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Periodic solutions of an abstract
third-order differential equation

by

VERONICA POBLETE and JUuAN C. Pozo (Santiago)

Abstract. Using operator valued Fourier multipliers, we characterize maximal regu-
larity for the abstract third-order differential equation au’ (t)+u” (t) = BAu(t)+yBv' (t)+
f(t) with boundary conditions u(0) = u(27), v'(0) = u/(27) and u” (0) = u”(27), where A
and B are closed linear operators defined on a Banach space X, «, 8,7 € R4, and f belongs
to either periodic Lebesgue spaces, or periodic Besov spaces, or periodic Triebel-Lizorkin
spaces.

1. Introduction. In this paper we characterize the property of maxi-
mal regularity for a third-order differential equation. This type of equation
describes several models arising from natural phenomena, such as wave prop-
agation in viscous thermally relaxing fluids, flexible space structure, a thin
uniform rectangular panel, like a solar cell array, and a spacecraft with flex-
ible attachments. At present, the requirements for maximum performance
of machines, at a minimum cost, have inevitably led to reducing the mass of
their moving parts. This means that the structures lose rigidity and become
much more flexible. Due to this, the study of flexible structures and their
properties has recently been enjoying a great deal of interest. In the same
manner, modelling acoustic wave propagation is also a field of research of
great interest because it has a wide range of applications, such as the med-
ical and industrial use of focused high intensity ultrasound in lithotrity,
thermotherapy, ultrasound cleaning, and sonochemistry.

Kuznetsov’s equation, the Westervelt equation, and the Kokhlov—Zabo-
lotskaya—Kuznetsov equation are classical models of non-linear acoustics.
These models involve second-order differential equations with respect to
time. For well-posedness and stability analysis of several types of initial
conditions for these models, see [33], 34} [44].
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Since the use of classical Fourier theory leads to an infinite signal speed
paradox, several other alternatives for non-linear acoustics equations have
been considered. For example, the equation governing one of the alternative
models is given by

d /(1 B
(1.1) TYut + O — CQAQO — bAgOt = @ (62 (1 + 2A> ((pt)2>

where 7 > 0 is a constant accounting for relaxation, ¢ the speed of sound, §
the diffusivity of sound, B/A the non-linearity parameter, and b = § + 7¢?,
(see [32]). For a study of the decay rates of the natural energy function of
the linear version of equation (L.I)), see [35].

On the other hand, in general, the dynamics of linear vibrations of elastic
structures is based on Hooke’s law. The equation governing these vibrations
is the wave equation. Further, the dynamics of flexible elastic structures is
non-linear. All the same, the third-order differential equation

(1.2) M () + 9 (t) = A(Ay(t) + pAy'(t)) fort € Ry and X < p

governing a realistic linear model is investigated in [9, 26, 27, 28, 29], where
S. Bose and G. Gorain study boundary stabilization and obtain the explicit
exponential energy decay rate for the solution subject to mixed boundary
conditions.

The analysis of third-order differential equations dates back to the second
half of the 1900’s. At that time, Moore & Gibson [45] and Thompson [4§]
worked independently on models using these equations. In fact, the linear
version of equation is called the Moore—Gibson—Thompson equation.
Under the influence of an external force, both this equation and the Bose—
Gorain equation take the abstract form
(1.3) au” () +u"(t) = BAu(t) + yAU'(t) + f(t) fort € Ry,
where A is a closed linear operator defined on a Banach space X, f is a
given X-valued function, and «, 8,7 € R;. Equation has been studied
in many aspects. For a characterization of solutions in Hoélder spaces, see
[19]. For the regularity of mild and strong solutions in Hilbert spaces defined
on Ry, see [2I]. For a characterization of LP-maximal regularity of solutions
defined on Ry , see [22]. Further, existence of mild bounded solutions of a
semilinear version of this equation is studied in [3].

Here we study the third-order differential equation

(1.4) au” (t) +u"(t) = BAu(t) + yBu'(t) + f(t) for t € [0, 2]

with boundary conditions u(0) = u(27), v'(0) = «/(27) and «”(0) = v (27),
where f is a given X-valued function, A and B are closed linear operators
defined on a Banach space X such that D(A) C D(B), and «, 3,7 € R;.
We are interested in necessary and sufficient conditions which guarantee
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maximal regularity for this equation in the categories of periodic Lebesgue
spaces, Besov spaces, and Triebel-Lizorkin spaces.

During the last decades, there has been an explosion of interest in the
maximal regularity property due to its applications in theoretical mathemat-
ics, such as existence, uniqueness, and well-posedness of solutions of both
linear and non-linear evolution equations.

Various techniques are used to study the problem of maximal regularity.
We use Fourier multipliers or symbols. For operator-valued Fourier mul-
tipliers and maximal regularity for evolution equations, see, for example,
[2, 14} /6], 7, [8) (1T, (12, 141, 131, (17, [19] 18], 20, 241 25 3T, 36}, 143, [39], 40, [41, 47, [49].
Applications to physical problems, most notably viscoelasticity of materials
with memory, are found in these works and the references therein.

Besov spaces are function spaces of special interest. They behave (in a
sense we will clarify below) similarly to Sobolev spaces, and the property of
maximal regularity can be stated elegantly for them. Moreover, they depend
on three parameters (s, p, and ¢) and important spaces are identified with
different choices of p, ¢, and s. For example, if p = ¢ =00 and 0<s< 1,
we recover the well known space of all Holder continuous functions of in-
dex s. For further details, see [7]. However, the main reason for working in
these spaces is that a certain form of Mikhlin’s multiplier theorem holds
for arbitrary Banach spaces, unlike the Lebesgue spaces LP(T; X)) in which
this property holds if and only if p = 2. For further information, see [23].
Triebel-Lizorkin spaces have similar properties.

The paper is organized as follows. In Section 2, we establish notational
conventions, and we introduce the concept of M-boundedness. This con-
cept is closely related to well-posedness. Sections 3-5 contain our principal
results. We obtain results on maximal regularity for third-order differential
equations in Lebesgue, Besov, and Triebel-Lizorkin spaces. In Section 6, we
apply our results to interesting examples. In general, it is not easy to verify
the R-boundedness condition, especially when two not necessarily commut-
ing operators are involved. We use functional calculus and sectorial operators
to establish boundedness and R-boundedness properties of certain families
associated with equation ; the scalar values «, 8, and ~ of this equation
play an important role in proving boundedness and R-boundedness of these
families.

