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Fractional Hardy inequalities and visibility of the boundary
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Abstract. We prove fractional order Hardy inequalities on open sets under a com-
bined fatness and visibility condition on the boundary. We demonstrate by counterex-
amples that fatness conditions alone are not sufficient for such Hardy inequalities to hold.
In addition, we give a short exposition of various fatness conditions related to our main
result, and apply fractional Hardy inequalities in connection with the boundedness of
extension operators for fractional Sobolev spaces.

1. Introduction. In this paper, we consider the following fractional
(s,p)-Hardy inequalities:
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We say that an open set G C R™ admits an (s,p)-Hardy inequality, for
0<s<1land1<p< oo, if there is a constant ¢ > 0 such that holds
for every u € C§°(G). Throughout the paper, we consider only proper open
subsets G C R”™, and therefore the boundary dG is always non-empty.

One of our starting points is a result of Dyda [5] that a bounded Lipschitz
domain admits an (s, p)-Hardy inequality if and only if sp > 1. This can be
viewed as an analogue of a result of Necas [25], stating that if G is a bounded
Lipschitz domain and 1 < p < oo, then there is ¢ > 0 such that the p- Hardy
inequality

|u(z)”
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holds for all v € C§°(G). For (L.2) it is well understood that the Lipschitz

assumption can be weakened significantly: a canonical sufficient condition is
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that the complement of G is (1, p)-uniformly fat; we refer here to the works
of Lewis [22] and Wannebo [28]. On the other hand, it follows easily from
the ideas in [9] and [I3] that if the complement of an open set G is (s, p)-
uniformly fat, then a ‘global’ version of the (s,p)-Hardy inequality (L.1),
namely

|u(z)[” u(z) — uly)?
1. — " dr < luir) = v\y)

holds for every u € C3°(G); here we understand that functions in C§°(G)
are extended by 0 outside G (see Section [6] for more details).

The main objective of the present work is to examine how much the Lip-
schitz condition can be relaxed without losing the ‘localization’ in inequal-
ity . In other words, we aim to determine what kind of assumptions on
G allow for the restriction of the integration on the right-hand side of (1.3])
to the set G x G. Based on a comparison with the p-Hardy inequality ,
a natural first candidate for such a condition would be the complement of G
being (s, p)-uniformly fat. However, already the example of Dyda [5, §2] gives
an open set G whose complement is (s, p)-uniformly fat for all 1 < p < oo
and 0 < s < 1, but where (s, p)-Hardy inequalities fail if sp < 1. In fact, one
can simply take G to be the unit ball of R™, or any other bounded Lipschitz
domain. Notice that in this case the boundary of G is locally (s, p)-uniformly
fat only when sp > 1. Hence one could ask if it is sufficient for inequality
that the boundary is (locally) (s, p)-uniformly fat. Again, it turns out that
the answer is negative, at least in the range 0 < sp < 1, as we provide in Sec-
tion [b|examples of open sets whose boundaries are (locally) (s, p)-uniformly
fat, but which still fail to admit (s, p)-Hardy inequalities.

The obstruction in our examples is that even though the boundary is
uniformly fat, most of it is not ‘visible’ from within the set. Hence it seems
that a right way to generalize the result of Dyda [5] beyond Lipschitz domains
is to apply conditions which combine both fatness and the geometry of the
boundary. In our main result, Theorem{.1} we follow [17] and use a local visual
boundary condition given in terms of John curves. An illustrative consequence
of Theorem is the following sufficient condition for uniform domains.

COROLLARY 1.4. Let0 < s <1 and1l < p < oo be such that 0 < sp < n.
Assume that G C R™ is a (bounded) uniform domain with a (locally) (s,p)-
uniformly fat boundary. Then G admits an (s, p)-Hardy inequality.

Besides bounded Lipschitz domains (for sp > 1) and domains above the
graphs of Lipschitz functions (also considered by Dyda [5]), Corollary
covers, for instance, the domain G C R? bounded by the usual von Koch
snowflake curve of Hausdorff dimension A\ = log4/log 3, or in fact, any do-
main inside an analogous curve of any dimension A € (1,2). It is indeed
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well known that these domains are uniform. Moreover, the boundary of
such a domain G is a A-regular set, and therefore the boundary is locally
(s,p)-uniformly fat for sp > 2 — A (cf. Proposition [3.15)). It then follows
from Corollary that G admits an (s,p)-Hardy inequality if (and only
if) sp > 2 — A. (For the converse, we refer to [5, §2] and the estimates in
Section ) Nevertheless, without going into the details in this section, we
mention that Theorem can be applied to far more general open sets
than just uniform domains. Let us also remark that in the recent paper [§],
related fractional Hardy inequalities are studied using different methods.
One consequence of the general framework in [§] is that in Corollary
the assumption that G is uniform can actually be replaced by a plumpness
condition for G. On the other hand, our Theorem can be applied to
many non-plump cases in which the results in [§] do not apply directly, for
instance to domains having outer cusps.

Fractional Hardy inequalities, and their generalizations, have been en-
joying a reasonable amount of interest during the last few years. One of the
reasons for this is that they can be used to deliver spectral information on
the generators of the so-called censored stable processes; see e.g. [5], and the
references therein, for more details. In addition to the aforementioned re-
sults and references, Loss and Sloane [23] established fractional Hardy type
inequalities with sharp constants, but they used different distance functions
on the left-hand side of . However, in a convex domain G their dis-
tance functions are majorized by dist(z, dG), and thus one obtains sharp
fractional inequalities for convex domains. Dyda and Frank [7] further
improved the results of Loss and Sloane to the so-called fractional Hardy—
Sobolev—Mazya inequalities. See also [2, [6] L0} 11], 26] for related results. For
one-dimensional fractional Hardy inequalities we refer to [18, Chapter 5] and
the references therein. In the present paper, we restrict ourselves to the case
where the boundary of G is ‘thick’, for instance in the sense of the uniform
fatness condition. On the other hand, it is well known that Hardy inequal-
ities, in general, can be valid also when the boundary (or the complement)
is ‘thin’ enough. For fractional Hardy inequalities, the thin case has been
examined systematically in [I4] §]; the work of Dyda [5] contains some par-
ticular instances of thin complements as well.

The outline of the rest of the paper is as follows: In Section [2| we pro-
vide definitions, notation, and other basic tools; for instance, the definition
of uniform fatness, based on Riesz capacities, and the different John and
uniformity conditions related to the visibility can be found there. Section
contains comparison results for various density conditions. In particular, we
relate conditions given in terms of capacities (as in uniform fatness) to con-
ditions for Hausdorff contents. Our main result, Theorem is stated and
proved in Section[d The proof is based on a combination of ‘pointwise Hardy’
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techniques developed in [I7, [15, 2I] and maximal function arguments, simi-
lar to those in [9,[13]. In Section[5] we construct the counterexamples showing
that (s, p)-uniform fatness of the boundary 0G does not suffice for G to ad-
mit an (s, p)-Hardy inequality. We close the paper in Section @] with some
applications and additional results related to the extension of functions in
the fractional Sobolev space W*P(G) and to the removability of sets with
respect to (s, p)-Hardy inequalities.

2. Notation and preliminaries

2.1. Basic notation and Whitney cubes. We follow the standard
convention that the letters C' and ¢ denote positive constants whose values
are not necessarily the same at each occurrence. If there exist constants
c1,co > 0 such that ¢; a < b < cga, we sometimes write a ~ b and say that
a and b are comparable.

When E C R", the characteristic function of F is denoted by xg, the
boundary of E is written as OF, and |E| is the n-dimensional Lebesgue
measure of E. The complement of a set G C R" is denoted by G¢. The
integral average of a locally integrable function f over a bounded set E with
a positive measure is written as

fo=1fdz = % | £ da.
P Bl
The support of a function f: R™ — R is denoted by spt(f), and it is the
closure of the set {z : f(z) # 0} in R™. If u is a Borel measure in R,
the support of i, denoted by spt(u), is the smallest closed set E such that
uw(R™\ E) = 0.

The open ball centered at x € R™ and of radius » > 0 is denoted by
B(z,r), and @ always denotes a cube in R" with sides parallel to the coor-
dinate axes; we write xg for the center of the cube @ and ¢(Q) for its side
length. For L > 0, we write LQ for the dilated cube with side length L{(Q)
and center zq.

The family of closed dyadic cubes is denoted by D, and Dj is the family
of dyadic cubes of side length 277, j € Z. For a proper open set G, we fix
its Whitney decomposition W = W(G) C D, and write

W, = Wj(G) =W(G)N D;

for j € Z. Recall that G = Ugey () @ and each Whitney cube @ € W(G)
satisfies

(2.1) diam(Q) < dist(Q, 0G) < 4diam(Q).

