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On integral type generalizations of positive linear operators
by

O. DUMAN (Ankara), M. A. OzARSLAN (Mersin) and O. DOGRU (Ankara)

Abstract. We introduce a sequence of positive linear operators including many in-
tegral type generalizations of well known operators. Using the concept of statistical con-
vergence we obtain some Korovkin type approximation theorems for those operators, and
compute the rates of statistical convergence. Furthermore, we deal with the local approx-
imation and the rth order generalization of our operators.

1. Introduction. In this paper, we are concerned with Korovkin type
theorems for a general sequence of positive linear operators including many
integral type generalizations of well known operators in approximation the-
ory via the concept of statistical convergence. The study of Korovkin type
approximation is a well established area of research, which deals with the
problem of approximating a function f by means of a sequence of positive
linear operators L, (f). Statistical convergence, though introduced over fifty
years ago, has only recently become an area of active research. In particular,
it has made an appearance in approximation theory [14] (see also [6]-[8]).

The first section of this paper collects some basic ideas related to sta-
tistical convergence and introduces a sequence of positive linear operators
which generates many Durrmeyer type and Kantorovich type generalizations
of well known operators while the second section gives a Korovkin type ap-
proximation theorem for these operators on an appropriate weighted space.
The third section addresses some problems concerning rates of statistical
convergence by means of the modulus of continuity and elements of the Lip-
schitz class. This section also includes a study of local smoothness of these
operators. In the last section, we deal with the approximation properties of
the rth order generalization of our operators.

We now introduce some notation and basic definitions used in this paper.
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As usual, the symbols R, N and Ny denote the sets of all real numbers,
of all natural numbers, and N U {0}, respectively.

Let A := (ajn), j,n € N, be a non-negative regular summability matriz,
i.e. lim Az = L whenever lima = L, where Az := ((Ax);) is called the A-
transform of x := (xy) and is given by (Ax); := > 7 | ajnx, provided that
the series converges for each j € N (see [15]). Then the sequence z := (x,)
is called A-statistically convergent to a number L if, for every € > 0,

lim ajn = 0.
J n:|an—LZa
We then write st4-limz = L (see [10], and also [12], [20], [23]). If A = C},
the Cesaro matrix of order one, then C;-statistical convergence is equivalent
to statistical convergence [9], [11], [13]. If A is the identity matrix, then A-
statistical convergence coincides with the ordinary convergence. Kolk [20]
proved that A-statistical convergence is stronger than ordinary convergence
if lim; maxy, |a;j,| = 0. The concept of A-statistical convergence may also be
defined in normed spaces [19].

Let I C R be an arbitrary interval and let C'(I) denote the linear space
of all real-valued continuous functions on I. Assume that g is a non-negative
increasing function on [0, 00) with g(0) = 1. Consider the function space

oy @
Cy(I) {f eC(): ‘ml|1inoo CENE 0 for any ¢ > O}.
It has been examined in [7]. If I = [a, b] and g(z) = 1, then Cy(I) = Cla, b].
Now let {pnr : m € Nand k € Ng} be a collection of measures defined on
(I,B), where B is the o-field of Borel measurable subsets of I. Assume that

(1) [ dinsy) = 1,
I
and that
(1.2) sup | g(lyl) dpni(y) < oo

TLEN, keNp 1\15

for any § > 0, where I5 := [x — 0,2 + 0] N I.
We now introduce the following operators defined on the space Cy([) :

(13) Dn(f,l') = Zrn,k(x)gftl/) d,un,k(y) (f € Cg(I)7 S I? ne N)a
k=0 I

where 7, (z) has the following properties:

(1.4) () >0 xel,neN,keNy,

(1.5) Zrmk(:p):l, xel, neN.
k=0
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The operators D,, are positive and linear. Since condition (1.2) guaran-
tees that f is integrable on I whenever f € Cy(I), the operators D, (f;-)
in (1.3) are well defined. We also note that conditions (1.1) and (1.5) imply
that D, (1;x) = 1.

Applications. 1. Let I = [0, 1]. If we choose

Yy
Fusln) = 0§ ()00t o<y <,
0

then F, ;, which is called the cumulative function, is increasing with respect
to y and continuous on the right. So, there exists a unique Borel measure
Hn i corresponding to F), ., which satisfies the following Lebesgue—Stieltjes
integral equality:

(1.6) VF@W) dFui(y) = | F ) dppn i (v)
I I

(see, for instance, [24]).
For z € [0,1], set 7, x(z) = (})2*(1 — 2)"~*. Then conditions (1.4) and
(1.5) hold, and also it is clear that

(1.7) dFyk(y) = (n+ 1)rnk(y)dy.
Using (1.7) in (1.6) we see that our operators turn out to be the Bernstein—