2. Preliminaries. Let X and Y be complex Banach spaces. We denote
by B(X,Y') the space of all linear operators from X to Y. In the case X =Y,
we write briefly B(X). Let A be an operator defined on X. We will denote
its domain by D(A), its domain endowed with the graph norm by [D(A)],
its resolvent set by p(A), and its spectrum by o(A) = C\ p(A).



198 V. Poblete and J. C. Pozo

Given «, 3,7 > 0, let A and B be closed linear operators with D(A) N
D(B) # {0}. For k € Z, we will write

(2.1) ap = ik® and by =iak® + k2

and consider the operators

(2.2) Ni = (b +ivkB + BA)™Y and My = apNg .
We denote

p(A,B) = {k € Z : N}, exists and is bounded}, o(A4,B)=2Z\ p(4, B).
We denote by E(T; X) the space of all 27-periodic, X-valued functions,
and by E"™(T;X) the set of all functions in E(T;X) which are n times
differentiable. The following definitions will be used in subsequent sections
for Lebesgue, Besov and Triebel-Lizorkin periodic spaces.

DEFINITION 2.1. A function u is called a strong E-solution of equa-
tion (T.4) if v € E3(T; X) N EY(T;[D(B)]) N E(T; X) and equation (T.4)
holds a.e. in [0, 27].

DEFINITION 2.2. We say that equation (1.4]) has E-maximal regularity
if for each f € E(T; X), equation (1.4)) has a unique strong E-solution.

DEFINITION 2.3. We say that the sequence {Li}rez C B(X,Y) is an
(E(X), E(Y))-multiplier if for each f € E(T; X), there exists au € E(T;Y)
such that

~

u(k) = Lif(k) forall k € Z.
In the case X =Y, we will say that {Ly}xrez is an E-multiplier.

In order to give conditions which we will need later, we establish some
notation. Let {Ly}rez C B(X,Y') be a sequence of operators. Set

AL, =L, AL,=AN,:=L,. — L,
and forn =2,3,..., set
A"L, = A(A"1L,).
DEFINITION 2.4. We say that a sequence {Lp}rez C B(X,Y) is M-
bounded of order n (n € NU{0}) if

(2.3) sup sup ||k A L] < oo.
0<I<n keZ

Note that, for j € Z fixed, we have

sup sup |[k'A'Ly|| < 0o if and only if  sup sup |[|K'A'Ly ;|| < cc.
0<I<n k€Z 0<I<n k€Z
This follows directly from the binomial formula.
The M-boundedness of order 0 for {L;} simply means that {Lz} is
bounded.
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When n = 1, the M-boundedness is equivalent to
(2.4) sup [ Lill < oo and  sup k(L1 — L)l < oo.
keZ keZ

When n = 2, in addition to (2.4]), we must have
(2.5) Sup 1E*(Lkt2 — 2Lp41 + Li) || < oo.
€

When n = 3, in addition to (2.5) and ([2.4), we must have
(2.6) sup 16 (Liys — 3Lra + 3Lg 11 — Li)|| < oo,
€

In the scalar case, that is, {ax}rez C C, we will write A"az, = A(A" tay).

DEFINITION 2.5. A sequence {a}rez C C\ {0} is called
Alak.

e 1-reqular if the sequence {k }k 7 is bounded;

A2q,

o 2-reqular if it is 1-regular and {k2 }k ¢z, is bounded;
Aday is bounded.

e 3-reqular if it is 2-regular and {k‘g }keZ

For useful properties and further detalls about N-regularity, see [42], [46].

REMARK 2.6. Note that if {ay}xez is 1-regular, then for all j € Z fixed,
{k%}kez is bounded. If n = 2,3, analogous properties hold.

3. Maximal regularity for a third-order differential equation in
periodic Lebesgue spaces. In order to introduce LP-maximal regularity
for equation (|1.4]), we define the following spaces.

DEFINITION 3.1. Let p € [1,00), and let n € N. Let X and Y be Banach
spaces. We define the vector-valued function spaces

HpX(X,Y) = {u € LP(T; X) : there exists v € L(T;Y") such that
v(k) = (ik)"u(k) for all k € Z}.
In the case X =Y, we just write Hp (X).
We highlight two important properties of these spaces:

e Let n,m € N. If n < m, then Hpel (X,Y) C HpX(X,Y).
o If u € HYE(X), then u®(0) = u® (27) for all 0 < k < n — 1.

Let S(R; X) be the Schwartz space of all rapidly decreasing X-valued
functions. A Banach space will be called a UMD-space if the Hilbert trans-
form is bounded in LP(R;X) for some (and hence for all) p € (1,00).
Examples of UMD-spaces include Hilbert spaces, Sobolev spaces W (12),
with 1 < p < oo, the Lebesgue spaces LP({2, ) and LP(£2,pu; X), with
1 < p < oo and X a UMD-space. For further information about these
spaces, see [10, [15, [16].
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DEFINITION 3.2. Let X and Y be Banach spaces. A family 7 C B(X,Y)
of operators is called R-bounded if there exist C' > 0 and p € [1,00) such
that for each n € N, T; € T, z; € X and all independent, symmetric,
{—1,1}-valued random variables r; on a probability space ({2, M, u), the

inequality
n n
IS5y <1
Jj= Jj=

holds. The smallest such C' > 0 is called the R-bound of T, denoted R, (7).

There are various classes of R-bounded families of operators (see [23] and
the reference therein). For further properties of R-bounded families, see [20].

ProprosiTION 3.3 ([6]). Let p € (1,00), and let X and Y be UMD-
spaces. Assume that {Ly}rez C B(X,Y). If {Lg}rez is an (LP(X),LP(Y))-
multiplier, then it is R-bounded.

THEOREM 3.4 ([6]). Let p € (1,00), and let X and Y be UMD-spaces.
Assume {Lg}kez € B(X,Y). If {Lx}rez and {kA'L;}rez are R-bounded,
then {Li}rez is an (LP(X), LP(Y))-multiplier.

