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On the derived tensor product functors for
(DF)- and Fréchet spaces

by

OcGuz VAROL (Wuppertal)

Abstract. For a (DF)-space E and a tensor norm « we investigate the derivatives
Tor!, (E, ) of the tensor product functor E ®, - : FS — LS from the category of Fréchet
spaces to the category of linear spaces. Necessary and sufficient conditions for the vanish-
ing of Tork(E, F), which is strongly related to the exactness of tensored sequences, are
presented and characterizations in the nuclear and (co-)echelon cases are given.

Introduction. Locally convex tensor products go back to A. Grothen-
dieck, who studied them in detail in the 1950’s ([5]). Their tremendous
importance is, inter alia, due to the fact that in many cases, spaces of oper-
ators, vector-valued functions etc. can be represented as tensor products. In
this language, surjectivity problems that commonly appear e.g. for vector-
valued partial differential operators with constant coefficients, correspond
to exactness properties of tensored sequences (see [12], [29] and [25]).

In the early 1970’s V. P. Palamodov laid the basis for the usage of
categorical and homological methods in functional analysis ([19]). Unfor-
tunately, tensor product functors and their derivatives were not mentioned
in that fundamental paper. While Ext! for Fréchet spaces, whose vanishing
is equivalent to the splitting of so-called extensions, has been successfully
investigated since, first of all by D. Vogt (26, 28]), the powerful apparatus
of homological algebra was completely avoided in studying the exactness of
tensored sequences.

This article is devoted to derivatives of tensor product functors from the
category of Fréchet spaces to the category of linear spaces, whose vanishing
is close to the exactness of tensored sequences.

In the first section we look at this problem by decomposing it into its
components: tensoring and completing. In this context one has to emphasize
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conditions which depend on the exact sequence considered and the space
which is being tensored. The first approach leads directly to the so-called
®-sequences of W. Kaballo and D. Vogt ([12]), while the second to 7- and
e-spaces as defined by R. Hollstein ([7-9]).

In the second section we will formulate and prove one of the central the-
orems of this paper. It states that in most applications, there is a close rela-
tion between the derivatives of so-called o-stable functors, i.e., functors that
commute with the differentials of the proj-functor, and the proj'-functor.
The vanishing of proj! was studied by many authors; in the first place one
has to mention V. P. Palamodov ([19]) and V. S. Retakh.

The third section gives first examples for derivatives of tensor product
functors and is followed by a technical section where we use well-known
methods of proj!-theory (see [1] resp. [4] and [13]) to deduce necessary and
sufficient conditions for the vanishing of Tor!. Here we will concentrate on
the important case where the tensored space is an (LB)-space. Interchange-
ability properties of (LB)-spaces with Banach spaces in the tensorial sense
turn out to be very fruitful for computations.

In [24] the author generalized and extended a classical and deep result of
A. Grothendieck, who characterized topological properties of the projective
tensor product of a coechelon space and an echelon space of type one ([5, II,
§4, no. 3, Theorem 1]). In the last section we shall formulate four standard
cases for Tor-theory, in analogy to the four standard cases in Ext-theory
([26], [4]), and give characterizations for the vanishing of Tor! in all of them,
i.e., in nuclear and (co-)echelon cases.

1. Some basics from category theory and tensor products. We
expect the reader to be familiar with the concept of categories, functors
and natural transformations. Unless otherwise stated, we assume functors
to be covariant and locally convex spaces to be separated. Bx will denote
the closed unit ball of a normed space X. For our general notation of locally
convex spaces and tensor products we refer to [17] and [10].

As mentioned in the introduction we wish to study the exactness of the
continuation of tensored sequences to their completion. For this purpose
we first repeat some of the needed categorical terms (see [19] and [31] for
details), and apply these in a first rudimentary step to our situation.

DEFINITION 1.1. An additive category C is called semi-abelian if every
C-morphism f has a kernel and a cokernel and the induced C-morphism

f:coim(f) — im(f) is a bimorphism, i.e., a monomorphism (ker(f) = 0)

and an epimorphism (coker(f) = 0). If in addition every C-morphism f is a

homomorphism, i.e., f is an isomorphism, then C is called abelian. We say
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that a C-homomorphism is a monohomomorphism (epihomomorphism) if it
is a monomorphism (epimorphism, respectively).

We will deal primarily with the following examples: the category LS of
linear spaces and linear maps is abelian, whereas the category £CS of locally
convex spaces, which are not necessarily separated, and continuous linear
maps is semi-abelian. The category FS of Fréchet spaces and continuous lin-
ear maps is also semi-abelian. Monohomomorphisms (epihomomorphisms)
in LCS and FS are nothing else than topological embeddings (surjective
homomorphisms, respectively).

Now let C be a semi-abelian category. We say that a C-sequence

‘_'_)An—l dn_:l AnﬂAn—Fl N
is eract at A" if d*~! and d" are homomorphisms and im(d" ') = ker(d").
Furthermore we say that the sequence is exact if it is everywhere exact.

DEFINITION 1.2. An additive functor R : C — D between semi-abelian
categories is called

(i) left exact if for all exact C-sequences 0 — F — G — H the
D-sequence 0 — R(F') — R(G) — R(H) is exact,

(ii) ezact if for all exact C-sequences 0 — F — G — H — 0 the D-se-
quence 0 — R(F) — R(G) — R(H) — 0 is exact.

ExAMPLE 1.3.

(i) It is well-known that projective and inductive spectra and their
limits play an important role in the structure theory of Fréchet-
and (DF)-spaces and in applications of Banach space theory to these
spaces. On the other hand, it will turn out that the projective limit
functor, or to be more precise, its first derivative, is one of our
main objects of study. A straightforward calculation shows that the
projective limit functor proj : LS~ — LS,

00
F = (FTHQZ—}—I) = {:L' € H Fy,: QZ—f—l(l'nJrl) =z, for all ’I’L},

n=1

(fn)n = (@ = (fu(2))n)

on the category of (countable) projective spectra of linear spaces is
left exact.

(ii) For a linear space E the tensor product functor £ ® - : LS — LS,
F— EQF, f—idg® f, is exact (see for instance [10, Proposition
1.6.3 and its proof]).

(iii) The completion functor ~: £LCS — LCS, F +— F, f — [, is left
exact, where F denotes the Hausdorff completion of F' (see [19,
Proposition 10.3] for a nice homological proof).
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In connection with [19, Proposition 4.2] we obtain

COROLLARY 14. Let f: F — G and g : G — H be LCS-morphisms.
Then

P

(a) If g is a homomorphism, then ker(g) = ker(g).

(b) If f is a monohomomorphism, then im(f) = ;n\(f/)
(¢) The morphism g is a (mono-)homomorphism if and only if g is a
(mono-)homomorphism.

If F = indy En is a non-complete (LB)-space (these are always as-
sumed to be injective), the completion of the canonical epihomomorphism
g:@DyEN — E, (zN)N — Y znN, is not surjective and therefore not an
epihomomorphism. However, in the metrizable case the behaviour of epi-
homomorphisms is good: Using [17, Lemma 3.9] it suffices to show that
the completed map is nearly open, i.e., the closure of the image of a neigh-
bourhood of zero is again a neighbourhood of zero, which is immediate.
Consequently, due to Example 1.3(iii) the completion of an exact sequence
of metrizable locally convex spaces is again topologically exact.

_ For a monomorphism f : F' — G between locally convex spaces the map
f in general does not remain a monomorphism:

ExAMPLE 1.5. Let (X, ||-||) be an arbitrary infinite-dimensional Banach
space, (Yn)neN a sequence of linearly independent elements in X of norm one,
Y := span({y1,42,...}), and Z an algebraic complement of Y in X. Then
every x € X has a unique representation as x = y + z with y = Zivzl Andn
€Y, NeN, )\, cKand z € Z. Setting |||z := S0, n|Aa| + ||2]], we get
another norm on X, which satisfies || - || < ||| - |||, but which is not equivalent
to | - If f: (X, ]| - |]) = (X,]| - ||) denotes the identity, an application of
the open mapping theorem shows that fis an epihomomorphism but is not
injective.

We have already seen that in the purely algebraic case tensor product
functors behave very well (Example 1.3(ii)). Now, the central question is:
What changes if we consider locally convex spaces and endow the tensor
products with natural locally convex topologies like the projective or injec-
tive tensor norm topology and pass to the completion?

