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Two results on the Dunkl maximal operator
by

Luc DeLEAVAL (Paris)

Abstract. In this article, we first improve the scalar maximal theorem for the Dunkl
maximal operator by giving some precisions on the behavior of the constants of this
theorem for a general reflection group. Next we complete the vector-valued theorem for the
Dunkl-type Fefferman-Stein operator in the Zg case by establishing a result of exponential
integrability corresponding to the case p = +o0.

1. Introduction. Dunkl operators provide an essential tool to extend
Fourier analysis on Euclidean spaces and analysis on Riemannian symmet-
ric spaces of Euclidean type. Since their invention in 1989, these operators
have largely contributed, in the setting of root systems and associated re-
flection groups, to the development of harmonic analysis and to the theory
of multivariable hypergeometric functions.

In this paper, we focus on the Dunkl maximal operator MV which is
defined by

1
MY f(z) = sup ————
" f( ) r>%) /-LE/(BT)

V rm (s (—y)dw! (v)|, = €RY,

Ra

where xp, is the characteristic function of the Euclidean ball of radius r
centered at the origin, 7V is the Dunkl translation and " is a weighted
Lebesgue measure invariant under the action of the reflection group W (see
Section 2 for more details). This operator, which reduces to the well-known
Hardy-Littlewood maximal operator in the case where the multiplicity func-
tion k is equal to 0 (see Section 2 for details), is of particular interest for har-
monic analysis associated with root systems. Nevertheless, the structure of
the Dunkl translation prevents us from using the tools of real analysis (cover-
ing lemma, weighted inequality, Calderén—Zygmund decomposition. .. ) and
makes the study of MV difficult.

2010 Mathematics Subject Classification: Primary 42B10; Secondary 42B25.
Key words and phrases: Dunkl operators, maximal operator, Fefferman—Stein-type in-
equalities, real analysis.

DOI: 10.4064/sm203-1-3 [47] © Instytut Matematyczny PAN, 2011



48 L. Deleaval

However, Thangavelu and Xu [21] succeeded in proving the following
scalar maximal theorem, where we denote by LP(u!") the space LP(R?; V)
(for 1 < p < 400) and we use the shorter notation |-||w, instead of
1 o iy -

THEOREM 1.1 (Scalar maximal theorem). Let f be a measurable function
defined on R?.

(1) If f € LY (), then for every A >0,

pl (€ R MY () > ) < Sl

where C' = C(d, k) is a constant independent of f and .
(ii) If f € LP(u?) with 1 < p < +oo, then MYV f € LP(u?V) and

IMY Fllwp < Clfllwps
where C' = C(d, k,p) is a constant independent of f.

In order to prove this theorem, Thangavelu and Xu have used the fol-
lowing Hopf-Dunford—Schwartz ergodic theorem (see [3]).

THEOREM 1.2 (Hopf-Dunford-Schwartz ergodic theorem). Let X be a
measurable space and let m be a positive measure on X. Let {T;}1>0 be a
contraction semigroup of operators on LP(X;m), that is, a semigroup which
satisfies, for every p € [1,400] and every f € LP(X;m),

I T2 f e (xcmy < Nl Le(xim)-
Define

t

STsf

H—M—\

M f(x) = sup
t>0

(i) If f € LY(X;m), then for every A > 0,

2
m({z € X - Mf(x) > A}) < Sl flle1xm)-
(i) If f € LP(X;m), with 1 < p < 400, then M f € LP(X;m) and
IM fllzexim) < ClFllzexim)s
where C' = C(p) is a constant independent of f.

We will see that we can use the previous theorem in order to refine the
scalar maximal theorem. More precisely, our first result is the following,
where we denote by 2v the degree of homogeneity of the measure u! .
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THEOREM 1.3. Let f be a measurable function defined on RY.

(i) There exists a numerical constant C such that if f € L*(uV'), then
for every A > 0,

d+ 2y
;y | fllw,1-

(ii) There exists a numerical constant C' such that if f € LP(ul) with
1 <p < +o0, then

b
MY Fllwy < Cpfl\/dJr 2y | fllwp-

In the particular case where v = 0, the previous theorem coincides with
a theorem due to Stein and Stromberg for the Hardy-Littlewood maximal
operator ([20]).