For the construction and other properties of Whitney cubes we refer to [27,
VIL.1].
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2.2. Riesz potentials and uniform fatness. The Riesz s-potentials,
0 < s < n, of a measurable function f and a Borel measure p on R™ are
given by, respectively,

T f(z) = S ‘xf(j‘l_sdy and Zsu(z) = S

R" R

1

—du(y).
|z —y["s wv)

If 0 < sp<mnand 1< p< oo, the (s,p)-outer capacity of a set E in R™ is
Rsp(E) = inf{[[f||D: f > 0and Zsf > 1 on E}.

Following [22], we say that a set E is locally (s,p)-uniformly fat for 0 < sp

<mn, 1l < p< oo, if there exist positive constants rg and o such that

(2.2) R ,(B(xz,r)NE) > or"

for every x € E and 0 < r < 7. If inequality (2.2)) holds for every z € E
and every r > 0, we say that E is (s, p)-uniformly fat.

2.3. Hausdorff measures and regular sets. The A-Hausdorff content
of a set £ C R" is

HA(E) = inf{z N EC U B(xi,ri), i > 0},
=1 =1

where we may assume that x; € FE, since this increases the infimum at
most by a constant factor. Moreover, as is easily seen, we may allow finite
coverings in the infimum above. The A\-Hausdorff measure is denoted by H*;
for the definition we refer to [24, §4]. Recall that the Hausdorff dimension
of E is the number

dimy (E) = inf{\ > 0 : HA(E) = 0} = inf{\ > 0: H*(E) = 0}.

Let 0 < A < n. A closed set E C R™ is said to be an (Ahlfors) \-regular
set, or sometimes simply a A-set, if there is a constant C' > 1 such that
(2.3) O~ <HMB(z,r) N E) < O
for every x € F and all 0 < r < diam(FE).

2.4. John domains and visual boundary. We say that a domain
(an open and connected set) G C R™ is a c¢-John domain, ¢ > 1, with
center point zo, if for every x € G there exists a curve (called a John curve)
v:[0,¢] — G, parametrized by arc length, such that v(0) = z, v(¢) = xo,
and

(2.4) dist(v(t), 0G) > 1t
for each t € [0,/]. If G is a c-John domain with center point zg, then
(2.5) G C B(xg, ¢ dist(zg, 0Q));

in particular, G is bounded. Also, if G is a c-John domain, then for each
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w € OG there is a curve 7: [0,¢] — G U {w} joining w to zy and satisfying
. We say in this case, too, that ~ joins w to zg in G.

When G C R" is an open set, z € GG, and ¢ > 1 is a constant, we define
a subdomain G, . by

Gee = U {U C G : U is a ¢-John domain with center point z}.

Then clearly 0 # Gz C G and G is also a c-John domain with center
point z. Following [17], we say that the set

NEG == 0G N Gy,
is the c-visual boundary of G near x.

A domain G C R" is a uniform domain if there is a constant C' > 1 such
that each pair of points x,y € G can be joined by a curve 7: [0,/] — G,
parametrized by arc length, such that ¢ < Clz — y| and dist(z,0G) >
&min{|z — |, |z — y|} for each z € 7. Every bounded uniform domain
is also a ¢-John domain for some ¢ > 1.

3. Comparison results. In this expository section, we study the con-
nections between uniform fatness and thickness conditions formulated in
terms of Hausdorff contents; thereby we clarify the relations of the condi-
tions which commonly appear in connection with our main theorem.

More precisely, in our main result, Theorem we assume that the
visual boundary is uniformly large near each point z € G, in the sense of
the A\-Hausdorff content for an appropriate exponent A > 0, namely

(3.1) Ho (0¥5G) > Cp dist(x, 0G)*,
where Cy > 0 and ¢ > 1 are independent of x. A closely related condition is

the inner boundary density condition with an exponent A, which is satisfied
by an open set G C R"™ if there exists a constant C' > 0 such that

(3.2) H2, (G N B(z, 2dist(z,0G))) > C dist(z, 0G)*

for all x € G (cf. [19]).

Our main assumption (3.1)) is stronger than the inner boundary density
condition (3.2) with the same exponent A. Indeed, one may apply relation
(2.5) and the observation that an open set G C R™ satisfies condition (3.1])
if and only if for each = € G there exists some c-John domain U, C G, with
center point x, such that

HA(OU, N OG) > Cy dist(z, dG) .
On the other hand, there is a wide class of domains for which a converse is
true as well. For instance, a uniform domain G satisfies condition (3.1)) if and
only if G satisfies condition (3.2)). In fact, for uniform domains the visual
boundary near x coincides with the boundary (near z), as the following
adaptation of [I7, Proposition 4.3] shows.
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PRrROPOSITION 3.3. Assume that G C R™ is a uniform domain. Then
there exists a constant ¢ > 1, depending only on n and the constant in the
uniformity condition for G, such that for oll x € G,

9G N B(z,2dist(z, 0G)) C 9¥5G.

The inner boundary density condition is satisfied with an exponent
A > n — sp, e.g. in the case of a (bounded) open set with a (locally) (s, p)-
uniformly fat boundary, where 1 < p < oo and 0 < sp < n. This fact is
a consequence of Proposition below. Nevertheless, we remark that the
fatness of the boundary is not necessary for either of the conditions ([3.1)
and to hold, as domains with outward cusps show.

More generally, the following Theorem gives a precise connection
between the inner boundary density condition and the uniform fatness of
the complement of an open set; as indicated, the case 0 < sp < 1 is of
particular interest. The theorem mostly restates, and also slightly extends,
some of the results obtained in [19].

THEOREM 3.4. Let 1 < p < oo and 0 < sp < n, and consider the
following conditions for an open set G C R™:

(1) the complement G¢ is (s, p)-uniformly fat;

(2) there exist n — sp < A < n and C > 0 such that, for all r > 0 and
for every x € G, HA,(B(z,7) N G®) > Cr?;

(3) G satisfies (3.2) with an exponent n — sp < A < n.

Then conditions (1) and (2) are (quantitatively) equivalent, and condition
(3) implies (1) and (2). Moreover, for sp > 1, all of the conditions (1)—(3)
are equivalent; here the assumption sp > 1 cannot be relaxed in general.

Proof. The equivalence (1)< (2) is a consequence of Propositions
and proved in Sections [3.1] and [3.2] below. We remark that these propo-
sitions are most likely known to experts, and they are based on ideas in
[1, §5], but we include some details for completeness.

The implication (3)=(2) is proved in [19, pp. 2197-2198]. Furthermore,
if sp > 1, then the converse implication follows by a careful inspection of
the proofs in [19]; note that in [I9] the claims are formulated for domains,
but they actually hold for all open sets. The ball G = B(0,1) serves as
a counterexample, showing that the assumption sp > 1 is necessary for
the implication (2)=-(3) to hold in general (recall that OG has Hausdorff
dimension n — 1, hence HA,(0G) =0ifn—1< A< n). =

3.1. Uniform fatness implies thickness. (By ‘thickness’ we refer to
density in terms of Hausdorff contents; see condition (2) in Theorem (3.4])

We begin with an easy bound for Riesz capacities in terms of Hausdorff
contents:



54 L. Thnatsyeva et al.

LEMMA 3.5. If 1 < p < 0o and 0 < sp < n, then there is a constant
C > 0 such that Rs,(E) < CHos P (E) for all sets E C R™.

Proof. Let E C |J, Bi, where B; = B(x;,r;) with z; € R", r; > 0. By
the monotonicity and the subadditivity of the Riesz capacity, we have

Rsp(E) < Rp (U Bz’) < ZRS,p(Bz‘).

Since R, p(B;) < Cr;~°F for all balls [I, Proposition 5.1.2], the claim follows
by taking the infimum over all such covers of E. u

The following deep theorem from [22] states that local uniform fatness
of closed sets is a self-improving property.

THEOREM 3.6. Let 0 < sp<mn and 1 < p < oo. Assume that E C R" is
closed and locally (s, p)-uniformly fat (with constant o > 0). Then there are
constants €,01 > 0, depending only on s,p,n, o, such that Rg ;(B(z,7)NE)
> 011" P9 whenever x € E, 0 <1 < 1, and sp — e < 3q < sp.

In other words, a closed and locally (s, p)-uniformly fat set E' is actually
(B, q)-locally uniformly fat also for sp — e < B¢ < sp. Since the constants
and o7 in the formulation of Theorem are independent of the parameter
ro, we see that uniform fatness of closed sets is self-improving as well. With
the help of the self-improvement we obtain the following proposition, which
yields in particular the implication (1)=-(2) of Theorem [3.4

PROPOSITION 3.7. Letl < p < oo and 0 < sp < n. Assume that E C R™
is closed and (s, p)-uniformly fat. Then there exist n—sp < A <mn and C >0
such that \

HA (B(z,r) N E) > Cr*
for every x € E and for all v > 0.

