, ).
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Fix a = (an) € cpo. Let w* € Sz« be such that w*(> ;" aywy) =
| 300 apwy||. For any F C N, we let ms(F) = {ms, , : n € F}. For
each j, let

) in <, o) <wt(wy) < p71Y,
Yin <j, pl < —w(wy) < 7Y
a):n>j, p <w(w,) < p'
) :
)

I = {n € supp(a
I7 = {n € supp(a
J = {n € supp(
(a) :n>j, p) < —w*(w,) < p/7 '}

€ S, for each j. We note that s,—1 > n,

J. ={n € supp

j a

We will prove that ms(J; JE

which means
ms(leL) = (msn—l)nejji C (mp)n>; C M;.
We will show that (w”)nems(J;L) €g,=X(EZ)N (Fj)gzn. Containment in
Y(E, Z) is clear. For each n € mS(JjJ“),
W (n) > 0 (wn) — W (W — 30) > P — 365 > g1 — I > 2p .

Here, we use the definition of J ;r and the fact that p < 1/3. By the geometric
version of the Hahn—-Banach Theorem, the existence of such a w* € By« is
sufficient to deduce that (z,),.,+ € Fj.

J

Since mian >j,ne J;r,
Hxn - wn” < 36, < En,n < Ejm-
Thus (wn)nerlL is an j-perturbation of (xn)nle, hence (w”)nejj € g;.
This means ms(Jf) € G;. Combining these results yields

ms(J;") € G; N [M;]< C Sa.

A similar argument using —w* shows that ms(J ) € Sq.
We note that

Z anw* (wy) < Pt Z |an| = H Z Unlm,,

neJ; neJ; neJ;
o0
i—1
<> anem.,
n=1

By l-unconditionality, [ax| < [0 anem,,  [lx,. Because ]I;E| < 7, it

follows that
SRRUSEAE) o
ne[

Xo
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Consequently,

Hg“nwn = i > anw*(wy) +§: > anw* (wy)

i=1 pert i=1 el

J=1nel; J=1nel;
oo o0

+ E E apw* (wy) + g g anpw* (wy,)
i=lnest i=lneJ;

DI CRVREZh

oo 2 oo
L1
Xa ijj - (1_p)2HZan6m5n—l

00
<X
- H anemsn—l
n=1
0
= 2” E anem, .
n=1

< DHi an€m,, .
n=1

This implies the desired conclusion. m

X(x

Xo

Proof of Theorem 1.1. Because X has countable Szlenk index, X™* must
be separable. By a theorem of Zippin [I7], X embeds into a space Z with
shrinking, bimonotone FDD FE. By renorming X with an equivalent norm,
we can assume X is isometrically a subspace of Z. Fix C > 2 and take
M = (my)n>0 and 0 given in Theorem 5.5, and let H be the corresponding
blocking.

Take a normalized, weakly null even tree (z)icreven. Put so =1, ky = 1.
Next, assume sg < s1 < --- < §;—1 and n1 < --- < ng;_1 have been chosen
so that

H
||P[5n_1,sn)x(k1,...,k‘gn) - x(kl,...,kzn)H < 5”

for each n < [. Because nodes are weakly null, there exists ko; > koj_1 so
that

HP[Il{Sl—l)x(kl,m,kgl) H < 51-

Next, choose s; > s;_1 so that

H
”P[sl,l,sl)x(k17-~-7k2l) - x(k17-~-7k2l)H < 4.

Finally, choose kg1 > max{ms,, ky }.

We deduce that (k2n—1, T(k,,....ks))nee1 18 C-dominated by (em, ). Since
ms, , < kon—1 and the Schreier spaces are 1-right dominant, the branch
(k2n—1,T (k... .ksy)) is C-dominated by (ex,,_,). Thus X has subsequential
X-upper tree estimates. m

The following corollary proves Theorem 1.2 and Corollary 1.3.
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COROLLARY 5.6. Let a be a countable ordinal. There exists a Banach
space Z with bimonotone, shrinking FDD E which satisfies subsequential
Xo-upper block estimates in Z such that Z is universal for the class
{X : Sz(X) < w*}. Moreover, there exists a Banach space W with a ba-
sis such that Sz(W) < w®t! and W is also universal for this class.

Proof. Let Z be the universal space for the class Ax, guaranteed by The-
orem 5.4, and let E be its FDD. From the proof of Theorem 5.4, we see that
E satisfies subsequential X,-upper block estimates in Z. If X is a Banach
space such that Sz(X) < w®, then X* is separable [16]. By Corollary 5.6,
X satisfies subsequential X,-upper tree estimates. By the definition of Ax,
and choice of Z, X embeds into Z. By Corollary 4.5 and Proposition 4.6,

Sz(Z) < Sz(X,) = wtL.