Our second result deals with the vector-valued extension of the scalar
maximal theorem which has been proved in [2] in the case where the reflec-

me ({z € R MY fz) > A}) < C

d
tion group is Zg. Let us recall this theorem. Denote by M% the Dunkl-type
Fefferman—Stein operator given for a sequence f = (f,)n>1 of measurable
functions by

d d
MZf = (MZ ) s

THEOREM 1.4 (Vector-valued maximal theorem). Let W = Z$ and let
f = (fn)n>1 be a sequence of measurable functions defined on R,

d
(i) Let 1 <r < +oo. If || fller € Ll(,uzz), then for every A > 0,

d d C
et ({z € R IME @)l > AD) < S[[[1f e

74,1’
where C = C(d, k,r) is a constant independent of (fn)n>1 and A.
d
(ii) Let 1 <r,p<-+oo. If | flle € LP(ux?), then

215 < Ol

where C = C(d, k,p,T) is a constant independent of (fn)n>1-

[IMZ flr

z4.p’

We will see that no analogue of (ii) holds when p = 4+00. However, in this
case we will give the following result of exponential integrability on every
compact set, which generalizes the classical one due to Fefferman and Stein
(see [10] or [19, p. 75]).

THEOREM 1.5. Let f = (fn)n>1 be a sequence of measurable functions

d
defined on R? and let 1 < r < 4o0. If ||f|l¢ € LOO(M%Q) is such that

74 r
i (supp || flzr) < +o0,
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d
then the function ||M%2f||zr is exponentially integrable on every compact
set. More precisely there exists a constant Cy ., which depends only on d,
and r, such that for every compact subset K of R% and for every e satisfying

log(2
0<e< og( 2,
2C .|| £ 115

)
d
75,00

we have the inequality
d
| M F @ g, 2 ()
K

VA VA
2eCq e r ‘HfHZT 28,00 max{ 22 (K); pur? (supp || f117-) }

log(2) — 2eClp || £ 115

The paper is organized as follows. In the next section, we collect some
definitions and results related to Dunkl’s analysis. We then give in Section 3
the proof of Theorem A counterexample in the case p = +0o0 is given for
the vector-valued maximal theorem in Section 4 and the substitute result
contained in Theorem [L5lis established.

< B (k) +

Zg,oo

2. Preliminaries. This section is devoted to the preliminaries and
background. We only focus on the aspects of Dunkl theory which will be
relevant in what follows. For a large survey about this theory, the reader
may especially consult [9, [16] and the references therein.

Let W C O(R?) be a finite reflection group associated with a reduced
root system R (not necessarily crystallographic) and let k : R — C be
a multiplicity function, that is, a W-invariant function. We assume in this
article that x takes values in [0, +00].

The (rational) Dunkl operators ng on RY introduced in [4], are the
following k-deformations of directional derivatives J¢ by reflections:

TR 1) = ) 4 3 g L2 1 oal)

aER 4 <$, (,Y>

(& ), zeRY

where o, denotes the reflection with respect to the hyperplane orthogonal
to a, and R4 denotes a positive subsystem of R. The definition is of course
independent of the choice of the positive subsystem since x is W-invariant.
The most important property of these operators is their commutativity,
that is, TERT R = TETSR ([]). Therefore, we are naturally led to consider
the eigenfunction problem

(2.1) TEf = (y,&)f VEeR

with y € C? a fixed parameter. This problem has been completely solved by
Opdam ([11]).



Dunkl maximal operator 51

THEOREM 2.1. Let y € C?. There exists a unique solution f = EV (-, %)
of
TEf=(y,6)f VEeR?

which is real-analytic on R? and satisfies f(0) = 1. Moreover the Dunkl
kernel EYV extends to a holomorphic function on C? x CC.

In fact, the existence of a solution has already been proved by Dunkl
([5]). Indeed, he noticed the existence of an intertwining operator V.’ which
satisfies

vV(pd = pl vjlf)g = Id;pg, TRV =V veeR,
where P,, denotes the space of homogeneous polynomials of degree n in d
variables. Since the exponential function is a solution of (2.1)) when x = 0
(that is, when ng = O¢), he naturally set E,(-,y) = VWV (e['¥)). Unfortu-
nately, the Dunkl kernel is explicitly known only in some special cases; when
the root system is of Aa-type ([7]), of Ba-type ([8]) and when the reflection
group is Z4 ([6, 22]). Nevertheless we know that this kernel has many prop-
erties in common with the classical exponential to which it reduces when
k = 0. For significant results on this kernel and the intertwining operator,
the reader may especially consult [Il, 5, 111 [12] [14], 17]. The Dunkl kernel is
of particular interest as it gives rise to an integral transform which is taken
with respect to a weighted Lebesgue measure invariant under the action of
W and which generalizes the Fuclidean Fourier transform.

