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Orbits under a class of isometries of L![0, 1]
by

TERJE HOM (Kent, OH)

Abstract. We study the orbits of isometries of L1[0,1]. For a certain class of isome-
tries we show that the set of functions f in Ll[O, 1] for which the orbit of f under the
isometry T is equivalent to the usual canonical basis {e1, e2,e3,...} of ' is an open dense
set. In the proof we develop a new method to get copies of 1! inside L' [0, 1] using geomet-
ric progressions. This method does not use disjoint or relatively disjoint supports, which
seems to be the most common way to get such copies. We also use this method to prove a
similar result for the shift operator on I”, 1 < p < co. Finally, we study the orbits of mul-
tiplication operators on H 2 and A(T), the set of all continuous complex-valued functions
on T with absolutely convergent Fourier series.

Introduction. One of the fundamental problems in Operator Theory is
the Invariant Subspace Problem, which asks whether every bounded linear
operator on an infinite-dimensional Banach space admits a closed nontriv-
ial invariant subspace. Recall that a subspace Y of X is invariant under
T: X - XifTY C Y. Most attempts so far have been made in the pos-
itive direction, that is, trying to prove that different classes of operators
have nontrivial invariant subspaces. The study of invariant subspaces can
be seen as a study of particular properties of orbits of operators in the fol-
lowing way: The orbit of an element x € X under the operator T is the
set of iterates {z,Tx,T?x,...}. We say that a vector xg € X is cyclic for
T provided the closed linear span of its orbit is the whole space, that is,
m{.fo,Tﬂjo,Ton, .. } =X.

The question of whether an operator 1" has nontrivial invariant subspaces
is now equivalent to the question of whether all nonzero vectors x are cyclic
for T.

In recent years there has been a growing interest in studying the behavior
of orbits in more detail. We mention here B. Beauzamy’s book [1], the study

2000 Mathematics Subject Classification: Primary 47B38.
Key words and phrases: isometries, orbits of operators, shift operator, multiplication
operator.

(1]



2 T. Hoim

of cyclic and hypercyclic operators, etc. In this paper we study the orbits of
a class of isometries of L'[0, 1].

Main theorem. By Lamperti [3], every isometry of L' can be written
as T'f = h(f o), where 7 is a Borel measurable mapping of [0, 1] onto
[0,1] and h € L'. We will study the cases when the orbit of a function
f in L' under the isometry 7T is equivalent to the usual canonical basis
{e1,ea,e3,...} of I1. As we will see, there are essential differences depending
on whether 7 is measure preserving or not.

PRroPOSITION 1. If the point transformation T determined by an isome-
try T is measure preserving, then for every f € L'[0,1] the closed subspace
spanned by the orbit of f under the isometry T is not isomorphic to I*.

Proof. We need the following definition: if F is a subset of L]0, 1], then
the functions in F' are called equi-integrable if

lim sup | [f(t)|dt=0.
T€F {1>a)

Since [T*f(t)| = |f(7x(t))| for all k € N, where |h(t)| = 1, the above limit is
zero for all functions from the orbit of f. Hence orb(T, f) = {f,Tf,T?f,...}
is equi-integrable. The topological characterization of equi-integrability is
the following:

A subset F of L' is equi-integrable if and only if it is relatively compact
for o(LY, L>).

Hence, orb(T, f) = {f,Tf,T?f,...} is relatively weakly compact. Kadec
and Pelczynski [2] showed that F' C L! is relatively weakly compact if and
only if no sequence of elements of F' is equivalent to the unit vector basis
of I*. Hence orb(T, f) cannot span a subspace isomorphic to /1. m

We consider the following class of isometries T on L' [0, 1]:

1 X
—f= if0<x<\/2,
©  Tiw=1{" <A>

1 1 1-A
i <
Q—Af(Z—)\x+2—)\) if A2 <2<,

where 1/2 < X < 1.

As one can see, the above isometry T is determined by a point transfor-
mation mapping 7 of [0, 1] into [0, 1] where 7 is not measure preserving. More
precisely, it “squeezes” some intervals and “stretches” others. The following
theorem will show that in this case the orbits under T are often /!'-bases.

THEOREM 2. Let T be as in (1). The set of functions f in L'[0,1] for
which the orbit of f under the isometry T is equivalent to the usual canonical
basis {e1, e, e3,...} of 11 is an open dense set.
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Proof. Let f € L[0,1]. Since the simple functions are dense in L[0,1],

for any € > 0 there is an n € N and a simple function

on

s = Z SkX[(k—1)/2™ k/2]

k=1
such that || f —s|| < e. This form of a simple function assumes that the inter-
val [0, 1] is divided into 2™ equal subintervals. Since the point transformation
7, where

— if0<z<)\/2,
(2) ry=4 M 1
if \/2<z<1

gty TA2swsL
determined by the isometry 7" in (1), is not measure preserving, in order to
simplify further formulas and computations, we will use the nature of 7 and
divide the interval [0, 1] into unequal subintervals in the following way: the
first half [0, 1/2] is divided by a refinement of the dissection A"~1 /2, \"~2/2,
A3/200..0,0/2,1/2 into (n — 1)2"~! + 1 subintervals

Anfl
s

n—12m"1

An—k An—k—l__An—k An—k An—k—l__An—k
U ) — 1 ]
UU[ T A

the second half [1/2,1] is divided by a refinement of the dissection 1/2, 1 —
1/(2(2=X)), 1-1/(2(2—X)?),...,1=1/(2(2—X)""1), 1 into (2n—4)2" "1 +1
subintervals

Zm02 ! 1 , 1-\
(3) U U[l—m‘i'(J—l)Wa

k=1 j=1
1 . 1—AX ]