Proof. By the self-improvement, there is 1 < ¢ < p such that E is
(s, q)-uniformly fat. It follows from the definition of (s, ¢)-uniform fatness
and Lemma [3.5] that

" < o7 Ry o(B(x,r) N E) < CHY*Y(B(x,7) N E)
for every x € E and all » > 0. Hence the claim follows with A = n — sq >
n—sp. m

Note that if E is locally (s, p)-uniformly fat, then the claim of Proposi-
tion [3.7 holds for all 0 < r < ry.

3.2. Thickness implies uniform fatness. Suppose £ C R", 1 < p
< 00, and 0 < sp < n. As in [24], M(E) denotes the set of Radon measures
with compact support satisfying spt(x) C E and 0 < u(R™) < co. Below we
use the following variant of Frostman’s lemma from [24) Theorem 8.8] (see
also [3]).
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LEMMA 3.8. Let E be a Borel set in R™ and let A > 0. Then HME) > 0
if and only if there exists u € M(E) such that u(B(z,r)) < r for all
x € R" and r > 0. Moreover, we can find u such that u(E) > C, H)(E)
where Cp, > 0 depends only on n.

The Wolff potential of a measure p € M(R™) at y € R™ is

o0 p/—l
cu oy [ M(B(y,t) dt ;D
Ws,p(y) - (SJ < tn—sp t ) p = p— *1.
By Wolff’s inequality, there is ¢ > 0 such that
(3.9) sup ((E) < cRp(E),

where the supremum is taken over u € M(E) satisfying W£,(y) < 1 for all
y € R™
REMARK 3.10. Although inequality (3.9) is well known and widely used,
it is worthwhile to sketch a proof. Here it is convenient to use a dual defini-
tion for the Riesz capacity of a compact set K C FE, statement (A) in [22]
p. 177]:
R, ,(K) = sup{v(K)?: spt(v) C K and || Zsv||,y < 1}.

Let u € M(FE) be a measure such that W¥,(y) < 1 for every y € R™
Write K = spt(u). By Wolff’s inequality [I, Theorem 4.5.4], there is A > 0,
depending on s, p, and n, such that
(3.11) VI Zopl do = § (Zop)” do < A | WE, dp < Ap(K).
R® R” R"

Define v := AP (K)=Y" jy € M(K). By (3.11)), the measure v is admis-
sible for the dual definition of capacity. Since K C F, we have

Rop(B) = Ryp(K) = v(K)P = A7/ y(K) /7 W(K P = A~/7 u(E).
Taking the supremum over measures p yields inequality (3.9) with the im-
plied constant AP/’

The following proposition shows that thickness implies uniform fatness;
in particular, (2)=-(1) holds in Theorem[3.4] For a closely related comparison
theorem, see [1, Corollary 5.1.14].

PROPOSITION 3.12. Let s,p, A be such that 1 < p < 0o, 0 < sp <n, and
n—sp<A<n. Let E CR" be a Borel set such that for a constant o > 0,

(3.13) WA (B(z,r) N E) > or
forallz € E andr > 0. Then E is (s,p)-uniformly fat.
Proof. Let x € E, r > 0, and let
Ey, = B(z,r)NE.
By condition , we find that H*(E,,) > 0. Frostman’s Lemma
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yields a measure i € M(E,,) satisfying fi(B(y,t)) < t* for each y € R®
and ¢t > 0. Moreover,

(3.14) ﬁ(Ex,r) > CnHéo(Ew,r)y

where C), > 0 depends only on n.
Now, for a fixed y € R"™, we write

W&@:{ﬂﬁﬁ<mm%my“”?:A+g
o

{n—sp

We first estimate term A using the properties of the Frostman measure p:
~ —1 _ i
A= § M p @ < §t(>‘_”+8p)(p’—1)_1 g — 7“()‘ n+sp)(p'—1)
0 tn—sp t 70 ()\—n+sp)(p/_1)

Next, term B is considered. We begin with a preliminary observation: for
yeR"and t > 0,

A(B(y,t)) = f(B(y,t) N B(x,r)) < fi(B(x,r)) < .

This follows from the fact that i is supported inside E,, C B(z,r). Thus
we obtain

o A(p'=1)+(sp—n)(p'—1 A—n—+sp)(p'—1
B < 0D [ lp-m@' =11 gy T R s N S S
- ; (n—sp)(P —=1)  (n—sp)( —1)

The above estimates show that Wsﬁp(y) = A+ B < wrPntsn)' 1) where
the positive constant x depends on n, s, p, and A.
Define pu:= =Y #'=Dpn=sp=A Then pe M(E,,) and, for every y€R",

stfp(y) - IQ_IT(n_Sp_)\)(p/_l)ng(y) <1.
Hence, by assumption and inequalities and ,
or* <HA(Err) < CUU(E,,) < cCglfil/(p/fl)r/\fnJrSpRS,p(Ew«).
After a simplification of the exponents we find that
Cormspt P < Rsp(Eypy) = Rsp(B(z,7r)NE). u

Note again that if the thickness condition (3.13)) holds for all x € F and
every 0 < r < rg, then E is locally (s, p)-uniformly fat.

3.3. M-regular sets and uniform fatness. The following result re-
lating A-regular sets and uniform fatness is useful from the viewpoint of
applications.

ProroSITION 3.15. Let s,p, A be such that 1 < p < 00, 0 < sp < n,
andn—sp < A<n.If E CR" is an unbounded A-reqular set, then E 1is
(s,p)-uniformly fat. On the other hand, if E C R"™ is a bounded \-regular
set, then E is locally (s, p)-uniformly fat.
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Proof. Let us consider the unbounded case; the bounded case is similar.
Let x € E, r > 0, and let E,, = B(x,7/2) N E. Since A-regular sets are
closed (by definition), the set E,, is compact, and we may consider the
measure

p= H/\|Ez,r€ M(Ear,r)‘
For the last relation, we refer to [24], p. 57]. By the regularity condition ,
for each y € R™ and for all 0 < ¢ < r we have

A(B(y,1)) < Ct,
and moreover i(R") = fi(E,,) =~ r*. Hence, proceeding as in the proof of
Proposition [3.12] we obtain
" < R p(Epy) < cRsp(B(z,7) N E).

This concludes the proof, as x € F and r > 0 are arbitrary. =

4. Main theorem. The following sufficient condition for fractional
Hardy inequalities is the main result of this paper.

THEOREM 4.1. Let 0 < s <1 and 1 < p < oo satisfy 0 < sp < n, and
let G C R™ be an open set. Assume that there exist n — sp < A < n and
Co >0, c>1 such that

(4.2) Ho (O¥5G) > Cop dist(z, 0G)*
for all x € G. Then G admits an (s, p)-Hardy inequality.

The proof of Theorem is based upon a general scheme, built in [9,
13|, in combination with visual boundary and pointwise Hardy techniques,
developed in [I7, 15, 21]. For the application of the latter in the present
setting, we need the following fractional Poincaré-type inequalities:

LEMMA 4.3. Let Q be a cube in R™, n > 2, and let p,q € [1,00), B €
(0,1), and 1/q—1/p < B/n. Then the following fractional (p,q, B)-Poincaré
inequality holds for every u € L1(Q):

o u(z) — u(y)|? p/q
(o) ~ ugldu < ciQp v/ ([ § =R 0y )
Q QQ y

Here the constant ¢ > 0 is independent of Q and wu.

Regarding the proof of Lemma [4.3] in the Sobolev—Poincaré case p > ¢
we apply scaling and translation invariance, and thereby reduce to the unit
cube [—1/2,1/2]". For the unit cube, the claim follows from [12, Remark
4.14]. If p < q, we apply the previous case and Holder’s inequality.

The following key estimate yields a connection between the size of the
visual boundary and the double integrals appearing on the right-hand sides
of the fractional Hardy inequalities.
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LEMMA 4.4. Let G C R™ be an open set. Assume that 0 < § < 1,
1<g<oo,andn—LFqg <X <n. Fixc>1andlet Q € W(G). Then
there exist constants L = L(c,n) > 1 and C = C(n,c,\,q,5) > 0 (both
independent of Q) such that

(15) A gl < cu@ | § MO uw,
LQNG LONG |z =yl
for every u € C§°(G).

Proof. Throughout the proof, C' denotes a positive constant, whose value
may change from one occurrence to another, and which depends at most on
n, ¢, A\, ¢, and 5.

Let v € C§°(G). If Jug| = 0, the claim is trivial, and thus we may assume
lug| # 0. Moreover, by homogeneity, we may assume |ug| = 1 (otherwise
just consider the function v = u/Jug|).