LEmMMA 3.5 ([6]). Let f,g € LP(T; X) with p € [1,00). If A is a closed
operator in a Banach space X, then the following assertions are equivalent:

(i) f(t) € D(A) and Af(t) = g(t) a.e.

(ii) f(k) € D(A) and Af(k) =G(k), for all k € Z.

REMARK 3.6. For 1 < p < oo, by [0, Lemma 2.2], {k"M}rez is an
LP-multiplier if and only if {Lj}rez is an (LP(X), Hpel (X))-multiplier for
all n € N.

To prove Theorem [3.8] below, we will need the following. We use the
notation given in (2.1)) and (2.2]).

LEMMA 3.7. Let o, B,y > 0, and let A and B be closed linear operators

defined on a Banach space X. If {My}rez and {kBNg}rez are R-bounded
families of operators, then

{k‘akAlNk}kez and {]{:2BA1Nk}k€Z
are also R-bounded.

Proof. First note that {axNg}rez is R-bounded if and only if {bx Ny}
is. Furthermore, for all j € Z fixed, {axNiyj}rez and {kBNj4j}trez are
R-bounded. For k € Z, we have

(3.1)  A'Nj = Nyy1(bg — b1 —iyB) Ny = —(A'bg) Ny 1 Ny, — iy Ny 1 BN,

Hence

Lr(2;X)

Alby by
bi+1 Qg1

kakAlNk = —k Mk+1Mk +’}/(Ika+1kBNk.
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On the other hand, from (3.1]) we obtain
E*BA'Ny, = —k(A'by)kBNyy1 Ny, — ivkBNjy1kBNy,

Alb, b
= k=% X kBNy.1 My, — ivkBNj 1 kBN
b, ay
Clearly, {bx}rez is a 1-regular sequence. In addition, we have
k
sup |bg/ak| < oo, sup |ag/ary1] < oo, and sup ‘ < 0.
keZ\{0} keZ\{-1} kez\{—1}1 k +1

The lemma results from the properties of R-bounded families. »
Our two principal results in this section are Theorems [3.8 and 3.9 below.

THEOREM 3.8. Let p € (1,00), and let X be a UMD-space. If «, 3,
> 0, and A and B are closed linear operators defined on X, then the follow-
ing assertions are equivalent:

(i) The families {kBN}rez and {My}rez are R-bounded.
(ii) The families {kBNy}rez and {My}rez are LP-multipliers.

Proof. (i)=-(ii). By hypothesis, {Mj}rez and {kBNy}rez are R-
bounded. According to Theorem it suffices to show that the families
{kA' My} ez and {kAY(kBNy)}rez are also R-bounded. For this, note that

k:Ale = a M1 + k‘akAlNk.
k+1

Similarly, we write kA'(kBN},) = k2BA' N}, + kBNj, 1. Statement (ii) re-
sults from Lemma [3.7] and the properties of R-bounded families.

(ii)=(i). Apply Proposition [3.3 u

THEOREM 3.9. Letp € (1,00), and let X be a UMD-space. The following
assertions are equivalent:

(i) Equation (1.4) has LP-maximal regularity.

(ii) o(A,B) = 0, and the families {My}rez and {kBNy}rez are R-

bounded.

Proof. (i)=(ii). Fix k € Z, and let x € X. Define h(t) = e?*'z. A simple
computation shows that h(k) = .

By hypothesis, there exists u€ Hyk (X)NHAL(X; [D(B)])NLP(T; [D(A))])
such that, for almost all ¢ € [0, 27],

au” (t) +u"(t) = BAu(t) + yBu'(t) + h(t).
Applying the Fourier transform to both sides, we obtain
(—iak® — k* —iykB — BA)u(k) = .

Since z is arbitrary, we see that —iak3 — k? — ivkB — BA is surjective.
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On the other hand, let z € D(A) N D(B), and assume (—by — ivkB —
BA)z = 0. Substituting u(t) = e*'z in (T.4), we see that u is a periodic
solution of this equation when f = 0. The uniqueness of the solution implies
that z = 0.

Now suppose b; + ivkB + BA has no bounded inverse. Then for each
k € Z, there exists a sequence {yxn}necz € X such that

lynill <1 and ||[Ngyknoll >n?  for alln € Z.
Define zj, = yj . We obtain || Nyzg| > k? for all k € Z. Let
g(t) = Z 72¢ M,
keZ\{0}
Note that g € LP(T; X). By hypothesis, there exists a unique strong LP-
solution w € LP(T;X). Applying the Fourier transform to (|1.4), we have
u(k) = —Nyg(k) for all k € Z. We know
ut)= Y~z N
kez\{0}

For all k € Z, we have ||(x1/k?)Ni|| > 1 and conclude that u ¢ LP(T; X).
This is a contradiction, since u is a strong LP-solution of (1.4]). Hence Ny €
B(X) for all k € Z. Therefore, o(A, B) = 0.

Next let f € LP(T;X). By hypothesis, there exists a unique function
u e H3P(X) N HYZ(X; [D(B)]) N LP(T; [D(A)]) such that

au”(t) +u’(t) = BAu(t) +vBu'(t) + f(t)
for almost all ¢ € [0, 27]. Applying the Fourier transform to both sides yields
(—bi — ivkB — BAY(k) = f(k)
for all k € Z. Since o(A, B) = 0, we have
(k) = (—by — ivkB — BA) " F(k) for all k € Z.
Multiplying the preceding equality by ivk, we obtain
ivkii(k) = —ivk(bg + ivkB + BA) L (k).
Since u € Héé’}(X; [D(B)]), there is a function v € LP(T;[D(B)]) satisfying
v(k) = ivku(k) for all k € Z. Therefore,
(k) = —ivk(by + ivkB + BA) " f(k) for all k € Z.

Define w = Bw. Since v € LP(T; [D(B)]), we conclude w € LP(T; X).
Since B is a closed linear operator, it follows from Lemma that

~

w(k) = —ivkBNyf(k) for all k € Z.
This implies that {kBNg}kez is an LP-multiplier.
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On the other hand, since u € LP(T;[D(A)]), defining r = —3Au we have
r € LP(T; X). Since A is linear and closed, Lemma yields

~

(k) = —=BANgf(k) for all k € Z.