Lo T g — oy

1 1 1

|t st - mr] - e

In this way we will have more subintervals than needed, but it will be
easier to describe and understand how the point transformation 7 works.
Namely, 7 will take each “big” interval [A\" =% /2, \P=*F=1/2] 'k =1,... n—1,
of [0,1/2], and [1 — 1/(2(2 — M)*),1 —1/(2(2 = N, k= 1,...,2n — 5,
of [1/2,1], directly to the left of it in a 1-1 fashion and the endpoints of
one interval will be mapped to the endpoints of another interval. Each of
the small subintervals will therefore be mapped 27! intervals to the left.
The only intervals that do not get moved around are the very first and




4 T. Hoim

the very last interval of [0,1]. The interval [0, A"~1/2] will be squeezed
and mapped onto the A multiple of itself, that is, onto [0,A\"/2], and the
very last interval [1 —1/2(2 — X\)?"~%, 1] will be stretched and mapped onto
[1—1/(2(2 — A\)®"5),1]. The function s is constant on each of these inter-
vals.

We will prove the equivalence to the canonical basis for the orbit of an
arbitrary simple function assuming that the interval [0, 1] is subdivided as
in (3). Let a simple function s have a constant value sy, on the kth subinterval
of the division (3), 1 < k < (3n — 6)2"~1 + 2. We apply the isometry T to
this simple function m times, where m € N. We will show that there are
constants ci, co > 0 such that

m m m
(4) clz|ak| < HZakas . §022|ak|
k=0 k=0 k=0

for any sequence (aj) of complex numbers in I and for any m € N. This
means that there is an isomorphism of ! onto the closed subspace of L[0, 1]
spanned by the orbit of s under the isometry 7. Under this isomorphism
the unit vectors in /' correspond to the functions T*s. In other words, the
sequence {s, T's, T?s,...} is equivalent to the unit vector basis in I*.

The right hand side inequality with co = 1 (or ca = ||s||z1 if ||s||z1 # 1)
in (4) follows easily from the fact that if s has L'-norm 1, then since T is an

isometry, ||T%s|| = 1 for any k € N. Therefore, for any ag, .. ., d,,, we have
m 1 m 1 m
HZ%T’“SHLI :S‘Zaka ‘dt SZ|ak||Tk )| dt
k=0 0 k=0 0 k=0

= 3 a0t = Z|ak|
k=0 0

In order to get the left hand inequality in (4), we need to write up
the L'-norm of Y ;" aiT"s very precisely. Since s is a simple function,
(1> apT*s(t)|dt is the sum of the areas of the rectangles with the
above subintervals (3) as bases and the corresponding linear combinations
| S~ apT*s(t)| of the s;’s as heights. For example, the first two rectangles
have the same base A" ~1/2 but
m—1

1 1

V ars1 + )\—m A S2

— aisy| and

as their respective heights. Two consecutive rectangles on either side of the
dissection point A"~!/2 have widths A\"~1/2" and (A"~2 — A"~1)/2" and
heights
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n—1 3n—6 1 1
ZV“’“SW" tt Z =1 (2 — \)k—n+T Ak Sk2n—1

1 1
+ N1 (2= )zt a3n—55(3n—6)2n 141

1 1
t 2 g (@ = a)Fn SEn-6)2n 142

k=3n—4
and
2 3n—6
”Z 1 N “— 1 1
A Spon—141 Z A Spon—141
e + L An=2 (2 — \)k—n+2 +
n—

)

1 1
+ Z An=2 (2 = \)k-n+2 akS(3n—6)2n—142
k=3n—5

respectively. And so on. The L'-norm of >, axT*s is a sum of (3n—6)2"~!
+m+3 terms similar to these four above. This sum is, of course, very lengthy;,
but if we use the triangle inequality |a| + |b| > |b — a| to compare each pair
of consecutive terms in this sum and pick only those terms that we get if
we compare the areas of two consecutive rectangles whose base intervals
have a common endpoint at A\¥/2, k = 1,...,n +m — 1, in [0,1/2] or at
1-1/22-XNF), k =1,...,2n — 4, in (1/2,1], then the sum we end up
with will have a very simple structure. In particular, we get

H ZakT’“ B (12nA><51 Sy 4 S3),

where Sl = Sl (CL(), PN ,a3n_6), SQ = Sg(ao, cey am) and 53 = Sg(am_3n+6,
., am) are defined as follows:

S1 = |aowsn—4| + [aowsn—5 + a1ws3, 4|

+ |apwsn—6 + a1W3p—5 + A2Wap—_a| + . ..

+ lagwa + a1ws + ... + azn—Wsn_4l;
Sy = |agwr + a1wa + ... + a3n—5W3n—a|+

+ ]alwl + a2wo + ...+ agn_4w3n_4\

+ |a2w1 +azwze + ...+ a3n73w3n74| + ...

+ [@m—3n+5W1 + Am_3n16W2 + ... + A Wap_al;
S3 = |am—3nr6W1 + Gm—3n17W2 + ... + QrW3n—s]

+ |@m—3n47W1 + Gm—3n48W2 + . .. + A W3y—g]

+ ...+ ‘am—lwl + CLm'LUQ‘ + ‘amwl‘y
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with a vector w € R3*~*, where
w1 = )\nil(Sl — 80),
wWg = )\n_2(82n71+1 — Sgn-1),
w3 = N""3(89.9n-141 — Sg.9n-1), ...,

Wn—-1 = )‘(S(n—2)2"—1+1 - S(n—z)zn—l),
A
Wy = 2\ S(n—l)Qn—1+1 — S(n—1)2"—1;

1 A
Wn+1 = | 1 Sn2n—141 — Sp2n-1 ], ...,
2—A\2-2AX

1 A
W3n—-5 = (2 — )25 <2 Y S(3n—6)2n—141 — S(3n—6)2"1>7

1 A
W3n—4 = (2 — )\)zn_4 <2 . )\ 5(371,76)2”71+2 - 5(371,6)27L1+1> .

Since we are proving a statement for a dense set of functions, we can always
perturb the simple function s a little so that not all of the w;’s are zero.