Durrmeyer operators (see [3]) which have the following form:
1

Mo(fi2) = (n+ 1) rag(@) | FOpap(t)dt, 0 <z <1,
k=0 0

2. Let I = [0, 00). Now define the cumulative function

Cindk—1\ ke
Fur(y) =(n—1)| . tR(1+1) dt, 0<y< oo.
0

If pn, 1 is the Borel measure corresponding to F), i, then choosing , y(x) =
("+,§_1)xk(l +2)™ " F 2z € [0,00), and using the above technique we im-
mediately get the Baskakov—Durrmeyer operators (see, for instance, [16]) in
[0, 00):

[o o INe o}

Valfiw) = (=1 (§ S@)runly) dy)rap(@).
k=0 O
3. Let I = [0,1] and I, := [niﬂ,%] forn € Nand £k =0,1,...,n.
Now choose the cumulative function
y

k k E+1

= = — < _

) =(41) | a=ern(y- ) eyt

k/(n+1)
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and set 7, p(x) = (Z)a:k(l —x)"k 2 €0,1]. Let fin i be the Borel measure
corresponding to F, . By the definition of the Lebesgue-Stieltjes integral
we have

| r)dFuxy) = | F@) dpnry).
I, Lk

Then after some simple calculations, we obtain the Bernstein—Kantorovich
operators (see [17])

Un(fiz) = (n+ 1) Y ras(@)( | f)dy), el
k=0 Ik

4. Let I = [0,00) and I, := [%,%] forn e Nand k = 0,1,...,n.
Define

y
k k k+1
) =) § = n(y-2). Eeyst
k/n
Letting 7, () = (})z*(1+2)™", = € [0,00), one can easily get the Baldsz-
Kantorovich operators (see [1])

n
Ko(fio) =n Y raa@)( § f)dy). o€ ioo)
k=0 Lok
In a similar manner our operators D,, generate many other Durrmeyer

type and Kantorovich type generalizations of operators well known in ap-
proximation theory.

2. A-Statistical approximation. In this section we give an A-statisti-
cal approximation theorem for the operators D,, defined by (1.3).

THEOREM 2.1. Let I be an arbitrary interval of R. Let A = (ajn) be a

non-negative reqular summability matrixz and fix x € 1. Assume that g is
a function such that fa(y) = y* is in Cy(I) and (1.2) holds. Then, for all

f € CQ(I)a
sta-lim Dy (f52) — f(2)] = 0
if and only if
(2.1) sta-lim | Dy (fu; ) — fo(x)| =0 with  fi(y) =y" (v=1,2).
Proof. Necessity is clear. To prove sufficiency assume that (2.1) holds.

Let f € Cy4(I) and fix « € I. By the continuity of f on I, for every € > 0
there exists 6 > 0 such that |f(y) — f(z)] < e for y € I5. Then using
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positivity and linearity of D,,, we find, by (1.1), that
|Dn(f;2) = f(2)| < Da(|f(y) = f(x)];2)

= " rnkl@) | 1£ W) = £(@)] dprn ()
k=0

Is

+> (@) | F @) = F@)] dini(y)
k=0

I\Is
and, by (1.5),

(22)  [Du(fi2) = f@) < e+ Y ran(@) | 1f () = F@)] duni(y).
k=0

I\Is

It follows from the Hélder inequality that

23) | 1@ — @l s < { | dins)}”

I\Is IAVE
/
{5 17— 1@l dla) )
I\Is

where 1/p+1/¢ = 1 and p > 1. By hypothesis and the definition of g we
conclude that f € Cy(I) implies f¢ € Cy(I) and also that there exists a
positive number K such that

(2.4) { | 17w - f(a;)|qdun,k(y)}1/q <K forneNandkeN,.
I\Is

Combining (2.2)-(2.4) we have

Du(fia) — @) < e+ K3 s | dms)}”.

k=0 I\I5
and hence
> 1/p
(25)  1Dulfiz) — f@)| <e+ K Y ri@{ | rusle) duna(y)}
k=0 I\Is

Applying again the Holder inequality in (2.5) we may write

(26)  |Da(fix) ~ f@)] < e+ KLY s}

k=0

X {irn,k(m) | dﬂn,k(y)}l/p-
k=0

I\Is
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If y € I\I5, then |y — 2| > §, which implies that (y — x)?/§% > 1. Using this
fact and (1.5) we conclude from (2.6) that

Dutti) = S <+ g s | (v =) dpas(w)} "

