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On a construction of majorizing measures
on subsets of R" with special metrics

by

JAKUB OLEJNIK (Lodz)

Abstract. We consider processes X; with values in L, ({2, F, P) and “time” index ¢ in
a subset A of the unit cube. A natural condition of boundedness of increments is assumed.
We give a full characterization of the domains A for which all such processes are a.e.
continuous. We use the notion of Talagrand’s majorizing measure as well as geometrical
Paszkiewicz-type characteristics of the set A. A majorizing measure is constructed.

Introduction. The aim of this paper is to present some conditions of
almost sure convergence of series and continuity of processes with “bounded
increments” in LP spaces, for p > 1. For a fixed probability space we will say
that a process (X¢)ier on a metric space (T, d) has bounded increments if

(*) Vsger |1 Xe — Xollp < d(2, 5).

In this study we will restrict ourselves to T' being subsets of the unit cube in
Euclidean spaces. More precisely, T' C [0,1]7, n > 1, and d(s,t) = dy(s,t) =
{l/maxlgign |si —t;| for s = (s1,...,8y), t = (t1,...,t,) in T. It is assumed
that p,q > 1 are arbitrary numbers. We give conditions on T which are
sufficient for a.e. continuity of X satisfying (x). These conditions are also
necessary. A natural interpretation for a.e. convergence of series in LP is also
described (cf. Corollary [1)).

Description of a.e. convergent sequences is a problem which has been
addressed for decades. It seems that Paszkiewicz ([4], [5]) was the first to
give a complete characterization of a.e. convergent sequences in L?. The
important result of Patrice Assouad (see e.g. [0, Theorem 2.3]) concerns a
more general class of series or processes (not necessarily determined by a
sequence), but its proof is nonconstructive and the condition it formulates is
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not expressed in terms of the geometrical properties of the space T'. In fact,
it uses the dual to the space of continuous functions on 7' x T'\ {(x, z) }zer.

We stress that Paszkiewicz characterized orthogonal series in L? which
are a.e. convergent, whereas a conclusion which could be drawn from our pa-
per is a characterization of a.e. convergent series > | &, satisfying a condition
I Zﬁ:m D, ||3 < f(k,m) for some additive function of interval in N. Our rea-
sonings are considerably simpler than those in [5] (particularly constructions
in [5, Sections 3-7]).

The classical paper of Talagrand [6] investigates conditions of a.s. con-
tinuity of processes with bounded increments in general Orlicz spaces by
means of existence of so called majorizing measures. The concept of ma-
jorizing measure has been extensively used in the literature, most notably,
to characterize continuity and boundedness of Gaussian process (e.g. [7]). For
short yet exhaustive reviews on majorizing measures see [5], [6], [1] or [8].

We should mention that while the author was working on this paper,
W. Bednorz [2] presented a proof of existence of majorizing measures for
a wide class of metric spaces: roughly speaking, for spaces whose metric
is a root of another metric. Nevertheless, we believe our reasoning is still
interesting since, using Paszkiewicz-type operators, it is constructive and it
clarifies, in an elementary way, the case of the space R".

The first section of this paper presents a fundamental result (Theorem
which connects three quantities: the norm of the maximal function of a pro-
cess with bounded increments on a finite set A of time instances, Talagrand’s
majorizing measure characteristic and the values of Paszkiewicz’s character-
istics of the set A.

Theorem [2 in Section 2 provides an explicit relation between the charac-
teristics under study and a majorizing measure on an arbitrary closed subset
of [0,1]7. Theorem 3| provides a construction of a.e. divergent process. To
avoid excessive difficulties we perform the construction in the case of n = 1;
nonetheless, the general idea based on, roughly speaking, the Borel-Cantelli
lemma is worth highlighting.

1. Upper bounds for processes on finite subsets of a finite-
dimensional cube. In this section we will be considering finite subsets
A of the n-dimensional cube [0, 1]", for some fixed n > 1. We will investi-
gate bounds for the maximal function of an arbitrary process (Xt)tca with
bounded increments (see Definition |1 below).