Thus, our final task is to estimate the sum S; + S5 + S3. In order to do
that, we need the following proposition which we feel is interesting in itself,
and which shows that Ss is small under some conditions.

ProposiTION 3. Fiz n € N. There is a dense set of wvectors w =
(Wi, ..y wpt1) in C*FLwy # 0, wayq # 0, with the following property: if a
sequence (o) of complex numbers satisfies (w, A;) =0 forall i =0,1,2,...,
where A; = (i, Qg1 ..., Qitn), then (ax) can be written as a linear com-
bination of n geometric progressions.

Proof. Take a vector v’ = (wy,...,w, ;) with w} # 0 and w;,,, # 0.
If the nth-degree polynomial p(y) = w), 1y" + wiy™ ' + ... + why + w}
does not have distinct roots, find another vector w = (w1, ..., wy4+1), very
close to w’, such that the above nth-degree polynomial with new coeflicients
Wi, ..., Wn+1 has n distinct roots yi1,...,Yn.

Let (ax) be a sequence of complex numbers such that (w, A;) = 0 for all
1 =0,1,2,... To prove the proposition, suppose that the first n numbers
g, Q1,...,0,_1 can be written in the following form:

r1+22+ ...+, = Qp,
T1Y1 +22Y2 + ... + TpYn = g,
(7) xly%+az2y§+...+xnyi = Qo,

n—1 n—1 n—1
1Yy + T2y, + .o TRy, T = Qpo1-
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Since y1, . . ., Y, are distinct, the Vandermonde determinant of {1,y1,...,y,}
is nonzero and therefore there are unique z1, ..., x, solving the system (7).
By assumption, agwi + aywe + ... + apwn41 = 0, so
w1 w2 w
(8) an = — 0 — — .. — Op-1 n
Wn+1 Wp+1 Wn+1

w w
=<— - )(a:1+...+:cn)+<— : )(x1y1+...+:rnyn)
Wn+1 Wp+1

w
+...+ (— = )(xly’f_l—i—...—l—xny;‘l)
Wn+1

- wq w2 w3 2 Wn, n—1
=1\ — — Y1 — y1 — ... — Y1
Wn41 Wn4-1 Wn4-1 Wn+41
w1 (%) Wn, n—1
Wn41 Wy 41 Wn+1
w1 w2 Wn  p_1
—i—...—i—xn(— — Yn — oo — —— Y,
Wn+1 Wp+1 Wp+1

=21y + Toyy + ...+ TRy,

because y1,...,y, were exactly the n roots of the nth-degree polynomial
p(y) = Wp1y" +way™ L +. .. +woy+wi. Note that yq,. .., y, are uniquely
determined by wq, ..., wyy1.

Next, if aqwy + agws + ... + app1wpy1 = 0, then

w1 wao W,
(9) apt1= — o — oy — ... — o,
Wn+1 Wn+1 Wp+1
wy 2 2
= = ($1y1+'--+xnyn)_ (xlyl ++$nyn)
Wn4-1 Wn+1
W,

1y + ...+ Thy,
wn+1(1y1 Yn)

1
=mytt 4+ gyt

By (8) and (9) and by obvious induction we see that (ax) can be written
as a linear combination of n geometric progressions. m

Denote the geometric progressions from Proposition 3 by g¢',...,g",
where ¢* = (1,yx,y2,...) for k = 1,...,n. Thus, every simple function
s gives us a vector w € R3*~* as in (6) and a finite number of geomet-
ric progressions ¢!, ¢2, ..., g% 5. Depending on these geometric series, we
consider three possible cases:

Case I: gt ..., ¢ ® are all decreasing.

Casg IL: g, ..., ¢®" % are all increasing.

CasE III: some g',...,¢>"® are decreasing and some are increasing.
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Before considering these cases, assume that we have already shown that
there is a dense set of functions f for which there is a v > 0 such that
| > axT* fllze > v, |ak| for every m € N and for every sequence
of scalars (ax) € I'. We will now show that this set is also open. Indeed, if
llg = fll <~/2, then

[t 2 S| - [ 35 ro )
k=0 k=0 k=0

>y Y larl = 5 3 lal = 23 laxl,
k=0 k=0 k=0

that is, also {g,Tg,T?g, ...} is equivalent to the unit vector basis of I!.
Thus, Theorem 2 will be proved once we show the existence of the above
~v > 0 in all three different cases.

Cast 1. First we will consider the case when |yx| < 1 for all k& =
1,2,...,3n — 5. Since the geometric progressions g',...,¢3" =% are all de-
creasing, the following lemma will find a “universal block length” M for all
those «;’s that are exact linear combinations of the geometric progressions
g',...,g°" % in such a way that the size of any M-block of «;’s is less than

%th of the preceding M-block.