Let w € 8;:’5’ .G, and let v be a c-John curve connecting w to the center
point zg in Gy, C G. We construct a chain of W(G)-cubes C(Q,w) =
(Qo, Q1, - ..) joining Qy = Q to w as follows. First, let us set tyg = ¢, where
7€) = zq. Then, in the inductive stage, if cubes Qo, ..., Q; and numbers
to, .- .,t; have been chosen, we let 0 < t;41 < t; be the smallest number for
which ~(t;+1) belongs to a cube ' € W(G) which intersects @Q;. We set
Qi+1 = Q'. Then, by the construction, v(¢;) € Q; and (t), for 0 < t < t;41,
does not belong to any cube Q” € W(G) intersecting @);. In particular,

Iv(ti) = v(tiv1)| > €(Qi)/5,
since, by (2-1), £(Q;)/5 < £(Q") for all such cubes Q”. By the arc-length
parametrization of v we thus obtain

(46) i~ tir = () — A(tie) > 6Q0)/5  for all i > 0.
Next we show that
(4.7) lim ug, = u(w) = 0.
Z-}OO

To this end, for ¢ > 0 we first estimate

(4.8) diam(Q;) < dist(Qs,0G) < |y(t:) — w| = |y(t:) —v(0)]
< t; < edist(y(t;), 0G) < bediam(Q;).

By inequalities and , we find that
ti — tiv1 = £(Qi)/5 > ti/(25¢v/n),

where C(n,c) = (25¢y/n)~! € (0,1), and thus

(4.9) t; < (1— C(n, )ty —= 0.

To conclude the proof of (4.7)), it suffices to observe that Q; C GN B(w, 3t;);
indeed, by the arc-length parametrization of 7 and estimate (4.8)) we obtain,
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for every y € Q;,
ly —w| <y - ’Y(ti)| + [y(t:) = 7(0)] < diam(Q;) + t; < 2t; < 3t;.
Observe also that (4.9)) implies

(4.10) Zﬁ Qi) < Zt‘s OZ 1—C(n,e)? < C(n, e, 6)0(Qo)°

for any § > O.

Let Q;,Qi+1 be two consecutive cubes in the chain C(Q,w). By con-
struction, these are two intersecting Whitney cubes. Let us first assume
that £(Q;) > ¢(Qi+1). Then both cubes are contained in 3Q); and their mea-
sures are comparable, with a constant depending on n only. Note also that
by we have int(3Q);) C G. By the fractional (1, g, 5)-Poincaré inequality

for cubes (Lemma [4.3)),
(4'11) |uQi - uQi+1‘ < |uQi - u3Qi’ + |u3Qi - U’Qi+1|
< ORI | Ju(z) — usg,| de
3Q:

1/q
\B/n—1 |u(z) — u(y)|?
< C13Qul°/ /q< || )
3Qi 3Q:

In the case of ¢(Q;) < ¢(Qit+1), we have the same estimate but with 3Q;4+1
on the last line. Since u(w) = 0 and |ug| = 1, it follows from (4.7)) that

(4.12) 1= |u(w) —ug| < Z lug, — UQ2‘+1|
i=0
> . u(z) — u(y)d 1a
<oy uqurn( | § Ml )
i=0 3Q: 3Q; Y

Comparison of the sums in (4.10) and (4.12)) leads to the observation
that, for each é > 0, there exists an index 4,, > 0 such that

€Qi)\’ \B=n/a fu(z) —u@)? o\
(aar) =en@) <3QS3Q§ e )

We now choose § = (A —n+ 3q)/q > 0, and so, writing @Q;, = Q., we have
found a cube Q,, € C(Q,w) satisfying

A A—n+Bq |lu(x) —u(y)|? "
(4.13) HQu)* < CUQ) 3C§w%§w e —yptoa W

Next we claim that 3Q,, C LQ, where L = L(c,n) = 30cy/n > 1. Indeed,
if y € 3Qy, then inequalities (4.8) and the arc-length parametrization of ~y
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imply that
[y —zql < ly —v(ti,)| + [V(ti,) — 7(to)]
< diam(3Qy,) + to — ti, < 3ty < 15cdiam(Q) = 30cv/n 4(Q)/2
and hence 3Q,, C LQ. Analogous estimates also show that
(4.14) w € By := B(zq,,pl(Qw)) and 3Q., C B,,

where p = p(c,n) = 11ey/n > 0.
We can now finish the proof. Since a cube as in (4.13) exists for each

w € 8;’5 .G, we may use the 5r-covering lemma and compactness to cover
the set 9¥is G with balls 5Buy,;, j = 1,..., N, in such a way that the balls

ZEQ (&
Bj = By, are pairwise disjoint and 8;"5 cG C U _,5B;.

Let us write Q7 = Qu,- Now estimate and the pairwise disjointness
(since 3Q7 C B;) of the cubes 3Q7, satisfying int(3Q7) € LQ NG, lead to

N
(4.15) ML .G) Z Bpl(@)) < C Y U@

J=1

=z

ZZ(Q))"”W‘? S S lu(x) —u(y)|? dy d

=i 501 300 |z — y|n+Ba

e R N A O
3Q7 LQNG

IN
Q

A
Q
=

Il
—

J

A—n+B8q [u(x) —u(y)|?
< CUQ) Voo pree el L
LONG LQNG
As we have assumed |ug| = 1, the claim follows from (4.15). m
The next lemma, essentially [13, Lemma 3.4], is also needed in the proof
of Theorem For completeness, we include a proof. Notice that inequal-
ity (4.17) is not a direct consequence of Holder’s inequality, since the cubes

LQ need not have bounded overlap if L is large; this is indeed the case in
our applications.

LEMMA 4.16. Assume that G C R™ is an open set, n > 2. If 1 < k < ©
and L > 1, then, for every g € L*(R™ x R™),

(417 3 1QP(§ § et yldydz) < | | lg@ )l dyda,
QeEW(G) LQLQ R" Rn
where the constant C > 0 only depends on n and k.

Proof. Throughout this proof, we write m = 2n. Recall that the (non-
centered) maximal function (with respect to cubes) of a locally integrable
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function f: R™ — [—o0,00] is

M (x) = sup § |f(y)] dy,
zeP P
where the supremum is taken over all cubes P in R™ containing x € R™.

Rewriting the left-hand side of inequality (4.17)) and using the definition
of the maximal function at the point (z,w) € LQ x LQ = P C R™, we
obtain

> 1QP(§ § low.v)ldydr)”

QEW(G) LQLQ
= 3§ xe@xe)(§ § loty)ldydz)” dwa
QEW(G) R™ R™ LQ LQ
< > 1§ xe@)xe(w)(Mg(z,w)" dwdz
QeEW(G) R R"
< | {My(z,w))" dw dz.
GG

The boundedness of the maximal operator M on L"(R™) yields the claim. m
We are now ready to prove our main result:

Proof of Theorem[{.1 Fix a number g € [1, p) such that 8 = n(1/p—1/q)
+s€(0,s) and
(4.18) n—A<pg<sp, 0<1l/q—1/p<p/n.

Let Q@ € W(G), and let L > 1 be as in Lemma We first claim that

(419)  Jlu@) de < C[§ju(@) - gl do + Q| [ugl?|
Q Q

_ q p/q
< C|Q|1+pﬂ/n_p/q< S S —]u(:n) :S_yﬁ)‘ dy dx) .
LONG LONG | =yl
For the term SQ]u(x) — ugl|P dz, the second inequality in (4.19) is a con-
sequence of the (p,q,3)-Poincaré inequality of Lemma On the other

hand, for |Q]|ug|P the inequality follows from Lemma Indeed, by the
assumption (4.2)) on the visual boundary and inequality (4.5]), we have

0Q) ug|? < CHLL(BYS .G)|ugl?

TQ,C

A—n+B lu(z) — u(y)|?
<cu} P || T —gr e
LQNG LQNG



62 L. Thnatsyeva et al.

and so
_ q p/q
QUi < cigrrmrn( || O g
LONG LONG |~y

proving (4.19)).
Now property (2.1) of Whitney cubes and inequality (4.19) imply

_ fu@)P
. < —sp p
(4.20) S dlst(x aG S dx Qewg(G) diam (@ CS)|u(sc)| dx

<0 Yl (1P § g gty dydr)"

QEW(G) LQLQ
<C Z |Q‘1+p5/n+p/‘1*sp/n( S_ S_ g(x,y) Cly d:l,‘)p/q,
QEW(G) LQLQ

where we have written

o) = xalonen) LI,

By the choice of 3 we see that, in the last line of (4.20)),

1+ pB/n+p/q—sp/n=2,
and thus Lemma applied to the above function g with k = p/q > 1,
shows together with estimate that
|u(z)|” |u(z) — u(y)[?
édist(x,@G)sde < Cﬂgnﬂgng(x,y)p/qdyda: < C§;§;|y|n+spd x dy.
Note that above we have also used the identity p(n + 8q)/q = n + sp to
obtain the correct exponent in the denominator. =

The following corollary is a consequence of Theorem and Proposi-

tion [3.31

COROLLARY 4.21. Let 0 < s < 1l and 1 < p < oo satisfy 0 < sp < n.
Assume that G C R™ is a uniform domain and that there existn—sp < A <n
and C > 0 such that

(4.22) H (B(z, 2dist(z, 0G)) N G) > C dist(z, 0G)*
for all x € G. Then G admits an (s, p)-Hardy inequality.