By [6, Corollary 4.12], there exists a sequence of finite-dimensional spaces
(Hy)sothat if D = (D, Hy)2, then W = Z& D has a basis. Since the FDD
(H,,) satisfies fo-upper block estimates in D, Sz(D) < w [11, Theorem 3].
By [13l Proposition 14|,

Sz(W) = max{Sz(Z),Sz(D)} < w*™. u
REMARK 5.7. We summarize what we have shown. We have established
that if & < wy, then
{X :S2(X) <w*} € Ax, C {X :S2(X) < w1}

The first inclusion comes from Corollary 5.6. The strict inclusion comes by
noting that X, satisfies subsequential X,-upper block estimates but has
Szlenk index w®t!. The second inclusion is a consequence of Corollary 4.5
and Proposition 4.6.

6. Applications

DEFINITION 6.1. For Banach spaces X, Y, we consider X ® Y as a space
of bounded operators from Y™ into X, endowed with the topology induced
by the operator norm. For each expression 22:1 Tp ® Yn, we define

l
(Z Tn & yn) (y*) = Zy*(yn)xm Tn € X, yn €Y, y* S
n=1 n=1

We denote by X ® Y the space of equivalence classes of all such expressions,
where two expressions are equivalent if they determine the same operator.

Since such operators are finite rank, they are compact. Thus the comple-
tion of the injective product, denoted X ®. Y, must be contained within the
compact operators, K(Y*, X).
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It is easy to verify that (Zil:l T @Yn)* = Z,lnzl Yn®xn € Y ® X. Thus,
via adjoints, X ®, Y is isometrically isomorphic to Y ®. X, and the same is
true of the completions. This means that if u € X ®,. Y, then u* € K(X*,Y).

DEFINITION 6.2. A Banach space X is said to have the approzimation
property if, for any C' C X compact and € > 0, there exists a bounded, finite
rank operator 7' : X — X such that ||Tz — z|| < e for all x € C.

If either X or Y has the approximation property, then any element
u € K(X,Y) is the limit of bounded, finite rank operators. Since any
space with an FDD has the approximation property, if F has FDD (E;)
and u € K(X, E) for some Banach space X, then P[E

Lo = U in norm.
PROPOSITION 6.3. Let V' be a Banach space with normalized, 1-uncondi-
tional basis (ey). Let X, E be Banach spaces, E with FDD (E,) satisfying
subsequential C-V -upper block estimates. Let u, : X — E be bounded op-
erators and 1 = ko < k1 < --- < k; natural numbers such that u,(X) C

@fin 1 E;. Then

j:kn—l

l l
[ | < |3 Hunllen,.—,
n=1 n=1

Proof. Let u = Zl up. Take © € Bx. Let N = {n <1:u,(x) #0}. If

n=1
this set is empty, then u(z) = 0. Otherwise, (u,(x))nen is a block sequence

in E. Let m,, = minsupp u,(z). By Proposition 2.4, we see that

l
<D e,
n=1

Since this holds for any x € By, we get the result. n

lu@lz < €[> lun(@)lzek,
neN

DEFINITION 6.4. Let E, F' be Banach spaces with shrinking, bimonotone

FDDs (Ey), (F,,). Then let
H,, = span(E; ®c F;j : max{i,j} =n).

We call this the square blocking.

PROPOSITION 6.5. If W, Z are Banach spaces with FDDs (E,), (Fy),
then (H,) is an FDD for W ®. Z. If (E,), (Fy) are shrinking, so is (H,).

Proof. Let Py = Pf and Qg = Pg denote the projections in F, F,
respectively. Then P : E &, F — H, is defined by P (u) = P[l,n]uQ’["l .
— P pyu@yj ), where Py = Qg = 0. This means P[Ilfn] E®cF — @Y, H;
is given by Pﬁn] (u) = P[l,n]uer,n]'

Since u : F* — E is compact, Pjj ,ju — u in norm as n — oo. More-
over, since u* : E* — I is compact, Q[ u" — u*. But this means that
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uQE‘Ln] — u. So

lu = Py nu@fy | < llu = P gull + 1P nyw — PunuQfy )l
< lu = Panyull + [[u — uQfy Il = 0.

Thus Pﬁ{n] (u) — u. Moreover, if uy, € Hy,, then Pou,Qf — Po_ium@F_4
= OmnlUm. Hence if u = Z;’le U, Um € Hp, then u, = P,u@;, and we
have uniqueness. So (H,,) is an FDD of FE &, F.