Let us summarize a few results regarding this question and the projective
tensor product. For the injective tensor product we refer to [10, Section 16.2]
and leave the corresponding statements to the reader.

REMARK 1.6. Recall that for locally convex spaces F and F' the projec-
tive tensor product topology 7 is the finest locally convex topology on E® F'
such that the canonical map F x F — E ® F' is continuous. This space is
denoted by E ®, F and its completion by E ®, F. Using Corollary 1.4(a),
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Example 1.3(ii) and the fact that the projective tensor product respects epi-
homomorphisms ([10, Proposition 15.2.1]) we conclude: Let E be a locally

convex space and 0 — F LG % H - 0an exact sequence of locally convex
spaces. Then in the sequence

0= E&, FI g ¢ Y ps 0o,

im(idg ®, f) is dense in ker(idg @, g) and idg @ g is a homomorphism.

It is well-known that in general idg ®, f is not a monohomomorphism
([10, Example 15.2.2]). The following example shows that idg ®, f is not
injective in general. Suppose F is a Banach space without the approximation
property (a.p.), i.e., there is a Banach space F' such that the map ig p :
E®,F — E®.F is not injective (]2, 5.6]). Consider the monohomomorphism
[ F —G:=lx(B%), z— (' — 2/(x)), from F into the space of bounded
maps on the o(F’, F)-compact set By. As G has the a.p. the map ig g is
injective and the assertion follows from the commutativity of the diagram

~ 1B F ~
ERQ,F — E®:F
ldEéﬂfl lldEésf
~ iB,G ~
E ®71- G e E ®5 G

Furthermore the map idg &, g has dense range, but is in general not sur-
jective: Consider a nuclear, non-splitting sequence of complete locally con-
vex spaces, for instance the Borel sequence 0 — Jyoy — E([-1,1)) Lw— 0,
where g(f) := (f™(0))nen, (cf. [17, Aufgabe 1, §30]). The map idy @ g :
H .G =L(H,G) — L(H,H) = H &, H is not surjective, as a lifting of
idg would be a right inverse of g.

At first sight there are now two obvious ways to achieve more exactness.
The first one is to make further assumptions on the exact sequence consid-
ered. This leads to the so-called ®-sequences of W. Kaballo and D. Vogt:

an exact sequence 0 — F' 4, G35 H—0of locally convex spaces is called
a ®-sequence if idg ®, f remains a monohomomorphism (or equivalently,
if idg ®. g remains an epihomomorphism) for all locally convex spaces (or
equivalently for all Banach spaces) E. For instance, exact sequences of nu-
clear spaces are ®-sequences. For further equivalent conditions and examples
we refer to [12]. In this terminology [12, Satz 1.5] becomes

COROLLARY 1.7.

(a) Let0 — F — G — H — 0 be a ®@-sequence. Then the sequences 0 —
FR F > FEF®,;,G—>FEx,Hand) - EFR.F - F®.G—> EFx. H
are topologically exact for all locally convex spaces E.
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(b) If 0= F —-G — H — 0 is an exact sequence of Fréchet spaces,
then the following conditions are equivalent:

(i) 0 = F - G — H — 0 is a ®-sequence.
(ii) The E @, --tensored sequence is evact for all Fréchet spaces
(Banach spaces) E.
(iii) The E Q. --tensored sequence is exact for all Fréchet spaces
(Banach spaces) E.

Proof. (a) This follows from Example 1.3(ii), the fact that the projective
(resp. injective) tensor product respects epihomomorphisms (resp. monoho-
momorphisms), and Example 1.3(iii).

(b) The implications (i)=-(ii) and (i)=-(iii) are immediate from (a) and
the remarks after Corollary 1.4; the others follow from Corollary 1.4(c) and
Example 1.3(ii). m

The second method to guarantee more exactness is to make assump-
tions on the space E. A locally convex space E is called an e-space (resp.
a m-space) in the sense of R. Hollstein if for all epihomomorphisms g (resp.
monohomomorphisms f) of locally convex spaces (or equivalently, of Ba-
nach spaces) the map idg ®. g (resp. idg ®, f) is again a homomorphism
([8]). In that paper R. Hollstein also showed that the e-Banach spaces (resp.
m-Banach spaces) are exactly the Lo.-spaces (resp. Li-spaces) (see [14] for
the notion of £,-spaces). For instance, nuclear spaces are e- and m-spaces.
We will consider further examples at a later point.

Arguing as in the proof of Corollary 1.7, we obtain

~COROLLARY 1.8. If E is an e-space (resp. a m-space), then the functor
E®.-: LCS — LCS (resp. EQy-: LCS — LCS) is left exact. For a Fréchet

space E the converse is also true.

Though we mainly concentrate on the projective and injective tensor
product we will be able to translate without any additional effort some of our
results to the more general case of so-called tensor norm topologies. Based on
A. Grothendieck’s tensor norms, these were introduced by J. Harksen. For
details on the following see [2] and [6]. Roughly speaking, a tensor norm «
assigns to each pair of normed spaces a norm on their tensor product which
is reasonable in the sense that ¢ < a < m, and has the metric mapping
property, i.e., the operator norm of tensored maps is bounded above by the
product of the norms of the maps. Such a tensor norm induces in a natural
way a locally convex topology on the tensor product of two given locally
convex spaces by using their local Banach spaces.

2. Derived functors and their computation. As far as the author
knows, it was V. P. Palamodov who introduced (co-)homological methods
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to functional analysis. His fundamental work [19] is also the basis for our
considerations. For further literature on this subject see [31], [23] and [30].

THEOREM 2.1. Let C be a semi-abelian category with enough injective
objects, i.e., for every object there is a monohomomorphism into an injective
object, and R : C — LS an additive functor. Then there is an associated
sequence R : C — LS, | € Ny, of additive functors (derived functors) such
that every exact C-sequence 0 — F — G — H — 0 induces a natural exact
LS-sequence, the so-called long exact (cohomology) sequence:

0 — RY(F) — R%(G) — R(H) > R'(F) — R(G) — R'(H)
S RAF) — -

The proof is as in [19, Proposition 2.1]. Note that V. P. Palamodov
assumes that the functor R is semi-injective, i.e., R takes monohomomor-
phisms to monohomomorphisms, but this is neither needed for the definition
of the derivatives nor for the deduction of the long exact sequence. Never-
theless, as it is of general interest regarding exactness, we will discuss this
property immediately after introducing the derivatives of tensor product
functors.

Let us briefly recall the definition of derivatives. Let F' be a C-object
and 0 — F = FY ﬁ F! Z—1> -+ an injective resolution of F, i.e., an exact
C-sequence with all F! injective. Applying the functor R and passing to
cohomology gives R!(F), i.e., RY(F) = ker R(i')/im R(i'~!), where i~ := 0.
This definition is, up to isomorphism, independent of the choice of resolution.

Theorem 2.1 clearly implies the next remark, which allows for an abstract
reformulation of the central question of Section 1.

REMARK 2.2. Suppose R ~ R? and let F be a C-object. Then R is exact
on all short exact sequences starting with F' if and only if R'(F) = 0.

This easy fact was used by D. Vogt and others (see [26, 4]) to study
exactness properties of the functor L(FE,-) : FS — LS for Fréchet spaces E
by characterizing the vanishing of Ext!(E, F), or equivalently the existence
of a splitting in any extension of E by F', in the so-called four standard cases
(nuclear and Kéthe cases).

Next we introduce the derivatives of locally convex tensor product func-
tors.