More precisely, let us introduce the measure du!” (z) = h?(x) dz where
the weight given by

hp(e) = [T N, a)P<@

aER 4
is homogeneous of degree 2y with
v= Y kla).
a€ER 4

Then for every f € L'(1Y), the Dunkl transform of f, denoted by FWV (f),
is defined by

FY (@) =l | BN (—ix,y) f(y) dpll (), = eRY,
R4

where ¢! is the Mehta-type constant

W = (S o~ llzll/2 dMgV(a:))

Rd
Let us point out that the Dunkl transform coincides with the Euclidean
Fourier transform when x = 0 and that it is more or less a Hankel transform

-1
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when d = 1. The two main properties of the Dunkl transform are given in
the following theorem ([ [6]).

THEOREM 2.2.

(i) (Inversion formula) Let f € L'(u!V). If FV(f) is in L*(1)Y), then
we have the following inversion formula:

F) = | EY (i) FY () () dinl ()
R4
(ii) (Plancherel theorem) The Dunkl transform has a unique extension
to an isometric isomorphism of L*(u!V).

The Dunkl transform shares many other properties with the Fourier
transform. Therefore, it is natural to associate a generalized translation
operator with this transform.

There are many ways to define the Dunkl translation but we use the
definition which most underlines the analogy with the Fourier transform. It
is the definition given in [21] with a different convention. Let € R?. The
Dunkl translation f +— 1)V f is defined on L?(u!") by the equation

XY Hy) = EY iz, 9) B (),  yeR
It is useful to have a set of functions for which the above equality holds
pointwise. One can take the set

AV RY) = {f e L) : FV(f) € LY ()}

which is a subset of L?(u)Y) (since it is contained in the intersection of
LY(YV) and L*®). For f € A (R9), the inversion formula allows us to write

' f(y) = el | BY iz, 2)E)Y (iy, 2) FY (£)(2) du (2)-
R4
In Fourier analysis, the translation operator f +— f(- 4 z) (to which the
Dunkl translation reduces when xk = 0) is positive and LP-bounded. In the
Dunkl setting, 7V is not a positive operator ([12, 21]) and the LP(u)-
boundedness is still a challenging problem, apart from the trivial case where
p = 2 (thanks to the Plancherel theorem and the fact that |EY (iz, )| < 1).
The most general result we have is given in the following theorem ([17, 21]),

where we denote by L ,(u}V) the space of radial functions in LP(u)).

THEOREM 2.3.

(i) For every p satisfying 1 < p < 2 and for every x € R?, the Dunkl

translation TV : LP (V) — LP(u)V) is a bounded operator.

(ii) Let f € LY(uY) be a bounded, radial and positive function. Then

K

W >0 for every x € RY.

The last result we mention about the Dunkl translation is the following.
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THEOREM 2.4. Let f € Lrlad(uﬁw). Then, for every x € RY,
V2V ) dw? () =\ ) du ().
R4 R4
Another important tool in Dunkl analysis is the Dunkl-type heat semi-
group which has been mainly studied by Rosler ([I3], 15]). We are searching
for solutions u € C2(R% x]0, +o00[) NCy(R? x [0, +0c[) of the following Cauchy
problem for the generalized heat equation:
(CH). - { AVu(z,t) = Opu(z,t) Y(z,t) € R? x ]0, 4+00],
u(" 0) =f
with initial data f in the Schwartz space S(R?) and where AV = Z;’:l(ng)2
is the Dunkl Laplacian. Tt is easily noticed that a solution of AW u(z,t) =
Opu(z,t) is given on R? x ]0,+oo[ by the generalized Gaussian which is
defined for every z € R? by

Wipy = Cn el
9 (Qt)d/Q-‘r’y
and which has the following two properties.

PROPOSITION 2.5.

(i) For everyt >0,
V@t () ! () = 1.
Rd
(ii) For every t > 0 and every v € R,
Y @) @) = e e
The Dunkl-type heat kernel QY is defined by taking the Dunkl transla-
tion of ¢}V, that is, according to [I3],
QY (x,y.0) ="} (~y)
_ (2&1%2“6—(||w|2+||y|2>/4t5;gv (\/9% \/@/ﬂ) ey €RL £ 0.
This positive kernel ([I3]) allows us to define a generalized heat operator

(or Dunkl-type heat operator). More precisely for every f € LP(u)), with
1 <p < 400, and for every t > 0, we set

. V F@)QY Ly, t)dpll (y) if £ >0,
Ht f =y R4
f ift=0.
The following fundamental result about this operator is due to Rosler
(see [13] and [15]).
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THEOREM 2.6. For every p satisfying 1 < p < 400, the family {H}" }1>0
18 a positive contraction semigroup on Lp(u,zv). Moreover, for every f €
S(RY), the function u given for every (z,t) € R% x [0, +oo[ by

u(z,t) = H" f(x)

belongs to C?(R¥x 0, +00[)NCy(RY x [0, +-00[) and is a solution of the Cauchy
problem (CH),.