Hence, {—BAN}kez is an LP-multiplier.

Now for all k € Z, we have byNy = I — ivkBNy — SANy. Since the
sum of LP-multipliers is also an LP-multiplier, we conclude {by N }kez is an
LP-multiplier. The sequence {a /by }rez\ {0} is bounded. Hence, (ag /by )b Ni
= M, is an LP-multiplier. It now follows from Proposition [3.3] that { M} }rez
and {kBNj}kez are R-bounded.

(ii)=(i). By hypothesis, the conditions of Theorem are satisfied.
Therefore, { My }kez and {k BNy} pcz are LP-multipliers. From Remarkwe
conclude that {(—by —ivkB —BA) Y}z is an (LP(X), Ho®(X))-multiplier.
Given f € LP(T; X), there exists u € Hy2(X) such that
(3.2) U(k) = (=by, — BA —ivkB) " f(k)  for all k € Z.

Moreover, Lemma shows that u(t) € D(A) N D(B) for almost all ¢t €
[0, 27].

By hypothesis, {ikB(—bj, —ivkB — BA) '}z is an LP-multiplier. Then
there exists v € LP(T; X) satisfying
(k) = ikB(—by, — ivkB — BA)" f(k) for all k € Z.
According to (3.2)), we have v(k) = ikBu(k) for all k € Z.
On the other hand, since HoZ(X) C Hp2(X), there exists w € LP(T; X)
such that w(k) = iku(k) for all k € Z. Since B is a closed linear operator,

we have

3(k) = B(ikii(k)) = Bw(k) = Bw(k) for all k € Z.
By the uniqueness of the Fourier coefficients, v = Bw. This implies that
w € LP(T;[D(B)]). Therefore, u € HAZ(X;[D(B)]). We claim that u €
LP(T;[D(A)]). In fact, using the identity
BA(b,+ivkB+BA)! = I —by(by+ivkB+BA) ' —ivkB(b,+ivkB+BA) !

we see that {B8A(by + ivkB + BA) ! }rez is an LP-multiplier. Thus, there
exists a function h € LP(T; X) satisfying

h(k) = A(b, + iyB + BA) " f(k)  for all k.
It follows from that (k) = Ati(k) for all k € Z. By the uniqueness of
the Fourier coefficients, we have h = Au. This implies that u € LP(T; [D(A)])
as asserted, so u € Hy2(X) N HY2(X; [D(B)]) N LP(T; [D(A)]).
As u € Hy2(X), we have u(0) = u(27), v/(0) = «/(27), and u”(0) =
u”(27). Since A and B are closed linear operators, it now follows from
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that
ou (k) +u’ (k) = BAu(k) + yBu(k) + f(k) for all k € Z.

From the uniqueness of the Fourier coeflicients we conclude that holds
a.e. in [0, 27]. Therefore, u is a strong LP-solution of (1.4).

It remains to show that this solution is unique. Indeed, let f € LP(T; X).
Suppose has two strong LP-solutions, u; and us. A direct computation
shows that

(—bx —ivkB — BA)(u1(k) —uz(k)) =0 for all k € Z.

Since —by, — iykB — A is invertible, we have uj(k) = ua(k) for all k. By
the uniqueness of the Fourier coefficients, u; = ug. Therefore, (1.4]) has
LP-maximal regularity. m

We define the operators

—1 -1
Sy, = (—l/’é’f - A) and T, = <I — gz'k:BSk> . forallkeZ.

We use this notation in our next result.

COROLLARY 3.10. Let 1 < p < oo, and let X be a UMD-space. Assume
that the families of operators

Fi1= {akSk ke Z} and Fo = {Zk:gBSk k€ Z}
are R-bounded. If R,(F2) < 1, then equation (1.4) has LP-maximal regu-
larity.

Proof. According to [30, Lemma 3.17], the family {7} }kez is R-bounded.
Since My, = apSpTy and kBN = kBS; T}, for all k € Z, we conclude that
{My}kez and {kBNy}rez are R-bounded by the properties of R-bounded-
ness. The corollary now follows from Theorem "

For all k € Z, we define

s k3 _ k2 . kS /62
(3.3) cp = ek TR and dp = —20,67—’_.
B ivk + B
We use this notation in our next results.

COROLLARY 3.11. Let p € (1,00), and let X be a UMD-space. The
following assertions are equivalent:

(i) Equation (1.4) with B =0 has LP-mazimal regularity.

(ii) {ex}rez C p(A) and {ar(cr, — A) " }rez is R-bounded.

Proof. Note that (i) is equivalent to condition (i) of Theorem [3.9] with
B =0, and (ii) is equivalent to condition (ii) of Theorem [3.9| with B =0. =
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COROLLARY 3.12. Let p € (1,00), and let X be a UMD-space. The
following assertions are equivalent:

(i) Equation (1.4) with B = A has LP-maximal regularity.
(ii) {dr}rez C p(A), and {dp(dy — A)"'}rez is R-bounded.

Proof. (i)=-(ii). By Theorem we have o(A, A) = () and (iak3 + k? +
ivkA+ BA)~! € B(X) for all k € Z. In addition, {ik?(iak3 + k% + ivkA +
BA) 1}rez is R-bounded, hence bounded, so there exists a constant C' > 0
such that

sup [|ik3 (iak® + k2 + ivkA + BA) Y| < C.
k€EZ

This implies

|ivk + B
|ik?|

Since 0 € p(A, A) if and only if 0 € p(A), we have {dj}rez C p(A). Proper-

ties of R-bounded families and the equality

; k?: kQ .
%uf’(mkd K2 4 (ivk + B)A) !
show that {dy(dx — A)"'}rez is R-bounded.