Throughout the paper we fix p,q > 1 and set

(1) df](xv y) = ¢ 1I£zagxn ’xz - yi‘v T,y € Rna

with = (z1,...,2y) and y = (y1,..., yy).
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DEFINITION 1. Let (£2,7,P) be a probability space. For a set T' C [0, 1]
we say that a process X = (Xi)ier C LP(S2) has bounded increments, written
X e BZ(T), if for all t,s € T,

1 X — XS”P < dq(tv 5).

We will also use the notion of majorizing measure (cf. Talagrand [6]).
More precisely, we will utilize the definition used in [5].

DEFINITION 2. A finite Borel measure m concentrated on a set T' C
[0,1]" is a majorizing measure on T if

diam T’

S@SAgjig
tel m(B(t,¢))

<1,
where B(t,¢) is an open ball and diam is diameter with respect to the met-
ric d.

For a finite set A C [0,1]" we define

2 5= x:zlslng)Hggﬁ X=Xl 5= XSE%?A)HS%%% X=X

with BZ(A) as in Definition |1} and
(3) M,, = inf{{/m(A): m is a majorizing measure on A}.

17

The aim of this section is to provide a comparison of the following char-
acteristics of a finite set A C [0, 1]

S, S, M, and V,,
where
(4) Vo = [VoVa ... Vi, Ollp;

the integer i4 and the sequence of operators V;: LP([0,1]7) — LP([0,1]7),
i > 0 (to be defined later in this section, cf. (9)) depend on the set A.

It is clear that all the above mentioned characteristics also depend on
the choice of the metric (cf. (1])), thus on the number g. For ease of notation
the additional index is omitted.

Once we obtain the desired comparison of characteristics, we will be able
to extend a result of Paszkiewicz to the case of the space LP, p > 1.

For any i > 0 and 0 < n < 20 — 1 let PL = [n27% (n + 1)27%) and
Pl =[1-27"1]. We write n = (n',...,n") for multiindices n € N". For
any n € {0,...,2" — 1}" denote

n
(5) oh=1] Pl
k=1
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Then we can define
(6) Ai=Ar= ] o
n: 64NA#D
Moreover, we will consider the o-fields
(7) Fi=0(8h:ne{0,...,2" — 1}").
We also introduce the constant
(8) -+ = on/r=1/q,
For any h € LP([0,1]") we will use the conditional LP-norm defined by
llps = (EIRIP | Fi)V/P.
This notation may seem unusual but it will prove convenient. For any integer
7 > 0 let us define operators
Allp.i +7°
12lp.:
for h € LP([0,1]"), with an agreement that 1/0 := 0. We omit the superscript
A whenever it does not lead to misunderstanding.

Another crucial definition assigns to a finite set A C [0, 1]7 the smallest
integer i4 for which the family of sets F;, separates points of A. Namely,

for a finite set A we define (cf. (), ([B), (6))
(10) ia=min{k > 0: Vs st c 1, dg (0%, ) > 0}

n’-m

Similarly to we define another characteristic of a finite set A, related
to the operations W;, i > 0, i.e.
(11) Wy = [[Wo ... Wiy—1 (414, )llp.

THEOREM 1. For any finite set A C [0,1]7 and any probability space
(07 T’ IP)))
S=8,<2my, 2PAM, <V, =W,, V,<AS,+7, S, <12V3M,,
where v = 3120+ D/a{(H2 —1)~1 4 4(2 — ¥/2)7'}.

Proof. The relation § = S, and the last inequality are known in the

general setting (cf. [I, Proposition 2.1]). The rest of the proof will be accom-
plished in the following four steps.

STEP 1. We show that
(12) S, <21y,
Let (Xt)peA be a process with bounded increments. For ¢ < i4 and n €
{0,...,2" — 1} such that 6, N A # 0 fix an element ¢, € §;, N A. Then, for
any n € {0,...,2° —1}", set (cf. )

M! = max |X; — X, | if6!NA#0; M. =0 otherwise.
tediNA "

(9) VAR = 714, + ||bllp; and W;h = -h
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By , | MiAll, = 0 for all n € {0,...,2% — 1}". Let us assume that for
m € {0,...,201 — 1},
1M Hlp < 27 (giga Vigr - . Vi Ollp.