We can easily improve the previous theorem.

THEOREM 2.7. For every p satisfying 1 < p < +o0, the family {H}Y }1>0
18 a symmetric diffusion semigroup on Lp(u,{w), that is, a semigroup which
satisfies:

(i) H is a contraction on LP(u!V);

(ii) H}V is symmetric, that is, self-adjoint on L*(u?V);
(iii) HV is positive;
(iv) HY (1) =1.

The reader is referred to the book of Stein [I§] for a detailed study of
this kind of semigroup.

3. Behavior of the Dunkl maximal operator in the scalar case.
In this section we give the proof of Theorem[I.3|for a general reflection group.
For convenience, we prove each point of the theorem separately. Thus, we
first establish the following result.

THEOREM 3.1. There exists a numerical constant C' such that for every
fe L) and every A >0,

d+ 2y
3 I fllw,1-

To prove this theorem, we need two lemmas. The first one is basic cal-
culus. Before stating it, we introduce some notation.

w! ({z e RT: MY f(z) > A}) < C

NoTATION 3.2. We define
a(8" N = | hl(z)dw()
Sd—l

where w is the usual Lebesgue measure on S9!, We also write

W
Cr —1/4t

w _
qy|ga-1 = (2t)d/2+76

With this notation, we can formulate the lemma.
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LEMMA 3.3. We have the following equalities:

w a(S* 1)
By) —
IU’H ( 1) d+2’}/ ’
()™t = 292710 (d )2 4 y)a(ST),
Fo0 W od/2+
c. 2
| a)fgardt=—" T l(d/2+5-1).
0
Moreover if d + 2y > 8, then
+o0 W od/2+ d/2+v-1
¢ 295 (d+ 2 _
S q%d—l dt < T < I ’7) e~ (d+27)/4
1/(d+27)

Proof. The equalities are easy to prove by passing to polar coordinates
and by substitution. Therefore we only prove the inequality. By definition

we have
+o0o +o0o

1
w _w —1/4t
S 9y 5a-1 dt =c,, S (2t)d/2+76 dt,
1/(d+2v) 1/(d+27)

which leads after a change of variables to

+o0 W od/2+ (d+27)/4
9d/2+y

| alfsumndt= C”f | er2etar,
1/(d+27) 0

Since for d 4+ 2y > 8 and t € [0, (d + 2)/4] we have

d/2+y—2
$4/247-2—t < <d + 27) 7

1 e~ (d+27)/4,
we obtain

(d+27)/4 d/2+~y-1
[ 2ot < <d +2y > o~ (d+27)/4
5 4
and the inequality is proved. =

)

The second lemma allows us to reduce the inequality of Theorem [3.1] to
a more convenient one.

LEMMA 3.4. If there exists tg > 0 such that

1 < C(d, k)
p¥ (B1) = to

to

S q%d—l dt?
0

then for every f € L' (u?) and every A > 0,

K

4C(d, k)

plf (o € Y MY f(@) > AP < = f
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where C(d, k) is the same positive constant in both the hypothesis and con-
clusion of the lemma.

Proof. We can assume that f is nonnegative. If there exists tg > 0 such
that

to
1 (7((1,f€) w
< oy dt
,U%W(Bl) — tO (S)thd 1 )
we can deduce that for n large enough,
1 2C(d, k) ¢
3.1 < _y dt.
3-1) p¥(B1) = o 1§nqt|sd '
Then we claim that for every y € R?,
to
1 2C(d, K) W
3.2 e xp (y) < T Wy at,
( ) NKV(Bl) 1( ) tO 1§n t ( )

Indeed, if ||y|| > 1, there is nothing to prove since xp, (y) = 0. If ||y|| < 1, it
is enough to use (3.1)) and the fact that q%d,l <q"(y).