DEFINITION 2.3. For a locally convex space E and a tensor norm « we
consider the functor

E@y 1 FS—LS, F—E®.F, [ idp®af,
and define Torl (E,-) := (E®4 -)' : FS — LS, 1 € Ny.
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REMARK 2.4. The functor L(E,-) is left exact and therefore semi-injec-
tive. For a locally convex space F the functor F &, - is also semi-injective
([10, Corollary 16.2.2]). For a m-space E the functor E ®; - is semi-injective,
which fails in the general case as Remark 1.6 shows. Generalizing the a.p. for
Banach spaces (see Remark 1.6), we get an interesting sufficient condition
for semi-injectivity. We say that a locally convex space E has the general
approximation property (g.a.p.) if for any locally convex space F the canon-
ical map F ®, F — E ®, F is injective. Now let E be a locally convex space
with the g.a.p. and f : I — G a monohomomorphism between locally con-
vex spaces. As idg Qe f is injective, the commutative diagram of Remark 1.6
implies the semi-injectivity of the functor E @y -. The g.a.p. always implies
the a.p.; this may be found in [3], together with other interesting results on
this property. If for all Banach spaces X and z € E ®, X there is a compact
subset K C E with z € I'(K ® Bx), where the closure is taken in £ @, X,
the two notions coincide. By a well-known result of A. Grothendieck the
latter is true for Fréchet spaces E. If E = indy Ey is an (LB)-space such
that

E @z X =indy(Ex &7 X)

for all Banach spaces X, the above condition is satisfied, again by Grothen-
dieck’s result. Interchangeability of tensor products with inductive limits in
the above sense is of central interest for us. We will study it at a later point.

For an additive functor R : FS§ — LS and a Fréchet space F we will
now develop a general method for computing the group R!(F). Our central
tool will be the long exact sequence. A first step towards the computa-
tion is

EXAMPLE 2.5. Consider the projective limit functor proj : LS — LS
from Example 1.3(i). Then for a projective LS-spectrum F = (F,, ol',) we
have

proj® F = proj F = ker(o(F)), proj' F = coker(a(F)),

proj' F=0 forl>2,
where the linear map o(F) = o : [[,Fn — [I, Fn is given by =z —
On1(Tnt1) — zn.

Moreover, if F = (Fy,o}) and G = (Gy, ¢}') are equivalent projective
spectra, i.e., there are sequences of natural numbers (ky)n, (I,,)n, with n <
ln < ky < lpy1 and linear maps uy,, v, such that u, o v,41 = ¢§Z+1 and

Un41 0 Upy1 = QZZH, then we have proj! F 2 proj' G for all . Proofs for the
above can be found in [19] and [31].

DEFINITION 2.6. A projective spectrum F = (F,, ol ) of Banach spaces
is called a fundamental system of Banach spaces for the Fréchet space proj F
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if F is equivalent to a reduced projective spectrum of Banach spaces, or
equivalently, if for all n there is an m > n such that for all £ > m one has
an inclusion o7}, (Fy,) C of (F), where the closure is taken in F,.

For instance every nuclear Fréchet space has a fundamental system of /,-
spaces (1 < p < 00), which can easily be seen using nuclear representations
of the connecting maps.

The following definition turns out to be very useful for computing right
derivatives:

DEFINITION 2.7. We call an additive functor R : 7S — LS o-stable if
the functor commutes with countable products in the sense that the mor-
phism pr : R([],, F) — [1,, R(F») induced by the sequence of projections
[L, Fr — Fy, is a natural isomorphism, and o(R(F)) o pr = pr o R(c(F))
for all projective FS-spectra F = (Fp,, o), where R(F) := (R(F,,), R(o}%))-

ExaMPLE 2.8. For a locally convex space E and a tensor norm « the
functors L(E,-), E ®, - : FS — LS are o-stable.

Proof. We will give a proof for the tensor product functors. Due to [6,
Korollar 2.12] the functor E®,- commutes with (countable) products. As the
space E®q [ F), is dense in E R [ F, an easy calculation with elementary
tensors gives the claim. =

With the above definition we can formulate and prove our main theorem
for computing derivatives.

THEOREM 2.9. Let R : FS — LS be a o-stable functor. For all | € N
and fundamental systems of Banach spaces F = (F, op,) for a Fréchet space
F we have an exact LS-sequence

0 — proj! R1(F,) — RY(F) — proj R'(F,) — 0.
Proof. First we show that the derivatives R' are also o-stable. For this,
choose injective resolutions
0—F, =% O gl s

which induce an injective resolution

Further we find for all n € N a unique (up to homotopy) morphism ((07,,)");
which lifts gy, ;, so that we can also consider the projective FS-spectra
Fti=(FL, (07,1)"), | € No. The central observation is that the unique (up
to homotopy) morphism ('), lifting o = o (F),
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(en)n (i%)n (Z}z)n
o— [/ — [IF —= ] F —

g O‘O: 0'1:

; ;
Ogg*II&EgﬁllﬂlﬁﬁlIE%<mn'”

is given by o(F!): with o(F~1) := o(F), i ! :=e,, F; ! := F,, we have

a(F') o (il n(@) = ((enr1)" 0 iy (Tnr1) — iy ' (@n))n
= (il{l o (QZJrl)lil(mn—i—l) - Zizil(mn))n
= (il (&) (@nt1) = @) = (i, Dm0 o(F1)(2)

for all | € Ng and z € [[F,'. As R is o-stable, we may consider the
following commutative diagram:

[TR(F) [1R(F.) [TR(F)
p p o(R(F')) p
R(ITF) R([TF)) R([TF.)
R(o(F)
[TR(F) - [ R(F}) [TR(F)
R(IIF) R([]Fy) R(IIF)

for all I € Ny, where o(F~!) := 0, i, := 0 and F,! := 0. Passing to
cohomology gives the o-stability of the R'.
Next, consider the exact sequence (called the canonical sequence)

0—>Fﬁ>HFn$HFn—>0,

where o(z) := (on(2))n (see [26]). Applying the long exact sequence to this
gives an exact L£S-sequence

L RH(HFn) RT() Rl—l(HFn) N Rl(HFn)
le(HF,J — e

From this, the o-stability of the derivatives, and Example 2.5, we get the
isomorphisms ker R!(p) = im A = coim A = coker R'~!(0) = proj! RI-1(F,)
and im R!(p) = ker R'(c) = proj R'(F,). The exactness of the sequences
0 — ker R'(p) — R!(F) — im R'(¢) — 0 implies the theorem. m
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REMARK 2.10. Another classical method for computing cohomology
groups is by means of spectral sequences. Especially the Grothendieck
spectral sequence (see [30, Theorem 5.8.3] and [19, Proposition 2.2] for
the semi-abelian version) can be used to compute the derivatives of com-

posed functors. Applying this spectral sequence to the composition FSY it

LS8N 2 £S and using the fact that R commutes with countable products
(so R takes free projective spectra to free spectra), as well as proj? X = 0,
gives for all I € N an exact L£LS-sequence

0 — proj' R"=Y(F,) — (projo R)'(F) — proj R'(F,,) — 0.
This however leaves the group (projo R)!(F) to be computed.
Theorem 2.9 becomes usable in cases of acyclicity:
DEFINITION 2.11. We call a Fréchet space F'

(a) R-acyclic if R(F) =0 for all 1 > 1,

(b) locally R-acyclic if F has a fundamental system of R-acyclic Banach
spaces,

(¢) locally injective (resp. locally projective) if F' has a fundamental sys-
tem of injective (resp. projective) Banach spaces.

For instance, injective Fréchet spaces are R-acyclic. Consequently, locally
injective Fréchet spaces are locally R-acyclic. Nuclear Fréchet spaces and
quasinormable K6the spaces are locally injective.

REMARK 2.12. For R-acyclic Fréchet spaces F the identity R°(F) =
R(F) holds.

Proof. By aresult of A. Grothendieck, for the definition of the derivatives
one may use R-acyclic resolutions instead of injective ones (cf. [30, Exercise
2.4.3]). Applying thisto0 - F — F — 0 — 0 — --- gives the claim. =

COROLLARY 2.13. Let R : FS — LS be a o-stable functor and F a
Fréchet space with a fundamental system of Banach spaces F = (Fy, o).
Then

(a) RY(F) =0 = proj' R%(F,) =0.

(b) RY(F) = 0 for I > 2 and R'(F) = proj' R(F,) if F is locally R-
acyclic.

Proof. (a) and (b) follow from Theorem 2.9 and the above remark. Note

that proj’ depends only on the equivalence class of the projective spectrum
considered (Example 2.5). u

3. First examples for derivatives of tensor product functors.
Before deducing necessary and sufficient conditions for the vanishing of
Tor}x (E, F) in the next section and applying them to standard cases, we will
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give some simple examples which may contribute to a better understanding
of the subject.