LEMMA 4. There exists an M > 0 depending only on g',...,g3"~® such
that if (a;) € 1! is any sequence that can be written as (o;)ien = (v19* +
o+ T3,-50°" %), where g8 = (1, yg,y2,...), 1 <k < 3n—5, with |yx| < 1
and yr #y;j, 1 <k,j <3n—-25,k#j, then

2M—1

SUIEED: Z .
=M

Proof. Since all the y;’s, 1 < k < 3n — 5, are distinct, the Vandermonde
determinant of {1,y1,...,¥y3n_5} is nonzero. Hence ¢!, ..., ¢®" =% are linearly
independent and form a basis for a (3n — 5)-dimensional subspace of ! with

basis constant K. Consequently, for any M,

1
Z lak| = llzig' + ...+ 230—50""70 = — T 1<l£ri%x |z

On the other hand,
2M—1

3 lond = o' oo s o™~

_ M
< (3n-5) |max |z |max i |-



Orbits under a class of isometries of L'[0,1] 9

If we choose M € N so large that

1
> 10,
K(3n —5) max1<kg<3n—5 |yk |
then
M-1 1
1 3n—5

| = _ > —
Z; il = llong" + o+ wansg™ 7 > 5| _max |
1=

1

3nf5H
~ K(3n—5)maxi<p<sns |yp!

, |1yt g+ . A w5yl _sg

2M—1

10[z1y1 9" + . + T3n—sy3m 59"l = Z | .
i=M

v

Hence the desired M exists and this proves the lemma. m

Let the «ay’s, y;’s and M be as above. Divide the integers into blocks
of length M and consider now any sequence (aj) of complex numbers.
Corresponding to each M-block of integers consider the block of consec-
utive a;’s with indices from the M-block of integers. Let .A; be the block
(ag—1)ym,---,a;n—1). We make the following

DEFINITION 5. When
GH+1)M—1 1
() pOITEE S S
i=jM i=(j—1)M
we say that the a;’s go down in the block A;;,. Otherwise they go up
in .A]‘+1.
We are looking for a v > 0 such that Sy + Sy + S5 > 7> /" |ax| for

every m € N and (ay) € [*. In the case S2(ag, - .., amn) = 0, we get the lower
estimate in the following way:

LEMMA 6. Let 0 # Y27, lax] < oo. If Si(ag,...,am) = 0 and
(@o,.-.,am) can be written as a linear combination of 3n — 5 decreasing
geometric progressions, then there exist 61 > 0 and v1 > 0, depending only
on those progressions, such that

Si(ao, - .., azn—6) > 01,

and, consequently,
(Sl + S2 + 53)(610, cee 7am) 2 71 Z |ak'|
k=0

Proof. Suppose to the contrary that Sy (ag,...,as,—¢) = 0. This implies
that |apws,—4| = 0, and since ws,—4 # 0, we must have ayp = 0. Next,
lagwsn—5 + a1w3n—4a| = |a1wsn—4| = 0 implies that a; = 0. Continuing, we
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see that all of ag,...,a, must be zeros, contradicting the hypothesis that
S o lak| # 0. Hence Si(ag,...,asn—¢) has to be strictly positive. Since
Si(ag,...,asn—¢) is a continuous function, and the set
M-1
{(ag, .. .,aM_l) : SQ(CLO, PN ,aM_l) =0 and Z ]ak] = 1}
k=0
is a compact subset of the unit sphere of CM | the function Si(aq, ..., a3, ¢)

must attain its strictly positive minimum on this compact set. That is,
there exists a d; > 0 such that Si(ag,...,as,—6) > 1. Since > ;- lax| <
% ZkMzgl lag|, for v1 = 961 /10 we get

M—-1 m
(S1+ 52+ 53)(a0, ..., am) = & Z |ay| > ’V1Z|ak|
k=0 k=0

for all m € N and for all sequences (ay) with Sa((ax)) = 0.

If Zi\igl |a;| # 1, one can use the homogeneity of the absolute value to
finish the proof of Lemma 6. =

So, if Case I occurs and Sy = 0, the equivalence from Theorem 2 is
proved.

REMARK. Notice that if S5 # 0, then S; + S2 # 0, and using the con-
tinuity of S; + S on the compact subset of the unit sphere of CM | a lower
estimate follows.

In the following we assume that Sy # 0. Put
FM—1
M= > Jail
i=(j—1)M

Lemma 7 will give us a partial estimate involving any three consecutive
blocks. All blocks are put together in Subcases I.1 and 1.2. Lemma 8 will
state the final result in Case I.

So, we still assume that the vector w = (wq,...,ws,—4) gives us 3n — 5
decreasing geometric progressions.

LEMMA 7. There exists a vo > 0, depending only on a given vector w,
such that if |\A;]| < 3 A1, but [ Azi1]l > 214, then
(G+1)M—1
(S1+ 82+ Ss)(ag—1yams - aG+1)M=1) = V2 Z |ail.
i=(j—1)M
Proof. Since the a;’s go up in the block A;;,, we have

i—1)M j—1) M —
(a(jfl)M, ) a(j+1)M71) = :cly? ) 91 +...+ fBgn—sy:(gjn_g)) 93n b + 772M,
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where ¢F = (1, yx, y3, . .. ,yiM_l), 1 <k<3n->5,and n?M = (NG—1)p> - - -
Cong+nm—1) with Y]] > ey, where g > 0 is determined by
g',...,g°" % and by combining Lemma 4 and Definition 5. Clearly,

So(ajnr, .- ag+1ym—1) # 0 for any such collection of ajnr, ..., a¢41)m—1-
Since Sa(ajas, - - -, ag+1)m—1) is a continuous function on a compact subset
j+1)M—1

{(@r, s agran) = [yl > 31411 and SRR ar] = 1) of the
unit sphere of CM, there is an &1 > 0 such that Sa(ajar, - . ., ags1ym—1) = €1.
Since

(G+1)M -1 (G+1)M -1

Do lal <3 Y al,
k=(j—1)M k=jM

taking vo = £1/3, we get the desired estimate. m

We will now use Lemmas 6 and 7 to prove Lemma 8 and thus the equiv-
alence from Theorem 2 in the case of decreasing geometric progressions.