As a result, we can write, for every > 0 and every y € R,

to
1 1 Yy 2C(d7"<‘) wi(lY
e = ) <« 2N Y\ a
im0 =y (3) < e (7@

1/n
which leads after a change of variables to
T2t0
1 2C(d, k) W
dt
Y (BT)XBT(y) ¥ty Tj/n W)

w w
_ N dt
TET ey S S (sz/nqt () dt) ()
Let us temporarily assume that
T2t0 7"2150
(3.3) (] a )y = | @) ()t
r2/n r2/n
This implies
T2t0
— —y)dt
M;ZV(BT)TI (XB’I‘)( y) ’I”Qt() S Ty (qt )( y)
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Multiplying both sides by f(y) and integrating over R? we obtain

1 20(d, k) "
(B de F@)m" Ocs) (y) din () < =50 Tzﬁ/n H}Y f(x)dt
and so
1 w W 20(dR)
:LLEV(BT‘)RSd f(y)Tx (XB’I‘)(_y) dun (y) < W (S] Ht f(.CL‘) dt
This easily yields
1 18
WV (B,) R§d F)m (xs,)(—y) duy (y) < 2C(d, k) i‘i‘S(s éHfo(x) dt),

from which we deduce that

M:Vf()<2Cdmsup< (7Y f(2) )
s>0 0

Since {H}V};>0 is a semigroup which satisfies the contraction property on
LP("V) (Theorem , the first point of the Hopf-Dunford-Schwartz er-
godic theorem implies the desired conclusion and we are left with the task
of establishing (3.3)).

Let n be an mteger Due to Proposition it is easily seen that the
radial function S 2/ ¢V (-)dt is in L'(p}"), so Theorem leads to

T2t0
() a¥()a) e L),
r2/n
Since on one hand
7‘2t0 7’2t0
V(Y v (ar) = | et are L),
r2/n r2/n
and on the other hand
r2t0 r2t0
FV((] aeyat)) = EX ey 7Y (] @) ar),
r2/n r2/n
we find .
r“to
FV( (] ' (ar)) e L.
r2/n

2
Consequently, 7}V (S:;;‘;L V() dt) ¢ AV (R?) and we can use the inversion
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formula to obtain

7‘2t0 7‘2t0

W (§ " dt) ) = § Y a2 BY (iy,2) | e eV drapll (2),
r?2/n Rd r2/n

that is,

w e w e w W W W _—t||z||? 7, W

(Y aera)w = § (5 B a2 BY Gy, )l e apll (2)) a.
r2/n r2/n R4

The inversion formula leads to

2] a ) = § e,
r2/n r2/n

and (3.3) is established. The lemma is proved. =
REMARK. Of course, we can take the limit of (3.3) to prove

7"2t0 T‘2t0

(3.4) 2§ v Od) ) = § @)

0 0
On one hand, S:zt/‘; oV () dt — SthO @V (-)dt in L'(u}V) as n goes to infinity.
Therefore, by Theorem [2.3(),

7‘2t0 7'2t0

' (§ @) - () g a)
r2/n 0

in L' (1Y) as n goes to infinity.
On the other hand,

T'2t0 7‘27f0 TQ/TZ
o< | M@Mwat— | @ wdt= | 7V (q")(y) dt.
0 r2/n 0
But
r2/n r2/n 2
| § 2@ dtan? )= § 2@ w) d! () dt = —
Rd O 0 Rd

since thanks to Theorem
V2V @) @) dwt () = § oV () duY (y) = 1.

R4 R4
Consequently,
7‘2t0 T‘2t0
V V@) wydt— | V(@) () dt
r2/n 0

in L' (1Y) as n goes to infinity. The equality (3.4) is thus true.
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Proof of Theorem [3.1 Due to Lemma [3.4] it is enough to find ¢y > 0

such that
to
1 d+2v ¢ w
3.5 <C Ly dt
(3.5) (B ) diloa-r
where C is a numerical constant. Set to = 1/(d 4+ 2v). The inequality of
Lemma [3.3| asserts that for d + 2y > 8,
+0o0 W od/2+ d/2+~v—1
¢ 295 (d + 2 _

S qtvrfgdﬂ dt < =2 1 < 1 7) e~ (d+21)/4,
1/(d+27)

On one hand, Stirling’s formula implies that
(/4 e = 0 oo(I(nf2 — 1)),
and, on the other hand, the third equality of Lemma [3.3] yields

+oo W od/2+

c. 2 v
| )fgardt = —r (/247 -1).
0

Therefore, we conclude that there exists a numerical constant C' such that
1/(d+27v)
(3.6) o 2Pr(df2+y-1)<C | gylgadt
0
By the first two equalities of Lemma we can write
2I'(d/2 +~v —1)
i (Bu)(d +27)I'(d/2 + )’
and by inserting this in we are led to

Wl P(d/2 + 4 —1) =

1 _ L @d+2)r2+y Y (di 2

WV (B = @24y —1)

which finally implies that

qxg'dfl dt’
0

1/(d+2v)

1
< C(d + 27)? W dt.
) < Ol

This proves (3.5)) and establishes the theorem. =
We now turn to Theorem ii) that we recall below.