REMARK 3.1. Let E be a locally convex space with the a.p. Then the
functor E @, - : FS — LS is left exact. In particular, Tor)(E, F) = E®. F
for any Fréchet space F.

Proof. First we may assume that E is complete as E also has the a.p.
and F ®. - ~ E ®. -. The assertion now follows from the coincidence of the
e-tensor product functor with the e-product functor (see [10, 18.1.8]). u

For the projective tensor product the situation is quite different:

EXAMPLE 3.2. Let K = R. Then Iy ®; I3 is a proper linear subspace of
Tor?(I2,12) and the functor ly @ - : FS — LS is not left exact.

0
Proof. Let 0 — ly = FO 5% F' — ... be an injective resolution of la,
where the F! are injective Banach spaces. Consider the commutative dia-
gram

0 idl2 éﬂ'e idl2 @wio

lo @nly —> Iy @y FY lo @r F*

idzf%‘ /

ly @, coker(g)

where g : FO — coker(¢) is the canonical map. Note that the functor Iy @5 -
is semi-injective (Remark 2.4). By Example 1.3(ii) and Corollary 1.4(a) we
have

Tor? (lg, ls) = ker(id;, @ i) = ker(idy, ®x q) = (ker(id;, @ q))~

— (im(idy, ®5 £)) = im(id, @r 2) 25"
So it suffices to show that id;, Qe does not have closed range or equivalently
is not a monohomomorphism. Assume the opposite. Let ¢ be the linear map
corresponding to the bilinear form (z,y) — (z,y) on the space Iy @, lo. By
assumption and the Hahn—Banach theorem we find a continuous extension
¢ of ¢ to the space lo @, FU. Setting P(y) = (2’ — ¢(2’ ® y)) gives, by
the Riesz representation theorem, a continuous projection P from F° onto
lo = l},. Consequently, I is a complemented subspace of an injective Banach
space and therefore it is also injective, a contradiction. m

Later we shall need the following result, which follows from Remark 2.2
and Corollary 1.8:

PROPOSITION 3.3. Let E be an a-space, where o = w or €. Then for
all exact FS-sequences 0 — F — G — H — 0 the tensored sequence
0> E®RqF - E®,G— E®yH — 0 is topologically exact if and only if
Torl(E, F) = 0.



Derived tensor product functors 53

A similar argument gives

PROPOSITION 3.4. A Fréchet space E is an a-space (. =7 or €) if and
only if TorQ(E,-) ~ E ®, - and Tor}(E,-) = 0.

As a direct consequence of Proposition 3.4 and the fact that /; has the
a.p. and is not an e-space we get:

ExAMPLE 3.5. There is a Fréchet space F' (even a Banach space) with
Torl(ly, F) = 0 # Torl(ly, F).

Since [ is a m-Banach space satisfying the a.p. and [, is not nuclear, we
have:

EXAMPLE 3.6. Tor2(I1,ls) = 11 O loo 7 11 @ loo = Tor2(l1,1s). On the
other hand, I, is injective, so Torl(l,ls) = 0 = Torl(ly,lso).

EXAMPLE 3.7. There are Fréchet spaces F with Torl(ly,F) = 0 #
Ext!(loo, F'). Otherwise the functor L(ly,-) : FS — LS would be exact

and [, projective, which is not the case.

The following example is a reformulation of results of W. Kaballo and
D. Vogt:

ExAMPLE 3.8. Let E = indy En be a compact reqular (LB)-space, i.e.,
every compact subset of F is localized in one step and compact there. Further
assume that each Ey has the a.p. Then Torl(E, L) =

Proof. First note that E also has the a.p. ([10, Proposition 18.2.5]), so
the functor £ ®. - : FS — LS is left exact. The assertion now follows from
[12, 1.10] and the long exact sequence. =

As a consequence of [11, 2.13], one obtains an example dual to Ex-
ample 3.8:

ExAMPLE 3.9. Let E be a compact regular (LB)-space with L-steps.
Then Tor!(E, X) = 0 for all Banach spaces X.

4. Necessary and sufficient conditions for Tor (E F)=0. Now let
us deduce necessary conditions for the vanishing of Torl(E, F). In relevant
cases, Corollary 2.13 says that for a tensor norm «, a locally convex space
FE and a Fréchet space F with a fundarnental system of Banach spaces
(Fy, o), Torl (E, F) = 0 implies proj! E®4F,, = 0. Applying the theorem of
Palamodov—Retakh (see [19, Theorem 5.4]) we get first necessary conditions
for Torl (E,F) = 0, provided that the assumptions of that theorem are
satisfied. In other words, we are interested in (bounded) Banach discs in
E ®¢ F,. For the rest of the section we will assume (unless otherwise stated)
the following setup:
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SETTING 4.1. Let a be a tensor norm, E = indy En a complete (LB)-
space with connecting maps i%“ : En — Enyi, iyt Eny — E and without
loss of generality By := Bg, C By := Bg, C --- a fundamental sequence of
closed and bounded subsets of E. We assume that E is a proper (LB)-space,
i.e. E is not a Banach space. For a Fréchet space F' with a fundamental

system of Banach spaces (F),, o) let Uy, := Bp,, n € N. We further assume
(a) Torl(E,F) = 0= proj' E ®q F,, =0

and for a possibly different fundamental system of Banach spaces one of the
conditions

(bl) indy(EN ®q Fr) = E ®4 F,, and each F), has the bounded ap-
proximation property (b.a.p.), i.e., there is an equicontinuous net
of finite-dimensional operators on F;, which converge pointwise
to idp,,

(b2) indy(Ey ®q Fp,) = E @4 Fy, and either all Ey or all F,, have the
a.p.

Our ultimate goal is to deduce an evaluable necessary condition for the

vanishing of proj' E ®q F,, of the following type:

For all n there is an N and an m > n such that for all M > N,
k>mand € > 0 we can find a K > M and an S > 0 such that for
all 2’ € E' (¢/ € E, respectively) we have

12”1137 0 (Um) € S’ [[7c 0k (Uk) + ell2’[[ N Un,
where [|2/||7 := sup,cp, |2'(z)| (for L < K, respectively).

First, note that we assume (LB)-spaces to be injective. The latter is always
satisfied in the case of the projective and injective tensor product, as the
following remark shows (for arbitrary tensor norms see [2, 21.7]).

REMARK 4.2. Let = m or @ = ¢ and let X be a Banach space. For
a = 7 we require that each Ey or X has the a.p. Then the maps Fy ®q, X —
E®, X and Ey 4 X — Enia Rq X are injective. Consequently, so also
are Eny @0 X —» E®q X and Eny ®q X — Eni1 Qq X.

Proof. Only for @ = 7 is a proof needed. By assumption, the maps
En ®: X — En ®: X are injective. The assertion is now immediate due to
commutative diagrams as in Remark 1.6. =

Let us give some examples for Setting 4.1. Properties (b1) and (b2) are
studied further in [15, 16, 9, 21].

EXAMPLE 4.3.

(1) For a nuclear Fréchet space F' it suffices to consider the projective
tensor product (Proposition 5.5). As F' is locally injective, Corol-
lary 2.13 gives Torl (E, F) = proj! E @, F,, for all fundamental sys-
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tems of Banach spaces (F),, o)) for F'. On the other hand, F" also has
fundamental systems of /;-spaces. Due to [18, Theorem 5] we have
indy(Ex @7 l1) = E @ 11 for all regular (LB)-spaces E. So (a) and
(b2) are satisfied.

(2) Let a =€ and let F' be a Fréchet space with a fundamental system
consisting of Loo-spaces. A short calculation using [12, Satz 1.9(i)]
shows that Tor)(E, L) = E ®: Loo. From this we get (a) and due
to [20, 11.4.45] we have indy(EN ®: Loo) = E ®: Loo. So (bl) also
holds. For compact regular (LB)-spaces E we even have (b2) ([7,
Corollary 4.4]).

(3) Let « be a tensor norm and E an (LB)-space with a partition of
unity. Then (bl) holds (see [6, Korollar 2.14] for the result and the
terminology).

The interchangeability condition (b2) is quite a strong one, but very
useful for computations, while (b1) is always true for the projective tensor
product ([10, 15.5.4]). Therefore we will work with Setting (a) and (b1) and
return to (b2) later.