(ii)=-(i). Note that (ii) guarantees that condition (ii) of Theorem is
satisfied. In fact, dj, € p(A) implies that (dj, — A)~! is well defined in B(X).
Since {dy(dx — A)"}rez is R-bounded, there exists a constant C' > 0 such
that

sup ||dg (dg, — A)_1|| = sup |iak3 + k2| H(z’ak?’ + K2+ (ivk + B)A)_IH < C.
keZ keZ

(d, — A7 < C  forallk€Z)\ {0}

di(dy, — AL =

Then, for all k£ € Z\ {0}, we obtain
C
< —
< liak3 + k2|
Since 0 € p(A) if and only if 0 € p(A, A), we have o(A, A) = 0.
We combine properties of R-bounded families with the identities

<1.3( 3 2 . -1 __ Zkg

|(—iak3 — k2 — (ivk + B)A)

di(dy, — A)~*

and
—1_ —k
ivk + 3

to find that {ik3(by + ivkA + BA) 1 ez and {kA(by, + ivkA + BA) 1} rez
are R-bounded. =

kA(iok® + k2 + ivkA + BA) (di(dy, = A)~H = 1)
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4. Maximal regularity for a third-order differential equation in
periodic Besov spaces. Before introducing the B, -maximal regularity
for equation ([1.4)), we recall the definition of periodic Besov space. Let S(R)
be the Schwartz space on R, §’'(R) the space of all tempered distributions
on R, and D'(T) the space of 2m-periodic distributions. Let D'(T; X) =
B(D(T); X) be the space of all bounded linear operators from D(T) to X.
The elements of D'(T; X) are called X -valued distributions on T. Let ®(R)
be the set of all systems ¢ = {¢;};>0 C S(R) satisfying supp(¢o) C [-2, 2],
and

supp(¢;) C [—20 —2 1y 27—t 20, quj(t) =1 forteR,

Jj=0
and, for & € NU {0}, there is a C,, > 0 such that
sup 29|y (2)]] < Ca.
§>0,2€R
That such systems exist is a well known fact which is related to the Little-
wood—Paley decomposition. For further information, see [1 2] 5 [7].

DEFINITION 4.1. Let 1 <p,q < o0, s € R, and ¢ = (¢;);>0 € P(R). The
X -valued periodic Besov space is defined by

Byd(T; X) = {f € D'(T; X) : || gs.o < 00}
p,q

where

g = (2 ex s 7w)])

7>0 keZ
with the usual modification when p = oo or ¢ = co. The space B;:g’ is inde-
pendent of ¢ € #(R), and the norms || - || 5s.6 for different ¢ are equivalent.
P,q
We will denote || - HBﬁZZ’ simply by | - |5 -

For further references on these spaces and their properties, see [7].

THEOREM 4.2 ([7]). Let 1 < p,q < oo, and s € R. Let X and Y be
Banach spaces. If the family {Ly}rez C B(X,Y) is M-bounded of order 2,
then {Ly}kez is a B, ,-multiplier.

Recall that Theorem does not impose any conditions on the Banach
spaces X and Y.

LEMMA 4.3. Let o, 3,7 > 0, and let A and B be closed linear operators
defined on X. If {My}rez and {kBNy}rez are bounded families of operators,
then

{k2akA2Nk}k€Z and {k?’BA2Nk}k€Z

are also bounded.
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Proof. We follow the proof of Lemma Note that {a; Ng }rez is bounded
if and only if {by Nj }kez is bounded. Further, for all j € Z fixed, {ar Ny }kez
and {kBNj4j}rez are bounded. For all k € Z, we have

A2b, b
12ap ANy, = ivkar(Ng — Njpo)kBNjiq — Myk? =% “k+1

Albpyy by
+ kap(Ng+2 — Ni)k 5 M1
k+1  Qk+1

and

A2 b
k3BA2N, = k*B(Ny — Niso)kBNyyq — kBN =% L
k+1 Q41

9 Albpy1 by
~ K B(Nipa = Nk == EE M.
k+1  Ak+1

Since {by } ez is a 2-regular sequence, Lemma shows that {k?ar A% Ni }rez
and {k3BA?N} ez are bounded. m

Our two principal results in this section are Theorems[4.4] and [4.5 below.

THEOREM 4.4. Let 1 < p,q < o0, and s > 0. Let o, 3,7 € Ry, and
let A and B be closed linear operators defined on a Banach space X. The
following assertions are equivalent:

(i) {kBNg}rez and {My}rez are bounded.
(ii) {kBNg}rez and {My}rez are B, -multipliers.

Proof. (1)=-(ii). According to Theorem we need to show that
{My}rez and {kBNy}rez are M-bounded of order 2. Exactly the same
calculation made in Theorem displays that kA M), and kA'(kBNy) are
uniformly bounded. Now note that

AZq Ala
" Myer — k ak’“

kAP My, = K*ap A’ Ny, + & kar(Ny — Ni+2)-
Ak+1
Also
E*A%(kBNy,) = k3BA%Ny, + E2B(Njy2 — Np).
From Lemmas and we conclude that { My }rez and {kBNy}rez are
M-bounded of order 2.
(ii)=(i). It follows from the Closed Graph Theorem that there exists a

C > 0 (independent of f) such that, for f € By  (T; X), we have
HZek ® My f(k H < C|fllps,-

keZ
Let € X, and define f(t) = e**x for k € Z fixed. Then the preceding
inequality implies

lexllBs , [[Myzl Bs , = llexMpz| By, < Cllexss, Iz Bs,-
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Hence ||My|| < C for all k € Z, and suppey ||Mg| < oo. Similarly,
suppez [|kBNg| < co. =

THEOREM 4.5. Let 1 < p,q < oo, and s > 0. Let X be a Banach space.
The following assertions are equivalent:

) Equation (L.4) has B, ,-mazimal regularity.
(ii) o(A, B) =0, and the families { My }kez, and {k BNy }rez are bounded.

Proof. (i)=(ii). The same proof as that of Theorem [3.9 shows that, for
all k € Z, by, + ivkB 4+ BA has an inverse. Suppose by + ivkB + SA has no
bounded inverse. Then for each k € Z, there exists a sequence {yj  }nez € X
such that

lynill <1 and [|(bx +ivkB + BA) ypnl > [nf**®,  for all n € Z.
Defining xj, = yi 1, we have
|(bg + ivEB + BA) Lay| > |k[*T*  for all k € Z.