Consider any sequence (ay) of complex numbers in ! and divide (az)
into blocks of length M as before. We now give a label to each block—either
“d” if the a;’s go down in that block or “u” if the a;’s go up there.

Depending on the sequence (ay), we need to consider the following two
subcases:

SUBCASE 1.1: There is no block with label “u”.
Then either Lemma 6 or the Remark following it gives us an estimate.

SUBCASE 1.2: There is a block with label “u”.

Then for each block with “u” consider the previous block and all consec-
utive blocks with “d” up to but not including the next “u”-block. Consider
the blocks A;_1,A4;,..., Ajtx, where A;_; has either “u” or “d”, A; has
“u” and Ajy1,... Aj4k all have “d”. Then, by Lemmas 7 and 6 we have the
following estimates:

FM—1
(S1+ 82 + Ss)(ag-2)m, - ajm-1) =72 Z |ail,
i=(j—2)M
(j+k)M—1
(S1+ 82+ S3)(ajnes - -5 agrmynmr—1) =73 Z |ag].
i=jM
Since
(k) M—1 JM—1
Yo lal<2 Y ail,
i=(j—1)M i=(j—1)M

we get
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(G—1)M-1 iM—1
(S1+ S22+ S3)(ag—2)M> - - -5 Q(jtk)M—1) = V2 Z |lai| + 2 Z |a]
i=(j—2)M i=(G—1)M
G—1)M-1 ., (j+k)M—1 ., (j+k)M—1
2 2
>y > ail + 0l > lail > 5 > ail
i=(j—2)M i=(—1)M i=(j—2)M

If some blocks directly following .A; all have “u” labels, say A;41,..., 44
all have “u”, then, first, Lemma 7 gives a lower estimate for each pair of
consecutive blocks of them and since

52((1(]'—2)M7 e 7a(j+s)M—1)
= Sy(block A;) 4+ Sa(block A1) + ... + Sa(block Aj ) + more
o Mo (G+1)M—1 (j+s)M—1 (j+s)M—1
Zgl' Z |a;| + &1 Z ‘ai‘+---+€1'z \%’\Z’Yz‘ Z |ail
i=(j—2)M JM (j+s—1)M i=(j—2)M

with 72 = €1/3, we have a lower estimate for (S1 + So + S3)(a¢j—2)nm, - - -

ey a(j+s)M—1)-

Finally, suppose the a;’s go down in the first j blocks Ao, A1, ..., Aj_1,
and go up in Aj;. That is, we now consider all blocks before the first “u”.
Then, by Lemmas 6 and 7 there are v3 > 0 and 72 > 0 such that

(G—1)M—1
(S1+ 82+ S3)(ag, ..., aG-1ypm—-1) > V3 Z g,

i=0

JM—1
(S1+ 82+ S3)(agi—2)amss -+ Gjnr—1) = 2 Z |ail.

i=(j—2)M
Then
(Sl +S2 +53)(a0, . ,CLjMfl)

= (Sl —i—SQ)(CLQ, R ,a(jfl)Mfl) + Sg(a(j,Q)M, R ,ajM_l) -+ more

(j—2)M-1 JM—1 JM—1
>3 Z |ai| + 2 Z |a;| > min{v2, 73} Z |ai.
=0 i=(j—2)M i=0

Subcases 1.1 and 1.2 prove the following lemma:

LEMMA 8. If the vector w = (wy,...,Wsn—4) gives 3n — 5 decreasing
geometric progressions g*,...,g>" ">, then there exists a v > 0, depending
only on those progressions, such that

(S1+ 82+ S3)(ag, - -+, am) > ’YZ |ai.
i=0
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Thus, the equivalence from Theorem 2 is proved assuming that Case I
occurs.

CAsg II. All the previous lemmas work similarly in the case when |y | >1
forall k =1,2,...,3n—>5. The length M of the blocks is determined by the
following lemma, which we only state.

LEMMA 9. There exists an M > 0, depending only on the 3n — 5 in-
creasing geometric progressions g',...,g>" =5, such that if (a;) € 11 can be
written as (a;)ien = (x19* + ... + T3n—59°"75), where g* = (1, yr, y2,...),
1 <k <3n-—05, with |yx| > 1 forallk=1,...,3n —5, then

2M—1

M—-1
D okl =10 ) Jax.
k=M k=0

If (o) € ' can be written as a sum of 3n — 5 increasing geometric
progressions, then there exists an mo € N such that a,,, = g1 = ... =0.
Also, if Sa(a, ..., qm,) = 0, the sum Y ;" |oy| is determined by the last
M-block of the ay’s and the whole estimate of S7 + S5 + .53 depends now on
its third part Ss(m—3n+6,- -, Q). The next lemma will state this result.
The proof is similar to that of Lemma 6.

LEMMA 10. Fiz w = (wi,...,W3p—4) with wy # 0, ws,—4 # 0. For
any sequence (a) of complexr numbers with 0 # > |ax| < oo, let A; =
(CKZ',O(H_l, ce ,Oéi+3n_5), 1 = 0, 1, e If (w,Al) =0 fO?" all 1 = O, 1, ey
m — 3n + 6, m € N, implies that (o, aq,...,0) can be written as a sum
of 3n — 5 progressions, then there is a d2 > 0, depending only on those
increasing geometric progressions, such that for any m > 3n — 5,

S3(Qm—3n+46, - - - m) = |Um—3n+6W1 + Qun—3n17W2 + . .. + AWy 5|
+ |0 —3n4+7W1 + Qp—3n48W2 + ..+ A W3n—g]

+ . lam— 1w + anws| + |amwi| > 2.