By [20, Proposition 11.5.7] the space indy (En ®q Fr) = E®q F, is large
in E®q F, for all n, i.e., every bounded subset of E®q F, is contained in the
closure of a bounded subset of E ®, F,. Consequently, (Bgyg., FnE®aF")
is a fundamental sequence of bounded subsets of E ®q F),.

Let Cy 1 := 1. As the maps i%“ ®q idp, are continuous we inductively

n

find a sequence of constants C,, y > N with i%“ ®q idp, (Ch NBEygoF,)

Cn,N+1BEN+1®aFn- Setting
o B— N O
B’VL,N = CTL,NBEN®O¢F71
gives an increasing sequence of bounded Banach discs in K ®gq F), which
cover the whole space, such that for all N there exists an N with the prop-
erty idg ®a 0p41(Bnt1,8) € B, 5. The first assertions are clear from the

definitions while the last follows from B
E®aFn

(1) idg éa QZ—}-l(Bn—H,N) Cidg éa QZ+1(CH+17NBEN®aFn+1)

i E®aFn
= ldEN Oa QZ+1(Cn+1,NBEN®aFn+1)

B®aFn - p

g OBEN@aFn ’VL,N

for suitable C = C(N,n) > 0, N = N(n, N). We have thus verified the
assumptions of [19, Theorem 5.4] and so we obtain
LEMMA 4.4. With the above terminology, proj' E @4 F,, = 0 implies
(§2) For all n there is an N and an m > n such that for all k > m,
idp ®a 0" (E ®a Fn) Cidp ®q 00 (E ®a Fi) + Bay.
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Next we want to refine (§2) We shall achieve this step by step with a
series of technical results (see also [26, 27]).
LEMMA 4.5. (S2) implies
(Sg)  For all n there is an N and an m > n such that for all M > N
and k > m we can find a K > M and an S > 0 with
idg éa Qnm(Bm,M) - S(idE éa QZ(Bk,K) + Bn,N)-

Proof. This is a straightforward application of Grothendieck’s factoriza-
tion theorem (see [26, Lemma 2.2] or [27, Lemma 2.3]). =

LEMMA 4.6. (S2) implies the condition
(S4)  For alln there is an N and an m > n such that for all M > N and
k > m we can find a K > M and an S > 0 such that for all 2’ € F’,
12”113 0 (Um) € Sl12” 7 0k (Uk) + 12" NUn),
where || := sup,cp, /(@)
Proof. We may assume 2/ € E’\ {0}. By definition for all M € N we

can find an zg = zo(M) € By with ||2/||}, < 22/(z). For y € Uy, we have

~ ————FEQuFm
20®aY € BEy 0o Fm and therefore xo®ay € Cm,MBEM®aFm

Using (S52) we get
(2)  N2'l1365(Um) S 22" (20) 0, (Um) € 22" @a idp, (20 @a 05 (Un))
C 22/ @q 1, (idp @a 0 (Bum,r))
C 252’ ®q idp, (idg ®a o (Br,x) + Ban)
= 25$/ éa QZ(Bk,K) + Qle éa ian (Bn,N)-
Now we prove the inclusions
(i) @' ®a idr, (Beye.r,) C |23 Un,
(ii) o' ®a 0} (Bexwar. ) S 2%} (Uk).
Indeed, 2’ @, idr, (BeysoF,) = 2'|Ey ®a idr, (Beye.F,) is contained in
2| By ®aidp,||Un C ||2'||% - 1+ Up, which proves (i). Next, we consider the
maps o : Fj — F, and endow o} (F}) with the quotient norm, so that
07 (Uy) is the unit ball in ¢} (Fy) and ||o} : Fi, — 0} (F%)|| = 1. We obtain
E®qF) L~ ~ . 5 FE®.F
") = (idg ®a 0k) © (' @a idp ) (Begoar )
€ k(125 - 1+ Uk) = ll2/ 50k (Uk),
which is (ii). Together, (i) and (ii) give
12" I3 03 (Unm) € 252" ®a 0} (B, k) + 252" @a idp, (Ba,n)
= 25(2' ®a 0k (Cr,k BExwary) + 2 ®@a idp, (Cn.NBEygaF,))

= By M.

v’ ®a 0F(BEx ooy
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€ 25(Cr, i ||2"[[5 0k (Ur) + Cnn 12" [N Un)
€ S(ll2"l % ox (Uk) + 2" NUn),

where S = max{2S5C}, i, 25C, n}, proving the claim. =
The following condition (S%)o is central to our further considerations.
PROPOSITION 4.7. The condition

(S4)o  For all n there is an N and an m > n such that for all M > N,
k>m and e > 0 there is a K > M and an S > 0 such that for all
z' € E' we have

121137 0 (Um) € S’ [[5c 0k (Ur) + el [N Un
is necessary for (S5).
Proof. First we deduce the following condition from (.S%):
(Q)  For all n there is an n > n such that for all £k > 7 and € > 0 we can
find an S > 0 with
02(Uz) C Sop(Uy) + eUn.

Choose N and m > n using (S}) and set n := m. As E is a proper
regular (LB)-space, Ej is a proper Fréchet space. So there is an M > N
with || - |I3; ¢ || - |- Consequently,

. [Ei
ll2'[I5,#0 [|2"[]3,

)

and we can find a sequence (z7)r in E’ with [|2/ |3, # 0 for all L and
lim7 oo ||27 ||/l I3 = 0. Let £ > 1 and € > 0 be arbitrary. Then (.55)
implies the existence of a K > M and an S > 0 such that for all L we have

12 130 (Us) € Sl Ik 0 (Un) + 221N Un)-

Now we choose L in such a way that ||« ||/} |I5, < /S. With § :=
SNz 5/l |15, we get the condition (Q).

Next let us prove (S5)o. Let n be arbitrary. We choose 1 > n according
to (@) and apply (S5) to n, which gives an N and an m > n. For given
M > N, k > m and € > 0 the condition (S}) implies the existence of a
K > M and an S > 0 such that for all 2/ € E' we have

(3) 12'[137 05 (Unm)  S(l12' 5 0k (Us) + 1|3 T).

Applying (Q) to k and £/§ gives an S with or(Uy) C §QZ(Uk) + (€/§)Un
From this and (3) we get



58 O. Varol

S(ll2' 505 (Un) + 1/ I3 €2 (Ur))
Sl e ar(Ur) + 1215 (Sef (Uk) + (£/8)Un))
S+ )|l 5 op (Ux) + ell2’ | 5 Un-

Setting S := S(1 + S) implies (S5)o. =

The following result is of technical significance as it will allow us to
weaken our assumptions on the space E when proving that certain necessary
conditions are also sufficient.

THEOREM 4.8. If F has a fundamental system of Banach spaces (Fy, o))
such that the interchangeability property of Setting 4.1(b2) is satisfied, we
even get instead of (S55)o:

(SK"g  For all n there is an N and an m > n such that for all M > N,
k>m and e >0 we can find a K > M and an S > 0 such that
for all &’ € E} we have

123 & (Um) < S’ [[7 0k (Uk) + €]l N Un.
Here ||2'||} := sup,ep, |2'(x)| for L < K.

Proof. Using the theorem of Palamodov—Retakh we have obtained a
first necessary condition for the vanishing of proj' E ®4 F,, (Lemma 4.4).
As proj! X does not change upon replacing X with an equivalent spec-
trum, we may assume that all F}, satisfy (b2). In particular indy Ey ®q F,
is again regular. So we may assume that the sequence (BENEQQ Fn) N =

————E®aFny . . .
(BEy®aF) ")n is an increasing fundamental sequence of bounded and

closed subsets of E ®,, F,.