By Definition || and the inductive assumption, for any n € {0,...,2¢ — 1}7
we have

i < Ly i+1
1Ml < ||, ma X = Xy [], 1), max M,

<ordimm@y) + (Y )

2n<m<2n+1
» 1/p
< M9 q_|_277. ( Z H]Iéﬁl‘/i+1--.Vz‘A||§)
2n<m<2n+1

= 27277 4 gy Vi« Vig llp) = 27|13 Vi - Vit Ol

where we put [X,is1 — X;i | = 0 whenever ¢i! is not defined.
Since max sea | Xy — Xs| < 2- MY < 2”+1Vp, we have the inequality .

STEP 2. To show that W, =V, we will use a simple downward induction.
Let us assume that for an i < is (cf. (10)) we have

(13) Wit - Wiy—1 (7414, Mp,it1 = Vit - Vi, 0,
and that
(14) supp Wit ... Wiy -1 (7414, llpit1 = Dita,

which is true for ¢ +1 = i4 since TiA]IAiA = V;,0. Then the inductive step

ViViri - Vig0 = 704, + [|[Viga - - Vi, Ollp,

= 7a, + [Wigr . Wiy 1 (740a, llpi = Wi Wi, 21 (7414, )llps
follows from . Moreover, by ,
supp [|W; ... WiA—l(TiAHAiA)Hp,i = supp ||[Wit1 ... WiA_l(TiA]IAiA)pri = A;.
By induction, is valid for i +1 = 0.

STEP 3. In order to show that M, < /2 - W, we will construct a ma-
jorizing measure with total mass 2P/9||Wj. . . WiA—l(TZAHAiA)Hg.
More precisely, let

(15) ding = Wi ... Wi—1(7714,)]PdA
with A being the Lebesgue measure, 0 < k < j, A; = A;‘ and (cf. @)
(16) my, j(E) = 1y ;(AF)  for E C A.
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By , my,; is a well defined measure for j > i4. In particular, m; ;(F) =
279M7IP card(F) for any E C A. Each measure 2P/9 - my ; for j > i turns
out to be a majorizing measure on A.

First we show an auxiliary relation between my, ; and my1 ;. Taking an
arbitrary £ C 6 for some k < j, j >i4,n € {0,...,2%F —1}7 (cf. ), and
denoting

g = Wk+1 e Wj_1<7'j]IAj)

for brevity, we have Af C 6% and (cf. @, , )

p

‘ 9llp,x + T

({/mig1,;(6F) +27F/a)p

mk+1,j(5ﬁ)

g]IAE

J

07)  s(B) = [Wig - Lagl =

o (H]Iéﬁg”p + 2_k77/p7—k)p || ]1 ||p —
- Ty allp Paply =

M1, (E).

To prove that 2P/4 . mo,; for j > i4 is a majorizing measure on A, it is
enough to show that

Y2 diam 6F
(18)  VjziaVicks; | [my(B(t,e) N of)] /P de < 29
0

for t € 6¥ N A. Notice that forjziA,teéﬁﬂA,re{0,...,2j—1}77,

%diam&ﬂ
S [mj ;(B(t,e) N o)~ YPde = /2. 279/9. 2in/pz=i = ol/4,
0

thus is valid for £ = j. Furthermore, assuming to hold for some
j>k>1 forted*NAC we have by , ,

¥2 diam 681
| e (Bte)n ol )P de

0
Y2 diam 5l’f

< | e (Blte)noR) TP de
0
%diamdﬁ_l
+ U (O TP de

diam 5,’2_1
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M, k=1 Y2 diam 6%
o) Vo [mns(B(te) N of) P de

{5571 + 20K+

+ /2. (2-k+D/a _ g=k/a)

<

1

Ui Gh ) + 2607

Thus, the desired relation is proved.

< 9l/4,

STEP 4. The proof will be complete if we show that W, < ~S§, + v for
some v > 0.

Let A C [0,1]" be a finite set. Let us introduce some additional notation.
For any t € A and k > 0 let (cf. (0))

sk (t) = Al
which is the Fj-measurable atom containing t. Moreover, for an atom ¢ in
Fr. let
N©G)={al" :t e And, 5, a7 =0},
which is the set of all Fj-atoms adjacent to § (including ¢).
FortE/szOandwE [0,1] let

Tka—I—l WiAfl(TiAHA )(w)

Z 3 (1_d3(t,5)> Ay
2-k ||Wk+1 -HWiA—l(TZAHAiA)

k=j 6eN (6% (t))

Is5(w);

‘pJf

moreover, let X; = X{. An easy computation shows that for any j > 0 and
t € A we have

; ia . iA Y 3132 i/
<19) HXt ”p S E 377”7— ]I(Sk(t)”p S 37] E 2 7= W -2 J q.
k=j k=j -

To show that v~ X; has bounded increments for a suitably large constant
v >0 fix s,t € A and set
I = min{k € N: d,(6%(s),5%(t)) > 0}.