THEOREM 3.5. There exists a numerical constant C' such that for every
ferP(u) with1 < p < +oo,

p
1M fliwp < Cﬁ\/dﬂ%v 1f1lwp-
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REMARK. This result is better than what one would obtain by using
Theorem the L™ case and the Marcinkiewicz interpolation theorem.

In order to prove Theorem [3.5, we need the following lemma which re-
duces the inequality of that theorem to a more convenient one.

LEMMA 3.6. If there exists tg > 0 such that
1
WD\ S C d7 K qW -1
A By = e
then there exists a numerical constant C' such that for every p satisfying
1 < p<+oo and every f € LP(u)V),

w p
M fllwyp < lelc(d7 &) |1 wips
where C(d, k) is the same positive constant in both the hypothesis and con-
clusion of the lemma.

Proof. The proof is quite similar to the one of Lemma One can
assume that f is nonnegative. If there exists tg > 0 such that

1 w
(37) m < C(d, K)qto‘sdfla
then we can deduce that for every y € R,
1
(3.8) WX& (y) < C(d, /i)qg/(y)-

Indeed, if ||y|| > 1, this is obvious since xp, (y) = 0. If ||y|| < 1, it is enough
to use (3.7) and the fact that qlﬁsd—l < qf;/(y).

Consequently, for every r > 0, we can write
N — ()
T (1) ——, -4
pl (B) X T B (B) M
C(d> H) wi(Y %%
S Td+2,y Qto ; = C(d7 K’)qrzto (y)
Let 2 € R%. Due to Theorem (ii) we can assert that

NVV:(LBT)T;MK(XBT)(_CU) < C(d k)" (qr2) (=y)-

K

Multiplying both sides by f(y) and integrating over R% we obtain

1 o g
B Rﬁd F)m " (s, (—y) di! (y) < C(d, k) H )" f(x),
from which we deduce
(3.9) MY f(z) < C(d, k) sup HY f(z).

t>0
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But {H}Y };>0 is a symmetric diffusion semigroup on LP(uV) (Theorem.
Therefore, by a result due to Stein (see [I8, Chapter 4]), for every p satisfying
1 <p< +oo,

w p
[sup Hy" fllwp < C——|fllwp,
t>0 p—1

where C' is a numerical constant. By using this inequality in (3.9) we obtain
the desired result. m

Proof of Theorem [3.5, Thanks to the previous lemma, it is enough to
find tg > 0 such that

1 W
e S C\/d+2vq _
2 (Bl) K tol 571

or, equivalently, such that

1 W 1\ 1/4¢
LN N () e 1/it0,
Y (Br) " 21
On one hand, the first two equalities of Lemma allow us to write

1 W d/24~—1
e W (d 29029 (A2 4 ),
p (B) "

and on the other hand, Stirling’s formula gives us
22 (n)2) = Oy (n"D/2e7/2),
We finally obtain the desired result by choosing top = 1/(2d 4+ 4v). =

4. Exponential integrability in the vector-valued case. This sec-
tion is devoted to the proof of Theorem in the case where the reflection
group is Z4 (that is, the root system is R = {£e; : 1 < j < d}). Let us
recall some facts related to Dunkl’s analysis associated with this particular
reflection group.

In this case, an explicit formula for the intertwining operator V,.? s is
known (see [22]) and there is an explicit formula for the Dunkl translation.
In the one-dimensional case, the following formula has been proved by Rosler
in the setting of signed hypergroups (see [12]):

1
Zo _1 21 .2 ( Tty )
(4.1) 72 f(y) 2_§1f(x/$ +y? +2ayt)( 1+ PR - i (t) dt
1

1 €T +
+ = S f(—\/a:2+y2+21‘yt)<1— i >w,€(t) dt
27 V2 +y? + 2xyt

where 1 is given by . (t) = (B(k,1/2))71(1 +¢)(1 — t)*~! (with B the
beta function) and where & is the only value taken by the multiplicity func-
tion k. This formula implies an explicit one in the Zg case which gives us




62 L. Deleaval

the boundedness of the Dunkl translation. In order to give an equivalent
formula to (4.1]), we need to introduce some notation.

NOTATION 4.1.

(i) For z,y,z € R, we put

1

2 .2 .2\
— (" 4y —z if z, 0,
S 2:cy( y ) yF
0 ifx=0o0ry=0,

as well as

1
o(z,y,z) = 5(1 — Opyzt+ Ospy+02ya)
ii) For x,y,z > 0, we put
(ii) Y P
_ 1\\ ' Az, y, 2) 22
Kn(x7 Y, Z) = 22& 2 <B (ﬁv 2)) WXHI*Z/WH“ZJ](Z)?

where A(z,y, z) denotes the area of the triangle (perhaps degener-
ate) with sides z,y, 2.