In the following we will give the corresponding modifications for replacing
z' € E' by 2/ € E} in (5)), respectively (55)o. Nothing has to be changed
for Lemmas 4.4 and 4.5. Note that idg ®q 0 11(Bny1,n) is contained in a
scalar multiple of B,, 5, which follows from (1). Therefore idg Ra 01 (Br k)
is contained in a scalar multiple of B,, i for all k£, n, K. In the proof of
Lemma 4.6 one replaces 2’ € E'\ {0} by 2/ € E}; \ {0}. By the above, (2)
again makes sense. The rest of the proof is analogous. In order to deduce
(Q) in the proof of Proposition 4.7, one has to apply (SX’) to the sequence
(¢ (2')) 1, instead of (2, ). Finally, in (3) one replaces 2’ € E' by ' € E.. =

In general, we will work with (SX’)g as a necessary condition for the
vanishing of Torl (E, F) but we note that the better-known condition (53)o
is also necessary:

COROLLARY 4.9. If F has a fundamental system of Banach spaces
(Fh, o) such that 4.1(b2) holds, then the condition
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(S5)o For all n there is an N and an m > n such that for all M > N,
k>m and e >0 we can find a K > M and an S > 0 such that
for all ' € B} and y' € F), we have

12" 319117 < max{Sl2"l% 1yl ell2' I3 1y}
is necessary for Torl(E,F) = 0. Here Y|l = SUpyey), 1Y/ (0] (y))| for
y € F) andl>n.

Proof. As the conditions are invariant under replacement with equivalent
spectra, we may assume that (F,, ol',) is reduced. Consequently, the dual
spectrum is injective. We consider two cases:

(a) ||l2'|l% # 0. From (S¥')o and polarization with respect to (F,, F),
using (A + B)° 2 £(A° N B°) gives

1 1 n 1 1
| =—— Uk))° N U ) € —— (02 (Un))°.
2 (ST (00" g ) € o, (b O
This implies (S5), as for y’ € F} \ {0} we have
@) y'/IIY'1I5 € Uy, so

1 1 y, * /

- .7 * <1

2||eTe e Ty |, e e < 1
(i) /Il € (02U, so

1 1 Y *

L[ LI ST

2‘sum'HK Wl

(b) ||’||y = 0. The proof is analogous to (a) by omitting the terms with
||z||% and considering the cases ||z'||5; # 0 and ||z/||}; = O separately. =

For later purposes it is of interest what information about the pair (E, F')
can be deduced from the conditions (SI’) and (SI’)g, respectively. We will
need some further definitions. We call a Fréchet space F' countably normed
if there is a fundamental system of Banach spaces such that the connecting
maps are injective. For instance, a Kothe echelon space AP(A) is countably
normed if and only if it has a continuous norm if and only if there is an N
with a; y > 0 for all j. On the other hand, we say that a Fréchet space F' is
a quojection if F' is isomorphic to a projective limit of Banach spaces with
surjective connecting maps. The proof of the following lemma is analogous
to [26, Lemma 3.2]:

LEMMA 4.10. The condition

(Sg(’) For all n there is an N and an m > n such that for all M > N
and k > m we can find a K > M and an S > 0 such that for all
x’ € B we have
2" 3 0m (Um) € Sl2" Ik 0k (Ux) + |2 [N Un)
implies that either Ey is countably normed or F is a quojection.
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Now let us turn to sufficient conditions for the vanishing of Torl(E, F).

REMARK 4.11. Clearly (S4’)¢ implies

(Sgo)g For all n there is an m > n such that for all £ > m we can find an
N such that for all M > N and ¢ > 0 there is a K > M and an
S > 0 with

2" 13 0m (Um) € Sz’ 5 0k (Uk) + ell2'[| 3 Un
for all 2’ € EY.

The general strategy for showing that (S?f(')o is also sufficient for the
vanishing of Tor! (FE, F) in special cases is roughly the following: Using in-
formation about the spaces E and/or F' we will deduce further conditions
from (S?f(’ )o by polarization in order to decompose elementary tensors. To
be more precise, we wish to show that

(S?)o For all n there is an m > n such that for all £ > m we can find an
N such that for all M > N and ¢ > 0 there is a K > M and an
S > 0 with

idg é)a Q:Ln(BEM & BFm) C Sidg éa QZ(BEK@aFk) + 8BEN®aFn
is necessary for (S£’)g. Another condition in this context is

(S§)0 For all n there is an m > n such that for all £ > m we can find an
N such that for all M > N and € > 0 there is an K > M and an
S > 0 with

idg ®a QZ%(BEMé)aFm) C Sidp ®aq QZ(BEK®aFk) + EBEN@BaFn'

LEMMA 4.12. For the projective tensor product, (Sg?)o always implies

(Sgé’)o. If F has a fundamental system of Banach spaces (EF, o) which
satisfies Setting 4.1(b2), we even get

(S3)o For all n there is an m > n such that for all k > m there is an
N such that for all M > N and € > 0 there is a K > M and an
S > 0 with

idg @r 00 (Bm,m) C Sidg @r 0 (Br,x) + €Bn.n.

Proof. We first remark that for all z € B Erg®nFon there are sequences
()\j)j € [; with H()‘])]Hl <2, (a;j)j € BEM and (yj)j € BFm such that z has
a representation z = >, Aj(z; ® y;): By definition of the projective norm
there is a representation z = Y72, 7;®y; with 3322 [|Z;]|-[|7;]] < 2. Setting
A=z - ly;ll, = = z;/||z;|| and y; := y;/||y;|| yields the assertion, by
cancelling zero summands.
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Now for z = 3. \j(z; @ yj) € By, .5 p, as above, from (550, we get
1dE ®7r Qm Z)\ SldE ®7r Ok (’U)]) + EU])
J
with (’w]‘)j € BE & F, and (vj)j S BEN@an
quences (wj);, (vj)j are bounded, the sums
Z )\jwj S 2BEK®7TFk and Z )\jvj S 2BEN®7TF”
J J
converge. We conclude

idp ©x 0 (2) = Sidp ®x QZ(Z /\jwj> +ey A,
J i

As (Aj); € 11 and the se-

€ 2Sidp @x 0} (Bp, 5 p,) +2¢Bp s p,-

From this we get the first assertion. Setting 4.1(b2) says that we may assume
that By, v = CmMBEM&z)ﬁFmv which completes the proof. =

Let us summarize our results:

THEOREM 4.13. The condition (S3)o is sufficient for the vanishing of
proj' E ®q4 F,. If furthermore F is locally E ®q --acyclic we have 0 =
proj! E @4 Fy, = Torl (E, F). In the case of a = m one may replace (S3)o by
(S)0, provided that the interchangeability property of Setting 4.1(b2) holds.

Proof. The assertion follows from [31, Theorem 3.2.14], Corollary 2.13
and Lemma 4.12. u

5. The standard cases. In analogy to Ext-theory (see [26] and [4]),
we will consider four so-called standard cases for Tor-theory, namely:

(I) F=X>®(B),a=¢,

(IT) E a nuclear (DF)-space, o an arbitrary tensor norm,
(III) F a nuclear Fréchet space, a an arbitrary tensor norm,
(IV) E = k!(A) a coechelon space of type one and o = 7, or E = k°(A)

a coechelon space of type zero and o = ¢.

First we present a result concerning the injective tensor product, which
can be deduced from Ext-theory and is based on an easy argument using
equivalent functors. It is well-known that for (DFM)-spaces E with the a.p.
the functors E ®. - and L(E},-) : FS — LS are naturally equivalent. As a
consequence we obtain

THEOREM 5.1. Let E be a (DFM)-space with the a.p. and F' a Fréchet
space. Then:

(i) Torl(E, F) = Ext/(E}, F) for all 1 > 0.

(ii) E®.-: FS — LS is left exact, in particular Tor)(E,F) = E®, F.
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(iii) Torl(E, F) = 0 if and only if for all exact FS-sequences 0 — F —
G — H — 0 the E @, --tensored sequence 0 — E®, F — E®.G —
E ®. H — 0 is (topologically) exact.

(iv) Torl(E,F) =0 for quasinormable F = \*(B) and | > 2.

(v) If E is proper and F = \>®(B), then Torl(E, F) = 0 if and only if
the condition (SX")o from Remark 4.11 holds.

Proof. As E®, - ~ L(E;, ) : FS — LS, their derivatives are also equiv-
alent (up to natural isomorphism). This implies (i) and (ii). For (iii) one
uses Remark 2.2, and for (iv) the fact that quasinormable K&the spaces of
type infinity are locally injective (see [26]). If E is a proper (DFM)-space,
then its dual space Ej is a proper Fréchet space and we get (iv) from an
analysis of [26, 4] and [13] (cf. also [31, Section 5.2]). =

REMARK 5.2. Note that in case (v), the assumption that E be a (DFM)-
space with the a.p. can be relinquished for appropriate F', such as nuclear
Fréchet spaces. On the other hand, for F' = A*°(B) we remark the fol-
lowing: Let £ = indy En be a compact regular (LB)-space and F quasi-
normable (note [26, Remark p. 167] and Example 4.3(2)). Now the identity
By ®c Foy = Eyr @ (li(b;,), = K(11(b,,), Ear) leads to the problem of
decomposing compact operators into sums of suitable compact operators. It
is not clear whether this is possible.