I\Is
S & + %{ Z Tnvk(x) S(y o $)2 d/.,LnJ{;(y)}l/p
k=0 I

=t {Dally — )}

< e+ o AIDalfs) - fo(a)]
+2la| | Du(f1;2) = fa(w) [}/
Using the inequality |z + y|* < |z|* + |y|* for each « € (0, 1], we have
(2.7) |Da(f32) = f(2)| < &+ M(2){|Dufos 2) = falw)|"/”
+|Du(fis2) = fi(a)] 7},
where M (z) := max{K/6%/?, K(2|z|/6?)'/P}. Observe that condition (2.1)

implies

(2.8) sta-1im | Dy, (fo; ) — fo(@)[YP =0, (v =1,2).
n

Now for a given r > 0, choose £ > 0 such that ¢ < r and define

U:={n:|Dyn(f;z) — f(x)] =1},

Uy = {n: Do (fr;2) = fr(2)[VP > 271,\/;(;) }7

Uy := {n: | Da(fa;2) = fol)|'7 > QTM;(;)}

From (2.7) it is clear that U C U; U Us. Thus, for every j € N, we obtain

(2.9) dam <Y ajmt Y ajn

nelU nelUy nelsz

Letting j — oo in (2.9) and using (2.8) completes the proof. m

Since [ is an arbitrary interval, note that our A-statistical approximation
in Theorem 2.1 works pointwise. But if [ is a closed and bounded interval,
say I = [a, b], then the above proof leads to the next result immediately.

COROLLARY 2.2. Let A = (ajn). Then, for all f € Cla,b],
sta-1im [ Dy (f) = fllcgas) = 0

if and only if
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StA'hgn | Dn(fo) — vaO[a,b] =0 with fu(y) =y" (v=1,2),
where || - ||cfa,p denotes the usual supremum norm in Cla, b].

Now if we replace the matrix A = (a;y,) in Corollary 2.2 by the identity
matrix, the following classical Korovkin theorem result follows at once.

COROLLARY 2.3. For all f € Cla,b], the sequence {Dy(f)} is uniformly
convergent to f if and only if, for each v = 1,2, {D,(f,)} converges uni-
formly to f,.

3. Rates of A-statistical convergence. In this section, we compute
the rates of A-statistical convergence in Theorem 2.1 with the help of the
modulus of continuity and elements of the Lipschitz class. We also deal with
the local approximation properties of the operators D,, given by (1.3).

Let f € C(I). The modulus of continuity of f, denoted by w(f,?), is
defined to be

w(f,0) = sup [f(x) = f)l  (6>0).
ERTIS
lz—yl<é
It is well known that for any constants ¢,d > 0,

(3.1) w(f,cd) < (14 c)w(f,0)

(see [2], [21] for details).
Now we have the following

THEOREM 3.1. Let I and g be as in Theorem 2.1. Assume that condition
(1.1) holds and fix x € I. Then, for all f € Cy(I),

|Dn(f;2) = f(@)] < 2w(f,0,), mEN,
where
(3.2) On = [Dn((y — 2)% 2)] /2.
Proof. Let f € Cy(I) and fix « € I. By (3.1), for any § > 0, we get
[Dn(f;2) = f(2)| < Dn(|f(y) — f(@)|;2) < Du(w(f, |y — z]); )

§w(f,(5)Dn<1+ ]y;x]7x>

o

Then from the Cauchy—Schwarz inequality for positive functionals (see, for
instance, [4, p. 31]) and using (1.1), we find

D) = @) < w(r. {1+ 3 1Dl - a5 2}

Taking 6 := 6, = [Dn(|y — z|%; 2)]/? we get the result. m

<u(r {145 Dy~ sh o)}
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Observe that condition (2.1) yields stg-lim,d, = 0, which implies
st a-lim,, w(f, d,) = 0. Hence, Theorem 3.1 gives us the rate of A-statistical
convergence in Theorem 2.1 by means of the modulus of continuity.

We will now study the rate of A-statistical convergence of the positive
linear operators D,, with the help of elements of the Lipschitz class Lip,,(«),
where M >0 and 0 < a < 1.

We recall that a function f € C(I) belongs to Lip,,(«) if
(3.3) ) = f@)| <My —=[* (y,2€l,0<a<l).

Choose an interval I and a function g such that Cy(I) NLip;(a) # 0. Then
we have the following result.

THEOREM 3.2. Fiz x € I. For all f € Cy(I) NLipys(a), 0 < <1,

| Dn(f;x) = f(z)] < Moy,
where 0y, is as in (3.2).

Proof. Let f € Cy(I) N Lipys(a) with 0 < a < 1, and fix z € I. By
linearity and monotonicity of D,, and using (3.3) we have

[Dn(f52) = f(2)] < Du(|(f(y) = f(2)];2)

= k(@) {1 () = £(@)] dpn i (y)
k=0 I
<MY rag(@) \ly — 2| dun i (y).
k=0 1

Applying the Hélder inequality with p = 2/, ¢ = 2/(2 — a) we get

Du(fi0) = F@) <MY rus@){ § 0= 0 duna) )™
k=0 I

< 3 ) §ras@)y — 0 i)}
k=0 I

If we use again the Holder inequality, then we conclude that

Du(fia) — f@)l < M{ 3 rap@) )
k=0

X { Z () S (y —z)2 dﬂn,k(y)}a/Q
k=0 7

and therefore
(3.4) |Da(f32) = f(2)] < M[Da((y —a)%;2))*"2.
Taking 6, := [Dn((y — )% 2)]"/? in (3.4) completes the proof. m
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To close this section we state a local approximation result for the oper-
ators D, given by (1.3). Note that some local smoothness theorems for the
Baskakov—Durrmeyer operators may be found in [22].