Observe that Corollary stated in the Introduction, is now a conse-
quence of Corollary and Proposition We also refer to the discussion
at the beginning of Section

We conclude this section with a partial relaxation of the visual boundary
condition of Theorem The following modification of Lemma [£.4] shows
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that we do not need to assume the visibility of the boundary with respect
to cubes @ € W(G) if the measure of G° N LQ) is zero.

LEMMA 4.23. Let G C R™ be an open set and assume that 0 < 8 < 1,
1<g<oo,andn—LFqg<X<n. Fizc>1andlet Q € W(G). Assume
that L > 1 and |G N LQ| = 0. Then there exists C = C(n,c,\,q,(3,L) > 0,
independent of @), such that

— q
(4.24)  HYL(OGNLQ)|ugl? < Cce@)r 0 | | % dy da
LONG LONG |~y
for every u € C§°(G).

Proof. Let us indicate here the main differences compared to the proof of
Lemma[4.4] For w € 90GNLQ we can now consider, instead of the John-type
chain C(Q,w), a chain C(Q,w) = {Qo,Q1,...} of cubes, where Qy = Q,
Q1 =LQ, we Qi1 C Q; for every i > 1, and £(Qi+1) = £(Q;)/2 for every
i > 1. Estimate (but with the integrals taken over @;) is a simple
consequence of the (1, ¢, 5)-Poincaré inequality for cubes, and thus we find
from the chain C(Q,w) a cube Q, as in ([L.13) (note that here the constant
depends on L). We can now choose disjoint cubes Q; = Q,,, such that the
dilated cubes 5Q); cover the set G N L@, and thus we deduce, just as in the
proof of Lemma [£.4] that

N
(4.25)  HL(OGNLQ) <CY 6Q;)
=1
JN u(z) — u(y)|
S (0B _ dyd
< ;1(@) ég v —ypein W
il [u(z) — u(y)|
C Y A—n+Bq dyd
< ; (Q) C§LSQ |z — y|ntha v
CUQ) lulz) ~uly)l* ) 4
=1 LSQLSQ o —yprra Y
<cr@Pn || [u@) = u@®)I? )
LQNG LQNG @ — y|n P

The last line above follows from the assumption |G° N LQ| =0. =

REMARK 4.26. Let G C R™ be an open set and assume that there exist
0<A<mn,¢>1,L>1,and C > 0 such that for every Q@ € W(G) (at
least) one of the following conditions holds:

(a) HL(0)5 .G) = CUQ)™N

zQ,C

(b) |G N LQ| = 0 and HA, (3G N LQ) > CL(Q).
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Then we can use either Lemma or Lemma to get estimate (4.19)
in the proof of Theorem [4.1 and we conclude that such an open set G

admits (s, p)-Hardy inequalities for all 1 < p < oo and 0 < s < 1 satisfying
n—A<sp<n.

Note that in the case |G| = 0, where we can use (b) for every cube @ in
W(G), the same conclusion also follows from Theorem and Theorem
below.

5. Counterexamples in the plane. In this section, we show that
(s, p)-uniform fatness of the boundary 0G is not sufficient for G to admit an
(s, p)-Hardy inequality. Similar examples exist in higher dimensions as well,
but, for the sake of clarity, we confine ourselves here to the planar case. Let
us formulate this as a theorem:

THEOREM 5.1. Let 1 <p < oo and 0 < s <1 be such that 0 < sp < 1.
Then there exists an open set G C R? whose boundary is (s, p)-uniformly fat,
but which does not admit (s, p)-Hardy inequalities. In addition, there exists a
bounded domain G' C R?, with a locally (s, p)-uniformly fat boundary, such
that G' does not admit (s, p)-Hardy inequalities.

We base our constructions on the examples in [5], but we need significant
modifications in order to adapt them for our purposes. To clarify this, let
1 <p<ooand 0 < s <1 besuch that sp < 1. Then the domain

Geore . — (_17 1)2 C ]R2
does not admit an (s,p)-Hardy inequality (we refer to [5] or the proof of
Proposition . Albeit the complement of G*¢ is (s, p)-uniformly fat, this
counterexample does not suffice for the proof of Theorem as the bound-
ary of G is still too ‘thin’: it is (s, p)-uniformly fat only for sp > 1, exactly
the same range for which the set G admits (s, p)-Hardy inequalities.

We give two possible ways to address this problem: In the first one, given
in Sections[5.1H5.4] we place a fat Cantor set—one with positive measure—in
each of the Whitney cubes in W(R? \ G®). This is done in a quantitative
manner, ensuring that (s, p)-Hardy inequalities still remain false. The con-
struction yields an open set G whose boundary is an unbounded 2-regular
set, and consequently, by Proposition the boundary 0G is indeed (s, p)-
uniformly fat, thus proving the first claim in Theorem [5.1

The second method is developed in Sections There we consider
localized examples, and the resulting sets G are even domains. However, in
those examples much more care must be taken in the choices of test functions
and in the related calculations.

5.1. Outline of the first example. The construction consists of two
steps. In the first step we construct a John domain G’ satisfying the
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following conditions:

(A) there is a constant C' > 0 such that for any m € N, the boundary
IG " can be covered by using at most Cm?2~*P balls in the family
{B(z,1/(2m)) : x € 0G*"°};

(B) §geore dist(x, 0G™) =P da = oo;

(C) HGeore — a(R2 \ Gvcore) and |8Gcore’ — O;

(D) the following ‘co-plumpness’ condition is satisfied for some 7 in
(0,1): for each z € R?\ G and each r > 2dist(z, 90G®), there
is Q € W(R?\ G®) such that |Q| > nr? and Q C B(x,r).

Conditions (A) and (B) are taken from [5], and they imply that G does
not admit an (s, p)-Hardy inequality. The other two conditions (C) and (D)
are technical, required in the second step of the construction. In the case
of sp = 1, we may begin our construction with G := (—1,1)2. For the
remaining case 0 < sp < 1, we refer to Section [5.2]

In the second step, we construct an open set G C R? with the following
properties:

(1) Gcoro C G;

(2) oGeere — 8G,

(3) Z;o:—oo 2J8p EQEWJ (RQ\Gcore) |Q N G| < OO,
(4) OG is (s,p)-uniformly fat.

The construction is given in Section Let us now show that a set G
satisfying (1)—(4) indeed gives a desired counterexample:

PROPOSITION 5.2. Suppose that an open set G satisfies conditions
(1)=(3) above. Then G does not admit an (s, p)-Hardy inequality.

Proof. We use test functions u,, € C§°(G"®) with m > 1 large enough,
defined by

Um = P8m * X{zecGeore: dist(x,0G°re)>3/(8m)}s

where ¢, = m%p(mz) and ¢ € C$°(B(0,1)) is a non-negative bump func-
tion, with {pdz = 1. Some of the computations in [5] are invoked in what
follows, and actually the only properties we explicitly need for the functions
Uy, are that 0 < wu,, < 1 for all m, and that they converge pointwise to
XGeore monotonically, i.e. umt1 > Uy, for all m.

By conditions (1), (2), and (B),

_mL gy >
dist(z, 0G)» " = Gcsm dist(z, DGore)»

G
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Hence, it suffices to show that the following integrals are uniformly bounded
in m:

[ !um’(xx)_—y’grs(py)\ dy dz

:{ [ ] +2 [ }'um($)_um(y)|pdydx.

—_ |2+sp
(Gcore (jcore G\Gcore (Gcore |£L‘ y|

GG

The integral over the set G x G°°™ is uniformly bounded in m; we refer to
[5, pp. 577-578] for a computation which relies on the covering property (A).
Hence, it suffices to estimate the second integral,

Sm = S S |z — y| 2o dy d
G\Gcore (Gcore

SOV R I

J==00 QeW; (R2\Geore) GNQ Geoe

here we have used condition (C), which ensures that 9G® has zero measure.
Again by (C), for every x € GNQ C R*\ G (with Q as in the summation
above) and y € G,

|z —y| > dist(z, 0G™) = dist(x, I(R? \ G°™)) > diam(Q) > 277.