Next let us consider the case where E is a nuclear (DF)-space. This
is treated very similarly to the above, using arguments about equivalent
functors:

REMARK 5.3. By a result of A. Grothendieck a locally convex space F
is nuclear if and only if the functors £ ®, - and F ®. - : FS§ — LS coincide.
In that case, all tensor norms « agree.

Now we can formulate and prove the main result concerning the case of
nuclear (DF)-spaces:

THEOREM 5.4. For a nuclear (DF')-space E, a Fréchet space F with a
fundamental system of Banach spaces (Fy, o) and a tensor norm o, one
has:

(i) Torl(E,F) = Ext!(E};, F) for all 1 > 0.
(ii) F®q-: FS — LS is left exact, in particular Tor’ (B, F) = E®4 F.
(iii) TOEé(E, F) =0 if and only if for any short exact FS-sequence the
E ®, --tensored sequence is (topologically) ezxact.
(iv) Torl (B, F) =0 forl>2.
(v) If E is proper, then Torl(E,F) = 0 if and only if the condition
(SE"g is satisfied.
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Proof. By nuclearity we may assume that o = €. It is well-known that
nuclear spaces have the a.p. and that the strong duals of nuclear (DF)-spaces
are nuclear Fréchet spaces.

First let us prove the assertion for complete spaces E. In this case, E
is a (DFM)-space with the a.p., so the functors E ®. - and L(E},-) are
naturally equivalent. From this we get all the assertions as in the proof of
Theorem 5.1. For (ii) one may also use Corollary 1.8(a), and for (iv) the fact
that every Banach space is E ®, -acyclic (this follows for instance from Ej
being locally projective).

It is well-known that for a nuclear (DF)-space F the completion E is
again a nuclear (DF)-space and that (DF)-spaces are large, so b(E', E) =
b(E', E). Summarizing, we have E®, - ~ E®, - ~ L(El’), -) ~ L(E},-), which
completes the proof. =

Now let us consider the nuclear case in the Fréchet variable: For a lo-
cally convex space E, a nuclear Fréchet space F' and a tensor norm «, the
condition Tor! (E, F) = 0 does not depend on the tensor norm: Let (F},, o%,)
be a fundamental system of Banach spaces for F' such that the connecting
maps o,y : Foy1 — Fp are nuclear. By [10, Proposition 17.3.8] the map
idE®gZ+1 : F Qq Foy1— F ®y F,, is continuous. An easy computation with
elementary tensors shows that the diagram

~ idEé-:rQZ+1 ~
F®, F, E®r Fri
Aid/ ‘%@QZ{,l Ald/
~ idE®a92+1 ~
E®qyF, ~ E®q Fri

commutes. Hence the projective spectra (E ®q Fp,,idg ®q o) and (E R Fp,
idp @, o) are equivalent and by Example 2.5 we have proj' E ®, F, =
proj' E @y F,,. As F is nuclear, F has a fundamental system of injective
Banach spaces, and Corollary 2.13 implies:

PROPOSITION 5.5. For a tensor norm «, a locally conver space E and
a nuclear Fréchet space F with a fundamental system of Banach spaces
(Fh, o) the following holds for 1 > 1:
Tor!,(E, F) = proj' E ®, F,, = proj' E @, F, = Tor'.(E, F).
With a similar argument we prove:

REMARK 5.6. Let a be a tensor norm, H a distinguished Fréchet space
and F a nuclear Fréchet space. Then Tory (Hj, F) = Ext'(H, F).

Proof. By Proposition 5.5 we may assume that a« = 7. Let || - [|; <
I - ll2 < --- be a fundamental sequence of seminorms of H and (F,, o}}) a
fundamental system of [;-spaces for F' with nuclear connecting maps. Then
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the map

(92+1)

L(H,Fpy1) = indy L(Hy, Fpy1) =% L(H, F,) = indy L(Hy, F},)
factors through indy N (Hy, F,) = indy (Hy @5 F,,) = H} @, F,, (Example
4.3(1)) and the diagram

id g @nof

Hb ®7r Hb ®7r Fn+1

(&) \ /

L(H,F,) L(H, Fpy1)

commutes. Here N (X,Y) denotes the space of nuclear maps from X
to Y, where X and Y are Banach spaces. Consequently, Tor}T(Hl’),F ) =
proj! H} @, F, = proj! L(H, F,,) = Ext'(H,F). u

Let us return to the general case; we may assume that o = 7. Further
let E = indy En be a proper, complete (LB)-space, By = Bg, C By =
Bg, C --- a fundamental sequence of closed and bounded subsets of E,
and F' a nuclear Fréchet space with a fundamental system of Banach spaces
(Fn, o), Uy, :== Bp,.

In the last section we showed that the condition (S4')g is necessary for
Torl(E, F) = 0 (use Theorem 4.8). The next key result is:

PROPOSITION 5.7. In the above notation, the condition (53{(’)0 implies
proj! E @, F,, = 0.

Proof. We may assume that (F,, gj,,) is reduced (as the conditions are
invariant with respect to equivalent projective spectra). By Example 4.3(i)
and Theorem 4.13 it suffices to show that the following condition holds:

(S?(?)o For all n there is an m > n such that for all £ > m we can find an
N such that for all M > N and ¢ > 0 there is a K > M and an
S > 0 with

From (SX")o we first deduce the condition

(Pol) For all n there is an m > n such that for all £ > m we can find an
N such that for all M > N and € > 0 there is a X > M and an
S > 0 with

115 Bar < SNy lliBx + elly'll7, By

for all y' € Iy, where [|y/[|} := supyep, [y (o] ()| for y’ € F}, and
[ >n.

In analogy to Corollary 4.9, the corresponding condition
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(S5)o For all n there is an m > n such that for all £ > m we can find an
N such that for all M > N and € > 0 there is a K > M and an
S > 0 with

2 a1y 115 < max{ Sl &My lI%: el 1%}
for all #’ € E and y' € F},

is necessary for (SX’)y to hold. Let y' € F/,\ {0}, so 1y/'||5 # 0 for j = n,m, k.
In what follows we polarize with respect to the dual system (Eg, E). The
condition (53)o gives

1 1 1

——— By N——— B} C —— B}
K N = M
Slly'lI% ely'llz 19115,

With (A°° N B°°)° C A°° + B°° the bipolar theorem yields

Ex
oo % E
Iy'I[5Bar S 19 (Bar)*® € Sl i Br +elly' By ©
—F
C 28|yl Br +elly' By ™

C 25|y lxBx +elly'lln| By + = 777 Bx
e NIl

< 3S|ly'll5Bx + [yl B
The implication (S¥")g = (Pol) follows. We will proceed with the proof

after

REMARK 5.8. If one considers the condition (S5)o (see Lemma 4.7) in-
stead of (S£')o one has to polarize with respect to the dual system (E, E')
and obtains

E
1178y €SIyl Bk +elly'Il By

In order to eliminate the closure operation one may require for instance E
to be a dual space or a retractive (LB)-space, i.e., an (LB)-space such that
for all bounded subsets B C FE there is an L with B C E;, and Tg|p = 71 |p
(set B := S||y[[;Bx +<lly'll7Bn)-

As F is nuclear, F' has a reduced projective spectrum (F,, o*,) consisting
of Hilbert spaces and nuclear connecting maps o), . Let (-, -),, denote the
inner product on Fj,.