THEOREM 3.3. Let 0 < a < 1 and E be any subset of the interval I.
Then, if f € Cy(I) is locally Lip(c), i.e.

(3.5) [fy) = f@)| < Mly—=[*, yeFEandxel,
then, for each x € 1,
|Dn(f;z) = f(z)| < M{dy + 2(d(z, E))"},
where 0y, is as in (3.2), M is a constant depending on « and f, and d(z, E) =
inf{ly —z|:y € E}.
Proof. Let E denote the closure of E in I. Then there exists zg € E
such that |z — x| = d(z, E). Using the triangle inequality
1f(y) = f@)] < |f(y) = flzo)| + | f(x) = f(zo)]
we get, by (3.5),
|Dn(f;2) — f(@)] < Du(|f(y) — f(x)];2)
< Du([f(y) = f(@o)|; @) + | f (%) — f(zo)|
< M{Dn(ly — zo|*; z) + [ — 20|"}
< M{Dn(ly — z|* 2) + 2|z — z0|*}

= M{ S (@) ly = w0l dun () + 2(d(, E))*}.
k=0 I
As in the proof of Theorem 3.2, using the Hélder inequality with p = 2/«
q=2/(2 — «) we find that
|Dn(f;2) — f(x)| < M{d;, + 2(d(z, E))"},
where 0y, is given by (3.2). =

Note that if we set E' = I in Theorem 3.3, then the term d(z, E') vanishes,
and we get Theorem 3.2 at once.

4. The rth order generalization of the operators D,,. Define

i) ={f:fMeCy)} (r=0,1,2,...).

If r = 0, then C\")(I) = C,(I).
We now consider the rth order generalization of the operators D,, defined
as follows:

@y DO =3 ) I ) 2 )

k=0 1=0
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where f € Cg(,r)(l) (r=20,1,2,...), n € N and r, () satisfies conditions
(1.4) and (1.5).

This kind of generalization was also considered in [5], [18]. Note that
taking r = 0 we have

DY(f;x) = D(f; ).
We now obtain the following approximation theorem for the operators
D! given by (4.1).
THEOREM 4.1. Let I be an arbitrary interval of the real line. Then for
all f € Cg(,r)(l) such that f") € Lipys (), 0 < a < 1, and for each z € I, we
have

IDY(f;2) = f(x)| < CDu(|z — y|**"52)

where
_ Ma B(a,r)

a+r (r—1)0
and B(a,r) is the beta function.
Proof. By (4.1) and (1.1) we get
(42)  f(x) - DJ(f;2)

=S ) {10 = 3 190 5 st
k=0 '

I =0
From the Taylor formula (see [18]),

@3 1) - Y Y
=0

1
T — r r
— A= O+ - )~ £ )
"o
Since f(") € Lip,,(«), we have
(4.4) SOy + bz —y) = F ()] < M|z —yl
Considering (4.4) in (4.3), and using the beta integral, we conclude that
Ma B(a,r)
4. (@) ) < atr 77 Ay
(4.5) Zf [z =yl a+r (r—1)!
By using (4.5) in (4.2), we get
Mo B
_ plrl¢¢. o
|f(x) = Dy (f;@)| < ey kz S Y| dpn i (y)
Mo B(a, olr
T a+r (r(— 1))' nlle = y|*"5 ),

which gives the desired result. m
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From Theorem 4.1 one can get the following corollary immediately.

COROLLARY 4.2. If condition (2.1) holds, then for all f € C’g(,T)(I) such

that f() € Lipy,(a), 0 < o < 1, we have

sta-lim|D(f;2) — f(x)] = 0.

Finally, using Theorem 4.1 one can show that Theorems 3.1 and 3.2

contain the following results, respectively.

COROLLARY 4.3. Let 6, be as in (3.2). Then, for all f € C'é(,r)(l) such

that f) € Lipy,(a), 0 < o < 1, we have

IDY(f32) = fla)] < Mw(je —y|**", 6a)

where

M= 2Ma B(a,r)
Catr (r—1)

COROLLARY 4.4. Under the conditions of Corollary 4.3, we have

IDI(f;2) — f(2)] < M" 6,

where
M — M?*a B(a,r)
a+r (r—1)U
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