Since the test functions u,, are bounded by 1, we may integrate in polar
coordinates in order to see that

Y Y aw

j=—00 QEW; (R2\Geore) GNQ R2\B(z,277)

< Z QJsp Z IGNQ| < .

j=—00  QeW;(R2\Geore)
The last step follows from condition (3). =

5.2. Construction of G**. Let 1 < p < oo and 0 < s < 1 be such
that sp < 1. We construct a domain satisfying properties (A)-(D) from
the beginning of Section Let A = 2 — sp and let G°°™ be a snowflake
domain, which is a co-plump John domain whose boundary E := G is a
A-regular set and satisfies E = O(R?\ G°). The usual von Koch snowflake,
illustrated in Figure 1, has dimension A\ = log4/log 3, but the construction
can be modified to obtain a set E of any dimension A € (1,2) (see for
instance [16, Sect. 2]). In particular, E has zero Lebesgue measure. Thus,
conditions (C) and (D) are satisfied by the construction.

In order to verify the remaining two conditions (A) and (B), we use
ideas from [20, Lemma 2.1]. Fix 0 < r < 1/5 and consider the family
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Fig. 1. The usual von Koch snowflake

Fr = {B(x,r) : * € E}. By the 5r-covering lemma, there are pairwise
disjoint balls BY, ..., By € JF, such that £ C Uf\;ﬁ 5B . By the A-regularity
condition (2.3) and the pairwise disjointness of the balls B, we have

Ny
HNE) <) HM6B] N E) < C5*N,r?
=1

Ny
< C** Y HNB; N E) < C*5*HA\(E),

i=1
and hence C;r~* < N, < Cyr—?, where the positive constants C; and Cs
do not depend on r, in particular N, ~ r~*. As a consequence, we obtain
the covering property (A) for G,

It remains to verify condition (B). By denoting
E, = {x € G : dist(z, E) <1},

we have

S dist(z, E)) 2 dx

Gcore 0 00
= S {z € G : dist(x, E)/\fz >t} dt = S |Ep /-2 dt.
0 0

Thus, for the last condition, it suffices to show that, for some C' > 0 inde-
pendent of r,

(5.3) |E.| >Cr¥>,  re(0,1/5).

We can deduce this estimate as follows. First observe that, by the John
property of G, there is a constant C' such that |B] N G| > C|B]|.
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Hence, by the pairwise disjointness of the balls B,

Ny Ny
Bl = | B NG| =3 1B NG
=1 =1

Ny Nr.
> C'Z |Bj| = CZT‘2 = CN,r% > Cr2,
i=1 i=1

and we conclude that property (B) holds, i.e. { coe dist(z, E) P dz = oc.

5.3. Fat Cantor sets. We construct next an auxiliary compact set
K; = K;(Q;) C Q;. Here Q; C R? is a given closed cube with £(Q;) =277,
J € Z, and the construction is parametrized by a given sequence {€; i }r>0
of real numbers in (0,1/2) such that Y .~ &, r < 1/2.

We construct cubes @ ., with common side length /;, where m €
{1,...,4%} is used to index the cubes of generation k& > 0. Let Qjo1 = Q;
and define £; = 277. At the inductive stage, we are given k£ > 0 and the
cubes Q; k.m whose side lengths are €(Q; km) = ljr, m=1,... ,4%. Each of
these cubes is partitioned into five sets: the union of two overlapping perpen-
dicular rectangles, both similar to [0, £; ] x (0, €} %) and having midpoint
TQ; i and four similar closed cubes of side length £; 11 = (1 — &5 x)l;x/2.
The resulting 471 ‘generation k + 1’ cubes are denoted by Qjk+1m, m =
1,...,4F1: je., we fix an ordering for these cubes. For an illustration, we
refer to Figure 2. It is immediate from the construction that

(5.4) Cin)d < ligpr < lir/2 and €0 <287F0 0 it K > k.
We define compact sets Ko D K1 D --- D K; by setting

4k
Kik = Qirm»  Kj =) Ejn-
m=1 k>0
The following ‘quantitative Lebesgue density theorem’ for K; will be useful
on several occasions.

Fig. 2. We have removed two rectangles from a closed cube Qjx,m. The four closed
subcubes belong to generation k + 1, and they are denoted by Qj k+1,mys---s @j,k+1,my
for some {m1,...,mas} € {1,..., 4"},
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LEMMA 5.5. Suppose that k > 0 and m € {1,...,4F} are fized. Then
oo
(5.6) 1K 0 Qe = |Qjike,ml] (1 -3 2€j,k'>-
k'=k

Proof. Since |K; N Qjkm| = limp o0 |Kj i N Qjk,m|, it suffices to prove

the inequality

K -1
(5.7 Ko 0 Qikml = Qiknl (1= Y 2250 ), K 20,

K=k
Let us observe that K i N Qjkm O Kk N Qjkm = Qjjm for 0 <k < k;
hence, inequality holds for these values of £’. In the inductive stage,
we assume for some k' > k. Then, by construction, K N Q;km is a
union of 4¥ =% cubes, each of which produces four ‘generation &’ 4+ 1’ cubes
after removal of a set (which is a union of two perpendicular rectangles)
whose area is strictly bounded by

2
26510 1y < 28517 |Qyie,ml

In the last step above, we have applied (5.4]). By the induction assumption,
the area of K /41 N Q;km is bounded from below by

4k—k’

(K'+1)—1
Kk 0 Qjgeom| = 4% 225 0| Qjm 4" > | Qi m] (1 - > 251”“”)'
k' =k
The proof of inequality (5.7 is complete. m

REMARK 5.8. A consequence of Lemma [5.5]is the following. For every
z € K; and every radius 0 < r < 10v/2 - 277,

[Bla,r) NG| = r2(10v2) 72 (1= 3 220).
k'=0

(The factor 104/2 is not special, but chosen for our convenience.) In order
to verify this, we choose k > 0 such that ¢; /4 < r/(10/2) < ¢; . This is
possible by inequalities . Then we fix an index m in such a way that
T € Qjkm- Now Q; k.m C B(x,r), and the claim follows from inequality
by obvious estimates.

5.4. The construction of G. Finally, we construct an open set G with
properties (1)—(4) stated in Section Recall that we have at our disposal
a (bounded) John domain G satisfying conditions (A)—(D) stated in Sec-
tion 5.1}

We choose a sequence {¢;};cz, €j € (0,1/2), such that

(5.9) i £;27%P > Q| < .

j:—oo QEWJ (R2 \écore)
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This is possible since G°°™ is bounded, and hence the inner sum is finite for
each j. Then, we let € := 5j2_k/4 for each j € Z and k > 0. Observe, in
particular, that

[ee]
(5.10) Y eiw=¢e/2<1/4, jEL
k'=0
Define a closed set that is parametrized by {€; 1} and has no interior points,

K :=0G*“" U U{x :x € K;(Q) for some Q € W;(R*\ G°™) and j € Z}.

Here the compact sets K;(Q) are as defined in Section Observe that
it is important to include the boundary of G in the union above, as
otherwise K would not be closed. Finally, we define the desired open set to
be G := R?\ K. Note that G = K since the closed set K does not contain
any interior points.

The proof of the first claim in Theorem is finished by using Proposi-
tion and the following result.

PROPOSITION 5.11. The open set G = R?\ K satisfies conditions (1)—(4).

Proof. By construction, conditions (1) and (2) are satisfied. Let us con-
sider (3). Observe that [Q NG| = |Q\ K;(Q)] if Q@ € W;(R?\ G°*°). Hence,
by Lemma (recall that Qj01 = Q; = @ there),

S N jenas Yo Y IQ\kZO?m'.
) /=

j=—00  Qew;(R2\Geore) j=—00  QEW;(R2\Geore
Condition (3) follows from this by using inequalities (5.10) and (5.9). In
order to verify condition (4), it suffices to show that 0G = K is an un-
bounded 2-regular set. Indeed, Proposition then implies that 0G is
(s, p)-uniformly fat.

For a fixed x € K and 0 < r < 0o, we have either (a) or (b) below:

(a): dist_(x,(?Gcore) < r/2. By co-plumpness, condition (D), there is @
in W(R? \ G®) such that |Q| > nr? and Q C B(x,r). By Lemma and
inequality ((5.10)),

|B(z,r) N K| > |K;(Q)] = r*n/2.

(b): 7/2 < dist(z,0G™). In this case, z € K;(Q) C Q for @ in
W;(R? \ G™¢), j € Z. Thus, by condition (C) and properties of Whitney
cubes, - '

r/2 < dist(z, O(R? \ G°°™)) < 5diam(Q) = 5v/2 - 277,
As a conclusion < 10y/2-277, and so, by Remark and inequality (5.10)),
|B(w,r) N K| > |B(e,r) N K;(Q)] = r*(10v2) 7% /2.
This concludes the proof of condition (4). =
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5.5. A local construction. A drawback of the open set G = R? \ K
in the previous construction is that G is not connected. In the following
Subsections [5.6| and we indicate alternative counterexamples where G is
indeed a domain, thus showing that the disconnectedness is not an issue in
the failure of the (s, p)-Hardy inequalities in the construction of Section
The examples in Sections 5.6 and [5.7] are based on the use of ‘localized’ test
functions constructed in the present subsection. Again, the examples are
given only for the planar case, but similar constructions can be carried out,
for 0 < sp < 1 (corresponding to n — 1 < A < n), in higher dimensions as
well.