_ Lk ikt
gty =) e

keZ\{0}
Note that g € B, ,(T; X). In fact,

ZQJSqHZekQ@(bJ H ZQJSQ

Let

q

Zek ® ¢;(k |k|2+s

>0 keZ >0 keZ
=Y 9| e |k|2¢]< )k
j=0 keZ

Since supp(¢;) C [—29T1 —2771] U [297127%1] and by the estimation made
in the construction of Besov spaces, we have the inequality

1S —~ q is C 1
> S ene ¢j<k>g<k>Hp <Y < oo
>0 keZ >0

By hypothesis, there exists a unique strong B, ,-solution u of (1.4). Since
. ) holds for almost ¢ € [0, 27], taking the Fourler transform we obtain

(k) = —(by +ivkB + BA)"1G(k) for all k € Z.
We know that u(t) = > 1cz fo} —ﬁTﬁs(bk + ivkB + BA) e, and since

(b, +ivkB + BA) | > 1

Tk

|k|2+s
we have u ¢ B (T; X), a contradiction. Hence (by +ivkB+ 3B)~! € B(X)
for all k € Z. Therefore, o(A, B) = 0.
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By an analogous idea to the proof of Theorem [3.9] we deduce that the
families {ay, (b + ivkB + BA)  }rez and {kB(by + ivkB + BA) ' }rez are
B; ,-multipliers. The result follows from Theorem

(ii)=(i). By (ii) and Theorem 4.4, { M} }rez and {kBNj}rez are By -
multipliers. Given f € B, (T; X), there exists u € B, ,(T; X) such that

(4.1) (k) = (—=by — ivkB — BA) " f(k) for all k € Z.

Since 1 < p,q < 0o and s > 0, we have B, (T; X) C LP(T; X). Lemma
shows that u(t) € D(A) N D(B) for almost t € [0,2x].

Define I, = (1/ax)I if k # 0 and Iy = I. According to Theorem the
family {Ix}rez is a B, ,-multiplier. Hence {Iz My }rez is a By ;-multiplier.
In other words, {Nk}kez is a B, -multiplier. Thus, there exists a function
ug such that, for all integers k, we have

W3 (k) = —ik®(—by, — ivkB — BA) ' f(k).

By (d.1)), for all k € Z, we have uz(k) = —ik*u(k). Thus, u € B33 (T; X).
On the other hand, since {kBNy}rcz is a B, ,-multiplier, there exists a
function v € B, ,(T; X) such that

o(k) = ikB(—by, — ivkB — BA) " f(k) for all k € Z.
It follows from (4.1)) that v(k) = ikBu(k) for all k € Z.
~ Moreover, since B5t3(T; X) € B5t1(T; X), we have v’ € B ,(T; X) and
u'(k) = iku(k) for all k € Z. Since B is a closed linear operator, we have
(k) = B(iku(k)) = Bu/(k) = Bu/(k) for all k € Z.
By the uniqueness of the Fourier coefficients, v = Bu’. This implies that
v’ € B (T; [D(B)]). Accordingly u € Bst!(T; [D(B)]).
Following the lines of the proof of Theorem we note that the family

{BA(bx + ivkB + BA) '} ez is a Bj -multiplier. Hence, there exists w €
B, ,(T; X) satisfying
(k) = A(=by — iyB — BA) " F(k) for all k,

hence w(k) = Au(k) for all £ € Z. By the uniqueness of Fourier co-
efficients, we conclude that w = Au, so u € B, (T;[D(A)]). Therefore
u e B5H(T; X)NBsHH(T; [D(B)]) N By, ( [D(A)]) As u € B5t3(T; X), we
have u(O) = u(2m), ’(0) o' (2m) and u ( ) = u”(27). Since A and B are
closed linear operators, it now follows from (4.1)) that

au (k) + u" (k) = BAu(k) + yBu(k) + f(k) for all k € Z.

From the uniqueness of Fourier coefficients, we conclude that (1.4} holds
a.e. in [0, 27r]. Therefore u is a strong By, ;-solution of (1.4]). Using the same
argument as for Theorem [3.9) we find that this solution is unique. =
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In our next corollaries, we use the notations {Sx}kez, {ck}kez and {d}kez,
introduced in Section 3. The proofs are similar to the corresponding ones of
Section 3, so we omit them.

COROLLARY 4.6. Let 1 < p,q < 00, s > 0 and X a Banach space.
Assume that the families {ay Sk trez and {(ivk/B)BSk}kez are bounded. If
supyeyz [larSkl| < 1, then equation (1.4) has B, ,-mazimal regularity.

COROLLARY 4.7. Let X be a Banach space and 1 < p,q < oo and s > 0.
The following assertions are equivalent:

(i) Equation (L.4) with B =0 has By ,-mazimal reqularity.
(ii) {Ck}keZ - p(A) and {ak(ck — A)_l}kez s bounded.

COROLLARY 4.8. Let X be a Banach space and 1 < p,q < oo and s > 0.
The following assertions are equivalent:

(i) Equation (L.4) with B = A has B, ,-mazimal regularity.
(i) {dip}rez C p(A) and {dp(dx — A) ' }rez is bounded.

5. Maximal regularity for a third-order differential equation in
periodic Triebel-Lizorkin spaces. In this section, we study maximal
regularity for equation in periodic Triebel-Lizorkin spaces. We briefly
recall their definition in the vector-valued case (see [14]). We use the nota-
tions S(R; X)), S'(R; X), D'(T; X) and @(R) of the preceding section.

Let ¢ = (é)ken, € P(R) be fixed, for 1 < p,q < o0, and s € R. The
X -valued periodic Triebel-Lizorkin spaces is defined by

F;:(?(T, X) = {f c 'D’(T, X) : ||f||F5’¢ < OO}
p,q

where

ez = (2 S ew o ssom]) "]

>0 keZ
with the usual modification when p = oo or ¢ = co. The space Flfjf is inde-
pendent of ¢ € #(R), and the norms || - || .6 for different ¢ are equivalent.
p,q
Consequently, we simply denote || - || ps.0 by [ - [|7g, -
p,q ’

THEOREM 5.1 ([I4]). Let 1 < p,q < 00, s € R, and let X,Y be Banach
spaces. If the family {Li}trez € B(X,Y) is M-bounded of order 3, then
{Lk}kez is an F; -multiplier.