Notice that 27/9 < d,(s,t) < 4-27Y/4. Thus it is enough to show that
| X; — Xsl|, is also of the order 27V/4.
We have

1% = Xsllp < 11X = X3+ X0 — Xsllp + 1 X7 + 1 X p-
We can also compute that, with

(27’)ka+1 e WiA—l(TiAHAiA)
HWk-l-l s WiA—l(TiA]IAiA) D

k> 1,

& =
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we have

||Xt*th+Xl — Xsllp

ST e A a0 nr b

k=0 €N (5% (£))UN (8% (s))
< 22 37(d, 2Pk Tl < 8- 3”§2 lohg-k/a — 8- 377\5? 97l
k=0 — V2
Thls, together with E, implies that we can take
v =3y - 17 4@ - ¥2)71),
Now, a simple induction will show that

. %
I;Sﬂea,i(X > W() WzA—l(T A]IAiA)'

For any k£ > 0 and (5k C A we have

(20) H(gk max Xt Z]I(;ka WZ'A_l(TiAHAi ).
™ tc ANk A

Indeed, this is true for k = i4. If we assume that holds for a k < iy,
then for (51]21*1 C Ap_1 we have

Iyt max XF'> 3" Iy max X[
™ teAndh ! " teAns)
SECARnakT!

Tka e WiA—l(TiAHA,-A)

> Z ]L;k max |:X + i ]I(Sk—l(t)
sk Aprokt te Andk W .. WZ-A_l(TZAHAiA)Hp’k_I

> ]Ilsfn_l Wi_1... WiA—l(TiA]IAiA)-
Finally, we have
Sp(A) > 7_1” I?E%Xth - 'Y_IHXminAHp > 'Y_IWP -1,

which completes the proof of Step 4, and the proof of Theorem [1} =

2. Processes on infinite sets. In this section we will present a selection
of corollaries to Theorem (1} Let us notice that for an arbitrary set A C [0, 1]"
the finiteness of the quantity

(21) V=V(4) = lim Vi V0],

determines whether the set A has the property that every process with
bounded increments on A has an a.s. continuous modification.

The first result below shows how the existence of a majorizing measure
on an arbitrary closed set can be obtained from Theorem[I} The second gives
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an example of a construction of an a.e. discontinuous process on an infinite
set.

THEOREM 2. Let A C [0,1]" be a closed set for which V < oo. The
sequence of measures (fin)nen defined by

dppn = [Wo ... Wila,  PdA,
with A, = AA

5 s weakly convergent and 2P/41im,,_, oo Ln 1S a4 majorizing
measure on A with total mass 2P/9VP.

Proof. Since the family (uy,) is tight, by Prokhorov’s theorem there exists
a measure y which is its cluster point, i.e. u = lim; o0 fin, for some (n;)ieN.

The measure p is finite since ([0, 1]7) = VP < oo, and it is concentrated
on (,eny An = A, with the bar denoting closure. Moreover, by [3, Theorem
29.1] for any k € N there exist integers ay > by > k for which
(22) pa (Z) = k™' < limsup pin, (Z) < p(Z2)

71— 00

for every Z € Fy, (cf. (7). The sequence (by)ren can be easily chosen to be
increasing.

Let t be a point in A. For every natural number n we define the function

0u(e) = n(A7 M\ Bit,e) ).

where A4 ig defined in (EI) with B(t,e) N A substituted for A, and
B denotes the closed ball in [0, 1]7 with the metric d,. Obviously g, \, 0
pointwise.