In what follows, we always assume that &k > m > n + 2. As QZI% :
Fi41 — Fy41 is nuclear, there is an orthonormal system (e;); in Fiyq, an
orthonormal basis (f;); in F,41 and a sequence (a;); of positive numbers
such that for all y € Fj11 we have the representation

92111(?/) = Z aj(y, ej)k+1f5-
J
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In order to verify the condition (S§9 )o we need some general estimates related
to the nuclear maps o} (see [26]); these are in particular Hilbert—Schmidt
operators. Below, 11 denotes the nuclear and v, the Hilbert—Schmidt norm.
For v € N and any orthonormal system (g;); in F,,11 we get, for all z € F,, 11
(using the estimates of Holder and Bessel),

S 1w gl - laa(g) e < ool
J
Consequently, d,41: Pyt — b, @ = ((2,9;)v41]1601 (9], Is a continu-
ous linear operator and therefore 4,1 o QZE is again nuclear. As we have
an isometric isomorphism N (Fyy2,01) = I} ®x Fl o = l1(F),5), it follows
that v1(0,41 © gllji%) equals the [1-sum of the sequence

‘< v+1

(, sup_ IKelz@). g letaa (o))l

[l +2<1

Thus there is a positive sequence (A§V)) j € 11 with
(4) Z )‘g'y) < 201 (641 0 05 13) < 2[|8u41llva(eltD)
J

< 2V2(QZ+1)V1(Q515) =: L(v)

® s leBeghnl Il <X ol
Tllv+2>

Let 71 == A") g1 (9))ll- By (5) we get, for all = € Fyo,

(6) sup ;" [(015(2), g3hu+1] < [7llua.

j
With v’ € F} 11, ¥j(y) := (y, fj)n+1, and using the nuclear representations

of QZ::__% we have for all x € Fyo the identity

1 k+1 k
Yi(orts (@) = (gifi (0 La(@), fidnr1 = aj(ogfa (@), ej)rsr-

Setting v = k and g; = e; in (6) gives

(k)
;a

_ % k
(M sy Uil =sup sup A (eF (@), e | < 1.

J lzllk+2<1

Setting v = n and g; = f; in (6) gives in an analogous manner

8) sup 7 [yl5 42 < 1.
J

We now return to the proof of (S$)o. Let A € Bg,, ® Br,, be given.
For j € N we consider the continuous linear maps ¢; : En @7 Fy, — Ey,
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z @y — (0% (y), fi)n+17, and set A; := ¢;(A) € Epr. Then for 2/ € E'
with ||2'[|3; < 1 we conclude that
|2'(A45)] = |2'(0; (A < i (Dl < llejll = sup ;i (2)lle
- ZEBEM®7rFm
< ly;lm-
Consequently, A; € [|y}[;, Ba. Now let n in (55)0 be given. Applying (Pol)
ton+ 2 we find an m > n + 2 so that for given £ > m in (S?)O resp. for
k+2 > m in (Pol) there is an N such that for all M > N and € > 0 in (S5)o
resp. M > N and € := ¢/L(n) in (Pol) there are K > M and S > 0 such
that the algov;a Aj can be written as A; = B; +Cj, where B; € S||y;ll; 2Bk
and C; € 5||yj|];:+2BN.
Now define B € Ex @ F, and C € Ex @, F,, by
1 . i 1

From the estimate

1 -1 k
m(B) < = E a; || Bj €;
(B) < L(k)S 7 J [ ]”EK”Qk-i-l( J)Hk

1

< =
L(k)S

-13 k
D a; Iyl allor i (eg)le
J

4) B . w0 (D
< supa; Yl li o <1
J

we~obtain absolute convergence of the sum B in Fx R F (and therefore in
E @ Fy), and B € By, & . Similarly we have

7(C) < ﬁw;u@nmugzﬂwﬂun

1 ~ *
WZ Ellyjlnaallonsa (fi)lln

<

4) e () ®
< sup||jllnq2y; 0 < 1.
j
Finally, with § := L(k‘)g and A = x ® y we get the identity
SldE éw QZ(B) + eC
=idp G of (Y0 By @ o (e)) + Y O @ i (f)
J J

= a;'B;j @ on 1 (0pfi(e)) + ) Ci® o (f)
j j



68 O. Varol

= ZBj X QZ-H(fj) + ZC] ® 02+1<fj)
j J

J

=A@ 00 (f) = D (s W), i) j12) @ A (f)
J

= 2@ g (5 W) )y fy) = idp Br d(4),
J
which implies (S5 )o. =
Let us summarize our results:

THEOREM 5.9. Let E be a locally convex space, F' a nuclear Fréchet
space and o a tensor norm. Then

(i) Tor' (E,F) = Torl (E, F) for all 1 > 1.

(ii) Tor’(E,F) = E®u F fora =7 and a = ¢.

(iii) If Torl(E,F) = 0 then for all evact nuclear FS-sequences 0 —
F - G — H — 0 the E ®, --tensored sequence 0 — E®,F —
E ®yG — E ®q H — 0 is (topologically) ezact.

(iv) Torl (B, F) =0 forl>2.

(v) If E is a proper, complete (LB)-space and (Fy, o)) a fundamen-
tal system of Banach spaces for the nuclear Fréchet space F', then
Torl(E, F) = 0 if and only if the condition (SX')g holds.

Proof. (i) follows from Proposition 5.5(iv).

(ii) Let (Fy, o)) be a fundamental system of injective Banach spaces.
From Tor!, (E,[[,, Fn) = [, Tor\,(E, F,) = 0 for I > 1 it follows that the
canonical resolution

0—>F—>HFn—>HFn—>O
n n

of F is E ®q -acyclic. As F is nuclear, this sequence is a ®-sequence. There-
fore we get (ii) from Corollary 1.7(a).

(iii) By nuclearity we may assume that a = 7. As F is nuclear, the
sequence considered is again a ®-sequence. By Corollary 1.7(a) we have to
prove surjectivity of the map F @, G — E ®, H, which follows immediately
from the long exact sequence and (ii).

(iv) is a consequence of Corollary 2.13 and as F' is locally injective, (v)
follows from Propositions 5.7 and 5.5. =

The Tor-theory developed here, when applied to the last standard case,
gives new insight into some historical results. In [5, I, §4, no. 3, Theorem 1]
A. Grothendieck gave a comprehensive characterization of topological proper-
ties (to be more precise, of the quasi-barrelledness) of the (complete) projective
tensor product of a (DF)-space with a Fréchet space in the case of Kothe co-
echelon spaces k'(A) and echelon spaces A!(B). In [24] the author generalizes
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this result to arbitrary Fréchet spaces in place of Kéthe spaces A'(B), adding
homological conditions. In the same paper a corresponding theorem for the
injective tensor product is also given. As the proof in [24] shows, we get:

THEOREM 5.10. Let E be either a coechelon space k*(A) of type one and
a =T, or a complete coechelon space k°(A) of type zero and o = ¢, and let
F be a Fréchet space. Then:
(i) Tor®(E,F) = E @4 F.
(ii) Torl(E, F) = 0 if and only if for all short exact FS-sequences the
E ®a --tensored sequence is (topologically) exact.
(iii) Torl (E,F) =0 forl>2.
(iv) If E is proper and (Fy, o}') a fundamental system of Banach spaces
for the Fréchet space F then Torl(E,F) = 0 if and only if the
condition (SX")o holds.

At this point we want to show that in acyclic situations the property
Torl (E,G) = 0 passes to quotients of G:

REMARK 5.11. Let a be a tensor norm, E a locally convex space and GG
a Fréchet space. Suppose further that Tor. o(E,G) = 0. In the cases below
we also have Tor(E, H) = 0 for every quotient H of G:

(a) E is a nuclear (DF)-space;

(b) F:=ker(G — H) is locally E ®, --acyclic, for instance G nuclear;

(c) E=k'YA) and a = m;

(d) E =kY(A) complete and a = e.

Proof. We have shown that in all cases we have Tor! W(E,F) = 0 for
1 > 2. In cases (a), (c) and (d) even every Banach space is F ®, --acyclic.
Applying the long exact sequence to0 — F — G — H — 0 gives the exact
LS-sequence --- — Torl(E,G) — Tor:(E,H) — Tor?(E,F) — and
therefore Torl (E, H) = 0. m

Theoretical applications of the Tor-theory established here such as the
characterization of quojections or the property (€2) of D. Vogt and M. J.
Wagner can be found in [24], while practical applications such as the solu-
tions of (DF)-valued partial differential operators with constant coefficients
will be treated in [25], where we shall use a method of H. J. Petzsche ([22])
for decomposing elementary tensors.
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