Recall that Theorem [5.1] as in the case of Theorem does not impose
any conditions on the underlying Banach spaces X and Y.

The proof of Theorem below will depend on our next result.
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LEMMA 5.2. Let o, 8,7 > 0, and let A and B be closed linear operators
defined on X. If {Mjy}rez and {kBN}rez are bounded families, then so are

{k3akA3Nk}keZ and {k:4BA3Nk}keZ.

Proof. We follow the proofs of Lemmas and We note that
{axNi}rez is bounded if and only if {byNj}rez is bounded. Further, for
all j € Z fixed, {apNi4;}rez and {kBNjj}trez are bounded. Using the
calculations of Lemma [4.3] we see that for all k € Z,

ANy, = (Njg2 = Nig) (= Abpya — ivB) N1 — Ni(A%bi) Njey1.

Therefore,
(5.1)  k3apA3N,

= k?ag (A Nyy1)k(—Abgyg — iYB) Niyo

+ k3 (A2N) k(= Abgro — i7B) Njga
A%by
brt2

+ kag(Nito — Ni)k*(—=Abjyy — iyB)A Ny
A3by, o A2by,

@ Ny1brr2 N2 — k2
bk+2 bk+2

A2by,
bi

— kag(Nyt2 — Ni)k®

b2 Nito

B )

" kar(AYN)bg 2Nk 12

B

b Nkkay(Nit2 — Ni).

Moreover, we have
(5.2)  k*BA3N,
= k°B(A*Nig1 )k(=A'bgsn — ivB) Niyo
+ k°B(A®Njp)k(—A%bgyn — iyB) Niy2

A%p
+ K B(Njpy2 — Npp) k2=

b2 Nj42

— k*B(Niy2 — Np)k? (= A%bgq2 — ivB) (Ni 2 — Np)

E3A3D k2A2%b
b kZCLka+1bk+2Nk+2 — kk2B(A1Nk)bk+2Nk+2
k+2 k+2
k2A2by,

be BNik?(Njy2 — Niy).

k

Since {bg}rez is a 3-regular sequence, it follows from Lemmas and
that all the terms on the right side of (5.1]) and (5.2)) are uniformly bounded.
Therefore, {k3a;A3Ni}pez and {k* BA3 N} ez are bounded. =

Our two principal results in this section are Theorems 5.3 and [5.4] below.
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THEOREM 5.3. Let 1 < p,q < oo, and s >0, and let A and B be closed
linear operators defined on a Banach space X . The following assertions are
equivalent:

(i) {kBNg}rez and {My}rez are bounded.
(ii) {kBNi}rez and {My}rez are F, -multipliers.

Proof. (i)=(ii). Theorem [4.4] shows that {Mj}ez and {kBNy}rez are
M-bounded of order 2. Moreover,
kBA?’Mk = k?’akA?’Nk + ]{3(0,]4;4_3 - ak)AQNk_,_l + kS(AQak+1)(A1Nk+1)
— ng(AQQk)(AlNk+1) + (Agak)Nk+2,

and
k*A3(kBN) = k*BA3N;, 4+ 3k3BA2 N 1.
It follows from Lemmas and that {My}rez and {kBNy} are

M-bounded of order 3. Condition (ii) now follows from Theorem
(ii)=(i). The proof follows the same lines as that of Theorem n

THEOREM 5.4. Let 1 < p,q < 00. If s > 0 and X is a Banach space,
then the following assertions are equivalent:

(i) Equation (L.4) has F; ,-mazimal regularity.
(ii) o(A, B) =0, and the families { My }kez, and {k BNy }kez are bounded.

Proof. The proof is similar to that of Theorem .

In our next corollaries, we use the notations {S}rez, {ck}rez and
{dk }kez, introduced in Section 3. The proofs are similar to the corresponding
ones of Section 3, so we omit them.

COROLLARY 5.5. Let 1 < p,q < o0, s > 0, and X a Banach space.
Suppose that the families {aSk}rez and {ik(v/B)BSk}kez are bounded. If
supyez llarSkl| < 1, then equation (1.4) has F; -maximal regularity.

COROLLARY 5.6. Let 1 < p,q <00, s >0 and X a Banach space. The
following assertions are equivalent:

(i) Equation (L.4) with B =0 has F; ,-mazimal reqularity.

(i) {cktrez C p(A) and {ax(cr — A)" }rez is bounded.

COROLLARY 5.7. Let 1 <p,q < o0, s >0, and X a Banach space. The
following assertions are equivalent:

(i) Equation (L4) with B = A has F; ,-mazimal regularity.
(i) {dip}rez C p(A) and {dp(dx — A)"'}rez is bounded.
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6. Examples. In this section, we apply our results to some interesting
examples.

ExXaMPLE 6.1. Let o, 8,7 € Ry. Let 1 <p,q < 00, and s > 0. Consider
the abstract equation

(6.1) au” (t) +u"(t) = BAu(t) + vAU (t) + f(t) for t € [0, 27]

with boundary conditions u(0) = u(27), v/ (0) = «/(27) and u”(0) = u”(27),
and A a positive selfadjoint operator defined on a Hilbert space X such
that infye, (4 {\} # 0. If f € L*(T; X) (resp. Bj (T; X) and Fj (T; X)),
then equation has L?-maximal regularity (resp. B, ,maximal and F} -
maximal regularity).

Proof. We have
(k' + B) (y = aB)k’
(vk)? + B° (vk)? + B>
Since A is positive selfadjoint such that infyc, (4 [[A| # 0, we know that

0(A) C [g,00) with some € > 0. This implies that d € p(A) for all k € Z.
Moreover, by [38, Chapter 5, Section 3.5],

I(dx — A) 7| =

dy, =

1
dist(dg,0(A))
Therefore, supyey ||di(dp — A)7Y| < oo. It follows from Corollary [3.12
that equation (6.1)) has L2-maximal regularity. According to Corollaries 4.8

and equation (6.1) has, respectively, B, -maximal regularity and F}; -
maximal regularity. m

For the next example we need to introduce some preliminaries on secto-
rial operators. Denote by Xy C C the open sector

Yo ={Ae C\{0}:|arg\| < ¢}.