Taking into account, for any k£ € N we have the estimate

: de
) — -
0 {/u(Blt.) N A) + oy, (¢) + k1

— 17-1/p 1
[u (At + k} de < | o (AL P de
0

Il
Ol = Ol = O ey =

m07ak (Aﬁc(t,E)mA)l/p

1
de S de
0
_ 1
0.0, (ABEINEY TP G < { mg o, (B(t,e) N B) P de < V2.

ay
0

Here the set E' can be chosen to be any finite subset of A such that Ag‘k =
AE ip = ap (cf. ) The measures Mg, moj, 7 > 0, are defined as

aj?
in the proof of Theorem |I|, Step 3, on the stipulation that mg;, j > 0, is
concentrated on F, instead of A. The last estimate results from .

IN
S
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By the monotone convergence theorem and an easy observation that
pin(A) = ||V ... V,0|h, we can take 2P/9y for a majorizing measure on A.

It remains to justify that (p,)neny has a weak limit. Observe that for
every k € N, Z € F;, and n > k we have (cf. (13))

pn(Z) = Iz - Wo ... Wala, |5
=Tz Wo... We|[Wisr ... Wnlla
=z - Wo...Wi[[Vig1 ... Va1 Ollp el
Since the operator Wy ... W}, is continuous and ||[Viq1 ... Vuq10|p s in-
creases with n, the limit lim,_ . un(Z) exists. Moreover, any (uniformly)

continuous function f on [0,1]7 lies in the L™ closure of the set of all
U;en Fi-measurable simple functions, thus by a straightforward argument,

| S — | fdp. s

[0,1]" [0,1]

THEOREM 3. Let A be an infinite subset of [0,1] with O being its only
cluster point. If V(A) = oo (cf. ([21)) then there exists a process on AU {0}
with bounded increments which is almost surely discontinuous at 0.

Proof. Basically, the idea is to use Theorem [I] to obtain a sequence of
(independent) processes, say X", on some finite sets A", which have large
upper bounds and the sets A™ are (exponentially) close to 0 at the same
time. Then we apply the Borel-Cantelli lemma.

Let ag = Bp = 1 and 6 > 0. If ay, B, are defined then oy, 41, Bpy1 are
chosen so that apy1 < Bpy1 < %an and for A" = [a,41, Bur1] NA we

have (cf. ([10))

v v ol > 6.

This can be done since for any B C [0,1] and B, := BN [I7%1] with [ >
(max B)~! the condition limy_ ||V ... V20|, = oo implies both

. B B o B\B B\B .
nlgnooHVO Vi Oll, =00 and hm Vo ...V 0|, = oo
Indeed, we have the inequalities
lim |[VE...VEo|, < lim |V ... VBo|,+ lim VPP .. VPP,
k—o0 k—oo k—oo
: B B
dim [V V20l < oo,
Jim IVE...vBo|, = Jim Tim |V m. VB,
— 00
= lim hm Vo™ . .VBmOHp

m—oo k—

< lim lim (HVB "LOHp—I— VB VB0,

~ m—o00 k—oo lB 1
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and for any finite set F with ip < k,
E E ip+1 k
O A I e L Y
<1427 Vg7 <o

Theorem [1| implies that if we take 6 sufficiently large, for every n € N
there exists a process X™ with bounded increments on the set A™ for which
| maxs scan | Xt —Xs| ||, > 2 and X7, 4» = 0. Moreover, by applying a fairly
standard argument we can choose the process so that

1
Prob X — X, >1) > =
ro (Sgleaj(n! t=Xsl21) 25

Furthermore, (X™),en can be chosen so that X', X2, ... are independent.

Let X; = X[ for t € A", Xy = 0. By the Borel-Cantelli lemma X; di-
verges almost surely as ¢ — 0. It is a simple exercise to show that
(c-Xt)iey, an With e = 2(1=9)/4 has bounded increments. Namely, it is enough
to notice that for ¢,s € (J,cny A", t € [am, Bm], 5 € [ag, Bel, k> m > 1, we
have

k k
e Xi —c- Xsllf = lle- Xy — e XS\ < le- Xg[IF + lle - XSI3
1
§t—minAm+s—minAkgt—am+5k§t—§amSt—ﬂkgt—s. .

COROLLARY 1. Let (an)nen be a sequence of nonnegative numbers such
that Y 07 an = 1. The series Y - | ¢p converges a.e. for any sequence of

functions (¢pn)nen C LP(0,1) satisfying || 302, onllp < ¢/ 2 02, an for all
ni,ng € N if and only if for the set A={>""" , an: k € NU{co}} we have

lim |V .. V40|, < co.
k—oo
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