CasEg III. Next, suppose the geometric progressions g° = (1,y;,y2,...),
i=1,...,3n — 5, that we get by Proposition 3 satisfy |y;| < 1 for 1 < <1
and |y;| > 1 for [ +1 < ¢ < 3n — 5. So, if Sa(ag,...,a,) = 0, then by
Proposition 3, (ag,...,a,,) is an exact linear combination of the geometric
progressions g',...,¢>"~°, that is,

I+1 4 3n75).

(a0, .- am) = (z19" + ...+ m1g") + (w1319 st Z3n-59

Consider first the decreasing progressions g', ..., g’ only. For these pro-
gressions Lemma 4 determines a block length M so that
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2M—1 1 M-—1
SITIEE S
k=M k=0

for all sequences (aj) € I' that can be written as (az) = x19' + ... + 219’
for some complex numbers 1, ..., x;.

Using this M, divide any (aq, ..., as) into blocks of length M, and in
every block redetermine the coefficients x1,...,z3,_5 in its representation
by 3n — 5 geometric progressions. For all those blocks that are exact linear
combinations of the first [ decreasing geometric progressions g¢!,...,g", we
have a v > 0, depending only on g',...,¢', and thus a lower estimate by
Lemma 8 of Case I.

We now fix a projection from the space of M-tuples (ag, ...,ay 1) € CM
onto span{g!,...,¢°" 5}. Hence, in each M-block we can project (ajs,. ..
...,a(+1)m—1) onto that span, that is, we have (ajn,...,a¢11)m—1) =
r1g* +. .. +T3,_59°" "5 +n, where n has the smallest possible norm. We also
consider the projections Pgys; and Plasy that project (ajnrs, ..., a¢+1)m—1)
onto span{g!,...,¢'} and span{g'*t!, ..., g3 5} respectively.

In Lemmas 11 through 16 we consider the sequences (ay) that are exact
linear combinations of geometric progressions ¢!,...,¢3*~® in each block.
That is, in every block we have n = 0. The general case will be considered
in Lemma 17.

LeEMMA 11. Given ag,...,a, and a block length M, if
[[(m+1)/M]]

m
5
Z | Past (@i —1yars -+ -5 ajnr—1)|| < B Z |lak],
k=0

=1

then there is a 4 > 0, depending only on g',...,g>" 5, such that

S1+ S+ 53 > 742 lag|.
k=0
Proof. Since

Si(ag, ... a3n—¢) + S2(ag, ..., am) + S3(Am—3n+6,- - -, Am)
> [S1(Parst(ao, - - -y a3n—¢)) + S2(Parst(ag, - - -, am))
+ S3(Phrst (Am—3n+6, - - -, m))]
— [S1(Plast(ao, - - - yasn—¢)) + S2(Plast(ag, - - -, am))

+ 53(Plast(am—3n+6) R am))]

Z 72 |Pﬁrst(ak)| - Z |P1ast(ak')|
k=0 k=0
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m m m
> 'VZ lar| — 'YZ | Plast (ax)| — Z | Plast(az)|
k=0 k=0 k=0
S
k=0 k=0

the lemma is proved. m

LEMMA 12. If
[[(m+1)/M]] v &
JZ:; Hf)last(a(j—l)Ma--- Q5 M—1 ) > §z::|ak|,
then there is at least one block Aj, of the ay’s such that
~y JoM—1
| Rast(@Go—nars - ajonr-Dll = 35 D laxl.
k=(jo—1)M

Proof. If not, that is, when in all blocks we have

GM—1
Y
||Plast(a(j71)M)'"aajM—l)H < E Z |ak|7
k=(—-1)M

j=1,...,m— M, then

m
v
ZHPlast(a(jfl)Mv""ajM 1 _Okz:|ak|a

contradicting the hypothesis. m

LEMMA 13. The weight of the blocks with
FM—1

g
| Plast(@(j—1)a1, - - > ajnr—1)|| = 10 E |a|
k=(j—1)M

is at least
’Y m
15 2 laxl-
k=0

The next lemma determines a new block length:

15

LEMMA 14. There exist n; € N and 5 > 0, depending only on g, ...

., g0 such that if

ny (Jtn1)M—1

’Y
Z | Prast (@(j4k—1)05 - - > OG+rym—1) || = 0 Z |ail,
k=1 i=jM
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then either

Z | Plast (@((jtn1)+k—1)M> - -+ Q((G4ny)+k)M—1)]| > 10 Z |a|
k=1 i=(j+n1)M
and
(J+2n1)M -1 (j+n1)M—1
el =100 ) adl,
i=(jtn1)M i=j M
or
(j+2n1)M—1
(S1+ 2+ Ss)(@nrs s agonym-1) 2% Y adl.
i—j M

Proof. If the first assertion does not hold, then the ay’s cannot be written
as exact linear combinations of 3n — 5 geometric progressions. So, by a
compactness argument as in Lemma 6, there is a 5 > 0 such that

27L1M—1
(S1 4 S2 + S3)(ao, - - -, a2n, m—1) = V5 Z lag].
k=0
Note that when (az) is close to span{g!,...,¢3" >}, the first assertion

holds. =

Call these new blocks Bi, By, Bs,... Each of them has now the block
length ni M.

DEFINITION 15. Let
1P (Bl 2 75 D lawl.

ar€B;
If N
| Plast (Bj+1)[| = 10 > x|
ar€B;j11
and ||Bj11]| > 2||Bj||, then we say that they go up from the block B;.
Otherwise they go down from B;.