With this notation, (4.1)) can be reformulated (using a change of vari-
ables) as follows:

(42) T2 f(y) = | F(2) A (2)
R

where the measure y%fy is given by

Kz, y,2) dug?(2) if 2,y #0,

dvi2 (z) = ¢ do,(z) ify=0,

ddy(z) itz =0,

with
Ke(z,y,z) = Ke(lz], lyl, |2]) e(z, y, 2).

We have the following one-dimensional result due to Rosler.

THEOREM 4.2. The measure V%fy satisfies

(1) supp w3, = [—lz=lyl, =[l=[=ly[|JU[[ |z = lyl|, |z +]y[] for =,y # 0.
(ii) v22(R) =1 and ||[v22|| =\ | dvZ2| < 4 for z,y € R.

We now prove that no analogue of Theorem [1.4{ii) holds when p = 4o0.

PROPOSITION 4.3. The conclusion of the second point of Theorem|[L.4|(ii)
does not hold when p = 400.

Proof. Let d = 1 and let f = (fu)n>1 where f;, = Xjgn-1,9n[ for every
n > 1. We easily see that

£ ller = X[1,400] € L™ (12?)



Dunkl maximal operator 63

while we will prove that
(4.3) M2 fller & L ().
For all x € R and n > 1, by definition of M%QX[TLA,QTL[,

MZX(gn-1 gn((x)

2TL
1 7 7
> o2 (X |z| =2, o]+20 ) (—Y) A (y)-
p? ()= |z| — 2n, |2] + 27)) 2§1

We claim that for every y € [2771, 2",

(4.4) T2 (X)—fo| 2 2 ) (—Y) = 1.
Indeed, by using (4.2) we can write

2272 B(k, 1/2)752 (X~ o2 el r2n ) (—Y) =

A(z], Jyl, [)*
|xy2’2n—1

VX1= ol—2m 20 ()X ol =ty 11 2]) o(z,—y,z) dpZ? (z),

R
and, since |z| + |y| < |z| + 2", we deduce that

22720 Bk, 1/2)722 (X) - fa] 27 Jaf 420 ) (—Y)
A(lxl, Jyl, |2)* 2
|$yz|2n71

=\ Xttt (121) o(z, —y, z) dul? (),

R
that is,
T2 (X) = e —2m a2 ) (—Y) = V22, (R).
We obtain by using Theorem As a result we have the inequality

271/

1
MZ2Xgn1 gni(x) > duZ2(y),
B = B (| — 2n, J2] + 27) S

on—1

and since du?2(y) = |y|**dy, we are led to

271(2&-1—1) _ 2(n—1)(21~£+1)
2(|$’ + 2n)2n+1

For every x satisfying |z| < 2" we thus obtain

MZ2X(gn-1 gnf(x) >

on(26+1) _ 9(n—1)(2k+1)

Z
M2 xpan-19n((2) > o(n+1)(2r+1)+1 ’

and after simplifications we get
1— 2—(2H+1)

MRZ2X[2”71,2"[($) Z W
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Thus, for every = € R,
1— 2—(2%4—1) r
IMEAE > S (P ) =+
{n:2n>|z[}
and the proof of (4.3)) is finished. =

A substitute result in the case p = 400 is given in Theorem L] that we
now prove. In order to do that, we need three lemmas. The first one is just
a trivial functional equality.

LEMMA 4.4. Let X be a measure space and let m be a positive measure
on X. Let ¢ be an increasing continuously differentiable function on [0, +o0[
which satisfies p(0) = 0. Then for every measurable function f on X,

+oo
Jolf@l)dm(z) = | ¢'Nm({z € X :|f(2)] > A})dA.
X 0

Proof. Since ¢’ is nonnegative, the Fubini theorem yields

oo (@)
| ¢m({z e X :|f(@)] > A dr = | ( | ¢ dA) dm(z).
0 X 0

The desired result follows by integrating and using the fact that ©(0) = 0. =

The second lemma gives us the behavior of the constant of Theorem
1.4{(ii) when p grows and r is fixed. The result of exponential integrability
is closely related to this behavior.