We denote
H(Xy) ={f: ¥y = C holomorphic}

and
H>*(Xy) = {f: X4 = C holomorphic and bounded}.

H>(Xy) is endowed with the norm
IF% = sup  |F(N)].

larg(A)|<¢
We further define the subspace Ho(Xy) of H(Xy) as follows:

Ho(Zg) = |J {FeH(Zy): /]
,8<0

”3<OO}
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where

I1£112% = sup [X*F(A\)] + sup AP F(N)].
A1 IA>1

DEFINITION 6.2. A closed linear operator A in X is called sectorial if
the following two conditions hold:

() D(A) = X, R(A) = X, and (~00,0) C p(A).
(ii) sup;sg ||t(t + A)7|| < M for some M > 0.

A is called R-sectorial if the set {t(t + A)~1};~0 is R-bounded. We denote
the class of sectorial operators (resp. R-sectorial operators) in X by S(X)

(resp. RS(X)).
If Ae S(X), then ¥y C p(—A) for some ¢ > 0 and

sup  IAN + A)7H| < oo
larg(A)|<¢

We denote the spectral angle of A € S(X) by

ba=inf{o: Try Cp(=4), sup [AA+A4)7 < oo},
)\EEW,d)

DEFINITION 6.3. Let A be a sectorial operator. If there exist ¢ > ¢4
and a constant Ky > 0 such that

(6.2) IF (A < Kol flI%  for all | € Ho(Zy)
then we say that a sectorial operator A admits a bounded H*-calculus.

We denote the class of sectorial operators A which admit a bounded
‘H°-calculus by H>(X). Moreover, the H*-angle is defined by

¢% = inf{¢p > ¢4 : (6.2) holds for some Ky}.

REMARK 6.4. Let A be a sectorial operator which admits a bounded
H>®-calculus. If the set

{A(A) : h e H™(Zp), |B]% < 1}

is R-bounded for some 6 > 0, then we say that A admits an R-bounded
H -calculus. We denote the class of such operators by RH*°(X). The RH>-
angle is defined analogously to the H*°-angle, and is denoted 9§°°. For fur-
ther information about sectorial and R-sectorial operators, see [37].

To prove Lemma 6.6 below, we need, the following proposition from
functional calculus theory (cf. [20]).

PROPOSITION 6.5. Let A € RH™(X) and suppose that {hx}xea C
H>(Xy) is uniformly bounded for some 0 > «91{}“’, where A is an arbitrary
index set. Then the set {hx(A)}rea is R-bounded.
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LEMMA 6.6. Let o, € Ry and X be a UMD-space. If A € RH*(X)
with Hf“ < /3, then the families of operators

;1.3 2 -1 ;1.3 2 -1
{Z-k:«s(_w_A) } and {MUQ(_W_A) }
B ke, g kez

are R-bounded.
Proof. For every k € Z we define Fk1 : 23 = C and F,? 1 253 = Chy
iBk3 iBkz1/2
—(tak? + k2 + Bz) —(iak3 + k% + B2)’

where z'/2 is defined in C . {0} and it is holomorphic in C ~ (—o0,0].

Furthermore, for all k € Z and z € X 3 we have iak® + k? 4+ Bz # 0.

Therefore, for all & € Z the functions F; kl and F ,3 are holomorphic in X /3.
We claim that for j € {1,2} there exists a constant M > 0 such that

sup || F}|[2° < M.
kEZ

Fl(z) = and F?(z) =

Indeed, note that for all k£ € Z ~ {0} we have
13 12 (13 12 Bz
(iak® + k* + Bz) = —(iak’® + k )<1 + PR —|—k2>'
Since for all k € Z ~\ {0} and z € 2z /3 we have mk@ﬁ € X /34x/2 and the

distance of —1 to this sector is positive, we have

sup || FH|T/3 < M, for some M; > 0.
keZ~{0}

Note also that for all k € Z ~ {0},
i51/2,1/2 Vick3 L k2
—(iak*+k*4+B2) = —/iak3 + k2 21/ <1+ i7"z ) < tok® +k _2‘51/2> )

Viak3 + k2 212
For all k € Z ~ {0} and z € ¥ /3 we have
iB/2,1/2 Viak3 + k2
m € Xrj24n/6+m/a  and a2 € X /64m/4-

Since the distance of —1 to X'j1,/12 is positive and the distance of i to X5 /19

is also positive, we see that supyez. o) ||F,§||?.Z?’ < M for some My > 0.

In addition, for all z € X, /3 the functions Fyj (z) = 0 = F(z). Therefore,

there exists M > 0 such that sup,cy, HFIgHgé?’ < M for j = 1,2. With a direct

computation for all k € Z and z € X /3 we have

ik? ikz'/?
Fp(2) = —mm—— and Fi(2) = YR
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Since A € RH™(X), for all k € Z the operators

. 3 2 . 3 2 -1
F,i(A):ik?’(—ZakB—i—k zak‘ﬁ—i—k‘ B >

exists. It follows from Proposition that the families of operators
{F(A)}rez and {F2(A)}rez are R-bounded. m

EXAMPLE 6.7. Let X be a UMD-space, and let p € (1,00). Suppose
A € RH®(X) with 05~ < 7/3. Consider the family of operators

;1.3 2 -1
F= {z’kAl/2<—mkﬁ+k - A) ke Z}
with o, 8 > 0. If v > 0 is such that (y/8)R,(F) < 1, then the equation

(6.3) o (t) + " (t) = BAu(t) + vAY2u/ (t) + f(t)  for t € [0, 27]

with boundary conditions «(0) = u(27), v/(0) = «/(27) and u”(0) = u”(27)
has LP-maximal regularity.

Proof. According to Lemma the families of operators

;1.3 2 -1 ;1.3 2 -1
{ikA1/2<—mk+k—A> } and {iks(_wék“f_A> }
B keZ g kez

are R-bounded. Since (v/8)R,(F) < 1, it follows from Corollary that
equation (6.3)) has LP-maximal regularity. =

-1
—> and F,f(A):ik:Al/2<—
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