We now consider blocks with the P projections onto the subspace
span{g't!, ..., ¢>" %} having norm greater than /10 of the sum of the a’s
in that block. It is enough to have a lower estimate of >~}" ; |a| in terms
of the ay’s from the blocks with || Pt/ large, since, by Lemma 13, these
blocks have big weight. Under each of these blocks we write “u” if the ay’s
go up from that block, and “d” otherwise. Labeling only the blocks with
[ Plast(Bj)|| = 15 Xayen, lakl, we also have, in general, blocks without a
label, namely the ones that have || Plasi(B;)]| < 15 ar€B;

the whole sequence (ay) is divided into blocks where blocks having a label

lak|. In this way
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are separated by the blocks without a label. It is enough to have a lower
estimate of S; + 59 + S3 for each sequence of consecutive labeled blocks.

So, consider a sequence of blocks Bj, Bj11, ..., Bj4, in which every block
has a label but B;_; and Bj4;4+1 are without a label. Observe that each such
sequence of blocks By, ..., B;;; ends with a “d” label.

We have the following estimates depending on the order of labels: By
Lemma 14, we always have a lower estimate for blocks B; and B, if B; has
label “d”. We also have an estimate for all previous blocks with “u”, that is,
if B;_s,...,B;_1 have “u” and B; has “d”, then since the aj’s in the block
B; dominate, that is,

ing M—1 inyM—1
Y. lwl<2 Y al,
k=(i—s—1)n1 M k=(Gi—1)n1 M

we have

(S1+ 82+ S3)(A(i—s—1)n M - - > Ait1)ny M—1)

ingtM—1 (i+1)n1 M—1
>y Y ekl D
k=(—1)n1 M k=in1 M
~ ing M—1 (i+1)n1 M—1 5 (i+1)n1 M—1
5 5
=5 S akl+7 Z =S >l
k=(i—s—1)n1 M k=ini M k=(i—s—1)n1 M

When the a;’s have label “d” in two or more consecutive blocks, say in
Bi,...,Bits, then, by a compactness argument, in each pair of consecutive
blocks and by the form of the sum Sa(a¢—1)n, a5+ -+ A(i+s)n, M—1) in terms
of the sums S (block B;), Sa(block Bi41), ..., S2(block B, ), we have also a
lower estimate (compare with the proof of the second half of Subcase 1.2 of
Case I).

So, if a vector w = (w1,...,ws,—4) gives us, by Proposition 3, 3n — 5
geometric progressions g',...,¢%"°, where ¢',...,¢' are decreasing and

gttt ..., g5 are increasing, then the previous discussion proves the fol-
lowing:

LEMMA 16. There ezists a ' > 0, depending only on the geometric pro-
gressions g*,...,g>" %, such that for any sequence (ar) € I and for any

m € N we have
(Sl +52+S3)(a07"'7am) ZW/Z’ak’
k=0

Finally, for a general sequence (ay), in each block write it as (ay) =
r1g + . AFxgt gt L 2, _5¢°" 0+ with (n?) having a minimal
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!!-norm. Then the following lemma finishes the case of mixed geometric
progressions:

LEMMA 17. There exists a v¢ > 0, depending only on g',...,g%" >,

such that if in every block B;, i = 1,2,..., a sequence (ax) can be written
as xig1+ ...+ xg+ T 1 Gi41 + ..+ Ty, 59305 + 1 then for any m € N,

S1+ 52+ 53 Z’YGZMH-
k=0
Proof. The case n = 0 is covered by previous lemmas. Let S7,S%, and
S% denote the sums in the case of n = 0, and let 4* > 0 be such that

ST+ 85+ 85 = v 3o law]- I [|nll = 32 0]l < (v*/2) 3 lax], then
m ¥ m ¥ m
/ / ! * j—
S1+82+53 = (S1+53+93) —[Inll = golak’_? k§0’ak’ = Ego\ak\a

that is, v6 = v* /2. If ||n]| > (v*/2) >_ |ak|, then (ax) is far from being a linear
combination of 3n — 5 geometric progressions and the estimate follows using
a compactness argument.

Thus, the stated equivalence is also proved assuming Case III occurs. =

REMARK 1. Suppose |y;] =1, 1 <i < 3n — 5. Then there always exists
a simple function whose orbit under the isometry 7" does not produce a
sequence equivalent to the /1-canonical basis. For example, let A\ = 1/2, and

let
on |0,1/2),
PR CIRTY ST
b on [1/2,1].
Then for a = —b or a = 3b the orbit of s under 7" with A = 1/2 is not
equivalent to the usual basis of I'.
More generally, if s can be written as

1
s:g—E(Tmlg—Tng—...—Tm’“g)

for some g € L' and k € N, then || >, a;T"s|| is bounded for any m, but
Yoo lai] = >0k, const = (m + 1) const — oo as m — oo. Hence no lower
estimate exists. But we can always change those “bad” simple functions by
some £ > 0 and so the result still holds for a dense set of functions in L?.

REMARK 2 (Shift operator on ['). We define the shift operator on [
by T'((z1,22,x3,...)) = (0,21, 22,23,...). Then we also have the following
result:

THEOREM 18. The set of sequences in I' whose orbit under the shift
operator T is equivalent to the usual basis of I' is an open dense set.
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Proof. Since the sequences with finitely many nonzero coordinates are
dense in [!, for any fixed n € N and z = (z1,...,2,,0,0,...) € I' we have

m
|3t
k=0
= ‘QQIEﬂ + |CLO{L‘2 + a1$1’ + |CLO{L‘3 + a1 + a2x1|

+ ...+ |a0xn,1 +a1Tp—9o+ ...+ an,2x1|
+ laoTn + a17n—1 + ...+ an121| + la1Ty + a2Tn 1 + ..+ ap2 |
+ ...+ |am_n+1:13n +am—n42Tp—1+...+ (Imlj’
+ |am—nt2Tn + ... +Famxa| + ...+ |@m—1ZTn + @mTp_1] + |amTs|

= S1(ao, ..., an—2) + S2(a0, ..., am) + S3(@m—nt2,...,0m),

for any m € N and (ax) € I'. Thus, we have to estimate the sum S} + S5+ S3.
The rest of the proof is similar to that of Theorem 2. m

Note again that if |y;| = 1 for some i, then taking ag = ... = a,, = 1 we
have || Y. T"z| = finite, but > ar, = m + 1 — oo, i.e. the orbit of such an x
is not equivalent to the usual basis of .