LEMMA 4.5. The constant C(d, k,p,r) of the vector-valued mazximal the-
orem s such that

C(d7 R, P, ’I") = Opﬂ%*oo(pl/T)'

Proof. Since the parameter r is fixed, it is enough to inspect the proof
of Theorem when p > r. As explained in [2], once we have constructed

the operator My &R (see [2] for the definition) and shown that it satisfies
a scalar maximal theorem and a weighted inequality, we can follow almost
verbatim the proof of the vector-valued maximal theorem for the Hardy—
Littlewood maximal operator (see [10] or [19]). Thus, it is easily seen that the
dependence on p is given by the constant (with exponent 1/7) of the maximal

d d
theorem for M,% 2R and for the space Lp/ (=) (N%Q). Since this constant is
obtained by interpolation, we can write

N
C(dﬂivpv T) = C(d,H,T) <C(d’ K) Lp_: ]_> ’
p—r
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But it is obvious that
P p—r

(Cn 1) " = Ol

P _
p—r

and the lemma is proved. =

The last lemma gives us (under the hypothesis of Theorem a sharp

d
estimate of the measure of the set {z € K : ||M%2f(m)||z,~ > A} for every
A > 0, where K denotes a compact subset of R%. More precisely we have the
following inequality.
LEMMA 4.6. Let f = (fn)n>1 be a sequence of measurable functions

d
defined on R? and let r satisfy 1 < r < +oo. If ||flle € LOO(,LL%Q) is such
that

74
pi” (supp || f|[7r) < 400,
then for every compact set K of R? and every X\ > 0,

WE ({x e K - |MZ F@)|5 > A}

Zd Zd r 10 2
< masc{2 2 (K); 5 (supp 715 exp< 5(2) A),
Zg 00

201 £117-
where C = C(d, k,r) is independent of (fn)n>1, K and A.

Proof. For every p satisfying 1 < p < 400 the Chebyshev inequality
yields

z3 z3 r
st ({z € K« M2 f(2)|pr > A})
1 7.4 74
<+ | IME F @I i (@),
d
{2€K: | M2 f (@)l > A}
which implies, by enlarging the domain of integration,
74 74 1 74 74
pe({z € Ko M2 f(2)]lr > A) < 5 V1M @) dpic® ().
Rd
d
By applying the vector-valued maximal theorem for MEQ we get

Cd ) 9 pr ” d
ST O
Rd

where C' = C(d, K, pr, r) is the constant of Theorem ﬂ (and which is inde-
pendent of (f,)n>1, KX and ). Thanks to Lemma |4.5| we are led to

C d
P @) B d (),

AP
R4

pE({z e K - [MZ f@)|5 > M) <

1Bz e K IMEF@)|5 > A)) <
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where C' = C(d, k,r) is independent of (f,)n,>1, K, A and p. The hypothesis
of the lemma allows us to write

45) (e e K [MEF@)n > A}

CpHHfHZT 78 00 \P 74
< () e 1)

We now exploit (4.5) by choosing p in terms of \. If A > 2C/|||| f|7-

Zg,oo’
we put
p= AT > 1.
QCHHfHKT 74,00
Then (4.5) can be reformulated as follows:
74 74 r 74 r
pe® ({z € K - M2 f (@)l > A}) < (1/2)Ppe® (supp || £1l7r),
that is,
g zg r
(4.6)  px*({z € K M2 f(@)[[7r > A})
log(2 74 .
< exp( = g A i 11
20115 g
If X < 20| f1I7- 24,000 WE immediately obtain
B e i MBI > A < Bk
pr® ({2 € K+ [|M2 f(@)[[ir > A}) < pe® (K).
Since
log(2 1
exp<— ogs ) /\> > =,
2T g ) = 2
we find that
Zg zg r
(4.7)  p*({z € K¢ [Me2f(@)[[zr > A})
log(2
< 2P (K) eXp(— %&(2) /\>.
207171 g

The desired result is then a trivial consequence of (4.6) and (4.7)). m

Proof of Theorem . Let K be a compact subset of R? and let ¢ be a
real number which satisfies
log(2
0<e< o8 2 ;
QCd,H,T‘H”fHE’" ngo

where Cy ., is the constant of Lemma We first write

d d
S eSIME F@IE g2 (2 = W5 (k) + S(eEIIME2f(x)\\Zr — 1) di% ().
K K
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We then apply the equality of Lemma to the function ¢ : t — e — 1 to
obtain

z$ - d
S e&”M,{Qf(-T)H[r d,u%Q (33)
K
Zd +0o0 e\ Zd Zd r
=2 (K)+e | el ({z e KM f(2)|p > A}) dA
0
Thanks to Lemma [4.6] we are led to

z3 - d d
S 65||M'<~2f(3’)||ﬂ dM%Q (x) < Iu%z (K)
K

zg 7 c log(2)
+ e max{2u? (K); pe? (supp || flI7r) } S exp( Al e — " dA.
0 QCHHfHET 74,00

The condition on € and an integration allow us to conclude. m
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