For 1 < A < 2, let K\ C {(x1,72) € R? : 25 > 0} be a A-dimensional
von Koch-type snowflake curve joining the points (—3,0) and (3,0) in the
plane. For instance, when A\ = 1, we simply have the interval from (—3,0) to
(3,0), and the von Koch snowflake curve in Figure 1 is obtained by joining
together three copies of the curve K, with A = log 4/log 3, to create a closed
curve.

Let G C R? be any domain such that

Ky =9GN ([-3,3] x [0,3])

and [—3,3] x [0,—1] C G¢; note that by the connectedness of G, also the
set bounded by K and the interval from (—3,0) to (3,0) belongs to G°.
We demonstrate below that such a domain G cannot admit (s,p)-Hardy
inequalities when sp = 2 — A. This is not yet enough to produce the desired
counterexamples, but in Sections and we explain how to modify
these domains so as to obtain a proof for the second claim in Theorem
Nevertheless, the construction below is also of independent interest. In par-
ticular, when G is chosen to be the upper half-space, with A = 1, we see
that the case (T3) of Theorem 1.1 in [5] is sharp: G is the domain above the
graph of a Lipschitz function R"~! — R, and G does not admit (s, p)-Hardy
inequalities when sp = 1.
For j,m € N, we define

Nj = {CL’ S [—1, 1] X [0, 2] : 273' < diSt(w,GC) < 27j+1}7

A = {2 € [-1,1] x [0,2] : 27 < dist(z, G°) < 1} = | J N,
j=1
E, ={x€[-2,2] x[0,2]: 0 < dist(x,G°) <27}
We choose functions u,, € C§°(G) such that:

(1) up =11in Ap;

(2) um = 0 outside [—2,2] x [0, 2];

(3) 0 < uy, <1 everywhere;

(4) |[Vuny| < 2™ everywhere and |[Vuy,| < cin G\ Ey,.
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Let 1 <p < ooand 0 < s <1 be such that sp =2 — A. Since u,;, =1 in A4,
and |N;| >~ 271(A=2) by the )\—regularity of KA, it follows that

|um (2 A—2
12 ~ ) " 9i(A=2)gisp —
(5.12) S dlSt(ﬂ? (‘3G w002 Z S dist(z 8G)3P dv = Z -

Hence, it suffices to show that the right-hand side of the (s,p)-Hardy
inequality remains uniformly bounded in m. We do this using arguments
similar to those in Dyda’s example [5], but due to the local nature of our
example, we have additional terms to estimate in our calculations. First, we
observe that

[ U (2) —y;ﬁ(py)\ de dy

GG |

_ P
< {2§ f+ 1 }'“m(:”) Zfs(y” dz dy =: 21, + .
GEm G\Em G\Enm o —y[Ter

By the A-regularity of the snowflake curves, it is easy to see that E,, C

Nm, — —m+1 J—

= ) - 9 ) - m =
Uiy Bi, where By, = B(xy,2 ) for some z € Ky, and N = N,, <
2’ Thus, we obtain

|t () — um(y) [P
S |x—y|2+5p dr dy

-

k=1G By

o N p
CZZ S S | m|(x)_y|2Tsiy)‘ da dy.

£=0 k’=1 f+1)Bk\£Bk By,

IN

Using property (4) of the functions wu,,, the terms for £ = 0 and ¢ = 1 in the
above sum are bounded by
N

Z S S 2 P|x_y‘p dxdy<z S S 2MP |z — y|P72 7P dx dy

| y|2+sp
k=12By, By k=12By, B(y,2—m+3)
N
< CZ ‘Bklgﬁwz—m(p—sp) < Amog—2mompg—m(p—sp) < ¢
k=1
recall here that sp =2 — \. For £ = 2,3, ..., we have

N
Z S S [um () — um(y) [P dz dy

- |z — y[*Tsp
k=1 (¢+1)B}\¢By, B

N
1
<eY [+ 1)By \ By - \BHW
k=1
1
< M2 2T By, |22 He) e

< c2m()\7272+2+sp)€f(1+sp) <cl (1+sp)'
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Since sp > 0, it follows that

oo N [e'S)
|um($) - um(y) ’p —(1+sp)
ey S f (RO <er St <
£=0 k=1 ({+1)By\¢{By B (=2

Let us now estimate the integral Io. We write
Q= (22 x 0.2)\ En) NG, Q= (([-3,3] x [0,3) \ En) NG.

Then, with simple manipulations and the fact that u,, = 0 outside of the
set [—2,2] x [0, 2], we find

U () — U (y)|P
n= | § ol g,
G\En G\Enm
|um(x) B um(y)‘p .
< { S S + 2 S S } ‘x—y‘Q"'Sp dx dy =: Is1 + 2159.
Q3. Q% Q% G\(Q},UER)

By the properties of snowflake curves, the set @3 is quasiconvex; that
is, each pair z,y € Q2, can be joined by a curve Yoy C Q3 such that
length(7) < ¢l — y|. Thus |um(x) — um(y)| < clz — y| for all z,y € Q2, by
property (4) of the functions u,,, and so

_ylP
Iy <c S S |J/ii‘zlrspda:alySc S S |z —y[P~2"*Pdedy < c.
e 7Y Q3 B(y,10)
Finally,
|tm (@) — um(y)[”

(5.13) I = S S PR dz dy

Q% G\(Q%UEm)

1
< S S |z — y[2Fep drdy < c,

Q7. G\B(y,1)
where we have also used the fact that [—3,3] x [0, —1] C G°. By the above
calculations we conclude that, indeed,

— p
|z — y[>FP
GG

where the constant C' > 0 is independent of m. Consequently, G cannot
admit (s, p)-Hardy inequalities for sp =2 — A.

5.6. Local counterexample for sp = 1. Let us now consider a domain
G C R? such that G = G\ K, where G is a snowflake domain with
dimy (0G™) = X € (1,2) (cf. Section and K is a fat Cantor set (cf.
Section[5.3) placed inside G in such a way that dist(K, dG") > ¢y > 0.
Then the boundary of G is locally (s, p)-uniformly fat whenever sp > 2 — A,
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and so in particular for sp = 1, but we will show that G cannot admit
(s,p)-Hardy inequalities when sp = 1.

For simplicity, we may assume that K = K(Qq) with Qo = [0,1] x [0, 1],
as constructed in Section , and that dist(K, 9G™) > 1. For each k > 0,
let Qr = Qo,k,m be the kth level cube in the construction of K (with side
length ¢, = €y ,) satisfying (0,1) € Q. The idea is to place above each Q)
a scaled copy of a suitable function wu,,, m = m(k), from Section with
A = 1. More precisely, the cube [0, ¢] % [1,1+ ¢} /2] corresponds now to the
cube [—3, 3] x [0, 3]; the line segment from (0, 1) to (0+ ¢k, 1) corresponds to
K7 of Section and the functions w,, are scaled accordingly. If 27 > ¢,
where e, = g gives the relative width of the ‘corridor’ in the (k + 1)th
level of the construction of K, then estimate , when applied to these
scaled copies of uy, in [0, ;] x [1,1 4 £/2], yields

‘um(m)‘p 2—sp
(5.14) édist(x, 9G) dr > cly ""m.
Notice, however, that for a fixed k this estimate is not true when m — oo,
since then also the small corridors in @ \ K influence the factor dist(z, 0G)
in the integral.

The terms on the right-hand side of the (s, p)-Hardy inequality are also
scaled by the factor of Ezfsp . Estimates for the integrals corresponding to Iy
and I»; from Section |5.5|are valid as such, and thus these terms are bounded
by c@i_Sp . However, in estimate for the integral Ios we have used the
fact that [—3,3] x [0, —1] C G, but the corresponding claim is clearly not
true in the present setting; in fact, Qx N G is even a dense set. To overcome
this, we need to be a bit more careful when estimating this last integral.

We choose 5, = 27%(2+5P) /4 and thus Y o_, 2ex ~ & for all k > 0. By
Lemma we know that then

o
(5.15) QNG| < |Qk| D 26 ~ Gy ~ (F27FCTD),
k'=k
Let Q2,, Q3 C [0, 0] x[1, 14¢5/2] denote the obvious analogs of Q2, and Q3.