The FDD (H,) is shrinking if any sequence (z,) C Bpg p such that
P[Ifn]xn = P[Ln]anan] = 0 is weakly null. A sequence (z,) C E ®, F is
weakly null if and only if for any ¢* € E* and f* € F*, ¢* ® f*(x,) — 0
(Lemma 1.1 of [9]). Here, g* ® f*(x) = ¢*(z(f*)). But

Tn = Pl Q[ ) + P1n)TnQ i, 00) + Flnoo)Tn = P1n)ZnQy 00) T Pln,c0)Tn-
Take f* € F* and g* € E; then

9 (P ®nQ(n,00) /) < g7 Q000 /I = O

because (F),) is shrinking. Thus Pl nmanQ;, o)™ is weakly null in E,
and P[l,n]x"QEkn,oo) is weakly null in £ ®, F. A similar argument shows that
Py 00)®n is weakly null. Thus z,, = P[Ln]:U"Q?n,oo) + Pn,00)Tn is weakly null.
This means that (H,,) is a shrinking FDD. =

LEMMA 6.6. Let V' be a Banach space with normalized, 1-unconditional
basis (vy,). Let W, Z be Banach spaces with shrinking, bimonotone FDDs
(E,), (F,) satisfying subsequential C-V -upper block estimates. Then W @, Z
with FDD (H,) satisfies subsequential 2C-V -upper block estimates.

Proof. Take a normalized sequence (u,) in W ®. Z which is a block

sequence with respect to (H,). Let m, = minsuppu,. Then u, =
E F* _ pE F*
P[l,mn+1)u”P[1,mn+1) and 0 = P[Lmn)unP[l’mn). Let
E F* F*
an = Pl ) Un im0 =0, bn=unPln )

By construction, a, + b, = u, for all n. The bimonotonicity of the FDDs
gives ||an ||, ||bn]] < 1 for each n. Let Ny = {n : a, # 0}, No = {n : b, # 0}.
We note that for n € Na, the adjoint of b, satisfies b;, = P[flmmnﬂ)u; # 0.
Moreover, (an)nen,, (b))nen, satisfy the hypotheses of Proposition 6.3 as
operators from Z* to W and from W* to Z, respectively. This means that
for any (¢,) C R,

|3 cuan
neNy

o
< CHZ QnUm,,
n=1

< CH Z cnllan|lvm,
neNy
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Similarly,

0
H Z cnbnll = H Z enbrll < CHZanvmn
n€Ns n€Ns n=1
Then

0o 0o
HZ Cpliyn || < H Z CnQn|| + H Z cnbp || < QCHZ CnUmn)
n=1 neN1 neN2 n=1

THEOREM 6.7. Let X,Y be nonzero Banach spaces with seprable duals.
If either space has finite-dimension, then Sz(X ®,.Y) = max{Sz(X),Sz(Y)}.
Otherwise, let B < wy be such that max{Sz(X),Sz(Y)} = w’. Then

Sz(X ®. V) < WAL,
If =1 or = aw for some a < wy, then Sz(X &, Y) = wP.

Proof. Since both X and Y embed into X ®. Y, max{Sz(X),Sz(Y)} <
Sz(X ®. Y).

Consider the case that 0 < n = dim X < oo. Then X is isomorphi-
cally ¢7 . This means

n
X®EY:€’;O®€Y:(@Y> .
(o]

=1

By [13], Proposition 14|, (B} Y )se = max{Sz(X),Sz(Y)} = Sz(Y).

Assume both spaces have infinite-dimension. If 8 = 1, then by [I1, The-
orem 3| there exists some ¢ > 1 so that X, Y satisfy subsequential £,-upper
tree estimates. In this case, put V = £,. If § = aw, then by [3] there exists
some ¢ € (0,1) so that X,Y satisfy subsequential T, .-upper tree estimates.
Here, Ty, . is the Tsirelson space of order .. In this case, put V =T, .. If we
are not in one of these two cases, X,Y satisfy subsequential Xg-upper tree
estimates, and we let V = Xg.

By Theorem 1.1, there exist spaces W, Z with shrinking, bimonotone
FDDs FE, F, respectively, which satisfy subsequential V-upper block esti-
mates and so that X, Y embed in W, Z, respectively. Because injective tensor
products respect subspaces, X®.Y < W&, Z. Thus Sz(X®.Y) < Sz(W®.Z).
By Lemma 6.6, W ®, Z satisfies subsequential V-upper block estimates. By
Corollary 4.5, Sz(W ®¢ Z) < Sz(V). Since Sz({,) = w, Sz(Tnc) = w [13,
Proposition 16, and Sz(Xj3) = w’*!, we have the result.
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