REMARK 3. Theorem 18 is also partially true in any other [P, 1 < p < oo.
That is, for any n € N and = = (z1,...,2,,0,...) € [? with ||z|[, = 1, we
get the estimates

(S lenl)” < | S| <n( 3 janrr) "
k=0

The upper estimate is clear; the lower estimate follows from compactness
arguments as in Theorems 2 and 18. This yields

THEOREM 19. Fvery IP;1 < p < 00, contains a dense set of sequences
whose orbit under the shift operator T' is equivalent to the usual basis of IP.

The only difference with Theorem 18 is that we do not know whether
this dense set is open or not when 1 < p < co. Recall that it was open in [1.

REMARK 4. Define
esseinf 1£(e)| = inf{A:m{z:|f(z)| < A} > 0},
esssup | f(e")| = sup{B : m{z : |f(z)| > B} > 0}.
0

Then we have the following result in H?:

THEOREM 20. Let the operator T be multiplication by z on H?. Then the
orbit of f € H? under T, that is, the set {f, 2f, 22f,.. .}, is equivalent to the
usual basis of 12 if and only if essinfy | f(e?)| > 0 and esssupy | f(e?)| < oco.
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Proof. Clearly, we have

essinf [ f(e’ (Z’a’“’ ) = Hiakzkf‘t
k=0
<esssup|f (Z|ak| )

and if essinfg |f(e?)] > 0 and esssupy | f(e??)| < oo, the estimate follows.
For the sufficiency, suppose instead that essinfg|f(e?’)| = 0. By the

definition, this means that for any ¢ > 0 there is an interval (a, ) C

{0 : |f(e?)] < e}. We can suppose 0 € (a,[3) and define a peak func-

tion p(e') by p(e') = 327 are™® with suppy C (o, ) and [|p2 = 1.

Then
S k 2 1 T k6 0
|S ot = & T[S
k=1 0 k=1
1 ¢ 10\ |2 2
< — * df = —
<5 | 2%leo(e™)) 5

Letting € — 0, we see that no constant ¢; > 0 exists that satisfies

- 2\ /2 - k
c a < H H .
(X lan?) < | Y anta
k=1 k=1
The proof for an upper constant csy is similar. m

REMARK 5 (A characterization of functions in A(T)). We denote by
A(T) the set of all continuous complex-valued functions f on T which have
absolutely convergent Fourier series. If f(z) = Y2 cx2¥, then its norm
in A(T) is defined by [|f]la = Y re_ . |ck|. We have the following charac-

terization:

THEOREM 21. Let the operator M be multiplication by z. Then the orbit
of f € A(T) under M, that is, the set {f,zf,z%f,...}, is equivalent to the
usual basis of ' if and only if f has no zeros on the unit circle.

Proof. Wiener’s Theorem says that if f has absolutely convergent
Fourier series and has no zeros on the boundary, then 1/f has absolutely
convergent Fourier series. Using this theorem we can write

[ o] = 77wt < 7 v
k=0 k=0 k=0

and thus

ol e <
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that is,
1 m m
g 2l < [ anste ]|
k=0 k=0

The last inequality with v = 1/||1/f|| proves the sufficiency part of the
theorem.
Suppose now f(z) = > 22 __ c,z" in A(T) has a zero on the unit circle.

We may suppose the zero is at z = 1. Then > = ¢, = 0. Fix ¢ > 0
and find n € N such that Z;(nﬂ) el + 2 henii ler] < e Let p(z) =

=—00

S k2P Hby 12" with by, = ~(n+1) Ck+ Y pen41 Ck be apolynomial

k=—o00
with a zero at z = 1. Then, if ag = a1 = ... = a,, = 1, we have

|55 <] 35 o] 35 o)

Since, by Theorem 18, || Y7 2*p| is finite and independent of m, and
since || f — p|| < 3e, we get

H Z zka < const+(2m +1) - 3e.
k=—m

Since the last inequality is true for every e, we see that there is no v > 0

such that
1 Y lal < | 30wt
k=—m k=—m
for all ag,...,a,, and all m € N. =

OPEN QUESTIONS. 1. When is the orbit of a cyclic vector z in I! a basis
for 11?7

By Theorem 18, there is a dense set of cyclic vectors in /! whose orbit
is a basic sequence (that is, a basis in the closure of its linear span). Our
conjecture is that for ||z|| = 1, the sequence {z, Tx,T?x,...}, where T is the
shift operator, is a basis for ! if either x = e; or x = (21,...,2,,0,0,...)
is a linear combination of decreasing geometric progressions.

2. How large is the class of isometries of L1 [0, 1] to which Theorem 2 ap-
plies? It seems that the theorem is true for a more general class of isometries
that “squeeze” and “stretch” measurable sets.

3. Is the set of cyclic vectors in L'[0, 1] or I! first category?

4. “How much” can one remove from these orbits and still have a span-
ning set? A similar question: When is the orbit of a cyclic vector a minimal
spanning set?

5. A more general question about L'[0,1]: Can we find an operator and
a cyclic vector whose orbit is a (normalized) Schauder basis?
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