Then we can estimate the integral corresponding to Ioo as

S S [um () — um (y) P da dy

—_ ]2+
aeas T
1 1
- Qsz G\B(SZ o 10Ul " derQSz Q Smc o —y[rrer i
= YLk Xk

< 27 1 Qul [ QN GI2M g BHP) < 2P g 2ok gm(zton),

where we have used (5.15) and the fact that |z — y| > £,2~™ when y € Q2,
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and x € Qi N G. Thus, for m = m(k) = k, the integral above is bounded
by EZ_SP , as desired. Moreover, with this choice we have 2-™(*) = 9=k >
2-k(2+sp) > £, which was the only requirement for estimate to hold.
In conclusion, the (s, p)-Hardy inequality cannot be valid for functions w,, )
with m(k) = k, with a uniform constant, and hence the domain G cannot
admit (s, p)-Hardy inequalities when sp = 1.

5.7. Local snowflake counterexamples for 0 < sp < 1. Let us
briefly indicate how to obtain similar counterexamples when 0 < sp < 1. The
value sp = 1 above corresponds to the fact that the fat Cantor set is, loosely
speaking, seen as one-dimensional when observed from a suitable distance
from within the domain; here 1 = 2 — sp. Similarly, if we had a locally
(s, p)-uniformly fat part of the boundary that is seen as A-dimensional, with
A = 2 — sp, then (s,p)-Hardy inequalities would fail. Such a situation can
be obtained, for instance, by placing a snowflake type set F), indicated in
Figure 3, inside a suitable G°°"*-domain. Notice, however, that the set in
Figure 3 is based on a very simple approximation of the actual snowflake
curve K.

Fig. 3. Snowflake set I\ with tunnels. The support of the test function uz is drawn above
the snowflake rhombus Q2.

More precisely, to obtain such a set F), we first consider the set bounded
by a snowflake curve K of dimension A € (1,2) and its reflection in the x;-
axis, and then remove ‘tunnels’ (the black parts in Figure 3) of width ej: one
large tunnel of width €1, four tunnels of width €3, etc. It is clear that if we
choose 5 > 0 to be small enough, then the resulting set F) is still 2-regular,
and thus locally (s, p)-uniformly fat for any 1 < p < oo and 0 < s < 1. If the
boundary of the surrounding G°°**-domain has dimension greater than A, it
follows that the boundary of G = G\ F) is locally (s, p)-uniformly fat
for sp=2— A\
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Now, let Q1 C 0G denote the large ‘snowflake rhombus’ in the middle
of K. Then choose Q5 to be the second largest rhombus on the left-hand side
of Q1; and @3 to be the third largest rhombus on the left-hand side of Qo;
and so on. Just as in the counterexample of Section with the fat Cantor
set, we place scaled copies of the functions u,, from Section (constructed
with respect to the corresponding K) above the sets Qy; cf. Figure 3. With
computations analogous to those in Section (we leave the details to
the reader), it follows that, for sp = 2 — A\, G cannot admit (s,p)-Hardy
inequalities, and yet G is a domain having a locally (s, p)-uniformly fat
boundary. This finishes the proof of the second claim of Theorem [5.1

6. Applications. We conclude the paper with extension and removabil-
ity problems related to fractional Hardy inequalities and fractional Sobolev
spaces. For 0 < s < 1 and 1 < p < oo, the fractional Sobolev space
W#P(G) is defined as the space of functions u € LP(G) with [[ullys»(q) ==
[ull Loy + |ulwsr(q) < oo, where

u(z) — u(y)|? e
o — e dy dz .

(61) bvesioy = (1§

GG

See [4] for a nice introduction and basic properties of the spaces W*P(G).

6.1. Zero extension. We recall here a straightforward but useful con-
nection between boundedness of certain extension operators and Hardy in-
equalities [I4]. For an open set G C R", we define the ‘zero extension oper-
ator’ Eq as

(6.2) Eg: LP(G) — LP(R™), Egu(x)= {;L(ZE), i i ]IC;; \ G.

We say that the operator Eg is bounded if there is a constant ¢; > 0 such
that

|EGU’€V5,p(Rn) < Cl‘u|€vs,p(g)
for every u € C§°(G).
LEMMA 6.3. Let 0 < s <1 and 1 < p < oo, and suppose that G C R" is

an open set. Then the zero extension Egu of any u € WHP(QG) satisfies the
inequality

u@r

P p TS =
|EGU’Ws,p(Rn) < |u’W5’P(G) T CS dist(z, 0G)sP

G

where the constant C' depends on n, s, and p.
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Proof. Since
|Equ(z) — Equ(y)[?

| Equlypmn) = S S |z — [t dy dx
R™ R™
» 1
< Wulfynay + 2 Ju@ | oy vl
G
it remains to apply the following estimates, which are valid for z € G:
1 1
(6'4) S |$ _ y|n+sp dy = S |x _ y|n+sp dy
R7\ B(z,dist(z,0G))
o0
<C S PSP dr < Cdist(z, 0G) P
dist(z,0G)

We also need the following auxiliary Hardy-type inequality, an adapta-
tion of results in [9] and [I3, Theorem 3.1].

THEOREM 6.5. Let 1 <p < oo and 0 < s < 1 be such that sp < n. Let
G C R"™ be an open set, n > 2, whose complement is (s, p)-uniformly fat.

Then, for every u € C§°(G),
|u(z)? |Ecu(z) — Ecu(y)”
P R <
(S; dist(z, 0G)*P dr<e | | |z — y[rtop

dy dz,
R R"™
where the constant cy depends on s, n, p, and the fatness constant o.

With the help of the above results, we establish a connection between
extensions and Hardy inequalities:

THEOREM 6.6. Let 1 < p < oo and 0 < s <1 be such that sp < n. Let
G CR™ n > 2, be an open set. Then the following two statements hold:

(1) If G° is (s,p)-uniformly fat and Eg is bounded, then G admits an
(s,p)-Hardy inequality.

(2) Conwversely, suppose that G admits an (s,p)-Hardy inequality. Then
Eq is bounded.

Proof. First suppose that the assumptions in (1) hold. By Theorem
we have, for every u € C§°(G),

S |u(@)|

p P
GW dx < CO|EGU|Ws,p(Rn) < COCl|u|WSaP(G)‘

Hence, the (s, p)-Hardy inequality holds with constant ca = cgcy.
Suppose now that the assumption in (2) holds; in other words, there is
cg > 0 such that, for every u € C3°(G),

| |u(@)|

L g <
2 dist(z, 0G)” do < eafulyyen )y
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By Lemma [6.3] we then have

Ju(z) P

_— <
st (w, o) & = 1+ Ce)

‘EGU|€Vs,p(Rn) < ‘U|€Vs,p(g) +C S
G
for every u € C§°(G), and thus E¢ is bounded. =

|u |€Vsm (G)

The following result is an immediate consequence of Corollary and
Theorem [6.6

COROLLARY 6.7. Let 1 < p < o0 and 0 < s < 1 be such that sp < n.
Suppose that G C R™ is a (bounded) uniform domain whose boundary is
(locally) (s,p)-uniformly fat. Then E¢ is bounded.

This corollary applies for instance to the usual Koch snowflake domain
G with 2 — sp < log4/log 3.
6.2. Removability. Finally, let us record the following removability

result for fractional Hardy inequalities.

THEOREM 6.8. Let 1 < p < 00 and 0 < s < 1 be such that sp < n.
Assume that G' C G C R™ are open sets such that (G')¢ is (s, p)-uniformly
fat, G admits an (s,p)-Hardy inequality, and |G\ G'| = 0. Then G’ admits
an (s, p)-Hardy inequality.

Proof. By Theorem (2), there is a constant ¢; > 0 such that, for every
g € Cg°(G),

(69) |EG9‘€[/5,;7(RTL) S Cl|g|€vs,p(G)‘

Let u € C§°(G'), and define g := (Egu)|¢ € C§°(G). An application of the
previous inequality to this function yields

‘EGIU‘%/S,P(RTL) = ’EGg’%VS,P(Rn)

< Cl|9|€vs,p(c) = Cl‘(EG’U)’G‘];Vs,p(G)

|Egru(z) — Egru(y)P
=a S S |z — y|rtop dx dy
GG
lu(z) — u(y)|?
=C S S |x . |TL+S]) dx dy = Cl|u‘€[/57p(G/)'
G' G’ Yy

In the penultimate step, we have used the assumption that |G\ G| = 0. As
a conclusion, we have shown that \EG/u|%57p(Rn) < cﬂu!@vs,p(G,) for every
u € C§°(G"). By Theorem we find that G’ admits an (s, p)-Hardy in-
equality. =

REMARK 6.10. Let us indicate a possible application of Theorem
By Corollary we may begin with a uniform domain G C R™ whose
boundary is (s, p)-uniformly fat with 1 < p < oo and 0 < sp < n. Let
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K C G be aclosed (s, p)-uniformly fat set with zero measure. Then it follows
from Theorem that the open set G’ := G\ K admits an (s, p)-Hardy
inequality:.
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